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Mathema1cal rela1on between

massless Dirac operators on a manifold with boundary

and massive Dirac operators on a closed manifold with interface.  
boundary
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Index (of massless D)= spectral flow (of massive D)

boundary
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The A:yah-Patodi-Singer(APS) index of massless Dirac operators on 
a manifold with boundary, which requires  
      chiral symmetry
 and nonlocal (APS) boundary condi:on

=  the spectral flow of massive Dirac operators on a closed manifold 
with interface. We do NOT need
      chiral symmetry 
and non-local boundary condi:on.



Advantages of the massive expression of Dirac index 
with (and without) interfaces
•We can avoid nonlocal APS boundary condi:ons.
• AS and APS indices are unified on a closed manifold: when interface 

is absent it gives the standard A:yah-Singer(AS) index.
• Extension to the mod-two version is straighLorward.
• Chiral symmetry is NOT necessary: the laNce gauge theory version is 

straighLorward → numerical evalua:on is possible.
• This topic offers “interfaces” among math-DG, math-KT, hep-th, hep-

lat, cond-mat, etc.



Contents
1. Introduction

We consider the index in terms of massive Dirac operator with interface.

2. APS index and bulk-boundary correspondence of anomaly (review)

3. Massive Dirac operator without interface and AS index

4. Massive Dirac operator with interface and APS index

5. Lattice formulation of APS index

6. Summary 
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η invariant in odd dimensions
Let us consider massless Dirac fermion in 3 dimensions with 
the Pauli-Villars regulariza:on
(the argument does not change in any odd dimensions) 

phase = η invariant. 
It is ODD in :me-reversal (T) transforma:on (T anomaly ). 
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Bulk-boundary correspondence of T anomaly
If        is boundary-localized 
modes of 4D bulk fermion in a SPT 
phase, which has a nega:ve mass, 

T anomaly cancels in the total system:

thanks to the APS index theorem. 

3D boundary
(massless)

4D bulk 
(massive)
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[Witten 2015]

← Chiral U(1) rotaIon
with 
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Defini1on of the A1yah-Patodi-Singer (APS) index

LHS is defined by # of chiral zero modes of a 4D massless Dirac 
operator on            with a non-local (causality-breaking) 
boundary condi:on (APS condi:on allowing only posiIve/negaIve 

eigenmode components of boundary Dirac operators).

But this operator does NOT exist in the 4D fermion system in 
the SPT phase, which is essen:ally massive and local QFT.

3D boundary

4D bulk
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[Atiyah-Patodi-Singer 1975]
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Q. Can we describe the APS index with massive fermion
without nonlocal APS boundary condi<on? 
We will show the answer=YES.  But we replace boundary by interface 
glued with “outside ”  to form a closed manifold.

* Surface of topological insulator is not a boundary of a manifold but 
an interface between topological and normal phases.
(It is nontrivial only when its outside is a normal insulator. )
[Cf. Different explanaIons by WiRen-Yonekura 2019, see also Kobayashi-Yonekura 2021]

boundary bulk
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Eigenvalues of massive Dirac operator                                

For   

For  
The eigenvalues are paired:

As                                              , we can write them
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Spectral flow = Atiyah-Singer index = η invariant
= # of zero-crossing eigenvalues from + to -

 = # of zero-crossing eigenvalues from - to +

                                               =: spectral flow of 

This is also equivalent to the η invariant: 
whenever an eigenvalue crosses zero,
                               jumps by two.

<latexit sha1_base64="H0yDG4rSBytwPnpSC4ts6qrr4EM="></latexit>n+ � n�

Pauli-Villars subtrac.on

<latexit sha1_base64="XJ2XhBwGz6IXitR8LTCkOUlRtUQ="></latexit>n+
<latexit sha1_base64="EIlfFdq/Va327st3ANaF9s4G7CA="></latexit>n−

<latexit sha1_base64="LUVePlb2r/aoNB6k6UbrNA8UFO0="></latexit>

Hs s ∈ [−1, 1]

<latexit sha1_base64="qrjri+cLG2lvb/WRnJAsemIugM8="></latexit>

η(Hs)
<latexit sha1_base64="smIrKLTxBX+ydAFRYyYInWRwqjU="></latexit>

n+ − n− = −1

2
η(H+1) +

1

2
η(H−1)

<latexit sha1_base64="qF0ua4vt04UNEM1GDa2IgY5oQb4="></latexit>

Hs = γ5(DX −ms)

<latexit sha1_base64="bIgCIxfG6z03sqb/8plsQosNv+k="></latexit>

Ind[DX ] =

NOTE: η invariant is an even integer on even-dimensional oriented manifolds.



