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Motivation 
In many (CFT) bootstrap problems we need to analyze sum rules of the form 

 

which contain an infinite number of CFT data labeled by Δ, J. 

 

Constructing explicit solutions and scanning over them is extremely hard! 

The linear functional method [Rattazi-Rychkov-Tonni-Vichi ’08] is a very successful workaround.   

It yields feasibility constraints that can be analysed with a powerful (convex) semi-definite 

programming algorithm (eg SDPB, [Simmons-Duffin, ’15]) 

∑
J

∑
Δ

⃗𝒳Δ,J = 0 X

O

CO�,J FO�,J (z, z̄) = 0
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e.g. 4-point bootstrap



Nevertheless, novel approaches aiming at constructive solutions might be useful for the 
following reasons: 
  
• Exploration and feedback to more rigorous methods 

 (high-dimensional searches, intuition into non-extremal solutions…) 

• Re-organization and development of novel search strategies                              [see D. Poland talk] 

 (focus on new CFT quantities or discovery of new types of analytic results that can  

 drive the searches more efficiently: analytics) 

• Discovery of new efficient numerical techniques: numerics 

 (scaling the multi-correlator bootstrap, improving numerical stability…) 

• New, currently inaccessible situations without positivity 

 (finite-T, defects, higher-point bootstrap, non-unitary theories….)



Constructive solutions are hard because it is difficult to tame the infinite dimensionality 

without losing control of the systematic error! 

Previous approaches: 

• Hard truncations:   drop high-energy tail contributions  [Gliozzi ’13, …]  
 typically uncontrolled                      (but see recent boundary bootstrap in 3d O(N) vector model by Hu-Li, ’05) 

 

• Soft truncations:     model high-energy tail contributions 

 [e.g. VN-Papageorgakis-Richmond-Stapleton-Woolley ’23 [1d defects] (effective operators…), 

   Marchetto-Miscioscia-Pomoni ’23 [thermal]  

   (Tauberian theorems…)] 

 better, but also hard to control

SDPB  (~100-1000 digit precision)

soft truncation  (16 digit precision)
λ = (4π)2 ≃ 157.91



New proposed approach: bootstrap the tails of high-energy data 
(reconstruct (an approximation of) the full correlation function) 

General idea
X

J

X

�

~X�,J = 0
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`High’-spin part 
Express with dispersion relations 

Approximation with finite spectrum D’’
`Low’-spin part

Finite spectrum: CFT data D’  
(as small as you like!)

Low-spin, 
high-energy spectrum

X

JJ⇤

X

�>�⇤(J)

~X�,J
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The low-spin, high-energy part 

X

J<J⇤

AJ(r)C
(d)
J (cos ✓)

<latexit sha1_base64="e9Ao1Qzh+Y9WjhcF1ImvHckQX8M=">AAACE3icbVC7SgNBFJ2NrxhfUUubwSAkKcKuRLSwiKaRrSKYB2TjMjuZJENmH8zcFcKSf7DxV2wsFLG1sfNvnDwKTTxw4XDOvdx7jxcJrsA0v43Uyura+kZ6M7O1vbO7l90/aKgwlpTVaShC2fKIYoIHrA4cBGtFkhHfE6zpDasTv/nApOJhcAejiHV80g94j1MCWnKzRUfFvpvYl9h2i2N85dp5WcBV175P8t3COO/QUDkwYEAKbjZnlswp8DKx5iSH5qi52S+nG9LYZwFQQZRqW2YEnYRI4FSwccaJFYsIHZI+a2saEJ+pTjL9aYxPtNLFvVDqCgBP1d8TCfGVGvme7vQJDNSiNxH/89ox9C46CQ+iGFhAZ4t6scAQ4klAuMsloyBGmhAqub4V0wGRhIKOMaNDsBZfXiaN05JVLp3dlnOV63kcaXSEjlEeWegcVdANqqE6ougRPaNX9GY8GS/Gu/Exa00Z85lD9AfG5w+ZXpwg</latexit>

X

JJ⇤

X

�>�⇤(J)

~X�,J

<latexit sha1_base64="TsHepNOKyVzEEQpvg2nxZRr+xmc="></latexit>

Finite number of unknown 
1d functions  

Call these unknown  
functional data  F

AJ(r)



Goal 

There is a finite-dimensional vector                  ( ) 

• Minimize a semi-positive-definite functional (loss)  to determine solutions  of 

the crossing equation 

  

• That requires a flexible way to vary over the functional data . 

