QFT as a set of ODEs
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Based on joint work with M.Loparco, G.Mathys, J.Penedones, and X.Zhao (to appear)



QFT in AdS

AdS is a good “box” for QFTs [Callan, Wilczek]

CFT ( UV) SQFT — SCFT + )\/dDSU(I)A(SIZ‘), [)\] — [ED_A]

For perturbation theory, the dimensionless parameter is
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CFT + small perturbation QFT in flat space
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QFT in AdS A=A (Raas) ™"

This process is equivalent to setting AdS radius = 1, and change the coupling.
No dynamical gravity.

Conformal boundary condition: d-dimensional boundary CFT (nonlocal)

(A i)}, 105k}

Boundary operator expansion (BOE)

P(z,x) = Z by [ZA’L'OL- + descendants|



QFT in AdS A=A (Raas) "5

This process is equivalent to setting AdS radius = 1, and change the coupling.
No dynamical gravity.

Conformal boundary condition: d-dimensional boundary CFT (nonlocal)

{(A%Ji)}a {ka} ) {b?}

Boundary operator expansion (BOE)

P(z,x) = Z by [ZA’L'OL- + descendants|
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How do these data flow from A =0 to A = o0?
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How do these data flow from A =0 to A = o0?

Wilson already told us the answer, in the context of RG flow.

RG: consider infinitesimal change of the scale.

dg

ol = —
for o= e B(g)




(AN} {Ciu)} {67 (N}
How do these data flow from A =0 to A = o0?

Here: consider infinitesimal change of the coupling.

SQFT()\) — SQFT()\) + 5)\/ b
AdS

1st order perturbation theory

F(X), X=(A1,0,,...,Cia3,...,b7,...)

Similar idea was explored for QFT in flat space [Holland, Hollands, Wald,...]

and exactly marginal deformation of 1D CFT [Behan]



From now on, | will focus on AdSs (hyperbolic disk)

dr* + dz*
ds® = TZZZ (z > 0).
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Az’ ()\) Measured In

= Z bY Ciir I, (A)
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actually only depend on Al



Measured In

D=2 Is special



Ciy
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ka Measured in (O;(71)0,;(12)Ok(73)) = Cijk
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So we get a set of ODEs

dAZ T
= > b CiaZ(A)
[

db? 56 Ciji + Cui;
ax Zb?’bf . 5 ljin(AlvAj)
5,1
dCijk 3 3
A\ — Z (bl Climcmjk}CAiAjAk (Ala Am) + bl Cilmcmjk]CA,,;AkAj (Ala Am))
m,l

+ (k) = (ki) +  (igk) = (kij)

Play with it!



It doesn’t work, even Iin the free theory.

S = / [(8@2 + )\¢2} . mass deformation
AdSs
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What’s wrong?

OPE convergence

 The OPE for bulk-boundary-boundary correlator does not converge everywhere.

() ® ®\

OPE diverges in power law



What’s wrong?

OPE convergence

 The OPE for bulk-boundary-boundary correlator does not converge everywhere.

; /AdS % /AdS ;l

* Nevertheless, the full correlator is still finite at the “singular point”.

 The problem is just a bad choice of the basis.



What’s wrong?

OPE convergence

 Maybe eclipse is rare, we can try to improve in some smarter way??




What’s wrong?

OPE convergence

 Maybe eclipse is rare, we can try to improve in some smart way?

* Not true for bulk + 3 boundary
OZ’(Tl) Ok(Tg)




Improve OPE convergence

 \We have to find a better basis to expand correlators.

