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Quantum Field Theory

particle physics

statistical physics condensed matter
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History of Quantum Field Theory

1927  - creation of Quantum Electrodynamics Dirac

1930  infinities - FIRST CRISIS Oppenheimer

1947-1950  Renormalization Bethe Tomonaga Schwinger Feynman Dyson

Lamb shift, Electron g-2
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1960s - SECOND CRISIS

Perturbation theory did not work for strongly interacting particles - hadrons

Also there were too many of them…
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Some influential people declared QFT dead:

Landau (1960) 


“The Hamiltonian method for strong interactions 

has outlived itself and should be buried, 

of course, with all the honors it deserves.”
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1970s Triumphal comeback of QFT

1972 Renormalizability of the Standard Model ’t Hooft Veltman

1973 Asymptotic freedom, QCD Gross-Wilczek, Politzer

quarks, gluons - weakly interacting

hadrons - strongly interacting
confinement

There remains a practical question…
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Properties of hadrons from first principles

1974 Lattice QCD Wilson

QCD action

QCD path integral = multidimensional integral over O(N^4) variables

N x N x N x N cube in spacetime

discretize

was too hard for many decades…



Slava Rychkov8

S. Dürr et al., Science 322, 1224 (2008), 0906.3599
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FIG. 1: The light hadron spectrum of QCD computed using lattice techniques in [2].

In principle this is a systematically improvable approach to QCD. Calculations can be performed for a range of
lattice spacings, a, and an extrapolation a ! 0 performed. Similarly the behavior with increasing finite volume can
be studied. In practice, the low mass of the physical u and d quarks provides a challenge—the numerical algorithms
used to generate gluon field configurations and to compute quark propagation scale badly with decreasing quark
mass. Furthermore, since very light quarks imply very light pions with large Compton wavelengths, there is a need to
increase the size of the lattice volume as the quark mass decreases. For fixed lattice spacing this requires more points
in the grid and thus increased computation time.

For relatively simple quantities like the masses of the lightest stable hadrons, precision calculations considering all
the above systematic variations have recently been carried out. An example is presented in Fig. 1. In the case of
excited hadrons, the state of the art is not yet at this level, with calculations typically being performed at a single
(albeit small) lattice spacing, and with light quark masses chosen to be somewhat above the physical value. Fig. 2
presents an example of recent progress in determining the excited isoscalar and isovector meson spectrum. This
calculation has approximately physical strange quarks but light quarks somewhat heavier than physical such that the
pion has a mass of 391MeV [3–5].

Fig. 2 shows a detailed spectrum of excited states of various JPC , with many of the observed experimental sys-
tematics being reproduced, as well as those of the n 2S+1LJ qq̄ quark model. A clear set of exotic JPC states are
extracted with the isovector spectrum featuring a lightest 1�+ roughly 1.3GeV heavier than the ⇢ meson. Slightly
heavier than the 1�+ is a single 0+� state and two 2+� states, and these observations have been shown to be robust
with increasing quark mass. Examination of the type of quark–gluon operator constructions which have large overlap
with these exotic states suggests that they are hybrid mesons with qq̄ in a color octet coupled to a chromomagnetic
gluonic excitation. Such a construction can also generate non-exotic hybrid mesons, and indeed such states with
JPC = 0�+, 2�+, and 1�� are identified in the calculation (highlighted in orange in Fig. 2). Calculation in the
charmonium sector [6, 7] shows similar conventional meson and hybrid-meson systematics.

The baryon spectrum has been computed using related techniques [8, 9], see also Refs. [10–13]. Hybrid baryons,
which cannot have exotic quantum numbers, have been predicted [14] with a quantum number distribution and
operator overlaps that suggest the same chromomagnetic gluonic excitation is at work.

Computing the spectrum of glueballs is relatively straightforward within the pure-glue theory where the existence
of quarks is ignored. Glueball operators can be constructed out of gluon fields and the spectrum extracted from
correlation functions. The spectra so determined in [15, 16] show that the lightest glueballs have non-exotic JPC with
a lightest 0++ and somewhat heavier a 2++ and a 0�+. However in QCD, with quarks, these glueball basis states
should appear embedded within a spectrum of isoscalar mesons, possibly strongly mixed with qq̄ basis states. Such
calculations have proven to be very challenging, for example the calculation in [3] was not able to observe any states
having strong overlap with glueball operators, which produced statistically noisy correlation functions. In short the
role of glueballs in the meson spectrum has not been determined in lattice QCD.

