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Plan

1. Dark matter and Sommerfeld effect
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Dark matter and its annihilation

~ 27% of our current universe is made of dark matter
Many evidences but only through gravitational effects.

DENQELa 26.8%

RS 68.3%

Dark Matter could have some interaction with SM particles :

[ Planck collaboration]

Dark matter Dark matter
DM pair Creation DM annihilation
SM particle SM particle

Elastic scattering w/ SM particles
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Dark matter annihilation cross section
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How to calculate ov

If the coupling is <~ 1, perturbative calculation is efficient.

DM
DM

:)O -
SM N

Mark Srednicki

AR |

lQuantum

LE
' Theory

Typical example (higgs portal) :

:> iM(¢pd > hh) = —id

A
_ L 22
L > 4gbh
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How to calculate ov

Even if the coupling is <~ 1, non-perturbative resummation is required,

if dark matter couples to a light force mediator boson
(Mposon K Mpm)

DM > SM
DM SM

* Wino / Higgsino dark matter
ex) ¢ SU(2)5-plet dark matter

[Sommerfeld (1931)]

SO m m e rfe I d Effe Ct [Hisano, Matsumoto, Nojiri (2003)]
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Strategy

[Blum, Sato, Slatyer (2016)] [Parikh, Sato, Slatyer (2024)]
See also [Agrawal, Parikh, Reece (2020)]

We are interested in DM annihilation at non-relativistic regime. -{ * Freeze-out (T = m/20)

« v =10"3cin galaxy

Schroedinger equation provides effective description!

1
EY = —ﬂVzlp + V(x)Y

V(r)

=

Vshort () (r<a) complex

Annihilation etc.

Vlong(r) (7‘ = a) real

Exchange of light boson(s)
a
ex) V(@) ~ uddx) + ?e‘mr
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How to calculate DM annihilation

[Blum, Sato, Slatyer (2016)] [Parikh, Sato, Slatyer (2024)]

Two body scattering problem (a la undergrad quantum mechanics)

Ey = —5721/) + V()Y with Y - eP? + £(0) .
Flux of probability “Non-conservation” of probability
- 1 - =
o =l @] 5 7700 = 2mr P

= 2ImVghore (X) [P (x) |2
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How to calculate DM annihilation

[Blum, Sato, Slatyer (2016)] [Parikh, Sato, Slatyer (2024)]

Two body scattering problem (a la undergrad quantum mechanics)

1 ' eikr
Ey = —ZVZI/) + V()Y with Y - eP? + £(0) .
— Flux of incoming wave
Definition of | , 1 . NS 4
efinition of cross section Jin = ;Im[lpin(x)vwin(x)] — ; = v
_ dP
O XJin= _E Rate of annihilation
dP 3 5
_E = j d>x ZImVshort(x)llp(x)l
r<a
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How to calculate DM annihilation

[Blum, Sato, Slatyer (2016)] [Parikh, Sato, Slatyer (2024)]

Two body scattering problem (a la undergrad quantum mechanics)

elk‘l‘

Fyp = —ivzw FV@Y  wih Yo e+ fO)

Annihilation cross section

ov = f deZImVshort(x)ll/)(x)lz
r

<a
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How to calculate DM annihilation

[Blum, Sato, Slatyer (2016)] [Parikh, Sato, Slatyer (2024)]

2
ov = j d®x 2ImVgpore (X) [P (X) | > J d3x ZImVshort(x)|¢long(x)|
r<a r<a
l/) - l/)]()ng (a.k.a. Distorted Wave Born Approximation)

e

: : 1
This should be OK as long as ov is not so large... N v 7/ . _
(will come back to this point soon) s. L. [ 24 Ve + Vlong(x) ElYiong =0

S-wave case:

2
ov = |lplong(0)| X J d3x 2ImVgpore ()
r

<a
Enhancement factor
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How to calculate DM annihilation

[Blum, Sato, Slatyer (2016)] [Parikh, Sato, Slatyer (2024)]

2
ov = j dx 2ImVspore () [ (1) = J d*x ZImVshort(x)llplong(xﬂ
r r<a

<a

~y
lp - lplong (a.k.a. Distorted Wave Born Approximation)

e

: : 1
This should be OK as long as ov is not so large... N v 7/ . _
(will come back to this point soon) s. L. [ 24 V< + Viong (x) —E Yiong = 0

S-wave case:

[Hisano, Matsumoto, Nojiri (2002)]
[Arkani-hamed, Finkbeiner, Slatyer, Weiner (2008)]

2
ov = |¢10ng(0)| X (UU)O etc

Enhancement factor Annihilation cross section
w/o long-range force
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Sommerfeld factor

V(ir) = —%exp(—mr) Bohr radius : az = —

1 1
* ovenhanceswhenm<— & p<—
ap ap

* At some specific value of mag, ov violently enhances

(m aB =10.0000)

|lplong(0)|2
10%;
A . s YUKW
10007 - Yukawa (m aB = 1.19)
Yukawa (m aB = 0.31)
100
Yukawa (m aB = 0.149)
10 - - \ - Coulomb
|1/) (O)|2 _ 2T 1
1 . . . - long Pas 1 _ exp (_ 27ﬂ>
0.001 0.010 0.100 1 10 10(5:i Pas
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Sommerfeld factor

V(i) = —%exp(—mr) Bohr radi

e o0v enhances wh

* At some specific

_(m aB =10.0000)
|lplong(0)|
10%;

Binding energies in a Yukawa potential

00 | EEEERTRANT, SN 1 Ll | [

0001  0.003 0.01 0.03 0.1 03
MV/ﬂfcffM,y = maB/z

Taken from [Mitridate, Redi, Smirnov, Strumia (2017)]

1000F -1 Yukawa (m aB = 1.19)
Yukawa (m aB = 0.31)
100
Yukawa (m aB = 0.149)
10 -- \ - Coulomb
21T 1
|lplong(0)|2 =
0.001 0.010 0.100 1 10 10 5
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Wino / Higgsino DM in SUSY

Dashed lines : usual perturbative calculation (w/o Sommerfeld effect)
Colored curves :  non-perturbative calculation (w/ Sommerfeld effect)

-22 T T T T T T T
107 ' .
r F_— . . + - |
* Annihilation cross sectionto 27 | 107 Annihilation cross secFlson tow'w 1
i (vfc=10_3) I (vlc=10 )
-24 ;
107
— —_ -24
5L o
oy w
\fE.’. 26 | B
10°F S
Triplet 10 p
5| Doublet Tl =]
107} 10°F IR
0.1 1 10 0.1 1 10
m (TeV) m (TeV)

[Hisano, Matsumoto, Nojiri (2003)]

Huge difference!
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Plan

2. Sommerfeld effect and unitarity
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Unitarity bound?

LO cross section : Oy
o=09XSV) _ ,
Enhancement factor : S(w) = [y (0)]

0o and S(v) are irrelevant each other.

&

T : . _
e Griest, Kamionkowski (1992)]
- . o< — [
Umtarlty bound on s-wave : _ p2 [Landau-Lifshits’s textbook]
Problematic situations
1. Large gyv
2. At zero energy resonance (S(v) x v™2 - g < v73)

(for s-wave)
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Wino / Higgisno !
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wQ

(A2D) 10

Yukawa potential :

(m aB =10.0000)
S
104,

Unitarity bo

10:

Problematic situations

0001 0.010 0.100
1. Large gyv

2 50 xv3)

(for s-wave)

2. At zero energy resonance (S(v) x v~

—YUKawa

Yukawa (m aB = 1.19)
Yukawa (m aB = 0.31)

Yukawa (m aB = 0.149)
Coulomb
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Unitarity bound vs. zero-energy resonance

Annihilation cross section on zero-energy resonance

|1/J10ng| xp Oanns = v X |1/)long| X (ov)y & 3
(for s-wave) p

violates
Partial wave expansion in two body scattering unitarity bound
1 atsmall p
EYp = ——TV?Y+ V()Y
2u
_ eikr S{)eipr _ (_1){’e—ipr
with - e'P%2 + f(6 = z Py(cos 6
Y f(6)— 2(cos 0) 20T
£
Annihilation cross section
T 5 T
Gann = =5 ) 22+ 1D(1 = I, Ganns <
p y p
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Need to solve Schroedinger eq, seriously

Going back to cross section formula...

2
ov = j dsx ZImVshort(x)ll/)(x)lz dgx ZImVshort(x)|¢long(x)|
r

<a <a

(a.k.a. Distorted Wave Born Approximation)

. . 1
This should be OK as long as v is not so large... o 2 o _
(will come back to this point soon) 5. L. [ 2 Ve + Vlong(x) E wlong 0

Y is quite different from v, if oV is large!
[20/33]



Need to solve Schroedinger eq, seriously

Diagramatic interpretation

o Vshort

Vlong
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S-matrix from Schroedinger eq.

