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Deformed d dimensional CFT
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Deformed 2 dimensional CFT

Goal: understand RG flows
Tov = FTUV+9/¢, (8, $2)
Gapped Gapless

Tir = TQFT CFTr

Hopeful to solve CFTq4—, (Virasoro algebra)



Symmetries strike back

[ Topological operator = Symmetry ]

[Gaiotto, Kapustin, Seiberg, Willett]

Today: QFT, D (Codimension 1 @)

CFTUV+g/gp ANNNNS ?
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Deformed 2 dimensional CFT

Let us consider 2 dimensions

Tov = CFTUVJFQ/SOa (A S 2)

é Gapped Gapless
R

TQFT CFT

Often we know topological defects € CETyy D O
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Invariants under RG flows

CFTUV+g/g@ ANNNNS ?

When: [D,cp]:O(:)D—m _D H
¥ _ /
Then:  Symmetry is preserved along RG
Many constraints from UV data: ichang Lin, shao, wang, vin]

QDimdp = @ RG invariant! ’ @

[ Fixes IR fixed points from RCFTs ]

[Tanaka, Nakayamal[FA, Negrol[FA, Prochazkal
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Punchline of the talk

D D 4

Generically: S # \\./

D not topological in QFT(g) = CFT +g [ ¢

[ New class: translational invariant defects i runkel, wars) ]

- Extend class of topological symmetries:
F =~ Diop C Dyanstinv. = DY-module(Rep[F])

- Non-local conserved charges

Beyond topological framework!



Warm up: top. defects in RCFTs
To (W) infinity and beyond!




A primer on Virasoro Minimal models

M(p, q): Rational 2D CFT, A-series

- Central charge: ¢ =1 — ¥2=9° ynjtary iff g = p + 1

Pq
. % primaries ¢y = ¢(p—r,g—s)

- weigths h, sy and Cfs all known
- Fusion Category: ¢, ® ¢, = Z/\/ﬁa o5
5



A primer on Virasoro Minimal models

M(p, q): Rational 2D CFT, A-series

- Central charge: ¢ =1 — ¥2=9° ynjtary iff g = p + 1

Pq
. % primaries ¢y = ¢(p—r,g—s)

- weigths h, sy and Cfs all known
- Fusion Category: ¢, ® ¢, = Z/\/ﬁa o5
5

Topological lines C Verlinde Lines {£,} ST {¢,}

Non-invertible symmetry: L, x L, = Z/\/’;L Ls
4

Ward identity: Ep = Eﬂ} »
0o @
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Derfomation by primary field

Relevant deformation of minimal models

%V:M(p7Q)+g,0/¢Ua (h, <1)

Gappe\%\({japless

TirR = TQFT CFT =M(p',q)
TODAY

c-theorem with: ¢ =1 — % (PT-sym) e
We know all* topological defects!



Impose anomaly matching

Strategy: Fix Toy = M(p, q)

1. For any relevant def. compute all RG invariants
2. Generate all M(p’,q’) with cIf < clY
3. Exclude Tig not fulfilling constraints

Produces putative flows:

b(r,s ;o
M(p,q) — M(p',q)



[ Result, M(p,q) “22* AM(p, kp — q) ]

Only knOWn ﬂOWS' [Nakayama, Tanaka][FA, Negro]

* R =1: ¢(1,3) [Fendley, saleur, AL zamolodchikov][ AL Zamolodchikov]
* R=1/2: ¢1,2), P(1,5) [porey, bunning, Tateo]
* R=39un M(3,10) — M3, 8) [Narovlansky, Sun, Tarnopolsky]
Preserve Rep[SU(2)q_2] D Zy symmetry*:
{1, Loy, La-1nts L1 % Lg-1) =1
[L(n1ys P1,2me1)] =0, m=1,---,k

* Only Rep[PSU(2)4—2] for k € Z/2



[ Result, M(p,q) “22* AM(p, kp — q) ]

Only knOWn ﬂOWS' [Nakayama, Tanaka][FA, Negro]

* R =1: ¢(1,3) [Fendley, saleur, AL zamolodchikov][ AL Zamolodchikov]
* R=1/2: ¢1,2), P(1,5) [porey, bunning, Tateo]
* R=39un M(3,10) — M3, 8) [Narovlansky, Sun, Tarnopolsky]
Preserve Rep[SU(2)q_2] D Zy symmetry*:
{1, L1y, Lg-10}s  Lg-11) X Lg-11) =1
[L(n1ys P1,2me1)] =0, m=1,---,k
Suggest a vast generalization (r, rrochazcal

* Only Rep[PSU(2)4—2] for k € Z/2



Wy algebra

Virasoro algebra:  generated by modes of spin 2 field T(z)

Wy algebra:  additional currents of spins =2,--- ,N
{T( ) W(3 0oo g W(N)} [Zamolodchikov?, Fateev, Lukyanov. . .]