Returning to Fig. 2, although a lot of the correct physics is present, including annihilation of qq̄ pairs and the
corresponding mixing of hidden-light and hidden-strange configurations, the calculations are clearly not complete.
Most of the states extracted should in fact be unstable resonances decaying into multi-meson final states. In fact,
within a finite-volume theory, there cannot be a continuum of multi-meson states, rather there must be a discrete
spectrum and the volume-dependence of this spectrum can be mapped onto hadron scattering amplitudes [17–26]—

Agreement Lattice QCD / experiment

so all is well…

Hadron-Hadron Interactions from Lattice QCD:
Theory meets Experiments Tetsuo Hatsuda

1. Introduction

Quantum chromodynamics (QCD) underlies the properties of hadrons, atomic nuclei, and even
the internal structure of neutron stars. Currently, lattice QCD stands as the only first-principles
approach capable of revealing the various nonperturbative characteristics of QCD through large-
scale Monte Carlo simulations. Decades of theoretical advancements, coupled with the advent
of powerful supercomputers, have enabled the accurate reproduction of fundamental properties
of individual hadrons. For example, Fig.1 presents the hadron masses obtained from isospin-
symmetric simulations conducted by the HAL QCD collaboration using the 440 PFlops Fugaku
supercomputer at RIKEN. These simulations were performed at the physical point, corresponding
to a pion mass of 𝐿𝐿 → 137 MeV, within (2+1)-flavor QCD on a hypercubic lattice lattice with the
lattice spacing of 𝑀 = 0.084 fm and a large volume of 𝑁 = (8.1 fm)3 [1].

The time is now ripe to extend these quantitative calculations to multi-hadron systems, such
as baryon-baryon, meson-meson, and baryon-meson interactions, using lattice QCD simulations
near and at the physical pion mass. Such precise numerical data are invaluable for understanding
the structure of ordinary nuclei and hypernuclei, as well as for exploring the equation of state of
high-density matter [2]. Moreover, these interactions serve as fundamental inputs for studying
exotic hadrons and mesic nuclei, o!ering critical insights into the realization of confinement and
chiral symmetry breaking, both in the vacuum and within hadronic matter [3].

There are two primary approaches in lattice QCD for studying hadron-hadron interactions. The
first is the HAL QCD method [4–7], which determines an energy-independent, non-local potential
by analyzing the spatiotemporal correlations between two hadrons. This potential, derived from the
Haag-Nish"ima-Zimmermann (HNZ) reduction formula for the four-point correlation function of
composite operators (see [8] and references therein), enables the calculation of binding energies and
phase shifts in infinite volume through a Lippmann-Schwinger type integro-di!erential equation

Figure 1: Hadron spectrum at the physical point (𝐿𝐿 = 137 MeV) from (2+1)-flavor lattice QCD simu-
lations [1]. Red circles denote the masses of stable hadrons, while blue triangles represent the masses of
hadronic resonances, with statistical and systematic uncertainties combined in quadrature. Horizontal black
lines indicate the experimental values, and gray bands highlight the decay widths of the resonances.
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T. Aoyama, T. M. Doi, T. Doi, E. Itou, Yan Lyu,  
K. Murakami and T. Sugiura [HAL QCD
Collaboration],Phys.Rev. D110 (2024)094502



Slava Rychkov9

Is there a “more theoretical” way to “compute the proton mass”?

A question of not only aesthetics

Today: 

encouraging results in a related problem, via “bootstrap methods”

(open problem)
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Bootstrap = constraining by consistency conditions

In 1960s (SECOND CRISIS) people tried to impose the most general principles 

on QFT correlation functions and S-matrix elements, such as:

- Lorentz invariance

- Unitarity

- Causality

- Analyticity

- Crossing symmetry

Chew Mandelstam Bogoliubov

Wightman Froissart Martin

Polyakov
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Bootstrap = constraining by consistency conditions

In 1960s (SECOND CRISIS) people tried to impose the most general principles 

on QFT correlation functions and S-matrix elements, such as:

- Lorentz invariance

- Unitarity

- Causality

- Analyticity

- Crossing symmetry

Chew Mandelstam Bogoliubov

Wightman Froissart Martin

Polyakov

Our generation picked up where they left

1. Conformal Bootstrap 

2. S-matrix Bootstrap

Today

See weeks 4-5 of the program
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Conformal Bootstrap Polyakov 1970, 1974

Applies to “Conformal Field Theories”, which are interesting because:

1) Lampposts in the space of all Quantum Field Theories
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Applies to “Conformal Field Theories”, which are interesting because:

1) Lampposts in the space of all Quantum Field Theories

2) Dual to models of quantum gravity  
via the AdS/CFT correspondence
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Conformal Bootstrap Polyakov 1970, 1974

Applies to “Conformal Field Theories”, which are interesting because:

1) Lampposts in the space of all Quantum Field Theories

3) Describe critical phenomena  
in stat-phys and cond-mat - experimental link  

       (wait until the end)
TODAY   

2) Dual to models of quantum gravity  
via the AdS/CFT correspondence
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Ising Model (2D or 3D)

Energy of spin interactionsE = − ∑
⟨ij⟩

sisj

Z = ∑
{s}

e− 1
T E Thermal partition function

Some standard, then some less standard …
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Phase transition in the Ising Model

critical point (our focus)

spontaneous

magnetization
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Phase transition in the Ising Model

critical point (our focus)

At  correlation functions scale as powers:T = Tc

scaling dimension

(critical exponent)

(D=2)

(D=3)

spontaneous

magnetization
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Scale invariance

Fig: Douglas Ashton, youtube

4 samples of random spin distribution at criticality, at different scales
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Scale invariance

Fig: Douglas Ashton, youtube

4 samples of random spin distribution at criticality, at different scales
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Conformal invariance

Scale transformations act as 

Conformal transformations act nonlinearly

(D=2)

- Map circles to circles (or straight lines)