(=D’ xe(r)
pr

What we need: ¢ = z Py(cos9)
7

Schroedinger eq.

1 p2 B 1 d? £(£+1) p? B
o -Elum =0 ) |t T v - E e <o

Ve = { Vehort(r)  (r < a) complex

Vlong(r) (T = a) real

Boundary condition at r = oo

Spexp(ipr) — exp(—ipr)
21

Xe(r)

Boundary condition at r = a (condition for short-range effect)

xe' (r)/xp(r) at r =a is p-independent
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S-matrix

We obtain S-matrix for each £ as

S = exp(2i6," (1) keo +2(p) — PG/ (p)
kf,O + Z{;(p) + ing"'lC#Z(p)

\ J \ J
\ |

Phase-shift Relevant part for annihilation
by long-range force

a single complex parameter:  ky

Three real functions : Cs(p), zp(p), 8:(p)

[24 /33 ]



S-matrix

We obtain S-matrix for each £ as

S, = exp(ZidéL)(p))

\ J
|

Phase-shift
by long-range force

Annihilation cross section :

T
Ognn,t — F(Ze + 1)(1 - |S£|2)

koo + 2o(p) — ip*t1CE (D)

koo + zp(p) + ip?$*1CZ (p)

J

|

Relevant part for annihilation

Unitarity bound vV
22+ 1m
p2
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S-matrix

We obtain S-matrix for each £ as

. keo + 20 (p) — ip***1CF ()
koo + ze(p) + ip= 0 (p)
\ J \ J
| |
Phase-shift Relevant part for annihilation

by long-range force

Annihilation cross section :

Unitarity bound vV

T (2'3 4 1)7'[

Oann,t — _2(2‘3 + 1)(1 - |S£|2) G
p p?

2

T i 21?+1Cz 7, + i 2{’+1C2 -
= F(Z{)-I_l) X 4Re[u] X ‘ + 2 P d

keo koo
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S-matrix

We obtain S-matrix for each £ as

s, = (2068 ) keo +2:(p) — ip**1CE (p)
4 - eXp l y (p) k . 21’0+1C2
vot+ Zp(p) +ip 7 (p)

\ J \ J
\ |

Phase-shift Relevant part for annihilation
by long-range force

Annihilation cross section :
Unitarity bound vV

T 22+ 1m
Oann,t — —2(2‘£ + 1)(1 — |Sg|2) _
p p?
-2
1 7 +l 2€+1C2
= 4n(2¢+ Dp*'Im l—— X C; X ;2T 4
ke,o kt’,o
Annihilation cross section Conventional Correction factor
w/o long-range force Sommerfeld factor
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E Xa m p | e S [Parikh, Sato, Slatyer (2024)]

Spherical well potential

p2
V(r) = —iH(R —7)

(Conventional) Sommerfeld factor : Cf

S-wave D-wave

pv R

Effective range , g

momentum
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E Xa m p | e S [Parikh, Sato, Slatyer (2024)]

Spherical well potential

Py

V(T’) = —Z

O(R —1)

Ognn
Ognn,LO
5 % 10* 10 107
108} 101
1012} 10%
104} 101
m 101]. L m 0 I
5% 10° b : W s|
Conventional 10|
102}
—— Full
107+ 101 L
----- Simplified
10° L , , , . . . 108 \ \ \ \ \ \ \ 1010 1 1 1 )
1.55% 1.56 1.565 1.57 1.575 1.58 1.585 3.14145 3.1415 3.14155 3.1416 3.14165 3.1417 3.14175 4.49338 4,49339 4.4934 4.49341
pvR pvR pvR

v

Effective range

Enhancement factor SE
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Examples

[Blum, Sato, Slatyer (2016)]

Hulthen potential : V(r) = — Clxnj*:_m*r (Good approximation of V(r) = — ae_mr,m* = %Zm)
1 u?
a=1, oV = —, o..=— (gv)?
32mrM?2 S¢ 4n( )
SE
1011 L
m, = 0.0625M > 108 -
10°
' . . I ' v

1078 1075 1074 0.001 0.010
Yellow : usual formula

Blue : our formula

Green dotted : Unitarity bound [ 30 / 33 ]



