
Small x physics, International School on EIC Physics, Kyoto University, 2-13 March 2026

Small x physics
Anna Staśto 

Penn State University

1



Small x physics, International School on EIC Physics, Kyoto University, 2-13 March 2026

Outline

2

Lecture 1: 
Introduction to Deep Inelastic Scattering 
Parton model 
Collinear framework: factorization 
DGLAP evolution equations 
Parton distribution functions from DGLAP 
Nuclear structure functions 
Nuclear PDFs 
EIC prospects for inclusive DIS and nPDFs 

Lecture 2: 
Regge theory and Pomeron 
Outline of BFKL construction: 

Effective Lipatov vertex 
Gluon reggeizeation: trajectory 

BFKL equation 
Eigenvalue.  Collinear structure 
Properties of the solution:  

Diffusion 
Increase with energy 

Small x anomalous dimension 
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BFKL at NLL: large correction 
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Resummation: 

Kinematical constraint, shifts of poles 
DGLAP anomalous dimension 

Resummed result in Mellin space 
Resummed result in momentum space 
Improved small x  splitting function 
Phenomenology examples
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Completely incomplete list of useful resources: 
Collinear factorization  

 S. Catani, Introduction to QCD ( CERN lectures) 

BFKL: 

 J. R. Forshaw & D. A. Ross, Quantum Chromodynamics and the Pomeron 

V. del Duca, hep-ph/9503226, An introduction to the perturbative QCD pomeron and to jet physics at large 
rapidities 

(+ other topics) V. Barone & E. Predazzi, High Energy Particle Diffraction 

(BFKL in the dipole formalism) A.H. Mueller, Soft gluons in the infinite momentum wave function and the 
BFKL pomeron 

Saturation, nonlinear evolution: 

Y.V. Kovchegov, hep-ph/9901281,Small x F(2) structure function of a nucleus including multiple pomeron 
exchanges 

I. Balitsky, hep-ph/9509348, Operator expansion for high-energy scattering 

Y.V. Kovchegov & E. Levin, Quantum Chromodynamics at High Energy 

Resummation: 
     G.P. Salam, hep-ph/9910492,  An Introduction to leading and next-to-leading BFKL 

+ papers by Ciafaloni et.al 

https://arxiv.org/abs/hep-ph/9901281
https://arxiv.org/abs/hep-ph/9509348
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Motivation: high energy particle collisions
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ex. proton Center of mass energy

High energy of collision:

Standard Model of Particle Physics

strongly interacting sector of SM: 
Quantum Chromodynamics (QCD)

gluon

quark

gluon
gluon interactions

s ≫ m, ΛQCD
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Motivation: what is high energy  (small x) regime of QCD ?
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Understand the regime of high energy QCD in particle collisions.  
Test the universality of this regime in different processes/collisions. 
Important in itself and for applications: eg. initial state in heavy ion collisions, astroparticle physics.

Figure 3.1. Structure function F2(x, Q
2)

as a function of x for fixed values of Q
2 =

2, 15, 35, 90, 150, 250 GeV2 (with the vertical
o�sets 0.2 between each curve), indicated next
to the curves. Solid red lines correspond to a
fit with the CCSS resummed scheme. Experi-
mental data are from Ref. [108].

Figure 3.2. Charm structure function
F

c
2 (x, Q

2) as a function of x for fixed values of
Q

2 = 6.5, 12, 20, 35, 60 GeV2 (with the vertical
o�sets 0.2 between each curve), indicated next
to the curves. Solid blue curve indicates a fit
using the CCSS resummed scheme. The ex-
perimental data using di�erent phase space ex-
trapolations based on theoretical calculations
CASCADE and HVQDIS are from Ref. [109].

dominates at large values of Q2 and small x. The two non-perturbative components have
very flat dependence on x and contribute to most of the cross section at moderate x and
lower Q2. We see that the non-perturbative contribution due to the soft Pomeron is also
substantial. For example, it is about 25% at small x ƒ 5 ◊ 10≠4 and Q2 = 15 GeV2.
Even at high Q2 the soft component is still non-negligible. In the low Q2 region, see
fig. 3.5, the non-perturbative components dominate the structure function in a very wide
range of x, down to x ≥ 3 ◊ 10≠4. Meanwhile, the perturbative component starts to
dominate only at the smallest x for low Q2 = 5 GeV2.

3.3.3 The extracted unintegrated gluon density

In figs. 3.6 and 3.7 we show the unintegrated gluon distribution for two fixed values of
x = 0.01, 0.001 as a function of transverse momentum squared k2. The present calculation
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Figure 1: Energy dependence of the J/ and ⌥ photo-production cross-section as provided by the KS

and HSS gluon distribution. The HSS distribution with dipole size scale corresponds to a specific scale

setting for the HSS gluon discussed in Sec. 3. For the J/ we further display photo-production data

measured at HERA by ZEUS [37,38] and H1 [39,40] as well as LHC data obtained from ALICE [41]

and LHCb (W+
solutions) [42,43]. For the ⌥ cross-section we show HERA data measured by H1 [44]

and ZEUS [45,46] and LHC data by LHCb [47] and CMS [48,49].
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Exclusive vector-meson: electron-proton Virtual photon scattering
electron-positron

Heavy quark: proton-proton Cross section neutrino-nucleon
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Figure 4.14. Cross sections for Q
2 = 17 GeV2, compared with L3 (Q2 = 16 GeV2) [46] and

OPAL (Q2 = 17.9 GeV2) [47] data. The NLL improved curve is the sum of our averaged
NLL BFKL resummed scheme and LO quark box contribution. The band size represents a
combination of the scheme uncertainty and the µR band, i.e. ”total =

Ò
”2

scheme + ”2
µR

. The
calculation is done for Nf = 4 massless flavors. The Ivanov-Murdaca-Papa’s (IMP’s) PMS
optimized curve (solid-cyan) is from [84]. Separately shown is the quark box contribution
(dashed red).

also see that our result is significantly higher than the calculation from [84], particularly
at high rapidities. The RGI calculation is consistent with the experimental data from
LEP within the theoretical and experimental uncertainties.
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Seon Yeong, Bhattacharya, 

What all these processes have in common?
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Motivation: proton structure at high energy
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ex. proton Center of mass energy

High energy of collision:

electron proton

High energy limit of electron-proton/nucleus collisions 

Proton/nucleus structure at high energies

s ≫ m, ΛQCD

Focus first on  electron-proton scattering : Relevant for EIC !
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Observation of deep inelastic electron-proton scattering
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proton neutron 

… and so on … 

20 GeV electron beam scattering off protons
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elastic scattering 
form factor included

: resolving power of interactionQ2 = − q2
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Deep Inelastic lepton-hadron scattering
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Inelastic scattering off proton Elastic scattering off parton

W 2 = (p+ q)2

s = (p+ k)2 total cms energy2

total energy2 of 
photon-proton 
system

photon virtuality:  
resolving power

Bjorken x

Q2 = �q2

x =
Q2

2P · q ' Q2

Q2 +W 2

q(⇠Pµ)

�(qµ)

e(kµ)

p(Pµ)

⌫ =
q · p
M

= E � E0
<latexit sha1_base64="kB4bFrmc2aP4Ve0QqnkwJ8a+ePU="></latexit><latexit sha1_base64="kB4bFrmc2aP4Ve0QqnkwJ8a+ePU="></latexit><latexit sha1_base64="kB4bFrmc2aP4Ve0QqnkwJ8a+ePU="></latexit><latexit sha1_base64="kB4bFrmc2aP4Ve0QqnkwJ8a+ePU="></latexit>

Lepton energy loss in 
nucleon rest frame

kµ = (E, 0, 0, E)LAB
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k0µ = (E0, 0, 0, E0)LAB
<latexit sha1_base64="kTwMoQCW8HO60x12fYKKZYDSH7A="></latexit><latexit sha1_base64="kTwMoQCW8HO60x12fYKKZYDSH7A="></latexit><latexit sha1_base64="kTwMoQCW8HO60x12fYKKZYDSH7A="></latexit><latexit sha1_base64="kTwMoQCW8HO60x12fYKKZYDSH7A="></latexit>

y =
p · q
p · k =

⌫

E
<latexit sha1_base64="OHMECptLF/W3p6BFNHgtS+8Ypic="></latexit><latexit sha1_base64="OHMECptLF/W3p6BFNHgtS+8Ypic="></latexit><latexit sha1_base64="OHMECptLF/W3p6BFNHgtS+8Ypic="></latexit><latexit sha1_base64="OHMECptLF/W3p6BFNHgtS+8Ypic="></latexit>

Inelasticity: fraction of lepton energy 
loss in the nucleon rest frame

<latexit sha1_base64="YbvI9AOrLKk+F2TLY9KmHpo2SH4=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK6sWSK1nYhFN24rGAf0A4lk6ZtnEwyJhmhDP0HNy4Ucev/uPNvzLQVVPTAhcM593LvPX7EmTYIfTiZhcWl5ZXsam5tfWNzK7+909QyVoQ2iORStX2sKWeCNgwznLYjRXHoc9ryg8vUb91TpZkUN2YcUS/EQ8EGjGBjpebdeXAcHPbyBVREFuUyTIlbQa4l1WqlVKpCd2ohVABz1Hv5925fkjikwhCOte64KDJegpVhhNNJrhtrGmES4CHtWCpwSLWXTK+dwAOr9OFAKlvCwKn6fSLBodbj0LedITYj/dtLxb+8TmwGFS9hIooNFWS2aBBzaCRMX4d9pigxfGwJJorZWyEZYYWJsQHlbAhfn8L/SbNUdMvF0+uTQu1iHkcW7IF9cARccAZq4ArUQQMQcAsewBN4dqTz6Lw4r7PWjDOf2QU/4Lx9AhQxjtU=</latexit>

q = k � k0 lepton momentum 
transfer

<latexit sha1_base64="87vC9hnWJWsP+VCfJ/iB/I5Nbx0="></latexit>

Q2 � M2
hadron

<latexit sha1_base64="bTXh+K1ByHNiveIqOmbIqg549xo="></latexit>

W 2 � M2
hadron

Deep
Inelastic

<latexit sha1_base64="YgrOw/1eSnujMON3ET9s2TK6Hdg=">AAAB+nicdVBNS8NAEN34WetXqkcvi0Wol5IUre2t6MVjBfsBTS2b7bRdupuE3Y1SYn+KFw+KePWXePPfuGkrqOiDgcd7M8zM8yPOlHacD2tpeWV1bT2zkd3c2t7ZtXN7TRXGkkKDhjyUbZ8o4CyAhmaaQzuSQITPoeWPL1K/dQtSsTC41pMIuoIMAzZglGgj9ewcFMY3iRdJJgB7Ip4e9+y8U3QMymWcErfiuIZUq5VSqYrdmeU4ebRAvWe/e/2QxgICTTlRquM6ke4mRGpGOUyzXqwgInRMhtAxNCACVDeZnT7FR0bp40EoTQUaz9TvEwkRSk2EbzoF0SP120vFv7xOrAeVbsKCKNYQ0PmiQcyxDnGaA+4zCVTziSGESmZuxXREJKHapJU1IXx9iv8nzVLRLRdPr07ytfNFHBl0gA5RAbnoDNXQJaqjBqLoDj2gJ/Rs3VuP1ov1Om9dshYz++gHrLdPE72T6g==</latexit>

e(k0µ)
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DIS preliminaries
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M = e2ū(k0,�0)�µu(k,�)
1

q2
< X|Jem

µ (0)|N,� >
<latexit sha1_base64="Iqld09j2Fmvq+Dkps+lumsyGMC4="></latexit><latexit sha1_base64="Iqld09j2Fmvq+Dkps+lumsyGMC4="></latexit><latexit sha1_base64="Iqld09j2Fmvq+Dkps+lumsyGMC4="></latexit><latexit sha1_base64="Iqld09j2Fmvq+Dkps+lumsyGMC4="></latexit>