- Preserve intersection angles

Generalize to D=3 - finite-dimensional Lie group SO(4,2)

cally realize if the explosive percolation in random graphs is continuous or discontinuous
[59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71]. Finally, after a numerical observation
[62], there has been given a mathematical proof [72] in favor of the continuous phase tran-
sition. The type of transition for the explosive percolation in Euclidean space [60, 73]
has not yet been clarified.
Other variants and modifications of percolation models will be discussed in Sec. 3.

z 

f(z) 

f(z) 

(a) 

Figure 4: (a) Illustration of the transformed image under the special conformal mapping f(z) = z/(2�z).
Left panels in (b) and (c) show the homogeneous spin configurations of a 2D Ising model on a square
lattice above and at the Curie point, respectively. Under the conformal transformation f(z), the spin
configuration above Tc is no longer homogeneous while the one exactly at Tc still is and looks statistically
like the original configuration due to its conformal invariant symmetry.

Looking back at Figure 2, we see that all graphs of di↵erent size cross at a single
point which is the percolation threshold. This means that at an exactly certain critical
occupancy the percolation probability becomes scale invariant. Scale invariance means
that if we zoom in or out and look at the system with an arbitrary window size, then the

6

Fig: Ali Shaberi, 1504.02898
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Conformal invariance Polyakov 1970

cally realize if the explosive percolation in random graphs is continuous or discontinuous
[59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71]. Finally, after a numerical observation
[62], there has been given a mathematical proof [72] in favor of the continuous phase tran-
sition. The type of transition for the explosive percolation in Euclidean space [60, 73]
has not yet been clarified.
Other variants and modifications of percolation models will be discussed in Sec. 3.
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lattice above and at the Curie point, respectively. Under the conformal transformation f(z), the spin
configuration above Tc is no longer homogeneous while the one exactly at Tc still is and looks statistically
like the original configuration due to its conformal invariant symmetry.

Looking back at Figure 2, we see that all graphs of di↵erent size cross at a single
point which is the percolation threshold. This means that at an exactly certain critical
occupancy the percolation probability becomes scale invariant. Scale invariance means
that if we zoom in or out and look at the system with an arbitrary window size, then the

6

Statistics of Ising spins at criticality is conformally invariant

Fig: Ali Shaberi, 1504.02898
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Field Theory
Wilson-Fisher 1972

- scale invariance in IR

- fundamental field ϕ

- composite fields  
   ϕ2, ϕ3, (∂ϕ)2, . . .

- scaling dimension  
   = classical + anomalous

- conformal invariance not used
cl
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Field Theory
Conformal Field Theory

- scale and conformal invariance 
   at all distances

- all fields on equal footing

- scaling dimensions are not divided  
  into classical + anomalous

Wilson-Fisher 1972

- scale invariance in IR

- fundamental field ϕ

- composite fields  
   ϕ2, ϕ3, (∂ϕ)2, . . .

- scaling dimension  
   = classical + anomalous

- conformal invariance not used
cl
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Conformal invariance constrains correlators Polyakov 1970

O Z2 ` � ⌧ = �� ` f��O f✏✏O

✏ + 0 1.412625(10) 1.412625(10) 1.0518537(41) 1.532435(19)
✏
0 + 0 3.82968(23) 3.82968(23) 0.053012(55) 1.5360(16)

+ 0 6.8956(43) 6.8956(43) 0.0007338(31) 0.1279(17)
+ 0 7.2535(51) 7.2535(51) 0.000162(12) 0.1874(31)

Tµ⌫ + 2 3 1 0.32613776(45) 0.8891471(40)
T
0
µ⌫ + 2 5.50915(44) 3.50915(44) 0.0105745(42) 0.69023(49)

+ 2 7.0758(58) 5.0758(58) 0.0004773(62) 0.21882(73)
Cµ⌫⇢� + 4 5.022665(28) 1.022665(28) 0.069076(43) 0.24792(20)

+ 4 6.42065(64) 2.42065(64) 0.0019552(12) �0.110247(54)
+ 4 7.38568(28) 3.38568(28) 0.00237745(44) 0.22975(10)
+ 6 7.028488(16) 1.028488(16) 0.0157416(41) 0.066136(36)

O Z2 ` � ⌧ = �� ` f�✏O -
� � 0 0.5181489(10) 0.5181489(10) 1.0518537(41)
�
0

� 0 5.2906(11) 5.2906(11) 0.057235(20)
� 2 4.180305(18) 2.180305(18) 0.38915941(81)
� 2 6.9873(53) 4.9873(53) 0.017413(73)
� 3 4.63804(88) 1.63804(88) 0.1385(34)
� 4 6.112674(19) 2.112674(19) 0.1077052(16)
� 5 6.709778(27) 1.709778(27) 0.04191549(88)

Table 2: Stable operators with dimensions �  8. The leftmost column shows the names
of the operators from [20]. Errors in bold are rigorous. All other errors are non-rigorous.
Because we have chosen di↵erent conventions for conformal blocks, our normalization of OPE
coe�cients di↵ers from those in [20, 68] by (A.17).