Suspension isomorphism in K-theory

with chirality operator without chirality operator
point line=interval

Massless:
coun:ng 
index by points

Massive:
coun:ng 
index by lines

⇨  The two formula:ons of the index agree.
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<latexit sha1_base64="gl/vAqtkd9tTFJwLAdzYMRFlqK0="></latexit>

n� modes

�m
<latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit>

<latexit sha1_base64="oxx7LI1093NXb1f2Mg+aITfAFd8=">AAACFXicZVBNSwJBGJ61L7Mvq2OXIRGUQnYjrKPUJfFikB/gqsyOow7Oziwzs5Es/ohO/ZROQUF07dCpf9OoS2Q+MPDwPO/HvI8XMKq0bX9biZXVtfWN5GZqa3tndy+9f1BXIpSY1LBgQjY9pAijnNQ01Yw0A0mQ7zHS8EbXU79xT6Sigt/pcUDaPhpw2qcYaSN10yeVjp1zfU88RIGgXE/y0MWCD2Cl4+TKp9ANkNQUMViG+W46YxfsGeAycWKSATGq3fSX2xM49AnXmCGlWo4d6HY0nYgZmaTcUJEA4REakJahHPlEtaPZUROYNUoP9oU0j2s4U/92RMhXaux7ptJHeqj+e1Px18surNL9y3ZEeRBqwvF8Uz9kUAs4jQj2qCRYs7EhCEtqPgvxEEmEtQkyZVJw/t+8TOpnBadYKN6eZ0pXcR5JcASOQQ444AKUwA2oghrA4BE8g1fwZj1ZL9a79TEvTVhxzyFYgPX5AxADnMI=</latexit>

K0(point) ⇠= K1(I, @I)



Proof in 2n+1 dimensions

It is interes:ng to interpret     as an extra dimension:
                has 2 boundaries (s=±1) and 1 interface (s=0).

<latexit sha1_base64="hjzPWwzSd+7CcKUsij+1z0wQK0U="></latexit>

X × [−1, 1]

<latexit sha1_base64="j9b1ihxBXn53x5RwvoWOTEwPN78="></latexit>

X
<latexit sha1_base64="QqQqHZwne46cNxW2vTyO72Vj540="></latexit>

m(s) > 0
<latexit sha1_base64="VZjh3Kg6E7XbV9hnA3EdAYpRSHE="></latexit>

m(s) < 0

<latexit sha1_base64="CnvXaeW6+g/qqfVzHiErauCg2WU="></latexit>

0
<latexit sha1_base64="Rae2Joef5X4Sba5l2UUHbsynBNc="></latexit>−1

<latexit sha1_base64="hjx00LGao2VGUofcU+3poWKjCRY="></latexit>

+1

<latexit sha1_base64="8xR1oI2YecJz61ahuY0vetGaqfE="></latexit>s

<latexit sha1_base64="xeEpTaOZ1Um3maixz6LDEPwX2Gk="></latexit>

DX×[−1,1] =

✓
0 ∂s +Hs

−∂s +Hs 0

◆
We consider a higher dim. 
Dirac operator 

<latexit sha1_base64="qF0ua4vt04UNEM1GDa2IgY5oQb4="></latexit>

Hs = γ5(DX −ms)



Proof in 2n+1 dimensions

Then APS index theorem 
(with curvature term=0 in odd dim.) tells

<latexit sha1_base64="j9b1ihxBXn53x5RwvoWOTEwPN78="></latexit>

X
<latexit sha1_base64="QqQqHZwne46cNxW2vTyO72Vj540="></latexit>

m(s) > 0
<latexit sha1_base64="VZjh3Kg6E7XbV9hnA3EdAYpRSHE="></latexit>

m(s) < 0

<latexit sha1_base64="CnvXaeW6+g/qqfVzHiErauCg2WU="></latexit>

0
<latexit sha1_base64="Rae2Joef5X4Sba5l2UUHbsynBNc="></latexit>−1

<latexit sha1_base64="hjx00LGao2VGUofcU+3poWKjCRY="></latexit>

+1

<latexit sha1_base64="xeEpTaOZ1Um3maixz6LDEPwX2Gk="></latexit>

DX×[−1,1] =

✓
0 ∂s +Hs

−∂s +Hs 0

◆

Also, the zero modes are localized at the interface and 
essen:ally determined by         :
These two lead to

<latexit sha1_base64="Pp9RukJzNjN7gc+b6GXFaNLvM9o="></latexit>

DX
<latexit sha1_base64="ALcxs9L+eSZzXY/IInn7aeLwyFo="></latexit>

IndAPS[DX×[−1,1]] = Ind[DX ]

<latexit sha1_base64="IiOBr7ohfxZClKxNSFcnquU2J3M="></latexit>

IndAPS[DX×[−1,1]] = −1

2
η(H+1) +

1

2
η(H−1) = sf[Hs]

<latexit sha1_base64="Uq6GWfn8wnaTA4Gn6fo72QbJV7I="></latexit>

IndAPS[DX×[−1,1]] = Ind[DX ] = sf[Hs]

massless massive

<latexit sha1_base64="qF0ua4vt04UNEM1GDa2IgY5oQb4="></latexit>

Hs = γ5(DX −ms)
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We consider the index in terms of massive Dirac operator with interface.