Scattering amplitude:

 

t

I

e(k)
<latexit sha1_base64="uzwj7nx2MNEn2/unamAn6yJrBaY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbSbt0Nwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkLvc7T6g0j6NHM03Ql3QU8ZAzanIJa5OLQaXq1t05yCrxClKFAs1B5as/jFkqMTJMUK17npsYP6PKcCZwVu6nGhPKJnSEPUsjKlH72fzWGTm3ypCEsbIVGTJXf09kVGo9lYHtlNSM9bKXi/95vdSEN37GoyQ1GLHFojAVxMQkf5wMuUJmxNQSyhS3txI2pooyY+Mp2xC85ZdXSfuy7rl17+Gq2rgt4ijBKZxBDTy4hgbcQxNawGAMz/AKb450Xpx352PRuuYUMyfwB87nD1cXjcM=</latexit><latexit sha1_base64="uzwj7nx2MNEn2/unamAn6yJrBaY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbSbt0Nwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkLvc7T6g0j6NHM03Ql3QU8ZAzanIJa5OLQaXq1t05yCrxClKFAs1B5as/jFkqMTJMUK17npsYP6PKcCZwVu6nGhPKJnSEPUsjKlH72fzWGTm3ypCEsbIVGTJXf09kVGo9lYHtlNSM9bKXi/95vdSEN37GoyQ1GLHFojAVxMQkf5wMuUJmxNQSyhS3txI2pooyY+Mp2xC85ZdXSfuy7rl17+Gq2rgt4ijBKZxBDTy4hgbcQxNawGAMz/AKb450Xpx352PRuuYUMyfwB87nD1cXjcM=</latexit><latexit sha1_base64="uzwj7nx2MNEn2/unamAn6yJrBaY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbSbt0Nwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkLvc7T6g0j6NHM03Ql3QU8ZAzanIJa5OLQaXq1t05yCrxClKFAs1B5as/jFkqMTJMUK17npsYP6PKcCZwVu6nGhPKJnSEPUsjKlH72fzWGTm3ypCEsbIVGTJXf09kVGo9lYHtlNSM9bKXi/95vdSEN37GoyQ1GLHFojAVxMQkf5wMuUJmxNQSyhS3txI2pooyY+Mp2xC85ZdXSfuy7rl17+Gq2rgt4ijBKZxBDTy4hgbcQxNawGAMz/AKb450Xpx352PRuuYUMyfwB87nD1cXjcM=</latexit><latexit sha1_base64="uzwj7nx2MNEn2/unamAn6yJrBaY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbSbt0Nwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkLvc7T6g0j6NHM03Ql3QU8ZAzanIJa5OLQaXq1t05yCrxClKFAs1B5as/jFkqMTJMUK17npsYP6PKcCZwVu6nGhPKJnSEPUsjKlH72fzWGTm3ypCEsbIVGTJXf09kVGo9lYHtlNSM9bKXi/95vdSEN37GoyQ1GLHFojAVxMQkf5wMuUJmxNQSyhS3txI2pooyY+Mp2xC85ZdXSfuy7rl17+Gq2rgt4ijBKZxBDTy4hgbcQxNawGAMz/AKb450Xpx352PRuuYUMyfwB87nD1cXjcM=</latexit>

e(k0)
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�⇤(q)
<latexit sha1_base64="jyoqurJE9xUH6HFXkMD0Bgq+350=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQPZRdEfRY9OKxgv2A7VqyabYNTTZrMiuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut1NYWV1b3yhulra2d3b3yvsHLaNSTVmTKqF0JySGCR6zJnAQrJNoRmQoWDsc3Uz99hPThqv4HsYJCyQZxDzilICV/O6ASEkezqqPp71yxa25M+Bl4uWkgnI0euWvbl/RVLIYqCDG+J6bQJARDZwKNil1U8MSQkdkwHxLYyKZCbLZyRN8YpU+jpS2FQOeqb8nMiKNGcvQdkoCQ7PoTcX/PD+F6CrIeJykwGI6XxSlAoPC0/9xn2tGQYwtIVRzeyumQ6IJBZtSyYbgLb68TFrnNc+teXcXlfp1HkcRHaFjVEUeukR1dIsaqIkoUugZvaI3B5wX5935mLcWnHzmEP2B8/kDQoyQkQ==</latexit><latexit sha1_base64="jyoqurJE9xUH6HFXkMD0Bgq+350=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQPZRdEfRY9OKxgv2A7VqyabYNTTZrMiuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut1NYWV1b3yhulra2d3b3yvsHLaNSTVmTKqF0JySGCR6zJnAQrJNoRmQoWDsc3Uz99hPThqv4HsYJCyQZxDzilICV/O6ASEkezqqPp71yxa25M+Bl4uWkgnI0euWvbl/RVLIYqCDG+J6bQJARDZwKNil1U8MSQkdkwHxLYyKZCbLZyRN8YpU+jpS2FQOeqb8nMiKNGcvQdkoCQ7PoTcX/PD+F6CrIeJykwGI6XxSlAoPC0/9xn2tGQYwtIVRzeyumQ6IJBZtSyYbgLb68TFrnNc+teXcXlfp1HkcRHaFjVEUeukR1dIsaqIkoUugZvaI3B5wX5935mLcWnHzmEP2B8/kDQoyQkQ==</latexit><latexit sha1_base64="jyoqurJE9xUH6HFXkMD0Bgq+350=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQPZRdEfRY9OKxgv2A7VqyabYNTTZrMiuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut1NYWV1b3yhulra2d3b3yvsHLaNSTVmTKqF0JySGCR6zJnAQrJNoRmQoWDsc3Uz99hPThqv4HsYJCyQZxDzilICV/O6ASEkezqqPp71yxa25M+Bl4uWkgnI0euWvbl/RVLIYqCDG+J6bQJARDZwKNil1U8MSQkdkwHxLYyKZCbLZyRN8YpU+jpS2FQOeqb8nMiKNGcvQdkoCQ7PoTcX/PD+F6CrIeJykwGI6XxSlAoPC0/9xn2tGQYwtIVRzeyumQ6IJBZtSyYbgLb68TFrnNc+teXcXlfp1HkcRHaFjVEUeukR1dIsaqIkoUugZvaI3B5wX5935mLcWnHzmEP2B8/kDQoyQkQ==</latexit><latexit sha1_base64="jyoqurJE9xUH6HFXkMD0Bgq+350=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQPZRdEfRY9OKxgv2A7VqyabYNTTZrMiuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut1NYWV1b3yhulra2d3b3yvsHLaNSTVmTKqF0JySGCR6zJnAQrJNoRmQoWDsc3Uz99hPThqv4HsYJCyQZxDzilICV/O6ASEkezqqPp71yxa25M+Bl4uWkgnI0euWvbl/RVLIYqCDG+J6bQJARDZwKNil1U8MSQkdkwHxLYyKZCbLZyRN8YpU+jpS2FQOeqb8nMiKNGcvQdkoCQ7PoTcX/PD+F6CrIeJykwGI6XxSlAoPC0/9xn2tGQYwtIVRzeyumQ6IJBZtSyYbgLb68TFrnNc+teXcXlfp1HkcRHaFjVEUeukR1dIsaqIkoUugZvaI3B5wX5935mLcWnHzmEP2B8/kDQoyQkQ==</latexit>

N(p)
<latexit sha1_base64="M+MajbH6Nnd5sKUbNlbiYIHp5YU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxJBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+7r8fmwWnMbbg60SryC1KBAa1j9GowikggqDeFY677nxsZPsTKMcDqvDBJNY0ymeEz7lkosqPbT/NY5OrPKCIWRsiUNytXfEykWWs9EYDsFNhO97GXif14/MeG1nzIZJ4ZKslgUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeCo2BG/55VXSuWh4bsN7uKw1b4o4ynACp1AHD66gCXfQgjYQmMAzvMKbI5wX5935WLSWnGLmGP7A+fwBO4+NsQ==</latexit><latexit sha1_base64="M+MajbH6Nnd5sKUbNlbiYIHp5YU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxJBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+7r8fmwWnMbbg60SryC1KBAa1j9GowikggqDeFY677nxsZPsTKMcDqvDBJNY0ymeEz7lkosqPbT/NY5OrPKCIWRsiUNytXfEykWWs9EYDsFNhO97GXif14/MeG1nzIZJ4ZKslgUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeCo2BG/55VXSuWh4bsN7uKw1b4o4ynACp1AHD66gCXfQgjYQmMAzvMKbI5wX5935WLSWnGLmGP7A+fwBO4+NsQ==</latexit><latexit sha1_base64="M+MajbH6Nnd5sKUbNlbiYIHp5YU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxJBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+7r8fmwWnMbbg60SryC1KBAa1j9GowikggqDeFY677nxsZPsTKMcDqvDBJNY0ymeEz7lkosqPbT/NY5OrPKCIWRsiUNytXfEykWWs9EYDsFNhO97GXif14/MeG1nzIZJ4ZKslgUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeCo2BG/55VXSuWh4bsN7uKw1b4o4ynACp1AHD66gCXfQgjYQmMAzvMKbI5wX5935WLSWnGLmGP7A+fwBO4+NsQ==</latexit><latexit sha1_base64="M+MajbH6Nnd5sKUbNlbiYIHp5YU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxJBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+7r8fmwWnMbbg60SryC1KBAa1j9GowikggqDeFY677nxsZPsTKMcDqvDBJNY0ymeEz7lkosqPbT/NY5OrPKCIWRsiUNytXfEykWWs9EYDsFNhO97GXif14/MeG1nzIZJ4ZKslgUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeCo2BG/55VXSuWh4bsN7uKw1b4o4ynACp1AHD66gCXfQgjYQmMAzvMKbI5wX5935WLSWnGLmGP7A+fwBO4+NsQ==</latexit>

