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Massless modes in cosmology 1

The unique method to address the model of inflation is...

PLANCK

4 The spectrums of C (~ density contrast) and GWs vyi.

In principle, we need to solve the entire history from
inflation to the last scattering surface (of CMB).

But, in most case, not necessary because ¢ and GWs
are frozen in time in large scale (IR) limit .

WHY? and WHEN?
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Corvections glue to Qra:ﬁa' woviatoy
Being massless (Shift sym.). 3Time independent mode.

Weinberg’s adiabatic mode
M/’e[n[m?g (2002 )



Puzzles

Why ¢ and GWs are massless (or have shift sym)?

t Diffeomorphism invariance af aw) e”dx’

-
+ f)l?!? A (’. L Classically Shift symmetry

z - {4) (or without hard modes)

JExamples w/ sm}tgym. while w/ diff. invariance

«  Open and closed universe (K = 0)
« avacua (which requires cuffoff)

Especially, w/UV radiative corrections, the presence
of the shift symmetry is not very clear.

Physical or unphysical?



Nambu-Goldstone theorem (for global symmetry)

/}7amlm/19()'()), g()/c/slone (1961, 19()'2), (fzawa am,/ S\A!ieca (1‘167).

0. The theory is Lorentz invariant. + 1 = & vitl, Q=o.

1.3Conserved current/',a), which satisfies J"/;« t)=o0.

2.3Spacetime translation invariance, described by () @).
3 A unique vacuum state [p> with (J(@) [0d> =0, “uwifeys

3. The conserved current '}A(z) transforms covariantly as
Ju(x +a) —U(a)ju(z)U " (a)

4. Micro causality, i.e.,[},a), jv (9)] = 0 for x-y: spacelike.



Ezawa and Swieca (1967)

Unless there is a massless particle which interacts with
the vacuum state via/'.w, the following should hold

Jg/‘_;’:,(O[[)nf‘Pa-,t),A:H0> =0 Por all Ag

i.e., If LHS is non-zero, having SSB, there should be a
massless field.

(spatially) smeared current /ﬂ ($.t)

Using the spectral decomposition, in the limit R — oo,

oD
L, €0 € o R, 2], AT (0D~ J\o‘,u‘v ASiu)
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Large gauge transformation (LGT)

Definition of LGT
Small GTs (Gs >9) g—1 in x>
Large GTs (GL 39) g1 in x>

Possible LGTs are restricted by the structure in the infinity

An example of LGT in QED
Gauge parameter &) =04, 0 in -0

$G@)=-a@ X "¢ ), Ady— A)-4,
“oonst sk



Generator and Noether charge

U(1)_generator
625,.[013 = ;‘,f;:; o (x) @Cﬂ)
with Gauss law const. 9@) = &,E‘Cx)— 6/'0612 20
cbn?emry
Noether charge Qe = 3 3B Tt
Gploc] = O iather [ + Qiatryy [0]
Cioethen [0 = = fv dx e ') - e )la’,tua)/"&)
Qudiy [0] = )\Vdg;oc[x) E:CI'QM_L

ot s

For small GTs, Quay = 0, while for large GTs, Qoary # 0.



SSB for LGTs

Quloc] = Qniether [<I + Qbry [o<]
For small GTs, Qeay = 0, while for large GTs, Qoary z 0.

What does this imply?
Physical state has to satisfy &rﬂ[oaj lphys > =0

For small GTs, Rriethes [0 [P'ﬂyQ =0 No SSB

* Consistent with Elitzur’s theorem

For large GTs, Qreethes [¢] [Phyg> 50 “SSB”

... unless E falles off faster than  « T‘



NG theorem for LGT in QED
Fewari and Picasso (1971)
Generalization of Ezawa and Swieca (1967) to LGTs

Key difference
Translation and the LGT are not commutable, so

Ju(x): Conserved current for LGT

Ju(z +a) —U(a)Ju(z)U *(a) +..
Does not yield additional poles at =0

Using the spectral decomposition, in the limit R = oo,

v
B €010, R, D), AT 10D~ s 5 S0
[ ANAANS
the spectval fu. i dlowinecfeol b//dm pole



Photon as NGb and soft theorem

Tovwani am/ Picasso (1971)
The soft photon corresponds to NGb of the LGT and
the corresponding WT identity (order parameter) gives

limp . <0 [Jp, All0 >=limp,oc <0JREA AEJp|0 >
+3A genevates ol Fha-Em

iR s
P- & L I
*@u g (a)eme AE

universal factor
determined by the spin \/y—/charged particles

Soft theorem

“/ein[ae‘zg (1965)



What about cosmology?