2. APS index and bulk-boundary correspondence of anomaly (review)
The original definiIon of the APS index is nonlocal and not natural without “outside”.

3. Massive Dirac operator without interface and AS index (as a warm-up)
The spectral flow (= η invariant) of massive Dirac operator = AS index.   

4. Massive Dirac operator with interface and APS index

5. LaQce formulaPon of APS index

6. Summary 

✔

✔

✔



Deforming interface in 2n+1 dimensions

<latexit sha1_base64="j9b1ihxBXn53x5RwvoWOTEwPN78="></latexit>

X

<latexit sha1_base64="CnvXaeW6+g/qqfVzHiErauCg2WU="></latexit>

0
<latexit sha1_base64="Rae2Joef5X4Sba5l2UUHbsynBNc="></latexit>−1

<latexit sha1_base64="hjx00LGao2VGUofcU+3poWKjCRY="></latexit>

+1

<latexit sha1_base64="9jVa+0DBfknw5GZrVIACR2dFDqw="></latexit>

m(x, s) > 0

<latexit sha1_base64="XzbH3R8tgwg22P4F5HTl3G8WGRs="></latexit>

m(x, s) < 0



Deforming interface in 2n+1 dimensions

<latexit sha1_base64="j9b1ihxBXn53x5RwvoWOTEwPN78="></latexit>

X

<latexit sha1_base64="CnvXaeW6+g/qqfVzHiErauCg2WU="></latexit>

0
<latexit sha1_base64="Rae2Joef5X4Sba5l2UUHbsynBNc="></latexit>−1

<latexit sha1_base64="hjx00LGao2VGUofcU+3poWKjCRY="></latexit>

+1

<latexit sha1_base64="9jVa+0DBfknw5GZrVIACR2dFDqw="></latexit>

m(x, s) > 0

<latexit sha1_base64="XzbH3R8tgwg22P4F5HTl3G8WGRs="></latexit>

m(x, s) < 0 <latexit sha1_base64="7spGHPtS+aRrG1RSaCMyDQZ4Tng="></latexit>

X+

<latexit sha1_base64="uYTiszAu40JexcOfok+5FhIhHQs="></latexit>

X−



Deforming interface in 2n+1 dimensions

<latexit sha1_base64="j9b1ihxBXn53x5RwvoWOTEwPN78="></latexit>

X
<latexit sha1_base64="9jVa+0DBfknw5GZrVIACR2dFDqw="></latexit>

m(x, s) > 0

<latexit sha1_base64="XzbH3R8tgwg22P4F5HTl3G8WGRs="></latexit>

m(x, s) < 0 <latexit sha1_base64="rn8LXkW2XipNceA3xUkvF7N/Xys="></latexit>

X+

Flat cylinder (curvature=0)

APS boundary

<latexit sha1_base64="CnvXaeW6+g/qqfVzHiErauCg2WU="></latexit>

0
<latexit sha1_base64="Rae2Joef5X4Sba5l2UUHbsynBNc="></latexit>−1

<latexit sha1_base64="hjx00LGao2VGUofcU+3poWKjCRY="></latexit>

+1

<latexit sha1_base64="7spGHPtS+aRrG1RSaCMyDQZ4Tng="></latexit>

X+

<latexit sha1_base64="uYTiszAu40JexcOfok+5FhIhHQs="></latexit>

X−



Deforming interface in 2n+1 dimensions

<latexit sha1_base64="j9b1ihxBXn53x5RwvoWOTEwPN78="></latexit>

X

<latexit sha1_base64="CnvXaeW6+g/qqfVzHiErauCg2WU="></latexit>

0
<latexit sha1_base64="Rae2Joef5X4Sba5l2UUHbsynBNc="></latexit>−1

<latexit sha1_base64="hjx00LGao2VGUofcU+3poWKjCRY="></latexit>

+1

<latexit sha1_base64="9jVa+0DBfknw5GZrVIACR2dFDqw="></latexit>

m(x, s) > 0

<latexit sha1_base64="XzbH3R8tgwg22P4F5HTl3G8WGRs="></latexit>

m(x, s) < 0 <latexit sha1_base64="rn8LXkW2XipNceA3xUkvF7N/Xys="></latexit>

X+

Flat cylinder (curvature=0)