72

Consequences of conformal invariance

• 3pt functions are given by Polyakov’s formula(1970)

⟨A1(x1)A2(x2)A3(x3)⟩ = f123

|x1 − x2 |Δ1+Δ2−Δ3 |x1 − x3 |Δ1+Δ3−Δ2 |x2 − x3 |Δ2+Δ3−Δ1

OPE coefficients

Recall tables:
O Z2 ` � ⌧ = �� ` f��O f✏✏O

✏ + 0 1.412625(10) 1.412625(10) 1.0518537(41) 1.532435(19)
✏
0 + 0 3.82968(23) 3.82968(23) 0.053012(55) 1.5360(16)

+ 0 6.8956(43) 6.8956(43) 0.0007338(31) 0.1279(17)
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+ 4 6.42065(64) 2.42065(64) 0.0019552(12) �0.110247(54)
+ 4 7.38568(28) 3.38568(28) 0.00237745(44) 0.22975(10)
+ 6 7.028488(16) 1.028488(16) 0.0157416(41) 0.066136(36)

O Z2 ` � ⌧ = �� ` f�✏O -
� � 0 0.5181489(10) 0.5181489(10) 1.0518537(41)
�
0

� 0 5.2906(11) 5.2906(11) 0.057235(20)
� 2 4.180305(18) 2.180305(18) 0.38915941(81)
� 2 6.9873(53) 4.9873(53) 0.017413(73)
� 3 4.63804(88) 1.63804(88) 0.1385(34)
� 4 6.112674(19) 2.112674(19) 0.1077052(16)
� 5 6.709778(27) 1.709778(27) 0.04191549(88)

Table 2: Stable operators with dimensions �  8. The leftmost column shows the names
of the operators from [20]. Errors in bold are rigorous. All other errors are non-rigorous.
Because we have chosen di↵erent conventions for conformal blocks, our normalization of OPE
coe�cients di↵ers from those in [20, 68] by (A.17).
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scaling dimensions

• 4pt functions are given by

⟨A(x1)A(x2)A(x3)A(x4)⟩ = g(u, v)
|x1 − x2 |2ΔA |x3 − x4 |2ΔA

u,v: conformal cross-ratios

Key point:

g(u,v) can be computed if  and  are knownΔi fijk

3pt functions

4pt functions

• 4pt functions are given by

⟨A(x1)A(x2)A(x3)A(x4)⟩ = g(u, v)
|x1 − x2 |2ΔA |x3 − x4 |2ΔA

u,v: conformal cross-ratios

Key point:

g(u,v) can be computed if  and  are knownΔi fijk
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Operator Product Expansion

19

other fields

Wilson Kadanoff Polyakov Ferrara-Gatto-Grillo
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Operator Product Expansion

19

other fields

Wilson Kadanoff Polyakov Ferrara-Gatto-Grillo

OPE + conformal invariance

A1(x1)A2(x2) = 1
|x1 − x2 |Δ1+Δ2

∞

∑
k=1

f12k |x1 − x2 |Δk [Ak( x1 + x2
2 ) + …]

OPE coefficients derivatives of  , 

coeffs fixed by  
conformal invariance

Ak
OPE coefficients scaling dimensions

- operator statement, to be used inside correlators

- convergent at finite distances (to the next field insertion)
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OPE associativity

20
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OPE associativity

20

Gives quadratic equation on OPE coefficients:

∞

∑
k=1

f12k f34kGk(x1, …, x4) =
∞

∑
l=1

f14l f23lGl(x1, …, x4)

explicitly known special functions

(“conformal blocks”)
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History of conformal bootstrap

- Basically all so far is in Polyakov 1970, 1974

- 1984: Polyakov, Belavin, Zamolodchikov apply this in D=2, solve 2D Ising CFT

(checks but no applications)

Need special 2D tricks (Virasoro, the number of fields finite)

 

=> much subsequent work in D=2,


but widespread belief that this won’t work in D>2

Non-Hamiltonian approach to conformal quantum field theory 
A. M. Polyakov 
L. D. Landau Theoretical Physics Institute, USSR Academy of Sciences 
(Submitted July 9, 1973) 
Zh. Eksp. Teor. Fiz. 66,23-42 (January 1974) 

The completeness requirement for the set of operators appearing in field theory at short distances is 
formulated, and replaces the S -matrix unitarity condition in the usual theory. Explicit expressions are 
obtained for the contribution of an intermediate state with given symmetry in the Wightman 
function. Together with the "locality" condition, the completeness condition leads to a system of 
algebraic equations for the anomalous dimensions and coupling constants; these equations can be 
regarded as sum rules for these quantities, The approximate solutions found for these equations in a 
space of 4 - E dimensions give results equivalent to those of the Hamiltonian approach. 

1. INTRODUCTION 

In recent years, the hypothesis of the conformal in-
variance of strong interactions at distances much 
shorter than 10-14 cm has been put forward and analyzed 
in detail (see the reviews [l ,21). It has been shown that 
the equations of quantum field theory are invariant under 
the conformal group, under the condition that anomalous 
values of the dimensions, which should be determined 
from the condition for solubility of the equations, are 
assigned to the different fields. All the observable con-
sequences of the theory were expressed in terms of 
these dimensions and, in addition, in terms of a set of 
effective interaction constants at short distances. 