Physical spatial distance dly — a*(t)eda’

Lagrangian is invariant under X "\JC’ =%+ LGT

A hypothesis
C and GWs are NG modes for spontaneously broken LGTs

— They are massless (having shift symmetry).

Conditions to apply NG th. Conditions for massless {/GWs
Difficulties
- Spectral decomposition is not possible.

* In gauge-inv. prescription, the coordinates (z') are operators.

o



Two aspects

1. Why do we expect NG in cosmology?
* Infrared universalities
2. Existence of massless modes in cosmology

+ EFT (Shift sym. of effective action)

Some examples of NG argument w/o Lonrenz sym.

(Mr/atana[% am/ 57aunci( 2011 ), IM’/al‘ana/w amj /)Humyama ( 2()/2,), ,/J{(/aka (2()12)



f'f

Infrared triangle 5%\\/* Ahy = B R
i 6w

S“zomingez etal. (2013, 2014, .. )

Memory of GW burst

Memory Ckzish[ou[ou (1991)

effect

Configuration change

Fourier trans. due to BMS

Soft
theorem

WT identity

Invariance

Similar examples
e.g., in Abelian, non-Abelian,
gravitonscattering, ....

(FK state)



Cancelling IR divergence

e ) »
/}e- /<q=—z‘e)(p..~q—z‘e)(—pu.-q—ie: = log div.

b

We can only resolve photons with E(q) > Exn Bloch & Viowdsick (1957)

Inclusive cross section (summing E(q) < Eu) is free from IR div.

. {3 do x M|

TN N

In/Out states are Fock states. S-matrix itself diverges



Cancelling IR divergence 2 il & Fadde (7]

In/Out states dress the cloud of infinite IR photons

IR photon clouds

: Sum of infinite IR photons

In/Out states are not Fock states. S-matrix has no IR div.

FK state = coherent state
(B> = %7 1Pos @ 10y

! PeuR) e
k@) e [ [ BEM g - e ]
IR pole (recall soft th.)




FK state and SSB of LGT

(S"'Ff) J(apec, pe‘zty, Raclatia, St‘zom[ngm (2017)
FK state = coherent state whoseveigenvalue is shifted by LGT.

l%ﬁ) = 8'24@) “’)M ® lo>g,,.\.f. R/(P)\/S; fragp; —hec
() : charge of LGT which shifts soft mode /: = % * 9=
Q = &eﬁ+ 4 &quro{

P P P
4 —_ 4 e e
Q@ FH Qi ”“r% ad@ soft hairs

Infinite number of degenerate vacua with different soft hairs T
SSB of LGT: Choosing one of the different clouds



FK state and SSB of LGT 2

,/(ap('c, peny, pac/aiiu, S)tmm[ngci (2017)
The entire FK state is invariant under the LGT.

8 IF5> =0 > @FIEFY - AFIEL D

IR pole due to soft dressing
|

P P P 7
é : 2 f ) — g@ — —_ .-
gt ! @}"H adding soft hairs

The shift of the soft mode is exactly cancelled by
soft dressing.

graviton scattering Wae, Saotome, /#/wu‘zy(ﬂ), Choi, Kol, /éwmu:/y(ﬁ)



Infrared “triangle” in cosmology

Remarks for non-cosmologists

+ No Lorentz invariance, IR = Long (spatial) distance

Target is not M (in-out), but expectation value (in-in)

Relevant large gauge transformations

3 dim spatial line element dl* — a*(t)e*\"* "% da'da
Yu — az’)’i_; -0
z EME ) CLEX) -2 ([+ X S3)

- Dilatation z' szl =€

* (Shear) distortion z' — [e?"]'; 2’ YF) (¢0)= b’;) (6x) = A

Constant shift of YGW



Infrared “triangle” in cosmology 2

Memory effect (??), Effects at spatial infinity

pprosimate dicussion: Vewnizzice Coamineli(2407.08472)

Soft
theorem

WT identity
Maldacena (2()()2) \{ Invariance

(FK state)
Canceling
IR divs.

Y. & Tanaka(2009. 2010. 2015,201%, .. .)
g[c/c/[ng& Sloth (201()), Senatore & :Za/z{an[aga (2()12)



Consistency relation (Soft theorem)

lvec> : Euclidean vacuum (Free theory limit is Bunch-Davies)

~ Hkdg, )<w'0”fﬁﬂs)~- Se.. l=h>laczi= Gy Mt ) - Ot oD

- P(s)
,‘STM
v O- ¢ @ b\ Wo deltn . E:,Lﬁ

+ Consistency relation with all modes being superhorizon.