hX|
<latexit sha1_base64="g4O+65e9RBn/LQ+BJWziwKKyn8w=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0swm7E6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeTaiEQ94CTlQUyHSkSCUbSS35NUDSUnXfLUr9bcujsHWSVeQWpQoNmvfvUGCctirpBJaozvuSkGOdUomOTTSi8zPKVsTIfct1TRmJsgn588JWdWGZAo0bYUkrn6eyKnsTGTOLSdMcWRWfZm4n+en2F0HeRCpRlyxRaLokwSTMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgwSe4RXeHHRenHfnY9FacoqZY/gD5/MHmsiQyw==</latexit><latexit sha1_base64="g4O+65e9RBn/LQ+BJWziwKKyn8w=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0swm7E6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeTaiEQ94CTlQUyHSkSCUbSS35NUDSUnXfLUr9bcujsHWSVeQWpQoNmvfvUGCctirpBJaozvuSkGOdUomOTTSi8zPKVsTIfct1TRmJsgn588JWdWGZAo0bYUkrn6eyKnsTGTOLSdMcWRWfZm4n+en2F0HeRCpRlyxRaLokwSTMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgwSe4RXeHHRenHfnY9FacoqZY/gD5/MHmsiQyw==</latexit><latexit sha1_base64="g4O+65e9RBn/LQ+BJWziwKKyn8w=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0swm7E6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeTaiEQ94CTlQUyHSkSCUbSS35NUDSUnXfLUr9bcujsHWSVeQWpQoNmvfvUGCctirpBJaozvuSkGOdUomOTTSi8zPKVsTIfct1TRmJsgn588JWdWGZAo0bYUkrn6eyKnsTGTOLSdMcWRWfZm4n+en2F0HeRCpRlyxRaLokwSTMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgwSe4RXeHHRenHfnY9FacoqZY/gD5/MHmsiQyw==</latexit><latexit sha1_base64="g4O+65e9RBn/LQ+BJWziwKKyn8w=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0swm7E6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeTaiEQ94CTlQUyHSkSCUbSS35NUDSUnXfLUr9bcujsHWSVeQWpQoNmvfvUGCctirpBJaozvuSkGOdUomOTTSi8zPKVsTIfct1TRmJsgn588JWdWGZAo0bYUkrn6eyKnsTGTOLSdMcWRWfZm4n+en2F0HeRCpRlyxRaLokwSTMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgwSe4RXeHHRenHfnY9FacoqZY/gD5/MHmsiQyw==</latexit>

Jem
µ (0)

<latexit sha1_base64="C+efSnx4g6SMAQ2nJLA2v3X98UM=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LLoRlxVsA9oYphMJ+3QmUmYmQghxF9x40IRt36IO//GaZuFth64cDjnXu69J0wYVdpxvq2V1bX1jc3KVnV7Z3dv3z447Ko4lZh0cMxi2Q+RIowK0tFUM9JPJEE8ZKQXTq6nfu+RSEVjca+zhPgcjQSNKEbaSIFdu33IPckh4UWQezwtGs5pYNedpjMDXCZuSeqgRDuwv7xhjFNOhMYMKTVwnUT7OZKaYkaKqpcqkiA8QSMyMFQgTpSfz44v4IlRhjCKpSmh4Uz9PZEjrlTGQ9PJkR6rRW8q/ucNUh1d+jkVSaqJwPNFUcqgjuE0CTikkmDNMkMQltTcCvEYSYS1yatqQnAXX14m3bOm6zTdu/N666qMowKOwDFoABdcgBa4AW3QARhk4Bm8gjfryXqx3q2PeeuKVc7UwB9Ynz/zxZRM</latexit><latexit sha1_base64="C+efSnx4g6SMAQ2nJLA2v3X98UM=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LLoRlxVsA9oYphMJ+3QmUmYmQghxF9x40IRt36IO//GaZuFth64cDjnXu69J0wYVdpxvq2V1bX1jc3KVnV7Z3dv3z447Ko4lZh0cMxi2Q+RIowK0tFUM9JPJEE8ZKQXTq6nfu+RSEVjca+zhPgcjQSNKEbaSIFdu33IPckh4UWQezwtGs5pYNedpjMDXCZuSeqgRDuwv7xhjFNOhMYMKTVwnUT7OZKaYkaKqpcqkiA8QSMyMFQgTpSfz44v4IlRhjCKpSmh4Uz9PZEjrlTGQ9PJkR6rRW8q/ucNUh1d+jkVSaqJwPNFUcqgjuE0CTikkmDNMkMQltTcCvEYSYS1yatqQnAXX14m3bOm6zTdu/N666qMowKOwDFoABdcgBa4AW3QARhk4Bm8gjfryXqx3q2PeeuKVc7UwB9Ynz/zxZRM</latexit><latexit sha1_base64="C+efSnx4g6SMAQ2nJLA2v3X98UM=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LLoRlxVsA9oYphMJ+3QmUmYmQghxF9x40IRt36IO//GaZuFth64cDjnXu69J0wYVdpxvq2V1bX1jc3KVnV7Z3dv3z447Ko4lZh0cMxi2Q+RIowK0tFUM9JPJEE8ZKQXTq6nfu+RSEVjca+zhPgcjQSNKEbaSIFdu33IPckh4UWQezwtGs5pYNedpjMDXCZuSeqgRDuwv7xhjFNOhMYMKTVwnUT7OZKaYkaKqpcqkiA8QSMyMFQgTpSfz44v4IlRhjCKpSmh4Uz9PZEjrlTGQ9PJkR6rRW8q/ucNUh1d+jkVSaqJwPNFUcqgjuE0CTikkmDNMkMQltTcCvEYSYS1yatqQnAXX14m3bOm6zTdu/N666qMowKOwDFoABdcgBa4AW3QARhk4Bm8gjfryXqx3q2PeeuKVc7UwB9Ynz/zxZRM</latexit><latexit sha1_base64="C+efSnx4g6SMAQ2nJLA2v3X98UM=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LLoRlxVsA9oYphMJ+3QmUmYmQghxF9x40IRt36IO//GaZuFth64cDjnXu69J0wYVdpxvq2V1bX1jc3KVnV7Z3dv3z447Ko4lZh0cMxi2Q+RIowK0tFUM9JPJEE8ZKQXTq6nfu+RSEVjca+zhPgcjQSNKEbaSIFdu33IPckh4UWQezwtGs5pYNedpjMDXCZuSeqgRDuwv7xhjFNOhMYMKTVwnUT7OZKaYkaKqpcqkiA8QSMyMFQgTpSfz44v4IlRhjCKpSmh4Uz9PZEjrlTGQ9PJkR6rRW8q/ucNUh1d+jkVSaqJwPNFUcqgjuE0CTikkmDNMkMQltTcCvEYSYS1yatqQnAXX14m3bOm6zTdu/N666qMowKOwDFoABdcgBa4AW3QARhk4Bm8gjfryXqx3q2PeeuKVc7UwB9Ynz/zxZRM</latexit>

Hadronic final state

|N,�i
<latexit sha1_base64="FonxXwuzA/C70JuPYDpd1sXFg18=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCBymJCHosevEkFewHNKFstpt06WYTdjdiif0rXjwo4tU/4s1/47bNQVsfDDzem2FmXpByprTjfFulldW19Y3yZmVre2d3z96vtlWSSUJbJOGJ7AZYUc4EbWmmOe2mkuI44LQTjK6nfueBSsUSca/HKfVjHAkWMoK1kfp29QndnnqKRTFGnsQi4rRv15y6MwNaJm5BalCg2be/vEFCspgKTThWquc6qfZzLDUjnE4qXqZoiskIR7RnqMAxVX4+u32Cjo0yQGEiTQmNZurviRzHSo3jwHTGWA/VojcV//N6mQ4v/ZyJNNNUkPmiMONIJ2gaBBowSYnmY0MwkczcisgQS0y0iatiQnAXX14m7bO669Tdu/Na46qIowyHcAQn4MIFNOAGmtACAo/wDK/wZk2sF+vd+pi3lqxi5gD+wPr8AR84k9c=</latexit><latexit sha1_base64="FonxXwuzA/C70JuPYDpd1sXFg18=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCBymJCHosevEkFewHNKFstpt06WYTdjdiif0rXjwo4tU/4s1/47bNQVsfDDzem2FmXpByprTjfFulldW19Y3yZmVre2d3z96vtlWSSUJbJOGJ7AZYUc4EbWmmOe2mkuI44LQTjK6nfueBSsUSca/HKfVjHAkWMoK1kfp29QndnnqKRTFGnsQi4rRv15y6MwNaJm5BalCg2be/vEFCspgKTThWquc6qfZzLDUjnE4qXqZoiskIR7RnqMAxVX4+u32Cjo0yQGEiTQmNZurviRzHSo3jwHTGWA/VojcV//N6mQ4v/ZyJNNNUkPmiMONIJ2gaBBowSYnmY0MwkczcisgQS0y0iatiQnAXX14m7bO669Tdu/Na46qIowyHcAQn4MIFNOAGmtACAo/wDK/wZk2sF+vd+pi3lqxi5gD+wPr8AR84k9c=</latexit><latexit sha1_base64="FonxXwuzA/C70JuPYDpd1sXFg18=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCBymJCHosevEkFewHNKFstpt06WYTdjdiif0rXjwo4tU/4s1/47bNQVsfDDzem2FmXpByprTjfFulldW19Y3yZmVre2d3z96vtlWSSUJbJOGJ7AZYUc4EbWmmOe2mkuI44LQTjK6nfueBSsUSca/HKfVjHAkWMoK1kfp29QndnnqKRTFGnsQi4rRv15y6MwNaJm5BalCg2be/vEFCspgKTThWquc6qfZzLDUjnE4qXqZoiskIR7RnqMAxVX4+u32Cjo0yQGEiTQmNZurviRzHSo3jwHTGWA/VojcV//N6mQ4v/ZyJNNNUkPmiMONIJ2gaBBowSYnmY0MwkczcisgQS0y0iatiQnAXX14m7bO669Tdu/Na46qIowyHcAQn4MIFNOAGmtACAo/wDK/wZk2sF+vd+pi3lqxi5gD+wPr8AR84k9c=</latexit><latexit sha1_base64="FonxXwuzA/C70JuPYDpd1sXFg18=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCBymJCHosevEkFewHNKFstpt06WYTdjdiif0rXjwo4tU/4s1/47bNQVsfDDzem2FmXpByprTjfFulldW19Y3yZmVre2d3z96vtlWSSUJbJOGJ7AZYUc4EbWmmOe2mkuI44LQTjK6nfueBSsUSca/HKfVjHAkWMoK1kfp29QndnnqKRTFGnsQi4rRv15y6MwNaJm5BalCg2be/vEFCspgKTThWquc6qfZzLDUjnE4qXqZoiskIR7RnqMAxVX4+u32Cjo0yQGEiTQmNZurviRzHSo3jwHTGWA/VojcV//N6mQ4v/ZyJNNNUkPmiMONIJ2gaBBowSYnmY0MwkczcisgQS0y0iatiQnAXX14m7bO669Tdu/Na46qIowyHcAQn4MIFNOAGmtACAo/wDK/wZk2sF+vd+pi3lqxi5gD+wPr8AR84k9c=</latexit>