 

In what follows, we parametrize functions (1d vector fields) using Neural Networks (expressed 

in terms of a finite-dimensional vector   —typically, in thousands or millions of dimensions)

∑
J

∑
Δ

⃗𝒳Δ,J[𝙳, 𝙵] 𝙳 = 𝙳′￼∪ 𝙳′￼′￼

ℒ[𝙳, 𝙵] (𝙳*, 𝙵*)

(𝙳*, 𝙵*) = min
𝙳,𝙵

ℒ(𝙳, 𝙵) ≃ min
𝙳, ⃗θ

ℒ[𝙳, ⃗θ]

𝙵

⃗θ

Approximations



To summarize: 

 

we use a combination of dispersion relations + optimizable functions to parametrize 

unknown correlation functions (and the CFT data they entail). We try to fix these functions by  

imposing suitable constraints (crossing symmetry + other desired sum-rules or constraint) 

 

Approaches with some similarities have appeared in the recent literature of the  

(primal) S-matrix bootstrap



Note on Neural Networks:  Multi-branch Multi-Layer-Perceptron (MLP) models

 is some non-linear activation function 
like 
σ

tanh



Note on loss functions 

• -norm (a rather obvious choice):   If  is the crossing vector we try to set to 0, then 

             (abs-loss for ) 

• A (novel) alternative that works better: dot-loss 

V1:  is empty (no exposed CFT data)    and             (  optimizable,  known) 

Lp
⃗ℱ

ℒ( ⃗ℱ) :=
dim ⃗ℱ

∑
n=1

ℱn
p

1/p

for p ≥ 1 p = 1

𝙳 ⃗ℱ = ⃗gθ − h⃗ ⃗gθ h⃗

ℒ( ⃗ℱ(θ)) = 1 −
| ⃗gθ ⋅ h⃗ |

| ⃗gθ | | h⃗ |
+ 1 −

⃗gθ ⋅ h⃗

| h⃗ |2

ϕ h⃗

⃗gθ

0 ≤ 1 − |cos(ϕ) | ≤ 1



V2:  has one element (1 exposed CFT datum a)  and      

        (  optimizable,  known,  known crossed block) 

In this case: 

you optimize only with respect to the unknown tail functions and you get the coefficient a for 

free at the end 

𝙳

⃗ℱ(a, ⃗θ) = a ⃗f + ⃗gθ − h⃗ ⃗gθ h⃗ ⃗f

a = −
( ⃗gθ*

− h⃗) ⋅ ⃗f

| ⃗f |2

ℒ( ⃗ℱ(θ)) = 1 −
| ( ⃗gθ − h⃗) ⋅ ⃗f |

| ⃗gθ − h⃗ | | ⃗f |



An application: Thermal bootstrap  

1. The equations of thermal bootstrap 

We consider 2-point functions of scalar primary operators in d-dimensional CFTs on  

 

 

Convenient notation:   for    set           

Kubo-Martin-Schwinger condition:      

or                                                             

S1
β × ℝd−1

g(τ, |x | ) = ⟨ϕ(x)ϕ(0)⟩β , |x | = τ2 + ⃗x2

⃗x = (σ,0,…,0) z := τ + iσ = rw , z̄ := τ − iσ = rw−1

g(τ, r) = g(1 − τ, r) (β = 1)

g(1 − z,1 − z̄) = g(z, z̄)



The KMS condition is a non-trivial constraint for the thermal 1-point functions in thermal OPE:  

 

One would like to use the KMS condition to determine the thermal OPE coefficients  

assuming knowledge of the spectrum 

a𝒪

g(rw, rw�1) =
X

O�,J2�⇥�

aO�,JC
( d�2

2 )
J

✓
1

2
(w + w�1)

◆
r��2��
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aO :=
f��ObO

cO

J !