Maldacena (2()()2). Creminelli anc[ia/f/an[aga (2()()4)
n=2, fuL =-0.9 = 5. 1 [PLANCK 18 ]

« This relation holds even if short modes are sub horizon.
Pimental, Senatore, and Zaldariga (2012)

Fv O gerennl integer spin Jrelds
. T2|s relatlon hoI s even if short modes are sub horizon.
Tanaka & Urakawa(2017)



E U Cl i d ean VaC U U m an d F K _/(umm()lu, Zmaka (f?, (,]'/ /H (in pwgmss)

FK state

P 2 # - o —

The shift of the soft mode is cancelled by soft dressing.

& %S

degenerate coherent states

Euclidean vacuum in cosmology

Different spacing = Different causality connected regions

l_i_‘:l&i ZA: QF“—{-\AI QVGW?E rf-\g " 9[’“0"“9, /3

Qa=(

fe2

3

[

~c 6t
causal

o=lo(

[ED]

Ivac) = T )u, 19 (Fa)] B> lhot
~ ? /\/\N\Mfu

domain Approx. Gaussian weight g

FK state



Tanaka & Y. 1. (2017, in pmg?ess)
E Uc. vacuum and SOft theore mJ(u‘zamoto, Tanaka, & Y. U. (in pzog‘wss)
EY

a=( 2| 3| - [ 9[’“‘*"“' avevnge F& Spacing, a

[vac) = AT )a% 19 G| 13> lhm(,}

~c ot
Icausal domain ? A,\/\,éN\

Approx. Gaussian weight

ool O-2| (ol -~ FK state

Each coherent state for a given EA satisfies. & | & lhowat D=0
@ (= &d‘(’* &M) : CL‘W}Q 0"\ LQT j‘(lI’LLLLLl (§2 il/([/ (Q()I/")

The shift of ’s soft mode is cancelled by hard modes
(of arbitrary sources of gravity) w/soft dressing.

e G, TG tlhee) = = Clnc [GE7F, TTOM1 T

Soft theorem (Consistency relation)



Clai mS :7anu/<a & /}/ U. (2()]7, n /)wg‘wss)

+ The theory is local and spatial Diff invariance.

+ The quantum stat |W> is LGT(dilatation/shear) invariant,i.e.,

ilockodt i -
&" {Z\’)“mvo(>.iw:0, Qd@v [Y“'>“aavaf >7W=O
N i@
»  Soft theorem
He - Y@ - BbeS = CELEO - OwIE)

. o P0(s)
£ gi—»y ° Quba& o LeT. get«evul / Sun¢
i w pov fout- it oYt T&u«t??

+ Cancellation of IR divergence

+  Shift symmetry of the effective action



Shift symmetry in EFT (~ aNG mode)

Feynman - Vernon’s influence functional

t-.
Integrating out the hard modes >§, >t

Sepfl€T, ¢ =8ICT S[C |+ SilCT. €
AS NANAAN_A~
Correction due to integrating out hard modes

Tanaka & Y.U. (2015, 2017, in p‘l,ogzess)
AN~

iwtbchu + Mestive L agemaval
Perturbatively,.... Tuelds "y &T

Qupp [¢-¢, 851 Qeﬁfi*, §7J+6: Lc@;)
$ G (bt #h) * -~
~—*%

Shift symmetry — Existence of NG mode



Cancellation of IR divergence

A naive computation yields....
VP;

) &
Goc—+ ()7 0"@@3?”}?
/ x_¥ IR modes - ’t ] ‘ log div.
(invisible) N%’, scale inv.,

Tanaka & Y.U. (2009, 2010, 2013, 2014, 2017)

These diverging IR modes = Shift of { due to LGT

LGT invariant quantities are free from IR div.
physical distance (LGT inv)  dlyny. = a(t)e’di

Evaluate correlators using i but not « .
Dressing of IRmodes{  (~ FK)



Summary and prospects

The overall IR structure of QED/perturbed gravity in

asymptotically flat spacetime and the one in cosmology
share the same properties.

LGT inv. — Soft th, Cancellation of IR div

3Shift symmetry (massless mode)

J, for cosmology
time independent mode
(# conservation of Q)

, While there are also differences in a detailed view.
[Evoe ) ~ yol—t (.,,_-71\1) [ FK) 99 - explicit op. on hard modes.

- In cosmology one can consider LGT non-inv. state, but what about
QED or perturbed gravity (in AF)?