Nucleon/nucleus initial state

Electromagnetic current 

d� =
1

F

d3k0

2E0(2⇡)3
1

4

X

���0

|M|2
<latexit sha1_base64="kVKwn0CEUHX5Rg558pYsXwYOPfo="></latexit><latexit sha1_base64="kVKwn0CEUHX5Rg558pYsXwYOPfo="></latexit><latexit sha1_base64="kVKwn0CEUHX5Rg558pYsXwYOPfo="></latexit><latexit sha1_base64="kVKwn0CEUHX5Rg558pYsXwYOPfo="></latexit>

Cross section:

Flux factor: F = 4p · k
<latexit sha1_base64="9bmcDfRaonpiIBmcm8Bew/9esAU=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquFPQiFAXxWMF+QLuUbDbbhmaTJZkVaukv8eJBEa/+FG/+G9N2D9r6YODx3gwz88JUcAOe9+0U1tY3NreK26Wd3b39sntw2DIq05Q1qRJKd0JimOCSNYGDYJ1UM5KEgrXD0c3Mbz8ybbiSDzBOWZCQgeQxpwSs1HfLt/gK13CKezRSgEd9t+JVvTnwKvFzUkE5Gn33qxcpmiVMAhXEmK7vpRBMiAZOBZuWeplhKaEjMmBdSyVJmAkm88On+NQqEY6VtiUBz9XfExOSGDNOQtuZEBiaZW8m/ud1M4gvgwmXaQZM0sWiOBMYFJ6lgCOuGQUxtoRQze2tmA6JJhRsViUbgr/88ippnVd9r+rf1yr16zyOIjpGJ+gM+egC1dEdaqAmoihDz+gVvTlPzovz7nwsWgtOPnOE/sD5/AEr15F5</latexit><latexit sha1_base64="9bmcDfRaonpiIBmcm8Bew/9esAU=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquFPQiFAXxWMF+QLuUbDbbhmaTJZkVaukv8eJBEa/+FG/+G9N2D9r6YODx3gwz88JUcAOe9+0U1tY3NreK26Wd3b39sntw2DIq05Q1qRJKd0JimOCSNYGDYJ1UM5KEgrXD0c3Mbz8ybbiSDzBOWZCQgeQxpwSs1HfLt/gK13CKezRSgEd9t+JVvTnwKvFzUkE5Gn33qxcpmiVMAhXEmK7vpRBMiAZOBZuWeplhKaEjMmBdSyVJmAkm88On+NQqEY6VtiUBz9XfExOSGDNOQtuZEBiaZW8m/ud1M4gvgwmXaQZM0sWiOBMYFJ6lgCOuGQUxtoRQze2tmA6JJhRsViUbgr/88ippnVd9r+rf1yr16zyOIjpGJ+gM+egC1dEdaqAmoihDz+gVvTlPzovz7nwsWgtOPnOE/sD5/AEr15F5</latexit><latexit sha1_base64="9bmcDfRaonpiIBmcm8Bew/9esAU=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquFPQiFAXxWMF+QLuUbDbbhmaTJZkVaukv8eJBEa/+FG/+G9N2D9r6YODx3gwz88JUcAOe9+0U1tY3NreK26Wd3b39sntw2DIq05Q1qRJKd0JimOCSNYGDYJ1UM5KEgrXD0c3Mbz8ybbiSDzBOWZCQgeQxpwSs1HfLt/gK13CKezRSgEd9t+JVvTnwKvFzUkE5Gn33qxcpmiVMAhXEmK7vpRBMiAZOBZuWeplhKaEjMmBdSyVJmAkm88On+NQqEY6VtiUBz9XfExOSGDNOQtuZEBiaZW8m/ud1M4gvgwmXaQZM0sWiOBMYFJ6lgCOuGQUxtoRQze2tmA6JJhRsViUbgr/88ippnVd9r+rf1yr16zyOIjpGJ+gM+egC1dEdaqAmoihDz+gVvTlPzovz7nwsWgtOPnOE/sD5/AEr15F5</latexit><latexit sha1_base64="9bmcDfRaonpiIBmcm8Bew/9esAU=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquFPQiFAXxWMF+QLuUbDbbhmaTJZkVaukv8eJBEa/+FG/+G9N2D9r6YODx3gwz88JUcAOe9+0U1tY3NreK26Wd3b39sntw2DIq05Q1qRJKd0JimOCSNYGDYJ1UM5KEgrXD0c3Mbz8ybbiSDzBOWZCQgeQxpwSs1HfLt/gK13CKezRSgEd9t+JVvTnwKvFzUkE5Gn33qxcpmiVMAhXEmK7vpRBMiAZOBZuWeplhKaEjMmBdSyVJmAkm88On+NQqEY6VtiUBz9XfExOSGDNOQtuZEBiaZW8m/ud1M4gvgwmXaQZM0sWiOBMYFJ6lgCOuGQUxtoRQze2tmA6JJhRsViUbgr/88ippnVd9r+rf1yr16zyOIjpGJ+gM+egC1dEdaqAmoihDz+gVvTlPzovz7nwsWgtOPnOE/sD5/AEr15F5</latexit> Sum performed over the polarization states

<latexit sha1_base64="vzbl+Y5Y1YhItWmC6Emh3QcHt7I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6IG3SK1fcqjsDWSZeTiqQo94rf3X7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m506ISdW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSE137GZZIalGy+KEwFMTGZ/k36XCEzYmwJZYrbWwkbUkWZsemUbAje4svLpHlW9S6rF/fnldpNHkcRjuAYTsGDK6jBHdShAQwG8Ayv8OYI58V5dz7mrQUnnzmEP3A+fwBkao06</latexit>

X
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t

I

l

l’

h

Neutral Weak Current (NC)

Charged Current (CC)
<latexit sha1_base64="M2VaGMLWVvzGJFERXML3hTlZbGI=">AAAB7nicdVBNSwMxEM3Wr1q/qh69BIvgqWSL1vZW9OKxgu0W2rVk07QNTbIhyQpl6Y/w4kERr/4eb/4bs20FFX0w8Hhvhpl5keLMWIQ+vNzK6tr6Rn6zsLW9s7tX3D9omzjRhLZIzGPdibChnEnassxy2lGaYhFxGkSTq8wP7qk2LJa3dqpoKPBIsiEj2DopCO7SnhKzfrGEysihWoUZ8WvId6Rer1UqdejPLYRKYIlmv/jeG8QkEVRawrExXR8pG6ZYW0Y4nRV6iaEKkwke0a6jEgtqwnR+7gyeOGUAh7F2JS2cq98nUiyMmYrIdQpsx+a3l4l/ed3EDmthyqRKLJVksWiYcGhjmP0OB0xTYvnUEUw0c7dCMsYaE+sSKrgQvj6F/5N2pexXy+c3Z6XG5TKOPDgCx+AU+OACNMA1aIIWIGACHsATePaU9+i9eK+L1py3nDkEP+C9fQLVZI/t</latexit>

W±

( neutrino scattering)

 

t

I

dσ ∼

2

= ∼ LμνWμν

<latexit sha1_base64="A6Ztuh8C1/hGfFv8NaIv/m13hu0=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68eAhglkwM4aeTk/SpKdn6EUIQ/7CiwdFvPo33vwbO8kcNPFBweO9KqrqhSlnSrvut1NYWl5ZXSuulzY2t7Z3yrt7TZUYSWiDJDyR7RArypmgDc00p+1UUhyHnLbC4fXEbz1RqVgi7vUopUGM+4JFjGBtpYfbx8yPjS/MuFuuuFV3CrRIvJxUIEe9W/7yewkxMRWacKxUx3NTHWRYakY4HZd8o2iKyRD3acdSgWOqgmx68RgdWaWHokTaEhpN1d8TGY6VGsWh7YyxHqh5byL+53WMji6DjInUaCrIbFFkONIJmryPekxSovnIEkwks7ciMsASE21DKtkQvPmXF0nzpOqdV8/uTiu1qzyOIhzAIRyDBxdQgxuoQwMICHiGV3hzlPPivDsfs9aCk8/swx84nz/QxZEH</latexit>

Lµ⌫

Wμν

lepton 
tensor

hadron 
tensor

l(k) l’(k’)

h(p)

Consider only one photon exchange 
Masses of leptons and hadron are neglected

<latexit sha1_base64="1z0Yj1WCAL6pssdBUGXM991gglA=">AAAB6HicdVBNSwMxEM3Wr1q/qh69BIvgqWSL1vZW9OKxBfuB7VKy6Wwbm80uSVYopb/AiwdFvPqTvPlvzLYVVPTBwOO9GWbm+bHg2hDy4WRWVtfWN7Kbua3tnd29/P5BS0eJYtBkkYhUx6caBJfQNNwI6MQKaOgLaPvjq9Rv34PSPJI3ZhKDF9Kh5AFn1FipcdvPF0iRWJTLOCVuhbiWVKuVUqmK3blFSAEtUe/n33uDiCUhSMME1brrkth4U6oMZwJmuV6iIaZsTIfQtVTSELQ3nR86wydWGeAgUrakwXP1+8SUhlpPQt92htSM9G8vFf/yuokJKt6UyzgxINliUZAIbCKcfo0HXAEzYmIJZYrbWzEbUUWZsdnkbAhfn+L/SatUdMvF88ZZoXa5jCOLjtAxOkUuukA1dI3qqIkYAvSAntCzc+c8Oi/O66I14yxnDtEPOG+fE1WNJQ==</latexit>

Z

In addition to exchanged photon one can have
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DIS cross section can be written in 
the factorized way:

Leptonic tensor: can be evaluated straightforwardly

Final result:

Lµ⌫
em =

1

2
Tr(k/0�µk/�⌫) = 2(kµk0

⌫
+ k0

µ
k⌫ � 1

2
Q2gµ⌫)

<latexit sha1_base64="xCWiEt0NPIw9UW4JWGmhIk9DAIQ="></latexit><latexit sha1_base64="xCWiEt0NPIw9UW4JWGmhIk9DAIQ="></latexit><latexit sha1_base64="xCWiEt0NPIw9UW4JWGmhIk9DAIQ="></latexit><latexit sha1_base64="xCWiEt0NPIw9UW4JWGmhIk9DAIQ="></latexit>

Note that it only depends on 4-momenta of initial, final leptons and photon 4-momentum

Lµ⌫
em =

1

2

X

s0

ū(s0)
↵ (k0)�µ

↵�

X

s

u(s)
� (k)ū(s)

� (k)�⌫
��u

(s0)
� (k0)

<latexit sha1_base64="5/NkyhHXln7mBFoRs24GHcKhf1s="></latexit><latexit sha1_base64="5/NkyhHXln7mBFoRs24GHcKhf1s="></latexit><latexit sha1_base64="5/NkyhHXln7mBFoRs24GHcKhf1s="></latexit><latexit sha1_base64="5/NkyhHXln7mBFoRs24GHcKhf1s="></latexit>

Consider only photon exchange 
Masses of leptons and hadron are neglected

<latexit sha1_base64="FgBgizeVJzSGvC6mzNqoDNo/vq0="></latexit>

d2�

dE0d⌦
=

↵2
em

Q4

E0

E
Lem
µ⌫ W

µ⌫

lepton tensor

hadron tensor
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Two independent structure functions (unpolarized, only photon exchange):