APS boundary

<latexit sha1_base64="AGKA3EIGSV9Jy3Ic/rJZEpsIWUA="></latexit>

IndAPS[DX×[−1,1]] = IndAPS[DX+ ] = sf[Hs]

where                                         is a domain-wall Dirac operator
with an interface in the mass:

<latexit sha1_base64="rFZ3bOr/OxpJqJ76yzoGayRiVTw="></latexit>

ε(x) =

⇢
+1 for x ∈ X+

−1 for x ∈ X−

<latexit sha1_base64="7spGHPtS+aRrG1RSaCMyDQZ4Tng="></latexit>

X+

<latexit sha1_base64="uYTiszAu40JexcOfok+5FhIhHQs="></latexit>

X−

<latexit sha1_base64="/b1QNmbatAsorjs5+ty6AEiOmOU="></latexit>

H+1 = γ5(DX −mε(x))



Theorem 1 

For any APS index of a massless Dirac operator on an even-
dimensional Riemannian manifold            with boundary, there 
exists a massive Dirac operator on a closed manifold                                 
with interface on the loca:on of the original boundary and its 
spectral flow (or η invariant) is equal to the original index.

<latexit sha1_base64="7spGHPtS+aRrG1RSaCMyDQZ4Tng="></latexit>

X+
<latexit sha1_base64="QInGGFei93SSFzEutdBvY4j5N8Y="></latexit>

X = X+ ∪X−

boundary bulk
<latexit sha1_base64="YTdw88liWPyDWIvAOfzGszJaX5k=">AAAB63icZVBNSwMxEJ2tX7V+VT16CZaCIJRdEfVY9OKxov2AdinZNNuGJtklyQpl6U/wJCiIV3+RJ/+N2XYR2z4YeLw3w8y8IOZMG9f9cQpr6xubW8Xt0s7u3v5B+fCopaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvsv89jNVmkXyyUxi6gs8lCxkBBsrPXb65/1yxa25M6BV4uWkAjka/fJ3bxCRRFBpCMdadz03Nn6KlWGE02mpl2gaYzLGQ9q1VGJBtZ/OTp2iqlUGKIyULWnQTP0/kWKh9UQEtlNgM9LLXib+edWFVSa88VMm48RQSeabwoQjE6HscTRgihLDJ5Zgopg9FpERVpgYG0/JpuAt/7xKWhc176rmPVxW6rd5HkU4gVM4Aw+uoQ730IAmEBjCC7zBuyOcV+fD+Zy3Fpx85hgW4Hz9AlLPjas=</latexit>

X+
<latexit sha1_base64="YTdw88liWPyDWIvAOfzGszJaX5k=">AAAB63icZVBNSwMxEJ2tX7V+VT16CZaCIJRdEfVY9OKxov2AdinZNNuGJtklyQpl6U/wJCiIV3+RJ/+N2XYR2z4YeLw3w8y8IOZMG9f9cQpr6xubW8Xt0s7u3v5B+fCopaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvsv89jNVmkXyyUxi6gs8lCxkBBsrPXb65/1yxa25M6BV4uWkAjka/fJ3bxCRRFBpCMdadz03Nn6KlWGE02mpl2gaYzLGQ9q1VGJBtZ/OTp2iqlUGKIyULWnQTP0/kWKh9UQEtlNgM9LLXib+edWFVSa88VMm48RQSeabwoQjE6HscTRgihLDJ5Zgopg9FpERVpgYG0/JpuAt/7xKWhc176rmPVxW6rd5HkU4gVM4Aw+uoQ730IAmEBjCC7zBuyOcV+fD+Zy3Fpx85hgW4Hz9AlLPjas=</latexit>

X+

Interface (domain-wall)

<latexit sha1_base64="u+rysBlas3Acz4wx1VdoBIEosTg=">AAAB63icZVBNSwMxEJ2tX7V+VT16CZaCF8uuiHosevFY0X5Au5Rsmm1Dk+ySZIWy9Cd4EhTEq7/Ik//GbLuIbR8MPN6bYWZeEHOmjev+OIW19Y3NreJ2aWd3b/+gfHjU0lGiCG2SiEeqE2BNOZO0aZjhtBMrikXAaTsY32V++5kqzSL5ZCYx9QUeShYygo2VHjv983654tbcGdAq8XJSgRyNfvm7N4hIIqg0hGOtu54bGz/FyjDC6bTUSzSNMRnjIe1aKrGg2k9np05R1SoDFEbKljRopv6fSLHQeiIC2ymwGellLxP/vOrCKhPe+CmTcWKoJPNNYcKRiVD2OBowRYnhE0swUcwei8gIK0yMjadkU/CWf14lrYuad1XzHi4r9ds8jyKcwCmcgQfXUId7aEATCAzhBd7g3RHOq/PhfM5bC04+cwwLcL5+AVXZja0=</latexit>