At the same time, the equations for the determination 
of the above quantities (skeleton expansions for the 
vertex parts) were series with zero radius of conver-
gence and therefore did not have well-defined mathe-
matical meaning. The physical meaning of these equa-
tions was also highly obscure. The form of the equations 
depended in an essential way on the type of fundamental 
fields and on the form of their bare interaction, whereas 
the results of a theory with anomalous dimensions should 
not be sensitive to the choice of the initial Hamiltonian. 

The purpose of the present article is to construct a 
more general formalism for the determination of the 
anomalous dimensions; this, on the one hand, would be 
"democratic" with respect to the different fields, and, 
on the other, would not con tain meaningless series 
(these two properties turn out to be intimately related). 
Compared with the old approach, such a formalism plays 
the same role as the methods of S-matrix theory com-
pared with Hamiltonian theory, and is a generalization of 
the S-matrix equations for the short-distance region. 

2. THE OPERATOR-SET COMPLETENESS 
CONDITION AS DYNAMICAL EQUATIONS 

In this section, we propose a self-consistency prin-
ciple governing the interactions at short distances. This 
principle replaces the unitarity condition in ordinary 
field theory and, in brief, consists in the completeness 
of the 'set of operators entering in the massless theory, 
which, by assumption, is equivalent to the asymptotic 
theory of short distances. 

The fundamental difficulty in the formulation of this 
principle lies in the classification of the appropriate 
operators. We recall that asymptotic "in" or "out" 
states do not exist in a massless theory. It is therefore 
necessary to find a replacement for this traditional 
complete set of operators. After this has been done, it 

10 SOY. Phys.-JETP, Vol. 39, No.1, July 1974 

may be hoped that, as in a theory with finite mass, 
combination of the completeness condition with the 
causality condition will give a dynamical system of equa-
tions, sufficient for the determination of the Wightman 
functions. 

We shall consider a scalar field theory without in-
ternal degrees of freedom (later, it will be easy to 
generalize this treatment). We shall assume that there 
exists a set of local scalar operators {0On (x)} with in-
creasing dimensions {AOn}. This set is analogous to the 
set :cpn: of free field theory. We shall also assume that, 
at short distances, there is not only scale in variance 
but also conformal invariance with anomalous dimensions 
An, and that under the action of a special conformal 
transformation the operators {0On (O)} remain unchanged. 
Scalar operators cannot form a complete set, and we 
must therefore supplement them with the tensor 
operators {oOn) (x)}, which transform according to 

Q!1 .. ·Q!j 

an irreducible representation of the Lorentz group. The 
content of the latter assumption is that the set of 
operators {oOn) } and their derivatives with respect 

Q! 1· .. Q! j 
to the coordinates IS complete. The number j will be 
called the "Lorentz spin," and the number n-the 
"prinCipal quantum number"; operators with n> 0 will 
be called "satellites." 

By virtue of the conformal symmetry, the operator 
basis introduced is orthogonal [21: 

<OUn) (0)0(j'''') (x) )cnlljj'llnn •• 

We shall show that the completeness condition leads to 
dynamical equations analogous to the unitarity equations 
in the ordinary theory. For this, we shall consider a 
product cp(x)cp(O) of two scalar fields, and expand it in 
the proposed basis: 

q>(x)cp(O)= (0). (2.1) 

Here, C is a c-number function of x, whose form is 
fixed, to within a few constants, by the conformal 
symmetry. 

Equation (2.1) is not the expansion that 
has been used in the papers [3- 1, but should be understood 
in the following sense: 

(2.2) 

(cpaj are arbitrary local fields). 

Copyright © 1975 American Institute of Physics 10 
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Renaissance of conformal bootstrap
Rattazzi, SR, Tonni, Vichi 2008

Key observations: 

Number of exchanged fields  is  but:Ak ∞

- decoupling: the fields of high scaling dimension give exponentially small 
contributions

- positivity: those contributions often have definite sign

=> Rigorous bounds on scaling dimensions of low-lying fields

1.00 1.05 1.10 1.15 1.20 1.25 1.30 1.35
d=@fD2.0

2.5

3.0

3.5

4.0
f HdL, f = f6

Figure 1: The best current bound (1.4), obtained by the method described in Section 5.
The subscript in f6 refers to the order of derivatives used to compute this bound.

1 The problem and the result

Operator dimensions in unitary Conformal Field Theories (CFT) are subject to important con-
straints known as unitarity bounds. In the simplest case of a scalar primary operator �, the
unitarity bound states that1

d ⌘ [�] � 1, (1.1)

d = 1() � is free. (1.2)

This classic result invites the following question: What happens if d = 1+"? In particular, is there
any sense in which the CFT (or at least its subsector not decoupled from �) should be close to
the free scalar theory if d is close to 1? For instance, do all operator dimensions in this subsector
approach their free scalar theory values in the limit d ! 1? The standard proof of the unitarity
bound [1] does not shed light on this question.