Decomposition of the hadronic tensor:

Definition of the hadronic tensor:

MW1 = F1
<latexit sha1_base64="rbP/Ui0sGB2Z6S2XHWBQhyWe+8I=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU8mKoBehKIgXoYL9gDSEzXbTLt1kw+5EKKE/w4sHRbz6a7z5b9y2OWjrg4HHezPMzAtTKQy47rdTWlldW98ob1a2tnd296r7B22jMs14iympdDekhkuR8BYIkLybak7jUPJOOLqZ+p0nro1QySOMU+7HdJCISDAKVvLucScg+ArfBiSo1ty6OwNeJqQgNVSgGVS/en3FspgnwCQ1xiNuCn5ONQgm+aTSywxPKRvRAfcsTWjMjZ/PTp7gE6v0caS0rQTwTP09kdPYmHEc2s6YwtAselPxP8/LILr0c5GkGfCEzRdFmcSg8PR/3BeaM5BjSyjTwt6K2ZBqysCmVLEhkMWXl0n7rE7cOnk4rzWuizjK6Agdo1NE0AVqoDvURC3EkELP6BW9OeC8OO/Ox7y15BQzh+gPnM8ftHqPjw==</latexit><latexit sha1_base64="rbP/Ui0sGB2Z6S2XHWBQhyWe+8I=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU8mKoBehKIgXoYL9gDSEzXbTLt1kw+5EKKE/w4sHRbz6a7z5b9y2OWjrg4HHezPMzAtTKQy47rdTWlldW98ob1a2tnd296r7B22jMs14iympdDekhkuR8BYIkLybak7jUPJOOLqZ+p0nro1QySOMU+7HdJCISDAKVvLucScg+ArfBiSo1ty6OwNeJqQgNVSgGVS/en3FspgnwCQ1xiNuCn5ONQgm+aTSywxPKRvRAfcsTWjMjZ/PTp7gE6v0caS0rQTwTP09kdPYmHEc2s6YwtAselPxP8/LILr0c5GkGfCEzRdFmcSg8PR/3BeaM5BjSyjTwt6K2ZBqysCmVLEhkMWXl0n7rE7cOnk4rzWuizjK6Agdo1NE0AVqoDvURC3EkELP6BW9OeC8OO/Ox7y15BQzh+gPnM8ftHqPjw==</latexit><latexit sha1_base64="rbP/Ui0sGB2Z6S2XHWBQhyWe+8I=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU8mKoBehKIgXoYL9gDSEzXbTLt1kw+5EKKE/w4sHRbz6a7z5b9y2OWjrg4HHezPMzAtTKQy47rdTWlldW98ob1a2tnd296r7B22jMs14iympdDekhkuR8BYIkLybak7jUPJOOLqZ+p0nro1QySOMU+7HdJCISDAKVvLucScg+ArfBiSo1ty6OwNeJqQgNVSgGVS/en3FspgnwCQ1xiNuCn5ONQgm+aTSywxPKRvRAfcsTWjMjZ/PTp7gE6v0caS0rQTwTP09kdPYmHEc2s6YwtAselPxP8/LILr0c5GkGfCEzRdFmcSg8PR/3BeaM5BjSyjTwt6K2ZBqysCmVLEhkMWXl0n7rE7cOnk4rzWuizjK6Agdo1NE0AVqoDvURC3EkELP6BW9OeC8OO/Ox7y15BQzh+gPnM8ftHqPjw==</latexit><latexit sha1_base64="rbP/Ui0sGB2Z6S2XHWBQhyWe+8I=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU8mKoBehKIgXoYL9gDSEzXbTLt1kw+5EKKE/w4sHRbz6a7z5b9y2OWjrg4HHezPMzAtTKQy47rdTWlldW98ob1a2tnd296r7B22jMs14iympdDekhkuR8BYIkLybak7jUPJOOLqZ+p0nro1QySOMU+7HdJCISDAKVvLucScg+ArfBiSo1ty6OwNeJqQgNVSgGVS/en3FspgnwCQ1xiNuCn5ONQgm+aTSywxPKRvRAfcsTWjMjZ/PTp7gE6v0caS0rQTwTP09kdPYmHEc2s6YwtAselPxP8/LILr0c5GkGfCEzRdFmcSg8PR/3BeaM5BjSyjTwt6K2ZBqysCmVLEhkMWXl0n7rE7cOnk4rzWuizjK6Agdo1NE0AVqoDvURC3EkELP6BW9OeC8OO/Ox7y15BQzh+gPnM8ftHqPjw==</latexit>

Q2

2Mx
W2 = F2

<latexit sha1_base64="bNp+GWKz80FAGJlhZvoMEMnHAu0=">AAACAnicbVDLSsNAFL3xWesr6krcDBbBVUmCoBuhKIgboQX7gDaGyXTSDp08mJmIJRQ3/oobF4q49Svc+TdO2yy09cCFwzn3cu89fsKZVJb1bSwsLi2vrBbWiusbm1vb5s5uQ8apILROYh6Llo8l5SyidcUUp61EUBz6nDb9weXYb95TIVkc3aphQt0Q9yIWMIKVljxzvxMITLLanTPKnJuHEWp6DjpHV57jmSWrbE2A5omdkxLkqHrmV6cbkzSkkSIcS9m2rUS5GRaKEU5HxU4qaYLJAPdoW9MIh1S62eSFETrSShcFsdAVKTRRf09kOJRyGPq6M8SqL2e9sfif105VcOZmLEpSRSMyXRSkHKkYjfNAXSYoUXyoCSaC6VsR6WOdidKpFXUI9uzL86ThlG2rbNdOSpWLPI4CHMAhHIMNp1CBa6hCHQg8wjO8wpvxZLwY78bHtHXByGf24A+Mzx/YXZXB</latexit><latexit sha1_base64="bNp+GWKz80FAGJlhZvoMEMnHAu0=">AAACAnicbVDLSsNAFL3xWesr6krcDBbBVUmCoBuhKIgboQX7gDaGyXTSDp08mJmIJRQ3/oobF4q49Svc+TdO2yy09cCFwzn3cu89fsKZVJb1bSwsLi2vrBbWiusbm1vb5s5uQ8apILROYh6Llo8l5SyidcUUp61EUBz6nDb9weXYb95TIVkc3aphQt0Q9yIWMIKVljxzvxMITLLanTPKnJuHEWp6DjpHV57jmSWrbE2A5omdkxLkqHrmV6cbkzSkkSIcS9m2rUS5GRaKEU5HxU4qaYLJAPdoW9MIh1S62eSFETrSShcFsdAVKTRRf09kOJRyGPq6M8SqL2e9sfif105VcOZmLEpSRSMyXRSkHKkYjfNAXSYoUXyoCSaC6VsR6WOdidKpFXUI9uzL86ThlG2rbNdOSpWLPI4CHMAhHIMNp1CBa6hCHQg8wjO8wpvxZLwY78bHtHXByGf24A+Mzx/YXZXB</latexit><latexit sha1_base64="bNp+GWKz80FAGJlhZvoMEMnHAu0=">AAACAnicbVDLSsNAFL3xWesr6krcDBbBVUmCoBuhKIgboQX7gDaGyXTSDp08mJmIJRQ3/oobF4q49Svc+TdO2yy09cCFwzn3cu89fsKZVJb1bSwsLi2vrBbWiusbm1vb5s5uQ8apILROYh6Llo8l5SyidcUUp61EUBz6nDb9weXYb95TIVkc3aphQt0Q9yIWMIKVljxzvxMITLLanTPKnJuHEWp6DjpHV57jmSWrbE2A5omdkxLkqHrmV6cbkzSkkSIcS9m2rUS5GRaKEU5HxU4qaYLJAPdoW9MIh1S62eSFETrSShcFsdAVKTRRf09kOJRyGPq6M8SqL2e9sfif105VcOZmLEpSRSMyXRSkHKkYjfNAXSYoUXyoCSaC6VsR6WOdidKpFXUI9uzL86ThlG2rbNdOSpWLPI4CHMAhHIMNp1CBa6hCHQg8wjO8wpvxZLwY78bHtHXByGf24A+Mzx/YXZXB</latexit><latexit sha1_base64="bNp+GWKz80FAGJlhZvoMEMnHAu0=">AAACAnicbVDLSsNAFL3xWesr6krcDBbBVUmCoBuhKIgboQX7gDaGyXTSDp08mJmIJRQ3/oobF4q49Svc+TdO2yy09cCFwzn3cu89fsKZVJb1bSwsLi2vrBbWiusbm1vb5s5uQ8apILROYh6Llo8l5SyidcUUp61EUBz6nDb9weXYb95TIVkc3aphQt0Q9yIWMIKVljxzvxMITLLanTPKnJuHEWp6DjpHV57jmSWrbE2A5omdkxLkqHrmV6cbkzSkkSIcS9m2rUS5GRaKEU5HxU4qaYLJAPdoW9MIh1S62eSFETrSShcFsdAVKTRRf09kOJRyGPq6M8SqL2e9sfif105VcOZmLEpSRSMyXRSkHKkYjfNAXSYoUXyoCSaC6VsR6WOdidKpFXUI9uzL86ThlG2rbNdOSpWLPI4CHMAhHIMNp1CBa6hCHQg8wjO8wpvxZLwY78bHtHXByGf24A+Mzx/YXZXB</latexit>

Dimensionless

Hadronic tensor contains all the information 
about the hadron involved in the process. 

Depends on the 4-momenta of the incoming 
nucleon and the photon

<latexit sha1_base64="1oW0/dcDEERi9GcXJ+jwEm4CbSw="></latexit>

Wµ⌫(p, q) = �W1(gµ⌫ � qµq⌫
q2

) +
W2

M2
(pµ � p · q

q2
qµ) · (p⌫ � p · q

q2
q⌫)

<latexit sha1_base64="iMHM8vVjAf7AtRFtMeUtGXR53oo="></latexit>

Wµ⌫(p, q) =
1

4M

X

�

X

X

(2⇡)4�4(pX � p� q) < N�|Jem
µ (0)|X >< X|Jem

⌫ (0)|N� >
<latexit sha1_base64="FNL6gy09LZyqr8nONe9eHNEakME="></latexit>

Wµ⌫(p, q) =
1

4M

X

�

Z
d4⇠

2⇡
eiq⇠ < N�|Jem

µ (⇠) Jem
⌫ (0)|N� >
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If proton consisted  of pointlike constituents which do not interact, then the scattering off 
proton will be just an incoherent scattering off the pointlike constituents.

d2�

d⌦dE0 =
↵2

4E2 sin4 ⇥
2

(2W1 sin
2 ⇥

2
+W2 cos

2 ⇥

2
)

<latexit sha1_base64="71itYOWodcvkACjS9SLfHp8QcFA="></latexit><latexit sha1_base64="71itYOWodcvkACjS9SLfHp8QcFA="></latexit><latexit sha1_base64="71itYOWodcvkACjS9SLfHp8QcFA="></latexit><latexit sha1_base64="71itYOWodcvkACjS9SLfHp8QcFA="></latexit>