X�

<latexit sha1_base64="McHYZpwcBpoF2hmRqvD76ESCTSE="></latexit>

m > 0
<latexit sha1_base64="6ljUXKjZqlbN5t4IbODGYyLvxuA="></latexit>

m < 0

[F-Furuta-Matsuo-Onogi-Yamaguchi-Yamashita 2019]
1910.01987

<latexit sha1_base64="q+rqsBKmBNHy1XfcJjlCyXbqTjo="></latexit>

IndAPS[D|X+ ] = sf


γ

✓
DX − s+ 1

2
mε− s− 1

2
m

◆�
= −1

2
ηPV(γ(DX −mε))

https://arxiv.org/abs/1910.01987


The massive Dirac operator unifies various types 
of the index formulas.

<latexit sha1_base64="YTdw88liWPyDWIvAOfzGszJaX5k=">AAAB63icZVBNSwMxEJ2tX7V+VT16CZaCIJRdEfVY9OKxov2AdinZNNuGJtklyQpl6U/wJCiIV3+RJ/+N2XYR2z4YeLw3w8y8IOZMG9f9cQpr6xubW8Xt0s7u3v5B+fCopaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvsv89jNVmkXyyUxi6gs8lCxkBBsrPXb65/1yxa25M6BV4uWkAjka/fJ3bxCRRFBpCMdadz03Nn6KlWGE02mpl2gaYzLGQ9q1VGJBtZ/OTp2iqlUGKIyULWnQTP0/kWKh9UQEtlNgM9LLXib+edWFVSa88VMm48RQSeabwoQjE6HscTRgihLDJ5Zgopg9FpERVpgYG0/JpuAt/7xKWhc176rmPVxW6rd5HkU4gVM4Aw+uoQ730IAmEBjCC7zBuyOcV+fD+Zy3Fpx85hgW4Hz9AlLPjas=</latexit>

X+

Interface (domain-wall)

<latexit sha1_base64="u+rysBlas3Acz4wx1VdoBIEosTg=">AAAB63icZVBNSwMxEJ2tX7V+VT16CZaCF8uuiHosevFY0X5Au5Rsmm1Dk+ySZIWy9Cd4EhTEq7/Ik//GbLuIbR8MPN6bYWZeEHOmjev+OIW19Y3NreJ2aWd3b/+gfHjU0lGiCG2SiEeqE2BNOZO0aZjhtBMrikXAaTsY32V++5kqzSL5ZCYx9QUeShYygo2VHjv983654tbcGdAq8XJSgRyNfvm7N4hIIqg0hGOtu54bGz/FyjDC6bTUSzSNMRnjIe1aKrGg2k9np05R1SoDFEbKljRopv6fSLHQeiIC2ymwGellLxP/vOrCKhPe+CmTcWKoJPNNYcKRiVD2OBowRYnhE0swUcwei8gIK0yMjadkU/CWf14lrYuad1XzHi4r9ds8jyKcwCmcgQfXUId7aEATCAzhBd7g3RHOq/PhfM5bC04+cwwLcL5+AVXZja0=</latexit>

X�

<latexit sha1_base64="McHYZpwcBpoF2hmRqvD76ESCTSE="></latexit>

m > 0
<latexit sha1_base64="6ljUXKjZqlbN5t4IbODGYyLvxuA="></latexit>

m < 0

• AS and APS indices are unified on a closed manifold. We do not need any 
nonlocal boundary condiPons.
• ApplicaPon to the mod-two version is straighcorward (counPng # of pairs of 

zero-crossing eigenmodes).
• Chiral symmetry is NOT necessary: the laQce gauge theory version is 

straighcorward -> Numerical evaluaPon is possible (NEXT).
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We consider the index in terms of massive Dirac operator with interface.

2. APS index and bulk-boundary correspondence of anomaly (review)
The original definiIon of the APS index is nonlocal and not natural without “outside”.
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The spectral flow (= η invariant) of massive Dirac operator = AS index.   

4. Massive Dirac operator with interface and APS index
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✔

✔

✔

✔



The APS index of massless Dirac operator requires  
      chiral symmetry
 and APS boundary condi:on.

But the spectral flow of massive Dirac operators on a closed 
manifold with interface  does NOT need
      chiral symmetry 
and non-local boundary condi:on.