2J(d�2
2 )J
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In the context of the above low-high spin/low-high scaling dimension split the 2-point function 

becomes 

exposed data

low-spin/high-Δ 
data

high-spin data

-dependent kernelJ*

Finite-T dispersion relations 
Alday-Kologlu-Zhiboedov ’20 

Stratoudakis ’24 
Barrat-Bozkurt-Marchetto 

-Miscioscia-Pomoni ‘25

tail functions



Comments 

•  is arbitrary. High  suppresses the discontinuity and puts all the info into the tails 

• The disc will be approximated using the crossed-channel OPE. This introduces errors: 

 (a) Part of the -integral is outside the common region of convergence of the s- & t-channel OPEs 

 (b) The crossed-channel OPE is truncated 

  Both issues are mitigated by the kernel w,w’) which suppresses the integral away from the  

  branch points at , as well as the higher-twist contributions 

• If the discontinuity is (partially) known, the corresponding information acts as a source  

 guiding the search towards specific solutions

J* J*

w′￼

KJ*
(

±r−1



Learning how Deep Thermal Bootstrap works 

1. Generalized Free Fields (GFFs) as a testing ground 

Simple case where everything is analytically known. For a scalar GFF with scaling dimension  Δϕ

[��]n,J , n = 0, 1, ..., J = 2` ` = 0, 1, ...

�n,J = 2�� + 2n+ 2`
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The (approximate) KMS condition (only identity exposed) 

Parameters 

•  

• A grid of 243 points inside  

d = 4, Δϕ = 1.68

|z | < 0.95, |1 − z | < 0.95

(Non-zero spatial separation!)



Test 1. How good is the approximate KMS equation? 

Substitute the exact analytic GFF solution to the equation and check the loss as a function of J*



Now let’s expose one operator 

 does not contribute to the KMS condition 

Interestingly,  comes together with ! 

 
 

We can only consider the combination    

[ϕϕ]0,0 = ϕ2

[ϕϕ]1,0 [ϕϕ]0,2

aΔ=2Δϕ+2 := a1,0 + ν(2ν + 1) a0,2, ν :=
d − 2

2

d = 4



Inserting the exact analytic solution for the tail functions to the dot-loss we get 

We obtain systematically better approximations of the full KMS condition with increasing J*



Test 2. Tail bootstrap without prior knowledge of the analytic GFF solution 

- No exposed operators 

- Use dot-loss ℒdot(0) + ℒBC:r=0.9999



Test 3. Tail bootstrap without any prior knowledge of the analytic GFF solution 

- 1 exposed operator:  

- Use dot-loss 

a1,0 + 3a0,2

ℒdot(1) + ℒBC:r=0.9999



Difficulties 

• There is an approximate reconstruction of the analytic correlator (which supports the claim 

that tails can be bootstrapped), but the result is not very accurate 

• There is sensitivity on the  BC and without it the optimization is not stable. 

 There are a lot of false minima! 

The missing information from the region near the boundaries of the s/t-convergence region is 

important! 

Can we overcome these deficiencies with additional selection rules?

r ∼ 1



Observation 1.     yields stability and accurate results 

no exposed operators

AJ(ri) = AJ(ri)
analytic



Observation 2.     yields stability and accurate results 

 exposed

AJ(ri) = AJ(ri)
analytic

a1,0 + 3a0,2



Observation 3.   (random non-GFF value)  destroys stability 

 
 
This raises the exciting  
possibility that we can recover 
the exact solution by  
identifying an island of stability  
in the space of the fixed  

vector  

AJ(ri) =

AJ(ri)



2. Holographic correlators 

Setup: Thermal 2-point functions  of scalar operators in a large-c holographic CFT with a 

(super)-gravity dual 

Gravity side: The following spectrum contributes to the OPE 
(same spectrum, infinite KMS solutions provided by arbitrary higher-derivative gravities!)