In this paper we will show that such continuity indeed holds for the operator ‘�2’, by which
we mean the lowest dimension scalar primary which appears in the OPE of � with itself:

�(x)�(0) ⇠ (x2)�d(1 + C|x|
�min�2(0) + . . .) , C 6= 0 . (1.3)

In free theory �min ⌘ [�2] = 2, and we will show that �min ! 2 in any CFT as d ! 1. More
precisely, we will show that in any 4D CFT

�min  f(d), (1.4)

where f(d) is a certain continuous function such that f(1) = 2. We will evaluate this function
numerically; it is plotted in Fig. 1 for d near 1.

We stress that bound (1.4) applies to the OPE �⇥� of an arbitrary scalar primary �. However,
since the function f(d) is monotonically increasing, the bound is strongest for the scalar primary
of minimal dimension.

1Unless explicitly noted otherwise, all statements of this paper refer to D = 4 spacetime dimensions.

2

In 4D and with obscure motivations…
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Conformal bootstrap for 3D Ising CFT
El-Showk, Paulos, Poland, SR, Simmons-Duffin, Vichi 2012, 2014

Kos, Poland, Simmons-Duffin 2014, 2016

Chang, Dommes, Erramilli, Homrich, Kravchuk, Liu, Mitchell, Poland, Simmons-Duffin 2024

Two main fields of 3D Ising CFT are:

(renormalized versions of  in WF)ϕ, ϕ2

Δσ = 0.518148806(24)
Δϵ = 1.41262528(29)

critical exponents 

with  accuracy

α, β, γ, δ, ν, η
∼ 10−7

Bootstrap => their scaling dimensions must live in a small region:

Δσ

Δϵ
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Other operators of 3D Ising CFT Simmons-Duffin 2016

O Z2 ⌧ � ` = �! ⌧ f��O f✏✏O

� + 0 1.412625(10) 1.412625(10) 1.0518537(41) 1.532435(19)
�
1 + 0 3.82968(23) 3.82968(23) 0.053012(55) 1.5360(16)

+ 0 6.8956(43) 6.8956(43) 0.0007338(31) 0.1279(17)
+ 0 7.2535(51) 7.2535(51) 0.000162(12) 0.1874(31)

Tµ@ + 2 3 1 0.32613776(45) 0.8891471(40)
T
1
µ@ + 2 5.50915(44) 3.50915(44) 0.0105745(42) 0.69023(49)

+ 2 7.0758(58) 5.0758(58) 0.0004773(62) 0.21882(73)
Cµ@`� + 4 5.022665(28) 1.022665(28) 0.069076(43) 0.24792(20)

+ 4 6.42065(64) 2.42065(64) 0.0019552(12) !0.110247(54)
+ 4 7.38568(28) 3.38568(28) 0.00237745(44) 0.22975(10)
+ 6 7.028488(16) 1.028488(16) 0.0157416(41) 0.066136(36)

O Z2 ⌧ � ` = �! ⌧ f�✏O -
✏ ! 0 0.5181489(10) 0.5181489(10) 1.0518537(41)
✏
1

! 0 5.2906(11) 5.2906(11) 0.057235(20)
! 2 4.180305(18) 2.180305(18) 0.38915941(81)
! 2 6.9873(53) 4.9873(53) 0.017413(73)
! 3 4.63804(88) 1.63804(88) 0.1385(34)
! 4 6.112674(19) 2.112674(19) 0.1077052(16)
! 5 6.709778(27) 1.709778(27) 0.04191549(88)

Table 2: Stable operators with dimensions � 1 8. The leftmost column shows the names
of the operators from [20]. Errors in bold are rigorous. All other errors are non-rigorous.
Because we have chosen di�erent conventions for conformal blocks, our normalization of OPE
coe↵cients di�ers from those in [20, 68] by (A.17).
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Z2 ⌧ � ` = �! ⌧ f��O f✏✏O

+ 2 3 1 0.32613776(45) 0.8891471(40)
+ 4 5.022665(28) 1.022665(28) 0.069076(43) 0.24792(20)
+ 6 7.028488(16) 1.028488(16) 0.0157416(41) 0.066136(36)
+ 8 9.031023(30) 1.031023(30) 0.0036850(54) 0.017318(30)
+ 10 11.0324141(99) 1.0324141(99) 0.00087562(13) 0.0044811(15)
+ 12 13.033286(12) 1.033286(12) 0.000209920(37) 0.00115174(59)
+ 14 15.033838(15) 1.033838(15) 0.000050650(99) 0.00029484(56)
+ 16 17.034258(34) 1.034258(34) 0.000012280(18) 0.00007517(18)
+ 18 19.034564(12) 1.034564(12) 2.98935(46) · 1016 0.0000191408(89)
+ 20 21.0347884(84) 1.0347884(84) 7.2954(10) · 1017 4.8632(23) · 1016

+ 22 23.034983(11) 1.034983(11) 1.78412(27) · 1017 1.23201(72) · 1016

+ 24 25.035122(11) 1.035122(11) 4.37261(60) · 1018 3.1223(15) · 1017

+ 26 27.035249(11) 1.035249(11) 1.07287(18) · 1018 7.8948(42) · 1018

+ 28 29.035344(19) 1.035344(19) 2.6409(19) · 1019 1.9992(23) · 1018

+ 30 31.035452(16) 1.035452(16) 6.447(24) · 10110 5.003(20) · 1019

+ 32 33.035473(28) 1.035473(28) 1.640(25) · 10110 1.308(21) · 1019

+ 34 35.035632(67) 1.035632(67) 3.58(22) · 10111 2.90(19) · 10110

+ 36 37.035610(41) 1.035610(41) 1.15(13) · 10111 9.6(11) · 10111

+ 38 39.035638(58) 1.035638(58) 2.26(71) · 10112 1.93(60) · 10111

+ 40 41.03564(13) 1.03564(13) 7.3(15) · 10113 6.3(13) · 10112

Table 3: Operators in the family [��]0. The first line is the stress tensor Tµ@ .

