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Motivation



Symmetries and Amplitudes

e Symmetries and their anomalies are key concepts in physics.

— Give constraints on dynamics of QF'Is (terms in LFT Lagrangians, RG flows, ...)

e Concepts refined and generalized 1n last years (fopological operators, non-invertible & higher-form syms. )

What are the implications of generalized symmetries on scattering amplitudes?

Crossing symmetry of S-matrix 1s modified

Punchline 1: . . . . .
in the presence of certain non-invertible symmetries

We can use these symmetries to put concrete
non-perturbative bounds on the space of QF'Is

Explicit checks and predictions in 1+1d RG flows



Appetizer: Tricritical Ising — gapped,

Iricritical Ising deformed by ¢ 5 <5,%% ) Scattering kinks interpolating between vacua K,
My
Sab 0) — d _
_¢1,3 —|—§b1,3 dc ( )
M 1
a4 = 07 27 1 C
s = (p; + py)* = 4m* cosh*(6/2) rossing (s <> 1)

* S-matrix bootstrapped from unltarlty+crOSSIng+|ntegrabl|lty >%‘< i>c< ><i

532(9) = Z(0) (iiz)_ {\ / 1. ® sinh (n) Opa + sinh (= 9) 5%}

* S-matrix bootstrapped from unitarity+integrability+non-invertible sym.

N

ded.
dpdg

- Sg’g((g) — Z(@) |: sinh (%) 5bd sinh (z’wq;@) (5(1,(3}

d.d.
dpdg

—  Modified crossing!  S%2(0) = = S% (im — 6)
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Fusion Categories
and Minimal Models




Generalized Symmetries

e (global) Symmetries in QF T < Topological operators
Move in t — charge conservation
U U

e.¢ from Noether current j,: U = exp <iaﬁ£dd_1x jo(x)>

e Usual group symmetry: O-form, imvertible

0-dim O(x) Fusion (g,8, = g3) Tnverse: g7 g =1
(d-1)-dim
ng Ug—l

e Generalizations:

. Higher-form symmetries. ¢-form sym, (d-q-1)-dvm topological ops. - Q

. Non-invertible symmetries. g~ not necessary r :
a 0
0
Here: O-form symmetries in 1+1d (including non-invertible) - @
topological lines &£, — Fusion categories operator defect

acting on # twisted # o



Fusion Categories

. ' - * Fusion coefficients N, € Z
Objects (7, finite number) ab 20 quantum dimension
L, Laly = ¥ NuLe e e )
[’91£92 - £93 <‘CG> — : " =dg
VS group . ‘,'L
* F-symbols LoLy-r =1 T Fa
Lo ’L L, L
"N o P o ; / Examples
H ) » 7
‘ _ Fabc \3__ ..'A{' 2 . .
: Lo 2 Fd ey p o (ZLY=1,7  n*=1 (invertible) d, =1
L /4' L » Z, Tambara-Yamagamai (1Y)

{(ZY=1,n, N N2 =1+ d,=1/2
Tetrahedral ! ! o \/_
a b _ 0 pabe » Fibonacci
c a Y. V d=dy ‘o T ug} = 1,W W2 =1+W dy = 1+2\/§/

e Non-invertible symmetries with d, € Z are incompatible with trivially gapped phase

Here: RG flows with anomalous symmetries leading to degenerate vacua in IR



Minimal Models and deformations

e Verlinde lines 7, ; : Topological lines with same fusion algebra as primaries ¢,