-> The standard Wilson fermion Dirac operator is good enough.

Massive expression is easier on the laIce.

boundary

<latexit sha1_base64="YTdw88liWPyDWIvAOfzGszJaX5k=">AAAB63icZVBNSwMxEJ2tX7V+VT16CZaCIJRdEfVY9OKxov2AdinZNNuGJtklyQpl6U/wJCiIV3+RJ/+N2XYR2z4YeLw3w8y8IOZMG9f9cQpr6xubW8Xt0s7u3v5B+fCopaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvsv89jNVmkXyyUxi6gs8lCxkBBsrPXb65/1yxa25M6BV4uWkAjka/fJ3bxCRRFBpCMdadz03Nn6KlWGE02mpl2gaYzLGQ9q1VGJBtZ/OTp2iqlUGKIyULWnQTP0/kWKh9UQEtlNgM9LLXib+edWFVSa88VMm48RQSeabwoQjE6HscTRgihLDJ5Zgopg9FpERVpgYG0/JpuAt/7xKWhc176rmPVxW6rd5HkU4gVM4Aw+uoQ730IAmEBjCC7zBuyOcV+fD+Zy3Fpx85hgW4Hz9AlLPjas=</latexit>

X+

<latexit sha1_base64="YTdw88liWPyDWIvAOfzGszJaX5k=">AAAB63icZVBNSwMxEJ2tX7V+VT16CZaCIJRdEfVY9OKxov2AdinZNNuGJtklyQpl6U/wJCiIV3+RJ/+N2XYR2z4YeLw3w8y8IOZMG9f9cQpr6xubW8Xt0s7u3v5B+fCopaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvsv89jNVmkXyyUxi6gs8lCxkBBsrPXb65/1yxa25M6BV4uWkAjka/fJ3bxCRRFBpCMdadz03Nn6KlWGE02mpl2gaYzLGQ9q1VGJBtZ/OTp2iqlUGKIyULWnQTP0/kWKh9UQEtlNgM9LLXib+edWFVSa88VMm48RQSeabwoQjE6HscTRgihLDJ5Zgopg9FpERVpgYG0/JpuAt/7xKWhc176rmPVxW6rd5HkU4gVM4Aw+uoQ730IAmEBjCC7zBuyOcV+fD+Zy3Fpx85hgW4Hz9AlLPjas=</latexit>

X+

Interface (domain-wall)

<latexit sha1_base64="u+rysBlas3Acz4wx1VdoBIEosTg=">AAAB63icZVBNSwMxEJ2tX7V+VT16CZaCF8uuiHosevFY0X5Au5Rsmm1Dk+ySZIWy9Cd4EhTEq7/Ik//GbLuIbR8MPN6bYWZeEHOmjev+OIW19Y3NreJ2aWd3b/+gfHjU0lGiCG2SiEeqE2BNOZO0aZjhtBMrikXAaTsY32V++5kqzSL5ZCYx9QUeShYygo2VHjv983654tbcGdAq8XJSgRyNfvm7N4hIIqg0hGOtu54bGz/FyjDC6bTUSzSNMRnjIe1aKrGg2k9np05R1SoDFEbKljRopv6fSLHQeiIC2ymwGellLxP/vOrCKhPe+CmTcWKoJPNNYcKRiVD2OBowRYnhE0swUcwei8gIK0yMjadkU/CWf14lrYuad1XzHi4r9ds8jyKcwCmcgQfXUId7aEATCAzhBd7g3RHOq/PhfM5bC04+cwwLcL5+AVXZja0=</latexit>

X�



Wilson Dirac operator on a square laIce

Wilson term (is needed to remove doubler 
modes), which breaks chiral symmetry.

<latexit sha1_base64="/4fkIkHbKH1xuK8VOzadfGNq6QA="></latexit>

DW =
X

i

"
�ir

f
i +rb

i

2
�a

2
rf

i r
b
i

#

<latexit sha1_base64="ib9d5VZHa24t3AVvnG8hA0pJyYI="></latexit>

arf
i  (x) = Ui(x) (x+ ei)�  (x)

<latexit sha1_base64="KI45EOKX0fJvSz5tATYCXiIRfCY="></latexit>

arb
i (x) =  (x)� U†

i (x� ei) (x� ei)

* In mathemaPcs, the Wilson term is important in that it guarantees the 
ellipPcity. 



Coun%ng lines (massive) is more stable than coun%ng points 
(massless) against chiral symmetry breaking (on a la9ce )

Standard 
massless 
defini:on:
Where is 
m=0? 
What are zero 
modes?

Spectral flow of 
massive Dirac:
We can s:ll count 
the crossing lines.