(s) (s)
W) ~ T+ 2




Wy algebra

Virasoro algebra:  generated by modes of spin 2 field T(z)

Wy algebra:  additional currents of spins =2,--- /N
{T( ) W(3 0oo g W(N)} [Zamolodchikov?, Fateev, Lukyanov. . .]
(s) W) (u)
)iy . W)
T(Z)W™(u) =] E—
3 2T oT
Eg W8 WE@W() ~ /3 M) | 9T(W)

Z-uwf  @Z-u?t (z-u)p

1 3 32
Tz <1082T(“) T 5cA(u)> *




Wy Minimal models

Wy rational truncations: W, minimal models  Whs(p, q)
- Rational CFT: ¢} =(2—1) [1 _ 2(2“)(;,,(3)2}

Pq
- Unitary iff |[p —g| =1
5(2),, x51(2)1

- Coset construction D)y k=p/(q—p)—2
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W,y Minimal models

Wy rational truncations: Wy minimal models: Wi(p,q)

- Rational CFT: ¢ = (N —1) [1 _ N(NHp)ép—q)?}
- Unitary iff [p —g| =1

- Coset construction W k=p/(q—p)—N

co-many new flows: Wy(p, q) & Wi(p, kp — q)

[FA, Prochazka]

- Adjoint-category of deformation ¢ € PSU(N)q_n

- Preserves large symmetry Rep[SU(N),—n] D Zy
(Bootstrap?)

- Uniform in rank! <=Truncations of W, (Ask met)

- Incredible power of topological lines!




We found new flows between Virasoro and Wy models.
Focus on Virasoro

What is special about flows with ¢?

Remember: ¢4, r =2,3,5 are integrable



We found new flows between Virasoro and Wy models.
Focus on Virasoro

What is special about flows with ¢?

Remember: ¢4, r =2,3,5 are integrable
We fO un d [Ambrosino, Runkel, \/Vatts]2

Non-top. defects = Non-local conserved charges

New class of defects!




Translational invariant defects

[ D\,

D()‘wa

= >
< |
=

T[>
<
=



3d TFT for 2d RCFT
TFT4—3 encoding the QFTy_,
M
L T L

topological
boundary

- Topological ops in QFT: Neumann @ top boundary
- Non topological: Dirichlet boundary conditions

All lines = topological anyons of 3D TFT



Chiral TFT

In 2d CFT | like chiral TFT:

conformal holomorphic

-
Il
o
T
Il
o

topological bnd. B topoh)g%cal defect B

antiholomorphic



—
L
-
©
o=
e
O

In 2d CFT | like chiral TFT:

holomorphic

<)

conformal

topological bnd. B

°¢(2)

antiholomorphic



Example: commutation condition from before




Commuting defects and where to find them

Hamiltonian of perturbed CFT:  H(u) = Ho + Hpert (1)

2w - C . L
Ho = T(Lo Lo — E) . Hpere (1) = 2'“/0 o(s)ds .

D topological in Hy:

[Ho, D] =0, & [p,D] =0
—— ——
Top. in CFT Comm. with def.

[T(1), D] = 0 = [H(p), D] = 0



Commuting defects and where to find them

Hamiltonian of perturbed CFT:  H(u) = Ho + Hpert (1)

2w - C . L
Ho = T(Lo Lo — E) . Hpere (1) = 2'“/0 o(s)ds .

D topological in Hy:

[Ho, D] =0, & [p,D] =0
—— ——
Top. in CFT Comm. with def.

[T(1), D] = 0 = [H(p), D] = 0

Stronger than conserved!