⇥
<latexit sha1_base64="Gg7GaFlt/G3HnN5qAQsBRv8TGNg=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04jFCXpAsYXbSScbMziwzvUJY8g9ePCji1f/x5t84SfagiQUNRVU33V1RIoVF3//21tY3Nre2CzvF3b39g8PS0XHT6tRwaHAttWlHzIIUChooUEI7McDiSEIrGt/N/NYTGCu0quMkgTBmQyUGgjN0UrNbHwGyXqnsV/w56CoJclImOWq90le3r3kag0IumbWdwE8wzJhBwSVMi93UQsL4mA2h46hiMdgwm187pedO6dOBNq4U0rn6eyJjsbWTOHKdMcORXfZm4n9eJ8XBTZgJlaQIii8WDVJJUdPZ67QvDHCUE0cYN8LdSvmIGcbRBVR0IQTLL6+S5mUl8CvBw1W5epvHUSCn5IxckIBckyq5JzXSIJw8kmfySt487b14797HonXNy2dOyB94nz9y948I</latexit><latexit sha1_base64="Gg7GaFlt/G3HnN5qAQsBRv8TGNg=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04jFCXpAsYXbSScbMziwzvUJY8g9ePCji1f/x5t84SfagiQUNRVU33V1RIoVF3//21tY3Nre2CzvF3b39g8PS0XHT6tRwaHAttWlHzIIUChooUEI7McDiSEIrGt/N/NYTGCu0quMkgTBmQyUGgjN0UrNbHwGyXqnsV/w56CoJclImOWq90le3r3kag0IumbWdwE8wzJhBwSVMi93UQsL4mA2h46hiMdgwm187pedO6dOBNq4U0rn6eyJjsbWTOHKdMcORXfZm4n9eJ8XBTZgJlaQIii8WDVJJUdPZ67QvDHCUE0cYN8LdSvmIGcbRBVR0IQTLL6+S5mUl8CvBw1W5epvHUSCn5IxckIBckyq5JzXSIJw8kmfySt487b14797HonXNy2dOyB94nz9y948I</latexit><latexit sha1_base64="Gg7GaFlt/G3HnN5qAQsBRv8TGNg=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04jFCXpAsYXbSScbMziwzvUJY8g9ePCji1f/x5t84SfagiQUNRVU33V1RIoVF3//21tY3Nre2CzvF3b39g8PS0XHT6tRwaHAttWlHzIIUChooUEI7McDiSEIrGt/N/NYTGCu0quMkgTBmQyUGgjN0UrNbHwGyXqnsV/w56CoJclImOWq90le3r3kag0IumbWdwE8wzJhBwSVMi93UQsL4mA2h46hiMdgwm187pedO6dOBNq4U0rn6eyJjsbWTOHKdMcORXfZm4n9eJ8XBTZgJlaQIii8WDVJJUdPZ67QvDHCUE0cYN8LdSvmIGcbRBVR0IQTLL6+S5mUl8CvBw1W5epvHUSCn5IxckIBckyq5JzXSIJw8kmfySt487b14797HonXNy2dOyB94nz9y948I</latexit><latexit sha1_base64="Gg7GaFlt/G3HnN5qAQsBRv8TGNg=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04jFCXpAsYXbSScbMziwzvUJY8g9ePCji1f/x5t84SfagiQUNRVU33V1RIoVF3//21tY3Nre2CzvF3b39g8PS0XHT6tRwaHAttWlHzIIUChooUEI7McDiSEIrGt/N/NYTGCu0quMkgTBmQyUGgjN0UrNbHwGyXqnsV/w56CoJclImOWq90le3r3kag0IumbWdwE8wzJhBwSVMi93UQsL4mA2h46hiMdgwm187pedO6dOBNq4U0rn6eyJjsbWTOHKdMcORXfZm4n9eJ8XBTZgJlaQIii8WDVJJUdPZ67QvDHCUE0cYN8LdSvmIGcbRBVR0IQTLL6+S5mUl8CvBw1W5epvHUSCn5IxckIBckyq5JzXSIJw8kmfySt487b14797HonXNy2dOyB94nz9y948I</latexit>

Lepton scattering angle in the hadron rest frame

DIS cross section

Compare with electron-muon cross section
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<latexit sha1_base64="Ewos0YUYLjrVAMVSZDS88u+f3WI="></latexit><latexit sha1_base64="Ewos0YUYLjrVAMVSZDS88u+f3WI="></latexit><latexit sha1_base64="Ewos0YUYLjrVAMVSZDS88u+f3WI="></latexit><latexit sha1_base64="Ewos0YUYLjrVAMVSZDS88u+f3WI="></latexit>

Can read off structure functions in this case immediately
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<latexit sha1_base64="U12kKJIFLBM7H6iqR7suhcJY5VM="></latexit><latexit sha1_base64="U12kKJIFLBM7H6iqR7suhcJY5VM="></latexit><latexit sha1_base64="U12kKJIFLBM7H6iqR7suhcJY5VM="></latexit><latexit sha1_base64="U12kKJIFLBM7H6iqR7suhcJY5VM="></latexit>
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<latexit sha1_base64="BNTEG5iq49rvlPEcuprM5LTrykc="></latexit><latexit sha1_base64="BNTEG5iq49rvlPEcuprM5LTrykc="></latexit><latexit sha1_base64="BNTEG5iq49rvlPEcuprM5LTrykc="></latexit><latexit sha1_base64="BNTEG5iq49rvlPEcuprM5LTrykc="></latexit>
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Parton model

14

Parton distribution function

X

k

Z 1

0
dx xfk(x) = 1

<latexit sha1_base64="FcrJvzuDGguxmwGz2OBaWpXkeG0=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEqSElE0I1QdOOygn1AE8NkMmmHTCZhZiItoXs3/oobF4q49Qfc+TdO2yy09cCFwzn3cu89fsqoVJb1bSwtr6yurZc2yptb2zu75t5+WyaZwKSFE5aIro8kYZSTlqKKkW4qCIp9Rjp+dD3xOw9ESJrwOzVKiRujPqchxUhpyTMrjsxiL4IO5cqz7m0YDKFzAocw9KLa8BheQtszq1bdmgIuErsgVVCg6ZlfTpDgLCZcYYak7NlWqtwcCUUxI+Oyk0mSIhyhPulpylFMpJtPfxnDI60EMEyELq7gVP09kaNYylHs684YqYGc9ybif14vU+GFm1OeZopwPFsUZgyqBE6CgQEVBCs20gRhQfWtEA+QQFjp+Mo6BHv+5UXSPq3bVt2+Pas2roo4SuAQVEAN2OAcNMANaIIWwOARPINX8GY8GS/Gu/Exa10yipkD8AfG5w/tZZhi</latexit><latexit sha1_base64="FcrJvzuDGguxmwGz2OBaWpXkeG0=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEqSElE0I1QdOOygn1AE8NkMmmHTCZhZiItoXs3/oobF4q49Qfc+TdO2yy09cCFwzn3cu89fsqoVJb1bSwtr6yurZc2yptb2zu75t5+WyaZwKSFE5aIro8kYZSTlqKKkW4qCIp9Rjp+dD3xOw9ESJrwOzVKiRujPqchxUhpyTMrjsxiL4IO5cqz7m0YDKFzAocw9KLa8BheQtszq1bdmgIuErsgVVCg6ZlfTpDgLCZcYYak7NlWqtwcCUUxI+Oyk0mSIhyhPulpylFMpJtPfxnDI60EMEyELq7gVP09kaNYylHs684YqYGc9ybif14vU+GFm1OeZopwPFsUZgyqBE6CgQEVBCs20gRhQfWtEA+QQFjp+Mo6BHv+5UXSPq3bVt2+Pas2roo4SuAQVEAN2OAcNMANaIIWwOARPINX8GY8GS/Gu/Exa10yipkD8AfG5w/tZZhi</latexit><latexit sha1_base64="FcrJvzuDGguxmwGz2OBaWpXkeG0=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEqSElE0I1QdOOygn1AE8NkMmmHTCZhZiItoXs3/oobF4q49Qfc+TdO2yy09cCFwzn3cu89fsqoVJb1bSwtr6yurZc2yptb2zu75t5+WyaZwKSFE5aIro8kYZSTlqKKkW4qCIp9Rjp+dD3xOw9ESJrwOzVKiRujPqchxUhpyTMrjsxiL4IO5cqz7m0YDKFzAocw9KLa8BheQtszq1bdmgIuErsgVVCg6ZlfTpDgLCZcYYak7NlWqtwcCUUxI+Oyk0mSIhyhPulpylFMpJtPfxnDI60EMEyELq7gVP09kaNYylHs684YqYGc9ybif14vU+GFm1OeZopwPFsUZgyqBE6CgQEVBCs20gRhQfWtEA+QQFjp+Mo6BHv+5UXSPq3bVt2+Pas2roo4SuAQVEAN2OAcNMANaIIWwOARPINX8GY8GS/Gu/Exa10yipkD8AfG5w/tZZhi</latexit><latexit sha1_base64="FcrJvzuDGguxmwGz2OBaWpXkeG0=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEqSElE0I1QdOOygn1AE8NkMmmHTCZhZiItoXs3/oobF4q49Qfc+TdO2yy09cCFwzn3cu89fsqoVJb1bSwtr6yurZc2yptb2zu75t5+WyaZwKSFE5aIro8kYZSTlqKKkW4qCIp9Rjp+dD3xOw9ESJrwOzVKiRujPqchxUhpyTMrjsxiL4IO5cqz7m0YDKFzAocw9KLa8BheQtszq1bdmgIuErsgVVCg6ZlfTpDgLCZcYYak7NlWqtwcCUUxI+Oyk0mSIhyhPulpylFMpJtPfxnDI60EMEyELq7gVP09kaNYylHs684YqYGc9ybif14vU+GFm1OeZopwPFsUZgyqBE6CgQEVBCs20gRhQfWtEA+QQFjp+Mo6BHv+5UXSPq3bVt2+Pas2roo4SuAQVEAN2OAcNMANaIIWwOARPINX8GY8GS/Gu/Exa10yipkD8AfG5w/tZZhi</latexit>

Momentum sum rule

Structure functions:
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!