<latexit sha1_base64="FjfJczDPV1qoOyNL4pKCkMEVHBc="></latexit>

m

�m
<latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit><latexit sha1_base64="cK0yn+LV8bKVBkGQUgGZAoWFVLQ="></latexit>

Note)  this fact is known even before 
overlap Dirac by Itoh-Iwasaki-Yoshie 
1982 and other literature, but its 
mathema.cal meaning was not 
discussed. See also Adams, Kikukawa-
Yamada, Luescher, Fujikawa, and Suzuki



Theorem 2
There exists  a finite laQce spacing          such that for any   

    
               

for sufficiently large         holds,  where 

NOTE : 
1. The total space is limited to a flat torus:                                       , although  the 
interface Y can be any 2n-1 dimensional curved submanifold.
2.                           must be saPsfied to avoid doublers [Cf. Yamaguchi’s talk].
3.  η invariant is an even integer on even-dimensional oriented manifolds.
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Theorem 3
When the Dirac operator is real, there exists  a finite laQce spacing          such 
that for any   

    
               

for sufficiently large         holds,  where 

NOTE : mod-two spectral flow counts # of zero-crossing “pairs”.
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Sketch of the proof by K-theory
We consider a conPnuum-laQce combined Dirac operator

    
               
and show it is inverPble [which is a sufficient condiPon for Spec.flow=0]
by contradicPon.
* Then the Wilson Dirac operator gives a well-defined element in K-theory.

⇨                  

have the same spectral flow.
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Numerical test on a 2D disk 
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We put a circular curved  domain-
wall : m=-s/a inside, m=+1/a outside 
and change s from -1 to 1.

We put U(1) flux Q’ and numerically 
check if the APS index theorem

holds or not.

L=33, DW radius=10, flux radius=6.
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APS index on a 2D disk 
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Edge-localized 
chiral :

 modes appear on 
the 1-dimensional 
circle domain-wall
= the source of 
boundary eta 
invariant.
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Consistent with 
the APS
Index theorem.

<latexit sha1_base64="F0FPRx2OXPA4knOVovtRwTkltP8="></latexit>

�r = (�1x+ �2y)/r ⇠ 1



Numerial test for Majorana 
S1 domain-wall fermion
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 m(x,s)=-s/a inside the domain-wall
=disk

 m(x,s)=-s/a  outside the domain-wall
= torus with a S1 hole.

The conInuum mod-two APS index = 0
and 1 respecIvely.

Free Wilson Dirac operator is real:
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Numerial test for Majorana 
S1 domain-wall fermion
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Majorana Dirac spectrum

mod-two 
spectral flow 
agrees with the 
mod-two APS 
index.

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

-0.6-0.4-0.2 0 0.2 0.4 0.6

Diskλ

flow time s
-0.6-0.4-0.2 0 0.2 0.4 0.6

T2 w/ S1

boundary

flow time s

-1
-0.8
-0.6
-0.4
-0.2
0
0.2
0.4
0.6
0.8
1

σ r
ch
ira
lit
y

<latexit sha1_base64="uCzWjWcwLjciI0o/WL/6fiob9Uw="></latexit>

iHm = �1@x + �3@y + i�2m(s, r)

Lei panel :
 -sM inside  S1 DW
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Contents
1. IntroducPon

We consider the index in terms of massive Dirac operator with interface.

2. APS index and bulk-boundary correspondence of anomaly (review)
The original definiIon of the APS index is nonlocal and not natural without “outside”.

3. Massive Dirac operator without interface and AS index (as a warm-up)
The spectral flow (= η invariant) of massive Dirac operator = AS index.   

4. Massive Dirac operator with interface and APS index
 The spectral flow of massive Dirac operator with interface = APS index 

5. LaQce formulaPon of APS index
 is given by the spectral flow of the massive Wilson Dirac operator with interfaces

6. Summary 

✔

✔

✔

✔

✔



The massive Dirac operator with/without interfaces unifies various 
index formulas.

•We can avoid nonlocal APS boundary condi:on.
• AS and APS indices are unified on a closed manifold.
• The mod-two version is also unified (just coun:ng crossing pairs).
• Chiral symmetry is NOT necessary: the laNce gauge theory version 

is straighLorward → numerical evalua:on is possible.