Commuting defects and where to find them

Hamiltonian of perturbed CFT:  H(u) = Ho + Hpert (1)

L conserved in H(u):
[H(p),£] =0,

But: [Ho, £] £ 0, [p, L] #0



Commuting defects and where to find them

Hamiltonian of perturbed CFT:  H(u) = Ho + Hpert (1)

L conserved in H(u):
[H(p),£] =0,
But: [Ho, L] #0, [p, L] #0

Weaker than topological! [T, L] #0



Commuting defects and where to find them

Hamiltonian of perturbed CFT:  H(u) = Ho + Hpert (1)

L conserved in H(u):
[H(p),£] =0,
But: [Ho, L] #0, [p, L] #0

Weaker than topological! [T, L] # 0 What
kind of animals?



Perturbed defect operators

Perturb a topological defect D by (chiral) defect operators:

¥(2), b@2), ¢veD, o~y

~~ ~~
hol antihol.
W(sy + it) W sy + it) . (s, + it)

DA + AP) = exp (/OL(M/)(S + it) + Mp(s + it)) ds) .

s coordinate along defect, t position of defect



Perturbed defect operators

Perturb a topological defect D by (chiral) defect operators:

77Z)<Z)> @(Z) ) ¢>@EID7 QONEQ/}
~—~ N~~~

hol antihol.

:
4

DM + AP) = exp (/OL(w(s +it) + Ad(s + it)) ds) :

s coordinate along defect, t position of defect



Perturbed defect operators

Perturb a topological defect D by (chiral) defect operators:

¢<Z)> J(E) ) 1/)7@6,D7 QONEQ/}
~—~ ~—~
hol antihol.
/: P(2) P /
LT 1T
3 i xY Yz 3 i
A&z e

DM + M) = exp (/OL(w(s Fit) + Ap(s + it)) ds) :

s coordinate along defect, t position of defect



Bulk commutation condition

Conservation law in QFT: (Complicated:)

[H(M) , D(WJr}v@)}QFT =0

Equivalent to condition in CFT at any order in A

w[D, plcrr = A\ W;E]CFT




Bulk commutation condition

Conservation law in QFT: (Complicated:)

[H(M) , D(WJr}v@)}QFT =0

Equivalent to condition in CFT at any order in A

w[D, plcrr = A\ W;E]CFT

Remember: Topological «+— [£,¢] =0

— “Adiabatically” deform Line & Bulk simulatenoeusly
— Rigidly translational invariant
— Often not renormalized (E.g. h < 1 in M(p,q))



Condition for translation-invariant

Topological: D, ] =0

Ve e S S
Ay My

Rigid: deformed bulk, undeformed line




Condition for translation-invariant

Transl. invariant; D, o] = A [, Y]

=L Dl e
e e = e -
Natural: deformed bulk & line accordingly

DM + %@) is (non-local) conserved charge

él
\




Basis for defect fields:

T

zﬁzzz"'ﬁaba :

a,beD

Bulk commutation condition:




Bulk commutation condition:

Using standard TQFT rules:

1 - " X)C ~
fac <R(Xa)b - R(GXﬂ?) FO% = Spep fabiine — 3 Fou O Radkc
deD

Va,c e D, Vbea®x




Bulk commutation condition:

Using standard TQFT rules:

1 - " X)C ~
fac <R(Xa)b - R(GXﬂ?) FO% = Spep fabiine — 3 Fou O Radkc
deD

Va,c e D, Vbea®x

When solution exists = Defect is conserved



Solutions in Minimal models

Minimal perturbing weights topological defect
model M(p,q) bulk field ¢ h="hof ¢ solving (4)
q>3 (1,2) hig =5t —3 (1L,1) @ (1,2)
g>4 (1,3) his=2t—1 (1,2)
qg>6 (1,5) his =06t —2 (1,3)
qg=9,10,18 (1,7) hi7 =12t — 3 (1,5)

And many others... Eg. (19) on (1,5), (1,6) (1,7), etc...
(DO, u/A), DOV, u/N)] =0, A#N

Infinitely many non-local conserved charges!
(Complicated condition)

(1,7) deformation has no local conserved charges e
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Solutions in Minimal models

Minimal perturbing weights topological defect
model M(p,q) bulk field ¢ h="hof ¢ solving (4)
q>3 (1,2) hig =5t —3 (1L,1) @ (1,2)
g>4 (1,3) his=2t—1 (1,2)
qg>6 (1,5) his =06t —2 (1,3)
qg=9,10,18 (1,7) hi7 =12t — 3 (1,5)

And many others... Eg. (19) on (1,5), (1,6) (1,7), etc...
[DO, /A, DY, /X)) =0,  A#N

Infinitely many non-local conserved charges!
(Complicated condition)

(1,7) deformation has no local conserved charges e
But NEW co non-local conserved charges!!
Imply Y-system/TBA equations!! Exact solvability?