Examples

[Parikh, Sato, Slatyer (2024)]

Wino
10716 - 10712
a= Mx_l 10-13 a= Mx_l
10717 - - a — 0,uncorrected 10°14 - - a — 0, uncorrected
@ - Unitarity bound 2107 Unitarity bound
"L 10-18 iz ~16 ;
B 807, SR
E 1071 A
10—20
| | L |
2465 2470 2475 2480 2485 2465 2470 2475 2480 2485
Wino mass [GeV| Wino mass [GeV]
10*11
— M, = 2475.5 GeV
107 M, = 2475.3 GeV
'? 10,,5,-.-.-.' ...... imimimim .., .
g .
= 107"
-b/ \\\,\“;‘
10_19 ..ep'i:s.‘,_."
10721 L , “"“ |

1078 1076 10 1072

Relative Velocity [ 31 / 33 ]



Examples

m— Einasto (cuspy)
——— Wino prediction (<cv>y, + 1/2 <ov>,))
[ Thermal wino DM (2.7 - 3.0 TeV)

IIIIIIII| L 111l |,IIIIII|,|,| L 110l

Burkert (cored)
Cored Zhao
NFW (cuspy)

Wino = . .
10716 o -
a=M 51 0%k
10717 - -a—>0 _ -
5 N
T vevveerr Unitas A10_24_F
ma 10718 -
Ll L e v B
= —25
s 10719 BQ 10 N
/ o B
—20 _
10 1 0 26 =
2465 247 -
1047~ —~
28|
101 107
10—13 -
—29
Sl 1077 .
- 107 ----------- b=
8 1
= 10—17
5
107"
10721 = 1 L
1078 107 10

Relative Velocity

10 10?

[MAGIC, 2212.10527]

[Parikh, Sato, Slatyer (2024)]

.................................
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Summary & Outlook

* Annihilation cross section is important for DM phenomenology

* Schroedinger equation can treat long-range force by a light mediator

* The effect of annihilation can be treated as potential with complex coefficient
e This formulation is consistent with unitarty of QM.

* Can be relevant for large LO annihilation cross section (higher mass)

[33/33]



Backup

[34]



Wave function w/ long-range force

[ d> (¢ +1)

T dre + 72 +2uV(r) — le H;(r) =0, Hf(r) - (=i)exp (ipr + 6{@)

F,(r) = ImH} =~  Cp™"' x

G,(r) = ReH; = %

Cop*

On zero energy resonance,

p~* (£=0)
p™t (£=1)

Ci(p) «

See also [Kamada, Kuwahara, Patel (2023)]

7,.€+1
[(2{’+1)!! T ]

Leading term

2¢-1)! ot 2 rt+i .
7 ST AP oy T
(basically) leading term Sizable in some cases
p° (£=0)
Zp(p)
p? (=21

[35]



Resonant points

At some specific points (mag = 1.19, 0.31, 0.139,...),

(zero energy resonance

109 F
104_
1000
100
10
oo oot oa0 T 0 0
1 2 1
o = ;X |lplong| X (0'77)0 X F

1

|l/110ng|2 X p2

: bound state with zero binding energy)

Yukawa (m aB = 1.19)
Yukawa (m aB = 0.31)
Yukawa (m aB = 0.139)

Coulomb

[36]



Zero energy resonance

Schroedinger eq

1 dZ pZ
[——— +V () —5] x() =0,

2u dr?

2
Bound statew/ E = — £
2m

x(r) — exp(—kr)

L Xx()
Yx) = or

-

|¢long(0) |2

Boundary cond.

x(r) -

Sexp(ipr) — exp(—ipr)

21

polein S(k) atp = ik

9

9

S=62i6 —

_ K
sind = ——

p + ik

p — IK

[37]



Solution of Schroedinger eq.  mmsoswema

Schroedinger equation:

d? +£(£+ 1)
dr? r2

+2uV(r) — pz] up(r) =0,

V(r) = —

=

—

[Parikh, Sato, Slatyer (2024)]

Vehort(™) (r <a)  complex

Vlong(r) (r=a) real

[38]



Solution of Schroedinger eq.  sumsosems

[Parikh, Sato, Slatyer (2024)]

Schroedinger equation:

Vehort(™) (r <a)  complex

d? +£(£+ 1)
dr? r2

20V (r) — p? =0, =
+2uV(r) —p ]u{’(r) 40 Vlong(r) (r=a) real

—

up should be a linear combination of © F@) (regular solutio.n) atr >a
* Gu(r) (irregular solution)

> 2(¢+1)

a2 ¢(¢+1)
[ _F T—Z + ZMVlong(r) - pz Ge(r) =0

_W r—2+2ﬂVlong(r)_p2]F{’(r)=0 & [

r=0 r— o
Ce PR w _ ™
Fp(r) TN (pr) sin| pr + 6, —
Ge(T) I — ()™ i cos (pr +6 — 7)
¢ :

Cr=1, 6 =0 for Vigng() =0

[39]



Solution of Schroedinger eq. s s

[Parikh, Sato, Slatyer (2024)]

Schroedinger equation:

Vshort(1) (r < a) complex

[ d2 P+ 1)

 dr2 * r2 +2uV(r) — le u,(r) =0, V(ir) =

Vlong(r) (r=a) real

—

up should be a linear combination of © F@) (regular solutio.n) atr >a
* Gu(r) (irregular solution)

pum—

Ug<(T) (r <a)
u(r) = =

exp (i5§L) + iS{ES)) [cos 5§S)Fg(r) + sin 5;5) G{,(r)] (r=a)

1
21

-

((—i){’ exp (21‘5{@ + 2i6{§5)) DT _ i{’e—ipr)

[40]



Solution of Schroedinger eq. s s

Schroedinger equation:

(£ +1)

[Parikh, Sato, Slatyer (2024)]

Vshort(1) (r < a) complex

dZ
[_ dr? T

u, should be a linear combination of -{

uy(r) =

==

72

pum—

=

F2uv(r) - 2] (=0 V@) = -
SR b @ Viong(r) (r=a)  real

—

 F,(r) (regular solution)
* Gu(r) (irregular solution)

atr > a

Up<(1) (r<a

exp (i5§L) + iS{ES)) [cos 5§S)Fg(r) + sin 5;5) G{,(r)] (r=a)

1 : .
- 2 ((—i){) exp (21’6{9) + 2i5§5)) e'P’ — i""e“p’”)
Outgoing wave Incoming wave

[41]



Solution of Schroedinger eq.  sumsosems

Schroedinger equation:

(£ +1)

[Parikh, Sato, Slatyer (2024)]

Vehort(™) (r <a)  complex

d2
[_ dr? T

u, should be a linear combination of -{

uy(r) =

==

72

pum—

=

20V (r) — p? =0, =
+2uV(r) —p ]u{’(r) 40 Vlong(r) (r=a) real

—

 F,(r) (regular solution)
* Gu(r) (irregular solution)

atr > a

Up <(T) (r<a)

exp (i5§L) + iS{ES)) [cos 5{ES)F£(T) + sin 5;5) G{,(r)] (r=a)

1 : .
- Z—i((—i){) exp (21’5{@ + zwf)) e'P” — i‘?e"‘pr)
Outgoing wave Incoming wave

Sp

[42]



S - m a t r i X [Blum, Sato, Slatyer (2016)]

[Parikh, Sato, Slatyer (2024)]

Up (1) (r<a)
up(r) = —

exp (w{gm + i5§5)) [cos 5§S)Fg(7”) + sin 5§S)G{,(r)] (r=za)

=

1 . .
T ((—i){) exp (21’5{@ + 2i5§5>) e — i"”e“pr)
Outgoing wave Incoming wave

Sy

[43]



S - m a t r i X [Blum, Sato, Slatyer (2016)]

[Parikh, Sato, Slatyer (2024)]

Up (1) (r<a)
up(r) = =

exp (i5§L) + w{gs)) [cos 5§S)F{)(T') + sin 5;5) G{,(r)] (r=za)

=

1 ' |
27 ((—i){’ exp (21’5{@ + 2i5{§5)) elPT _ i{’e—lpr)

Outgoing wave Incoming wave

Sy

-

up’ _ up<'  cos 5§S)F{§ + sin 5{@ Gy
— is continuous atr = a = G (5
Up Up< cos o6, Fp +sind, "Gy

[44 ]



S - m a t r i X [Blum, Sato, Slatyer (2016)]

[Parikh, Sato, Slatyer (2024)]

Up (1) (r<a)
up(r) = =

exp (i5§L) + i5§5)) [cos 5§S)F{)(T') + sin 5;5) G{,(r)] (r=za)