A. Hamilton, D.N. Kabat, G. Lifschytz and D.A. Lowe]
M. Paulos, N. Levine] [M. Meineri, J. Penedones, T. Spirig]

e Conformal block - local block

(B(7,2)04(11)O;(12)) = > b CliyGa S (1, 2,m1,m) = Y PO G W r, 2 ).
[ [

* Claim: in a generic unitary theory, the new sum converges uniformly when
1

* The final result does not depend on &



Now we get an improved set of ODEs:

dA
dA\

C=N 0ROz ()
[

dchji) b d Cl 117 _|_ CZZ ' Qg 4
L = S bt Y S T (A, A)
7,1
dCiik & (tim) d (Bim)
A\ — Z (bl C1lz'7ncfvnjklc/\i/\j/\k (Ala Am) - bl Cilmcmjklc/\i/\k/\j (Aly Am))
m,l

+ (k) = (ki) +  (igk) — (Kij)

Play with it!



Play with  dA
)

L= ROz (A
[

DA
A

T(A) — TEOD(A) ~ 2= AY272% gin(a; — A /2)

Check absolute convergence

T Amaa?
Z bgb Ciil I(az)(Al) N/ dAl A?Ai‘FA@—QO{i—l

AlgAma,:r;

Same

Recall the condition for uniform convergence: a; > A; + -Ag



Wé My collaborators also checked many free-theory examples, also for the
other two equations.

Standard conformal block expansion x

Local block expansion /

Strongly recommend: talk by Manuel Loparco at Bootstrap 2025 (on Youtube)



Level repulsion

* A continuous family of theories (Hamiltonians)
generic‘;ﬁ~

no level crossing

e Unitarity + no symmetry

[von Neumann, Wigner]

 The simplest toy example is

M(t’€>:(i 1it)

—> )\+—)\_:\/(1—2t)2—|—4€2




e =0 e =0.1 e =1

Zio symmetry
[O’g,M(t,G — O)] =0



Back to our ODEs:

dA,; ;
T D Qg
T S by Cian 24 (A)
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Back to our ODEs:

d\; )
L= b CwI Y (A)
d)\ ; I(Oéij)(Al) N R
Az’ — Aj as A = J

db? b6 Clji + Clij (i

7,1

dCijk P o .
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+ (k) = (ki) + (igk) > (kij)



Back to our ODEs:

dA; ) N
= 2V Gt (A) (i)

d\ z T (A)

db? .4 Clji T Clij (i,
7,1

dC'jk b (i) N .
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m,l

+ (k) = (ki) + (igk) > (kij)

IZ(O‘im)(AZ)
T2A - A, as A; = Ay,




Level repulsion from ODEs

Suppose A; and Ay are very close.

d* A4 N 0%, + 912(5(1%0211 + b§C111)(I(a)(A1) — I (Ay))

Y

d\? 2019

where 912 L= Z blq)(clm =+ Cgll)z(a) (Al)
[



Level repulsion from ODEs

Suppose A; and Ay are very close.
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Level repulsion from ODEs

Suppose A; and Ay are very close.

d* A4 N 0%, + 912(5(1%0211 + b§C111)(I(a)(A1) — I (Ay))

d\? 2019

C

where 912 L= Zbgb(clm + CQll)I(a) (Al) le ~ A
[ 12
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Level repulsion from ODEs

Suppose A; and Ay are very close.

d2A12_62 'O(1>
A2 A3, A%,

Similar result in 1D CFT [Behan]

where (}io := Z b?(cml + C21z)2(a>(ﬁl) le ~
[



Summary

« QFTinAdS “=" A, Cyjp, bF

 |ts relevant deformation is described by ODEs.

e |mplicitly assumed unitarity + some very mild condition.
 No assumption of parity symmetry.

 Nonperturbative.

 Mechanism of level repulsion.

e No free lunch: need CFT data as initial conditions.



What | didn’t discussed...

* Analyticity and upper bound of the AdS correlators
 Many numerical checks in free theories

* (Integrated) local blocks

 New locality sum rules

 Bulk UV divergence



Outlooks

» Self-consistency (crossing, bulk locality, unitarity, etc...)
* Flat-space limit
o Gradient flow? Mononicity?

* Numerics



Thank you!