Fusion and structure

Translational invariant defects:

[DOW + 29), Hw)| =0

- Admit non-singular fusion!

0 Bl € B € Wi,

- Generalize topological defects: ~ F Fusion category
- Trans. Invariant: Drinfeld-Yetter Module (Rep[F])

- Non-local conserved charges in QFT



General picture

Extended def.

Defects of
some dim.

Translation inv.
def.

Topological
def.

in CFT:
Conformal def.



General picture

UV CFT +fo IR CFT
O

©)
Y

N
defects . _ . defects
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UV CFT + [ IR CFT
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General picture

UV CFT + [ IR CFT
@, > O
Topol. Topol.
defects /) defects
—"
Transl.
inv. def. Transl. inv. def.

Emergent symmetries in the IR?



Where do those new defect flow?

wiTH GREAT DEFECTS

New defects = New constraints ]
[FA, Runkel, Watts, Konenchy][ Runkel '07]

Warm up Chiral deformation of M(p, q):
E.g chiral ¢ = P(1,3) (2), Ds(A) = L(LS)()@)
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Where do those new defect flow?

wiTH GREAT DEFECTS

[ New defects = New constraints ]

[FA, Runkel, Watts, Konenchy][ Runkel '07]

Warm up Chiral deformation of M(p, q):
Eg chiral Y =4u3)(2),  Ds(A) = L5) (M)
Chiral def breaks all lines L !

D(Xap) satisfy Y-systems!irunkelliea, runkel, watts, konechny)®

Dy(N)Ds(¢°N) = Ds_1 (CEFIN) + Dopn (CF7DN), ¢ =™/

Implies Hirota: ~ Ds(CA)Ds(¢CIA) = 1 4+ Ds_1(A\)Dsr1(N)

x Inthe IR: Ds(r*e?) — DX exp(a,(0)r*) o= T
*= We can solve asymptotically! p — 1 Stokes M(p,—)



Solutions of Hirota in M(p, q)

Ds(CA)Ds(¢7A) = 1+ Ds_1(A)Dsy1(N)

Form asymptotic R™#* semi-ring: Ds(\) — DX exp(a,(6))

: M(27 _)

- etc... We can do any chiral on any defects ...
- We (Gerard & Anatoly) check with TCSA!
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Solutions of Hirota in M(p, q)

Ds(CA)Ds(¢7A) = 1+ Ds_1(A)Dsy1(N)

Form asymptotic R™#* semi-ring: Ds(\) — DX exp(a,(6))

- M(2,—) all flow to identity:

i __sin((s — )7p/q)
Ds(A) — Id exp(as cos(af)), as(6) = as sin(p/q)

- M(3,—): non trivial IR topological defects:
Ds(A) — Id exp(as COS(@))%—DQ,l exp (aq,s cos (a(9 - 71')))

- etc... We can do any chiral on any defects ...
- We (Gerard & Anatoly) check with TCSA!



Explicit realization

UV CFT +[e IR CFT
O > O
Topol. Topol.
defects /) defects
—
Transl.
inv. def. Transl. inv. def.

Explicit realization in M(3,—) example

1. D(l,s) broken by chiral ¢(173) = w(h,o)
2. Survives along flow as D(Av)

3. Re-emergence of topological symmetry in deep IR:

D(\Y) ANNNNS Id or D(1,9-1)



Concluding remarks

D_“B“~

S
T0 :
NeWS from 2d CFTS”[Belavin, Polyakov Zamolodchikov, 1984] Wﬁﬁyﬁﬂl’/?ﬁ

— From Virasoro to Wy and beyond! < g
? Truncations YN,M,L N Y07,D,Q, Grassmanian VOAIeberhardt, Prochazkal,
compact irrational CFT fantunes, Behan, Rongl, WZW ?(Levine. . . ] €tC...

Higher dim?

— Defects in IR from solving Y-systems
? New exact solvability?
- Virasoro ADE classificationicappeliiitzykson,zuberlinakayama Tanakal
? Modular invariant classification for WWy? icannon] (wip: F, Behan

Thanks for your attention!
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