=

1 . .
- 57 ((—i)f exp (2i5§L) + 2i5§5)) e'P’ — i{)e_lpr)
Outgoing wave Incoming wave

Sy

up' . ' _ F+tand;’ Gy
— is continuous atr = a = )
Uyp Up < Fp+tand, G,

[45]



S - m a t r i X [Blum, Sato, Slatyer (2016)]

[Parikh, Sato, Slatyer (2024)]

Up (1) (r<a)
up(r) = =

exp (i5§L) + w{gs)) [cos 5§S)F{)(T') + sin 5;5) G{,(r)] (r=za)

=

1 . .
- 57 ((—i){) exp (2i5§L) + 2i5§5)) e'P’ — i{)e_lpr)
Outgoing wave Incoming wave

Sy

up . NOM Fp — Fp (up</up<)
— is continuous atr = a tano, ~ =

Uy G — G (wp</tec)
S, = exp (Zi(S{gL)) X exp (21’5{@)

[46]



S - m a t r i X [Blum, Sato, Slatyer (2016)]

[Parikh, Sato, Slatyer (2024)]

Up (1) (r<a)
up(r) = =

exp (i5§L) + w{gs)) [cos 5§S)F{)(T') + sin 5;5) G{,(r)] (r=za)

=

1 . .
- 57 ((—i){) exp (2i5§L) + 2i5§5)) e'P’ — i{)e_lpr)
Outgoing wave Incoming wave

Sy

up . NOM Fp — Fp (up</up<)
— is continuous atr = a tano, ~ =

Up Gy =Gy (uyfug<)

1+ itan 5{55)
1 —itan 6155)

S, = exp(Zi(S{gL)) X

[47 ]



S-matrix
[Blum, Sato, Slatyer (2016)]
[Parikh, Sato, Slatyer (2024)]

1+ itan S{ES)
1 —itan 6{55)

& Fr—Fo(up/upe)

(L)
— 2 0p " =
S, exp( i6, ) X tan o, Gp— Gp (up o fup<)

[48]



S-matrix
[Blum, Sato, Slatyer (2016)]
[Parikh, Sato, Slatyer (2024)]

1+ itan S{ES) F, — F, (u}'</u{,’<)

: (L) S) _
S, = exp|2id X tand,” = —— -
( ¢ ) 1 —itan 6{55) ¢ G, — Gy (ue,</u{’,<)
Solutions for V(1) = Vjppng4(7)
v 2+1 2t-1Dl 241
F = ~
") = G e Ge(r) =~ (pr)

[49]



S-matrix

1+ itandgs)
1— itané'{gs)

S, = exp(Zi(S{gL)) X

Solutions for V(1) = Vjppng4(7)

Fg r€+1

L) = m T Ger i

[Blum, Sato, Slatyer (2016)]
[Parikh, Sato, Slatyer (2024)]

o o= fo (up</up<)

tan s = _p2€+1C€ ’ ,
¢ gr — ge (up o /us<)

c 26— 1)1
ge(r) = p—f;Ge =~

rt

[50]



S-matrix

1+ itandgs)
1— itané'{gs)

S, = exp(Zi(S{gL)) X

Solutions for V(1) = Vjppng4(7)

Fg r€+1

fe(r) = =

Cptt - 2P+ D

g — ge(we</uec)

k,(p) =

tan 5% fo = fo(up</te<)

[Blum, Sato, Slatyer (2016)]
[Parikh, Sato, Slatyer (2024)]

6{55)  _p2evic? f{:’ — fe (u%,</u{’,<)
gp— 9o (up /up<)

tan

c 26— 1)1
ge(r) = p—f;Ge =~

rt

k,(p) is *almost* independent on p
(will be discussed later)

[51]



S-matrix

S{):

1+ itandgs)

exp (ZiS{EL)) X

Solutions for V(1) = Vjppng4(7)

fe(r) = fe

20412
PTG

kf (p) = tan 6§S)

Up (1)
fe(r)
ge(r)

~

C{)p{,’+1 _

1 —itan 6{55)

r{’+1

2e+ 1!