⟨ϕϕ⟩β

only energy-momentum 
sector contributes to 
discontinuity



In holography, the 2-point function  on  can be computed by solving the wave 

equation on the black brane background 

• The OPE expansions give the unknown CFT data  

• Energy-momentum data easily determined from the asymptotics at infinity [Fitzpatrick-Huang ’19]  

• Double-twist data  require the solution everywhere in the black brane geometry, and that 

has proven to be difficult 

• Universality relations: [Fitzpatrick-Huang ’19] observed that the lowest-twist energy-momentum 

multi-trace data   are all determined by 

⟨ϕϕ⟩β S1
β × ℝd−1

aT, an,J, a(k)
J

an,J

a(k)
2k aT



What can one ask from a bootstrap computation? 

1. To detect the multiple solutions 

2. To detect the universality relations 

3. To recover double-twist data from complete (or partial) energy-momentum data  

  [see recent analysis of Burić-Gusev-Parnachev ’25  

   using 0-spatial separation correlators & Borel-Padé approximations] 

Let’s explore point (3) with the deep finite-T bootstrap approach…



Preliminary results on double-twist thermal 1-point functions 

As an illustration (& to compare with previous literature) we fix  

•  Set  

•  Approximate the discontinuity with only 7 data from Einstein gravity (up to twist 8) 

 identity + 

Δϕ = 1.5

J* = 6

Tμν + [T2]0 + [T2]2 + [T2]4 + [T3]4 + [T3]6 + [T4]8



We expose the operators   with combined thermal OPE coefficient in KMS 

 

To mitigate the difficulties of the missing information from the boundaries of the s/t-convergence 

region we search for an island of stability in the space of fixed vectors   (we set ) 

[ϕϕ]1,0 , [ϕϕ]0,2

a1,0 + 3a0,2

AJ(ri) ri = 0.7

A0(0.7)
A2(0.7)

A4(0.7)

r0 10.7

AJ

potential true 
island of stability

starting point (GFF) 
increase radius



We search for a potential island of stability on  by adding to the loss function an extra 

term that allows   to vary in selected region 

We gradually increase that region until we hit the point of stability 

Total loss function

AJ(0.7)
AJ(0.7)

L = LKMS + LReLU
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The more robust approach of 
Burić-Gusev-Parnachev 2508.08373  
(based on a 0-spatial-separation analysis 
and around 40 energy-momentum data)  
yields  
 
The independent numerical sol of the PDE  
gives  
Burić-Gusev-Parnachev 2505.10277

a10 + 3a02 = 7.686

a10 + 3a02 ∈ [8.84, 10.97]

p = 0.20 : a10 + 3a02 = 9.37± 0.44
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Outlook 

Take home message: evidence that high-energy OPE tails can be bootstrapped 

Various elements need to be combined in this type of bootstrap  

The approach is generic and opens up the road to many new explorations 

I focused on the thermal bootstrap, but similar things can be done in various other contexts, 

where positivity constraints may or may not be available



 In the context of the thermal bootstrap… 

• Our approach is non-convex and allows a more complete exploration of the KMS conditions 

• It has the analytic structure built in (it incorporates the input of dispersion relations) 

• It is the only approach currently that can study thermal 2-point functions at non-zero spatial 

separation. It can produce predictions for spin-dependent thermal coefficients that no other 

method in the current literature can 

• It is more systematic, flexible and economical compared to previous truncation schemes.  

 The spectrum can also be varied and KMS can be combined with other sum rules



The practical implementation can be improved and there are aspects that require better 

understanding, e.g. 

• The difficulties associated with the boundaries of the s/t-convergence region and the role of 

the stability islands 

• The discontinuity approximations and the overall convergence of the scheme (e.g. further 

improve the double-twist predictions in holographic CFTs) 

• More efficient optimization with dynamical discontinuities 

• More applications (at zero-T, finite-T, holographic, non-holographic, with/without defects…)





Supplementary slides 

In the above results we used 

Using an additional condition on the asymptotic value of the tail functions near r=1 we would 

have

BC near r~1

L = LKMS + LReLU
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