2
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<latexit sha1_base64="Jv3l/GKz40FMpomdwp5erFWU62k=">AAACFnicbVDLSsNAFJ34rPVVdelmsAgVtCRB0E2hKIgboQX7gCYNk+mkHTqZhJmJUEK/wo2/4saFIm7FnX/jtM1CWw9cOJxzL/fe48eMSmWa38bS8srq2npuI7+5tb2zW9jbb8ooEZg0cMQi0faRJIxy0lBUMdKOBUGhz0jLH15P/NYDEZJG/F6NYuKGqM9pQDFSWvIKZ3ctz+rGJYcnp/WufQJhBd54VgVCJxAIp04Ukj4ap/ZYy7ZXKJplcwq4SKyMFEGGmlf4cnoRTkLCFWZIyo5lxspNkVAUMzLOO4kkMcJD1CcdTTkKiXTT6VtjeKyVHgwioYsrOFV/T6QolHIU+rozRGog572J+J/XSVRw6aaUx4kiHM8WBQmDKoKTjGCPCoIVG2mCsKD6VogHSMehdJJ5HYI1//Iiadplyyxb9fNi9SqLIwcOwREoAQtcgCq4BTXQABg8gmfwCt6MJ+PFeDc+Zq1LRjZzAP7A+PwBc1Sccg==</latexit><latexit sha1_base64="Jv3l/GKz40FMpomdwp5erFWU62k=">AAACFnicbVDLSsNAFJ34rPVVdelmsAgVtCRB0E2hKIgboQX7gCYNk+mkHTqZhJmJUEK/wo2/4saFIm7FnX/jtM1CWw9cOJxzL/fe48eMSmWa38bS8srq2npuI7+5tb2zW9jbb8ooEZg0cMQi0faRJIxy0lBUMdKOBUGhz0jLH15P/NYDEZJG/F6NYuKGqM9pQDFSWvIKZ3ctz+rGJYcnp/WufQJhBd54VgVCJxAIp04Ukj4ap/ZYy7ZXKJplcwq4SKyMFEGGmlf4cnoRTkLCFWZIyo5lxspNkVAUMzLOO4kkMcJD1CcdTTkKiXTT6VtjeKyVHgwioYsrOFV/T6QolHIU+rozRGog572J+J/XSVRw6aaUx4kiHM8WBQmDKoKTjGCPCoIVG2mCsKD6VogHSMehdJJ5HYI1//Iiadplyyxb9fNi9SqLIwcOwREoAQtcgCq4BTXQABg8gmfwCt6MJ+PFeDc+Zq1LRjZzAP7A+PwBc1Sccg==</latexit><latexit sha1_base64="Jv3l/GKz40FMpomdwp5erFWU62k=">AAACFnicbVDLSsNAFJ34rPVVdelmsAgVtCRB0E2hKIgboQX7gCYNk+mkHTqZhJmJUEK/wo2/4saFIm7FnX/jtM1CWw9cOJxzL/fe48eMSmWa38bS8srq2npuI7+5tb2zW9jbb8ooEZg0cMQi0faRJIxy0lBUMdKOBUGhz0jLH15P/NYDEZJG/F6NYuKGqM9pQDFSWvIKZ3ctz+rGJYcnp/WufQJhBd54VgVCJxAIp04Ukj4ap/ZYy7ZXKJplcwq4SKyMFEGGmlf4cnoRTkLCFWZIyo5lxspNkVAUMzLOO4kkMcJD1CcdTTkKiXTT6VtjeKyVHgwioYsrOFV/T6QolHIU+rozRGog572J+J/XSVRw6aaUx4kiHM8WBQmDKoKTjGCPCoIVG2mCsKD6VogHSMehdJJ5HYI1//Iiadplyyxb9fNi9SqLIwcOwREoAQtcgCq4BTXQABg8gmfwCt6MJ+PFeDc+Zq1LRjZzAP7A+PwBc1Sccg==</latexit><latexit sha1_base64="Jv3l/GKz40FMpomdwp5erFWU62k=">AAACFnicbVDLSsNAFJ34rPVVdelmsAgVtCRB0E2hKIgboQX7gCYNk+mkHTqZhJmJUEK/wo2/4saFIm7FnX/jtM1CWw9cOJxzL/fe48eMSmWa38bS8srq2npuI7+5tb2zW9jbb8ooEZg0cMQi0faRJIxy0lBUMdKOBUGhz0jLH15P/NYDEZJG/F6NYuKGqM9pQDFSWvIKZ3ctz+rGJYcnp/WufQJhBd54VgVCJxAIp04Ukj4ap/ZYy7ZXKJplcwq4SKyMFEGGmlf4cnoRTkLCFWZIyo5lxspNkVAUMzLOO4kkMcJD1CcdTTkKiXTT6VtjeKyVHgwioYsrOFV/T6QolHIU+rozRGog572J+J/XSVRw6aaUx4kiHM8WBQmDKoKTjGCPCoIVG2mCsKD6VogHSMehdJJ5HYI1//Iiadplyyxb9fNi9SqLIwcOwREoAQtcgCq4BTXQABg8gmfwCt6MJ+PFeDc+Zq1LRjZzAP7A+PwBc1Sccg==</latexit>
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<latexit sha1_base64="z5HnEY60/QC1A00BqCN2SG4bL6o=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2WmCLoRioK4rGAf0I5DJs20oUlmSDLSMnTlxl9x40IRt36DO//GtJ2Fth64cDjnXu69J4gZVdpxvq3c0vLK6lp+vbCxubW9Y+/uNVSUSEzqOGKRbAVIEUYFqWuqGWnFkiAeMNIMBlcTv/lApKKRuNOjmHgc9QQNKUbaSL59eO1XSsMTeAE7KuE+hcSn9xU4DH1qZN8uOmVnCrhI3IwUQYaab391uhFOOBEaM6RU23Vi7aVIaooZGRc6iSIxwgPUI21DBeJEeen0jTE8NkoXhpE0JTScqr8nUsSVGvHAdHKk+2rem4j/ee1Eh+deSkWcaCLwbFGYMKgjOMkEdqkkWLORIQhLam6FuI8kwtokVzAhuPMvL5JGpew6Zff2tFi9zOLIgwNwBErABWegCm5ADdQBBo/gGbyCN+vJerHerY9Za87KZvbBH1ifP9b3ls8=</latexit><latexit sha1_base64="z5HnEY60/QC1A00BqCN2SG4bL6o=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2WmCLoRioK4rGAf0I5DJs20oUlmSDLSMnTlxl9x40IRt36DO//GtJ2Fth64cDjnXu69J4gZVdpxvq3c0vLK6lp+vbCxubW9Y+/uNVSUSEzqOGKRbAVIEUYFqWuqGWnFkiAeMNIMBlcTv/lApKKRuNOjmHgc9QQNKUbaSL59eO1XSsMTeAE7KuE+hcSn9xU4DH1qZN8uOmVnCrhI3IwUQYaab391uhFOOBEaM6RU23Vi7aVIaooZGRc6iSIxwgPUI21DBeJEeen0jTE8NkoXhpE0JTScqr8nUsSVGvHAdHKk+2rem4j/ee1Eh+deSkWcaCLwbFGYMKgjOMkEdqkkWLORIQhLam6FuI8kwtokVzAhuPMvL5JGpew6Zff2tFi9zOLIgwNwBErABWegCm5ADdQBBo/gGbyCN+vJerHerY9Za87KZvbBH1ifP9b3ls8=</latexit><latexit sha1_base64="z5HnEY60/QC1A00BqCN2SG4bL6o=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2WmCLoRioK4rGAf0I5DJs20oUlmSDLSMnTlxl9x40IRt36DO//GtJ2Fth64cDjnXu69J4gZVdpxvq3c0vLK6lp+vbCxubW9Y+/uNVSUSEzqOGKRbAVIEUYFqWuqGWnFkiAeMNIMBlcTv/lApKKRuNOjmHgc9QQNKUbaSL59eO1XSsMTeAE7KuE+hcSn9xU4DH1qZN8uOmVnCrhI3IwUQYaab391uhFOOBEaM6RU23Vi7aVIaooZGRc6iSIxwgPUI21DBeJEeen0jTE8NkoXhpE0JTScqr8nUsSVGvHAdHKk+2rem4j/ee1Eh+deSkWcaCLwbFGYMKgjOMkEdqkkWLORIQhLam6FuI8kwtokVzAhuPMvL5JGpew6Zff2tFi9zOLIgwNwBErABWegCm5ADdQBBo/gGbyCN+vJerHerY9Za87KZvbBH1ifP9b3ls8=</latexit><latexit sha1_base64="z5HnEY60/QC1A00BqCN2SG4bL6o=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2WmCLoRioK4rGAf0I5DJs20oUlmSDLSMnTlxl9x40IRt36DO//GtJ2Fth64cDjnXu69J4gZVdpxvq3c0vLK6lp+vbCxubW9Y+/uNVSUSEzqOGKRbAVIEUYFqWuqGWnFkiAeMNIMBlcTv/lApKKRuNOjmHgc9QQNKUbaSL59eO1XSsMTeAE7KuE+hcSn9xU4DH1qZN8uOmVnCrhI3IwUQYaab391uhFOOBEaM6RU23Vi7aVIaooZGRc6iSIxwgPUI21DBeJEeen0jTE8NkoXhpE0JTScqr8nUsSVGvHAdHKk+2rem4j/ee1Eh+deSkWcaCLwbFGYMKgjOMkEdqkkWLORIQhLam6FuI8kwtokVzAhuPMvL5JGpew6Zff2tFi9zOLIgwNwBErABWegCm5ADdQBBo/gGbyCN+vJerHerY9Za87KZvbBH1ifP9b3ls8=</latexit>
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<latexit sha1_base64="HNiXZeCmhRtasPEjVuvmh+fAbI8=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2VSBN0IRaG4rGAf0A5DJs20oZnMkGSkZejKjb/ixoUibv0Gd/6NaTsLbT1w4XDOvdx7jx9zprTjfFu5ldW19Y38ZmFre2d3z94/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH95M/dYDlYpF4l6PY+qGuC9YwAjWRvLs45qHSqMzCK9gN5CYpGiSVkYTWPMqRvbsolN2ZoDLBGWkCDLUPfur24tIElKhCcdKdZATazfFUjPC6aTQTRSNMRniPu0YKnBIlZvO3pjAU6P0YBBJU0LDmfp7IsWhUuPQN50h1gO16E3F/7xOooNLN2UiTjQVZL4oSDjUEZxmAntMUqL52BBMJDO3QjLAJg1tkiuYENDiy8ukWSkjp4zuzovV6yyOPDgCJ6AEELgAVXAL6qABCHgEz+AVvFlP1ov1bn3MW3NWNnMI/sD6/AFuRJaM</latexit><latexit sha1_base64="HNiXZeCmhRtasPEjVuvmh+fAbI8=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2VSBN0IRaG4rGAf0A5DJs20oZnMkGSkZejKjb/ixoUibv0Gd/6NaTsLbT1w4XDOvdx7jx9zprTjfFu5ldW19Y38ZmFre2d3z94/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH95M/dYDlYpF4l6PY+qGuC9YwAjWRvLs45qHSqMzCK9gN5CYpGiSVkYTWPMqRvbsolN2ZoDLBGWkCDLUPfur24tIElKhCcdKdZATazfFUjPC6aTQTRSNMRniPu0YKnBIlZvO3pjAU6P0YBBJU0LDmfp7IsWhUuPQN50h1gO16E3F/7xOooNLN2UiTjQVZL4oSDjUEZxmAntMUqL52BBMJDO3QjLAJg1tkiuYENDiy8ukWSkjp4zuzovV6yyOPDgCJ6AEELgAVXAL6qABCHgEz+AVvFlP1ov1bn3MW3NWNnMI/sD6/AFuRJaM</latexit><latexit sha1_base64="HNiXZeCmhRtasPEjVuvmh+fAbI8=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2VSBN0IRaG4rGAf0A5DJs20oZnMkGSkZejKjb/ixoUibv0Gd/6NaTsLbT1w4XDOvdx7jx9zprTjfFu5ldW19Y38ZmFre2d3z94/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH95M/dYDlYpF4l6PY+qGuC9YwAjWRvLs45qHSqMzCK9gN5CYpGiSVkYTWPMqRvbsolN2ZoDLBGWkCDLUPfur24tIElKhCcdKdZATazfFUjPC6aTQTRSNMRniPu0YKnBIlZvO3pjAU6P0YBBJU0LDmfp7IsWhUuPQN50h1gO16E3F/7xOooNLN2UiTjQVZL4oSDjUEZxmAntMUqL52BBMJDO3QjLAJg1tkiuYENDiy8ukWSkjp4zuzovV6yyOPDgCJ6AEELgAVXAL6qABCHgEz+AVvFlP1ov1bn3MW3NWNnMI/sD6/AFuRJaM</latexit><latexit sha1_base64="HNiXZeCmhRtasPEjVuvmh+fAbI8=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2VSBN0IRaG4rGAf0A5DJs20oZnMkGSkZejKjb/ixoUibv0Gd/6NaTsLbT1w4XDOvdx7jx9zprTjfFu5ldW19Y38ZmFre2d3z94/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH95M/dYDlYpF4l6PY+qGuC9YwAjWRvLs45qHSqMzCK9gN5CYpGiSVkYTWPMqRvbsolN2ZoDLBGWkCDLUPfur24tIElKhCcdKdZATazfFUjPC6aTQTRSNMRniPu0YKnBIlZvO3pjAU6P0YBBJU0LDmfp7IsWhUuPQN50h1gO16E3F/7xOooNLN2UiTjQVZL4oSDjUEZxmAntMUqL52BBMJDO3QjLAJg1tkiuYENDiy8ukWSkjp4zuzovV6yyOPDgCJ6AEELgAVXAL6qABCHgEz+AVvFlP1ov1bn3MW3NWNnMI/sD6/AFuRJaM</latexit>