o®®

.’ . ‘. L S’r’,s’,r,s ,
'\ Pr,s ) - S11:rs ¢; ) $, - modular S-matrix
e Critical Ising ./ , — sym. lines: {Z}=1,5n, N. WN?=14n. (Z, Tambara-Yamagami)
0 0 0 0
s T L
— el | ° ¢ _ _¢° — ¢ __ Oome=e= .
ordered O disordered : - - : ~ <888>/% : 7 : o (local) < p (twisted)
" N N N N
Kramers-Wannier duality
My .
e Tricritical Ising ./ , e s s « M, =+ €b1,3 Z,1 — 4, fusion category
Z2 1Y <¢1,3 = g’ d€f> / MS Mn
: : — +
Fibonacei \' 1 n N o/ \3 N jy \%1,3
Dy=oddllw W Z SSB \d\j gapped M1

n

* ¢ 3, Py 1, P, deformations are integrable. Exact S-matrix E:( = i}( - >)<i



Scattering Amplitudes

and Modified Crossing




Scattering amplitudes in 1+1d

Massive kinks interpolating

between neighbouring vacua Unitarity (U)

0=0, -0,
s = 4m? cosh*(6/2)
t = 4dm? — .
0 02 e Crossing (C)
« Example: A, — ¢ 5 RG flow Sab(g) =
U+C+l give: | _ sinzaln

a=1.,...n—1 -
e “ sinz/n

a o [ [dade s i
Sab(9) = Z(0) (%z)/ { g b () da + sinh (770) 5%} Symmetries (S)

note oscillations

— does not commute w/ non-nvertible syms!

U+I+S give:

Sg‘;fj(@) — Z(@) [ j:g; sinh (%) Opq + sinh (737rn—9) 5aC]

ded. .
— Modified crossing (mC) S32(6) = EWp S (ir — 0)

Factorized scattering, no particle production



Modified Crossing

* New crossing rules can be understood from proper normalization of |1n) and |out) states, taking into account

topological degrees of freedom.

d

(out |

| in)

* |n order to have unitarity S(6)S(—60) < 1, normalize states using 1TQF 1" data:

a

(out|in) = S(0) 2n)>2+/sV's — 4m? 5%(p, + p, — p| — P5)

~

C52(.)’

analyt. cont.

naively crossing symmetric

vacua 1dentiied with symmetry lines (regular module calegory), kink acts as symmetry line v (e.g N jor A, — gapped.,).

s-channel
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c'l ’ o'\ a ’

’ . 0 ’ . 0

dy vy v b dy vy v

\‘ ' ' \‘ 0 ]

) )

\ ~‘..-“ \"-Ck‘\
— —

—

different in t-channel

— Modified crossing
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S-matrix Bootstrap and
non-invertible symmetries



S-matrix Bootstrap with non-invertible syms.

Find the space of consistent 2 — 2 kink scattering amplitudes S%°(s) with a given fusion category

e Symmetries { £} — Projector into fusion channel y SSB all syms — regular representation

Given a fusion category,
What is the space of allowed Ax(s) ?

o Unitarity [A,(s)]?<1 (s>4m?)

1. Write ansatz that trivializes A+mC+S

‘o : C..,
* Modified crossing T 2. Impose U numerically for s; > 4m?
a dede 0 B v v X
Sgo(s) = \V d,d, Seq(4m? —s) = Ay(s) = Z;dx’ [v v X'] Ay (4m* — s) 3. Bound parameters, i.e. max functionals
Spectrum fixes analytic properties of A, (s). e.g FlA, 1= Z;( ,A,(5)

Possible singularities are bound state poles, multi-particle cuts. . . or dual F1A,] < F K, = JZ | K (s)]
yl = X o 1B



Example 1: &/ category

Set-up: Uv Bootstrap from A+mC+U+S assuming:
2] ( minimum spectrum required by symmetry
FT with d )
QFTwi BAPPEy | SSB all symmetries (Hvacua=#{Z})

categorical sym. \/\ /\/

2 — 2 Klnk Scattering [COpettI, I_C, KOmatSU 124]

(n-1) 0.1/2,....(n— /2 Numerical Bootstrap Ay (s« = 3.41m?) =
® (n-1) vacua a = U, e, (n —

* Minimum spectrum: K, ../,

1.0 ———
ruled out

no bound states

0.5

e 2 fusion channels Ay(s), A;(s)

31/22:304‘31

- 1 (1 4 . _ sinaQa+ 1/n) Mn_(blﬁ*‘\
P dipy \1 =1) Ao = Z(9) sinh (55 0

sin zr/n
Ay = Z(0)sinh (Z=2)

» Integrability at vertices. » No oscillations ( - )%, good large energy behaviour c.l. O(N), Z, ,, U(N).