Summary

boundary bulk
<latexit sha1_base64="YTdw88liWPyDWIvAOfzGszJaX5k=">AAAB63icZVBNSwMxEJ2tX7V+VT16CZaCIJRdEfVY9OKxov2AdinZNNuGJtklyQpl6U/wJCiIV3+RJ/+N2XYR2z4YeLw3w8y8IOZMG9f9cQpr6xubW8Xt0s7u3v5B+fCopaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvsv89jNVmkXyyUxi6gs8lCxkBBsrPXb65/1yxa25M6BV4uWkAjka/fJ3bxCRRFBpCMdadz03Nn6KlWGE02mpl2gaYzLGQ9q1VGJBtZ/OTp2iqlUGKIyULWnQTP0/kWKh9UQEtlNgM9LLXib+edWFVSa88VMm48RQSeabwoQjE6HscTRgihLDJ5Zgopg9FpERVpgYG0/JpuAt/7xKWhc176rmPVxW6rd5HkU4gVM4Aw+uoQ730IAmEBjCC7zBuyOcV+fD+Zy3Fpx85hgW4Hz9AlLPjas=</latexit>

X+
<latexit sha1_base64="YTdw88liWPyDWIvAOfzGszJaX5k=">AAAB63icZVBNSwMxEJ2tX7V+VT16CZaCIJRdEfVY9OKxov2AdinZNNuGJtklyQpl6U/wJCiIV3+RJ/+N2XYR2z4YeLw3w8y8IOZMG9f9cQpr6xubW8Xt0s7u3v5B+fCopaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvsv89jNVmkXyyUxi6gs8lCxkBBsrPXb65/1yxa25M6BV4uWkAjka/fJ3bxCRRFBpCMdadz03Nn6KlWGE02mpl2gaYzLGQ9q1VGJBtZ/OTp2iqlUGKIyULWnQTP0/kWKh9UQEtlNgM9LLXib+edWFVSa88VMm48RQSeabwoQjE6HscTRgihLDJ5Zgopg9FpERVpgYG0/JpuAt/7xKWhc176rmPVxW6rd5HkU4gVM4Aw+uoQ730IAmEBjCC7zBuyOcV+fD+Zy3Fpx85hgW4Hz9AlLPjas=</latexit>

X+

Interface (domain-wall)

<latexit sha1_base64="u+rysBlas3Acz4wx1VdoBIEosTg=">AAAB63icZVBNSwMxEJ2tX7V+VT16CZaCF8uuiHosevFY0X5Au5Rsmm1Dk+ySZIWy9Cd4EhTEq7/Ik//GbLuIbR8MPN6bYWZeEHOmjev+OIW19Y3NreJ2aWd3b/+gfHjU0lGiCG2SiEeqE2BNOZO0aZjhtBMrikXAaTsY32V++5kqzSL5ZCYx9QUeShYygo2VHjv983654tbcGdAq8XJSgRyNfvm7N4hIIqg0hGOtu54bGz/FyjDC6bTUSzSNMRnjIe1aKrGg2k9np05R1SoDFEbKljRopv6fSLHQeiIC2ymwGellLxP/vOrCKhPe+CmTcWKoJPNNYcKRiVD2OBowRYnhE0swUcwei8gIK0yMjadkU/CWf14lrYuad1XzHi4r9ds8jyKcwCmcgQfXUId7aEATCAzhBd7g3RHOq/PhfM5bC04+cwwLcL5+AVXZja0=</latexit>

X�

<latexit sha1_base64="McHYZpwcBpoF2hmRqvD76ESCTSE="></latexit>

m > 0
<latexit sha1_base64="6ljUXKjZqlbN5t4IbODGYyLvxuA="></latexit>

m < 0

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

-0.6-0.4-0.2 0 0.2 0.4 0.6

Diskλ

flow time s
-0.6-0.4-0.2 0 0.2 0.4 0.6

T2 w/ S1

boundary

flow time s

-1
-0.8
-0.6
-0.4
-0.2
0
0.2
0.4
0.6
0.8
1

σ r
ch
ira
lit
y

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

-0.6-0.4-0.2 0 0.2 0.4 0.6

Q'=2

λ

flow time s
-0.6-0.4-0.2 0 0.2 0.4 0.6

Q'=-1.75

flow time s

-1
-0.8
-0.6
-0.4
-0.2
0
0.2
0.4
0.6
0.8
1

σ r
ch
ira
lit
y



As far as we know  the anomaly inflow was first discussed by
Callan-Harvey 1984 with interfaces (not on a manifold with boundary).

Let us get back to the original setup!

A final remark

boundary bulk
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Interface (domain-wall)
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More nontrivial invariants (Z8, Z16, η…).  [S. Yamaguchi’s talk 
yesterday, based on Araki, F, Onogi, Yamaguchi 2025]. So far VERY 
GOOD numerical results but rigorous mathema:cal proof is missing.

LaNce version is limited to the case flat bulk + curved domain-wall.
 -> curved bulk and curved domain-wall may be realized by higher 
co-dimensional junc:ons of interfaces?

Outlook