.92 — e (u:?,</u€,<)

fr = fo(up</ue<)

: pindependent
: pindependent

: *almost™ p independent

ke(p) — ip**1C;

Sy = exp (21’6{@)

X ko(p) + ip?t*1C2

>

[Blum, Sato, Slatyer (2016)]
[Parikh, Sato, Slatyer (2024)]

6§S)  _p2evic? f{:’ — fe (u%,</u{’,<)
gp— 9o (up /up<)

tan

Cy

2¢—-1)!
s, _ -1

rt

ge(r) =

k,(p) is *almost™ independent on p
(will be discussed later)

[52]



S-matrix

[Blum, Sato, Slatyer (2016)] [Parikh, Sato, Slatyer (2024)]

2“16} g} - ge(u2,</u£,<)

fi = fo(up /up<)

ke(p) —ip
ke(p) + ip**1C;

Sy, = exp (21’6{9)) X ke(p)

[53]



S-matrix

[Blum, Sato, Slatyer (2016)] [Parikh, Sato, Slatyer (2024)]

ke(p) — ip?t*1c; 9r— ge(up/ue<)
_ - o(L) k,(p) ’ '
S, = 2i6 X , ¢\D ; ,
e = exp(2i0,") ko (p) + ip?+1C7 fi = folup < /us<)
Solutions for V(1) = Vjpng(1)
P+
e = Grypu
¢ -1 rt+1

[54]



S-matrix

[Blum, Sato, Slatyer (2016)] [Parikh, Sato, Slatyer (2024)]

ko(p) — ip***iCj gr — go(up o /up<)
Sy = exp (21’6{9)) X 3 12 ke(p) ; p
/(p) +ip C; fe— f{’(uf,</u{’,<)
Solutions for V(1) = Vjpng(1)
r£’+1
fo0) = Gerpm T
Leading term
") (22 -1 ot 2) TR N
Gell) = T2 R T D T
(basically) leading term Sizable in some cases

[55]



S-matrix

[Blum, Sato, Slatyer (2016)] [Parikh, Sato, Slatyer (2024)]

c . (2'6(L)) y ke(p) — ip**1CF k(1) 9o — ge(up/us<)
= X l , ! !
g PR 7 kp(p) + ip?1CF fi = fo(uh</ue<)
Solutions for V(1) = Vjpng(1)
r£+1
fo0) = Gerpm T
Leading term
(22 -1 TR
~ + ...+
(basically) leading term Sizable in some cases
S (2 8(L)) ki’,O + Z{’(p) — ip2£+1C£’2
ki) = kpo + zp(p) ¢ = €Xplaloy ) X kpo + zo(p) + ip2t*1C?
(basically) Sizable in some cases

Leading term

[56]



SE for Spherical-well potential

pvR
pvR

1072 107t 10° 10" 102
pR

[57]



/ function for Spherical-well potential

. ) 1010 .
108 107, ! 108 ‘
. |
10 l \ 10°) 10°
| 1 A N .
1 \ 5 \ 103 e ~ 4 R
Qg 10% ‘\\\ \\\ \\\\ ‘Ed 101 \"""--\ “‘\ ta': 102 \“-"\
L 100 | \\‘ ‘\‘ ‘|‘ Wy [ . Iy 0% .
v i 107t '," 100 | ”"' !
10_1 I 10—3_ :l ' 10—2 | :’ . .
1072 S L L R SRS (e
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10
pvR pvR pvR

[58]



SE for finite range Coulomb potential

1.5 e 1.5] 15
1.0 1.0 1.0
E 0.5 'E 0.5 E 0.5
< ~ Y < 7
& X =
= 00 = 00 = 0.0
a0 00 gp 0.0 e 0.0
i=) 2 2
05 -05 0.5
~10 10 1.0
-2.0 =15 =10 =05 0.0 05 10 15 -2.0 =15 =10 =05 00 05 1.0 15 -20 -15 =10 =05 0.0 05 1.0 15
logo[pas] log,o[pas] logo[pas]

[59]



Z function for finite range Coulomb potential

% R3

102' —pyR=m/2-01 — pyR=mn/2
— pyR=1/2—0.01 — pyR = /2 +0.01

_________________ e — pyR=m/2401

~
Y

- Sea
- -
‘‘‘‘‘‘

0.01 005 0.1 05 1 0.01 005 01 05 1
pR pR

10°
10*
10%
10%

1
10 | —pvR=m
10[]I—p|,zR=7r+0.01 — pyR=n-0.1

— pyR=m+0.1 — pyR=m =001
0.01 0.05 0.1 0.01 005 0.1 05 1
PR PR

[60 ]
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