Example 2: Fibonacci

e 2 vacua a = 0,1/2; 2 fusion channels Ay(s), A;H(s) <& 1/22 =%+ <Ly

e Minimum spectrum: Kink K; ;,, antikink K, ; and breather K, 1/,

g2

s — m2

Breather as bound state of kink/antikink — cubic coupling g A, ,(s) ~

Numerical Bootstrap {Ag (s« = 3.41m?), g%} =

o 92
4 E 2.0
3 15
S o :
L 2t My + ¢aa 1.0
> - :
<C 1 [Smirnov '91] 7 0.5
0 / — 0
-1 3—Potts + (Z+2%)— L/( .
-3 -2 -1 0 \A
5 00—+
Al/Z(S*) 2

» Integrability at marked vertices, no oscillations ( -)?.

» Enhanced symmetry only at g = 0 (breather cannot be interpreted as bound state in Fib x Z,).



Haagerup # ;: uncharted territory

* 6 topological lines: {1, a, @, p,ap,ap}. Fusionrules:pXa=ap, pXp=1+p+ap+ap

d, =1 d, =2G+/13)=¢
* No known field theory realization! /Hints for CFls with ¢ ~ 2,3/2

[Vanhove, Lootens, Van Damme, Wolf, Osborne, Haegeman, Verstraete '21;
Huang, Lin, Ohmori, Tachikawa,Tezuka '21; Corcoran, de Leeuw '24]

6 vacua; 4 fusion channels A, (s), A (), Ay (8), Az ().
Projectors and modified crossing from F-symbols in [Huang, Lin 21]
(5—1 e é:—l\
1 _
C= A 22V y1,2=1—12(5_¢1—3:\@/1+¢1—3>.

8" Ly y» X 3
’ \1 Y X V)

Haagerup 7’[3 [LC, in progress]

6 ‘ * Many kinks K, , (15), including breather K, , .
2 | | g2 _
A(s) ~ , L

4! 4 — m?2

| s —m p

, {51, 8,}: crossing sym. combinations of A (s)

> SN L T Vertices have A, =A,, = A;,
ol 1 8a((84) AJ0)  a+ itanh(u 0/7)

Analytic solution: =
_9 o . Y . A(@) a—itanh(u6/r)

1 , » Seems no integrable solutions...



Final Remarks



Summary

* Non-invertible symmetries and anomalies in 1+1d gapped RG flows lead to modified crossing.

r —_— )
" \‘ " a L
Poaaae" A 0 Peeeee=’
dv o Y ad v Y : : .
Sab( ) et s ghe (t) ( Generic for when IR described by non-trivial TQFT.
de\%) = e e ad )
\d,"v‘, LN dieb | Modification from corrections to norms of |in),|out) states.
. la . )

» S-matrix Bootstrap Categorical symmetry € can be used to explore the space of consistent €-sym QF1s.

[ o, and Fibonacci: known integrable models appear at vertices.

l Haagerup #';: new models expected.

e Other symmetry breaking patterns: Non-regular representation. NModule category M, d, — g, relative Fuler terms.
F — @* dual boundary F-symbol



Future directions

S-matrix Bootstrap for other categories.

Form Factors and their inclusion 1n Bootstrap.

— More lunts for field theory realization of Haagerup?

Higher d? Chern-Simons+matter

Monopole scattering

'Toy model for understanding soft dynamics in gravity and gauge theories?

Thank you!