We must now regularize the sum over h. Using `h

`⌫
= 1 + `⌧

`h0
, one can show

`h

`�
p(h)

X
!
↵(2h)

↵(h)

2

T1k11(h)

✓
=

�◆

m=0

`m

h0

 
p(h0 + �)

✏(h0 + �)m

m!

 
!
↵(2(h0 + �))

↵(h0 + �)2
T1k11(h0 + �)

!!
.

(B.5)

Now form the asymptotic expansions

p(h)
✏(h)m

m!
1

◆

a2Am

c(m)
a

Sa(h). (B.6)

with coe�cients c(m)
a and sets Am. (When m = 0, these reduce to ca and A above.) Note

that !�(2h)
�(h)2Sa(h) = (1! 2h)Ta(h) 1 h12a11. The derivative `h0 decreases degree in � by 1.

Thus, the combination

fk(�, h0) �

`h

`�
p(h)

X
!
↵(2h)

↵(h)

2

T1k11(h)

✓
!

M◆

m=0

◆

a2Am
a6k1m/2

c(m)
a

`m

h0
((1! 2(h0 + �))Ta(h0 + �)T1k11(h0 + �))

(B.7)
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More than 100 are known, discovered from the OPEs σ × σ, σ × ϵ, ϵ × ϵ

Z2 ⌧ � ` = �! ⌧ f��O f✏✏O

+ 4 6.42065(64) 2.42065(64) 0.0019552(12) !0.110247(54)
+ 6 8.4957(75) 2.4957(75) 0.000472(49) !0.0431(48)
+ 8 10.562(12) 2.562(12) 0.0001084(69) !0.0139(11)
+ 10 12.5659(57) 2.5659(57) 0.00002598(39) !0.004437(62)
+ 12 14.633(21) 2.633(21) 6.10(33) · 1016

!0.001224(60)
+ 14 16.6174(75) 2.6174(75) 1.417(34) · 1016

!0.0003791(54)
+ 16 18.678(24) 2.678(24) 3.547(59) · 1017

!0.0000972(64)
+ 18 20.654(22) 2.654(22) 7.99(90) · 1018

!0.0000284(26)
+ 20 22.651(27) 2.651(27) 1.83(13) · 1018

!7.58(47) · 1016

+ 22 24.671(18) 2.671(18) 4.55(72) · 1019
!2.09(19) · 1016

+ 24 26.681(20) 2.681(20) 1.168(29) · 1019
!5.67(17) · 1017

+ 26 28.706(24) 2.706(24) 2.81(17) · 10110
!1.49(11) · 1017

+ 28 30.6923(81) 2.6923(81) 6.69(36) · 10111
!4.162(88) · 1018

+ 30 32.702(11) 2.702(11) 1.62(16) · 10111
!1.066(59) · 1018

+ 32 34.718(17) 2.718(17) 4.15(42) · 10112
!2.83(18) · 1019

+ 34 36.717(16) 2.717(16) 9.44(77) · 10113
!7.33(59) · 10110

+ 36 38.697(17) 2.697(17) 2.40(39) · 10113
!2.12(34) · 10110

+ 38 40.701(19) 2.701(19) 5.4(17) · 10114
!5.2(15) · 10111

+ 40 42.726(18) 2.726(18) 1.59(49) · 10114
!1.55(48) · 10111

+ 42 44.729(15) 2.729(15) 4.2(12) · 10115
!4.4(11) · 10112

Table 4: Operators in the family [��]0.

falls o↵ faster than `11, so its sum over ` converges. Here, we must choose M so that
min(Am) 1 k !m/2 for all m > M . If � approaches zero as h � ⇠, it is su�cient to take
M 1 2k ! 2min(A).

Summing (B.7) over ` and adding back the regularized sum of the subtractions, we find

✏k[p, �](h0) =
MX

m=0

X

a�Am
a2k1m/2

c(m)
a

⌧m

h0
Aa,1k11(h0) +

6X

@=0

fk(`, h0). (B.8)

Note that fk(`, h0) as we’ve defined it is analytic in k, so we can form the derivative
@k[p, �](h0). The above result generalizes easily to the case of alternating or even sums, where
we must simply replace A � A

1 or A � A
even and modify the sum over ` appropriately.

B.1 Special cancellations between singular and regular parts

We sometimes encounter sums where both the Casimir-singular and Casimir-regular part
naively diverge, but the divergences cancel to leave a finite quantity. This occurs in sums over
un-mixed blocks with coe�cients lim✏�0 �(!�)2S✏(h) and in sums over mixed blocks with
coe�cients �(!�)Sr,s

✏1r(h). In such sums, the naive Casimir-singular parts are proportional
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Z2 ⌧ � ` = �! ⌧ f��O f✏✏O

+ 0 3.82968(23) 3.82968(23) 0.053012(55) 1.5360(16)
+ 2 5.50915(44) 3.50915(44) 0.0105745(42) 0.69023(49)
+ 4 7.38568(28) 3.38568(28) 0.00237745(44) 0.22975(10)
+ 6 9.32032(34) 3.32032(34) 0.00055657(42) 0.06949(11)
+ 8 11.2751(24) 3.2751(24) 0.00013251(91) 0.01980(15)
+ 10 13.2410(10) 3.2410(10) 0.00003234(15) 0.005459(39)
+ 12 15.2301(64) 3.2301(64) 7.64(14) · 1016 0.001538(22)
+ 14 17.1944(55) 3.1944(55) 1.930(46) · 1016 0.000386(14)
+ 16 19.1950(62) 3.1950(62) 4.568(72) · 1017 0.0001107(16)
+ 18 21.1720(23) 3.1720(23) 1.153(27) · 1017 0.00002798(33)
+ 20 23.167(10) 3.167(10) 2.74(11) · 1018 7.45(52) · 1016

+ 22 25.163(10) 3.163(10) 6.88(22) · 1019 1.937(51) · 1016

+ 24 27.1491(82) 3.1491(82) 1.716(45) · 1019 4.92(42) · 1017

+ 26 29.1460(53) 3.1460(53) 4.183(78) · 10110 1.347(62) · 1017

+ 28 31.1306(52) 3.1306(52) 1.056(50) · 10110 3.35(10) · 1018

+ 30 33.126(12) 3.126(12) 2.54(10) · 10111 8.35(42) · 1019

+ 32 35.1299(77) 3.1299(77) 6.71(17) · 10112 2.36(13) · 1019

+ 34 37.1174(64) 3.1174(64) 1.39(14) · 10112 4.87(48) · 10110

+ 36 39.1079(78) 3.1079(78) 4.84(56) · 10113 1.70(17) · 10110

+ 38 41.101(29) 3.101(29) 8.4(28) · 10114 2.5(11) · 10111

+ 40 43.102(18) 3.102(18) 2.63(64) · 10114 9.0(26) · 10112

+ 42 45.116(27) 3.116(27) 7.9(22) · 10115 3.42(95) · 10112

Table 5: Operators in the family [��]1.
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Proliferation like for hadrons - but in this case we have a theory
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It has infinitely many fields, scaling dimensions  and OPE coefficients Δi fijk

- Conformal bootstrap finds this “CFT data” by imposing OPE associativity

- Not limited to 3D Ising - dozens of other CFTs have been studied 
(e.g. Heisenberg and XY) Reviews: SR, Poland, Vichi - RMP 2018
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Ning Su, SR - RMP 2024(some interesting puzzles solved


where RG was not precise enough)
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Summary so far

25

- 3D Ising critical point is a CFT.  
It has infinitely many fields, scaling dimensions  and OPE coefficients Δi fijk

- Conformal bootstrap finds this “CFT data” by imposing OPE associativity

Promising research direction:  
Adapt methods of conformal bootstrap to massive theories (S-matrix bootstrap)


                                    weeks 4,5 of the program
Review: Kruczenski, Penedones, van Rees 2022

- Not limited to 3D Ising - dozens of other CFTs have been studied 
(e.g. Heisenberg and XY) Reviews: SR, Poland, Vichi - RMP 2018


Poland, Simmons-Duffin 2022

Ning Su, SR - RMP 2024(some interesting puzzles solved


where RG was not precise enough)
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- Polyakov (1970): conformal invariance is a symmetry of critical phenomena 

- Bootstrap is based solely on conformal invariance, gives critical exponents in 
agreement with experiments, RG and Monte Carlo  
=> as theorists we are convinced of conformal invariance 

- In Monte Carlo one has access to full statistics of configurations, can check 
conformal invariance Cosme, Lopes, Penedones 2015
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Experimental tests of conformal invariance

26

BUT: in classic experiments one measured only two point functions, 

so direct experimental tests of only scale invariance

- Polyakov (1970): conformal invariance is a symmetry of critical phenomena 

- Bootstrap is based solely on conformal invariance, gives critical exponents in 
agreement with experiments, RG and Monte Carlo  
=> as theorists we are convinced of conformal invariance 

- In Monte Carlo one has access to full statistics of configurations, can check 
conformal invariance Cosme, Lopes, Penedones 2015

Some experimental possibilities to test conformal invariance

1) two-point functions in presence of a boundary with Alessandro Podo

2) cold atom experiments with Junchen Rong and experimentalists in Paris
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3) Dream test of conformal invariance

27

Percolation is conformally invariant in 2D and 3D (it’s a log-CFT)

figure: Pant et al, Nature Comm., 2019
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3) Dream test of conformal invariance

27

Percolation is conformally invariant in 2D and 3D (it’s a log-CFT)

figure: Pant et al, Nature Comm., 2019

Percolation plays a role in coffee making

Let’s test conformal invariance with an espresso machine!
figure: https://fooddrinklife.com