x =
Q2

2M⌫
=

Q2

2p · q =
1

!
<latexit sha1_base64="4JzGZcPqqb5CxO9kNohfZwR7W1I="></latexit><latexit sha1_base64="4JzGZcPqqb5CxO9kNohfZwR7W1I="></latexit><latexit sha1_base64="4JzGZcPqqb5CxO9kNohfZwR7W1I="></latexit><latexit sha1_base64="4JzGZcPqqb5CxO9kNohfZwR7W1I="></latexit>

x: longitudinal momentum 
fraction of the proton 

carried by the struck parton

 

FJoke
i

fold i O

 

FJoke
i

fold i O

 

FJoke
i

fold i O

<latexit sha1_base64="BcSl9Ml6O6MiGbe+uAQu9oXhLHs="></latexit>

⌫W p
2 (⌫, Q

2) = F2 =
X

i

Z 1

0
d�e2i fi(�)��(� � 1

!
) =

X

i

e2ixfi(x)
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Parton model - Bjorken scaling

15

The structure functions for scattering on pointlike parton  
have the property that they depend only on one dimensionless variable:

x =
Q2

2M⌫
=

Q2

2p · q
<latexit sha1_base64="L7lbM52OW93gy+Wsct5R/6NrHs0=">AAACGHicbVDLSgMxFM34rPVVdekmWARXdaYIuhGKbtwILdgHdMaSyWTa0EwyJhmxDPMZbvwVNy4Ucdudf2Om7UJbDwQO55zLzT1+zKjStv1tLS2vrK6tFzaKm1vbO7ulvf2WEonEpIkFE7LjI0UY5aSpqWakE0uCIp+Rtj+8zv32I5GKCn6nRzHxItTnNKQYaSP1SqdP8BKmjfsqdIXJweqty5PMaG4oEc6NLK3CGLo4EBo+ZL1S2a7YE8BF4sxIGcxQ75XGbiBwEhGuMUNKdR071l6KpKaYkazoJorECA9Rn3QN5Sgiyksnh2Xw2CgBDIU0j2s4UX9PpChSahT5JhkhPVDzXi7+53UTHV54KeVxognH00VhwqAWMG8JBlQSrNnIEIQlNX+FeIBMI9p0WTQlOPMnL5JWteLYFadxVq5dzeoogENwBE6AA85BDdyAOmgCDJ7BK3gHH9aL9WZ9Wl/T6JI1mzkAf2CNfwBkbp4k</latexit><latexit sha1_base64="L7lbM52OW93gy+Wsct5R/6NrHs0=">AAACGHicbVDLSgMxFM34rPVVdekmWARXdaYIuhGKbtwILdgHdMaSyWTa0EwyJhmxDPMZbvwVNy4Ucdudf2Om7UJbDwQO55zLzT1+zKjStv1tLS2vrK6tFzaKm1vbO7ulvf2WEonEpIkFE7LjI0UY5aSpqWakE0uCIp+Rtj+8zv32I5GKCn6nRzHxItTnNKQYaSP1SqdP8BKmjfsqdIXJweqty5PMaG4oEc6NLK3CGLo4EBo+ZL1S2a7YE8BF4sxIGcxQ75XGbiBwEhGuMUNKdR071l6KpKaYkazoJorECA9Rn3QN5Sgiyksnh2Xw2CgBDIU0j2s4UX9PpChSahT5JhkhPVDzXi7+53UTHV54KeVxognH00VhwqAWMG8JBlQSrNnIEIQlNX+FeIBMI9p0WTQlOPMnL5JWteLYFadxVq5dzeoogENwBE6AA85BDdyAOmgCDJ7BK3gHH9aL9WZ9Wl/T6JI1mzkAf2CNfwBkbp4k</latexit><latexit sha1_base64="L7lbM52OW93gy+Wsct5R/6NrHs0=">AAACGHicbVDLSgMxFM34rPVVdekmWARXdaYIuhGKbtwILdgHdMaSyWTa0EwyJhmxDPMZbvwVNy4Ucdudf2Om7UJbDwQO55zLzT1+zKjStv1tLS2vrK6tFzaKm1vbO7ulvf2WEonEpIkFE7LjI0UY5aSpqWakE0uCIp+Rtj+8zv32I5GKCn6nRzHxItTnNKQYaSP1SqdP8BKmjfsqdIXJweqty5PMaG4oEc6NLK3CGLo4EBo+ZL1S2a7YE8BF4sxIGcxQ75XGbiBwEhGuMUNKdR071l6KpKaYkazoJorECA9Rn3QN5Sgiyksnh2Xw2CgBDIU0j2s4UX9PpChSahT5JhkhPVDzXi7+53UTHV54KeVxognH00VhwqAWMG8JBlQSrNnIEIQlNX+FeIBMI9p0WTQlOPMnL5JWteLYFadxVq5dzeoogENwBE6AA85BDdyAOmgCDJ7BK3gHH9aL9WZ9Wl/T6JI1mzkAf2CNfwBkbp4k</latexit><latexit sha1_base64="L7lbM52OW93gy+Wsct5R/6NrHs0=">AAACGHicbVDLSgMxFM34rPVVdekmWARXdaYIuhGKbtwILdgHdMaSyWTa0EwyJhmxDPMZbvwVNy4Ucdudf2Om7UJbDwQO55zLzT1+zKjStv1tLS2vrK6tFzaKm1vbO7ulvf2WEonEpIkFE7LjI0UY5aSpqWakE0uCIp+Rtj+8zv32I5GKCn6nRzHxItTnNKQYaSP1SqdP8BKmjfsqdIXJweqty5PMaG4oEc6NLK3CGLo4EBo+ZL1S2a7YE8BF4sxIGcxQ75XGbiBwEhGuMUNKdR071l6KpKaYkazoJorECA9Rn3QN5Sgiyksnh2Xw2CgBDIU0j2s4UX9PpChSahT5JhkhPVDzXi7+53UTHV54KeVxognH00VhwqAWMG8JBlQSrNnIEIQlNX+FeIBMI9p0WTQlOPMnL5JWteLYFadxVq5dzeoogENwBE6AA85BDdyAOmgCDJ7BK3gHH9aL9WZ9Wl/T6JI1mzkAf2CNfwBkbp4k</latexit>

F1(x,Q
2) ! F1(x)

<latexit sha1_base64="LmJ90j5LyGcCYfOX24S8KhewwNo=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQgpSkCLosCuKyBfuANobJdNIOnWTCzEQtoSs3/oobF4q49Rvc+TdO0yy09cCFwzn3cu89XsSoVJb1beSWlldW1/LrhY3Nre0dc3evJXksMGlizrjoeEgSRkPSVFQx0okEQYHHSNsbXU799h0RkvLwRo0j4gRoEFKfYqS05JqHV65dejhp3FbLsCfoYKiQEPwepnLZNYtWxUoBF4mdkSLIUHfNr16f4zggocIMSdm1rUg5CRKKYkYmhV4sSYTwCA1IV9MQBUQ6SfrGBB5rpQ99LnSFCqbq74kEBVKOA093BkgN5bw3Ff/zurHyz52EhlGsSIhni/yYQcXhNBPYp4JgxcaaICyovhXiIRIIK51cQYdgz7+8SFrVim1V7MZpsXaRxZEHB+AIlIANzkANXIM6aAIMHsEzeAVvxpPxYrwbH7PWnJHN7IM/MD5/ACEvlv0=</latexit><latexit sha1_base64="LmJ90j5LyGcCYfOX24S8KhewwNo=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQgpSkCLosCuKyBfuANobJdNIOnWTCzEQtoSs3/oobF4q49Rvc+TdO0yy09cCFwzn3cu89XsSoVJb1beSWlldW1/LrhY3Nre0dc3evJXksMGlizrjoeEgSRkPSVFQx0okEQYHHSNsbXU799h0RkvLwRo0j4gRoEFKfYqS05JqHV65dejhp3FbLsCfoYKiQEPwepnLZNYtWxUoBF4mdkSLIUHfNr16f4zggocIMSdm1rUg5CRKKYkYmhV4sSYTwCA1IV9MQBUQ6SfrGBB5rpQ99LnSFCqbq74kEBVKOA093BkgN5bw3Ff/zurHyz52EhlGsSIhni/yYQcXhNBPYp4JgxcaaICyovhXiIRIIK51cQYdgz7+8SFrVim1V7MZpsXaRxZEHB+AIlIANzkANXIM6aAIMHsEzeAVvxpPxYrwbH7PWnJHN7IM/MD5/ACEvlv0=</latexit><latexit sha1_base64="LmJ90j5LyGcCYfOX24S8KhewwNo=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQgpSkCLosCuKyBfuANobJdNIOnWTCzEQtoSs3/oobF4q49Rvc+TdO0yy09cCFwzn3cu89XsSoVJb1beSWlldW1/LrhY3Nre0dc3evJXksMGlizrjoeEgSRkPSVFQx0okEQYHHSNsbXU799h0RkvLwRo0j4gRoEFKfYqS05JqHV65dejhp3FbLsCfoYKiQEPwepnLZNYtWxUoBF4mdkSLIUHfNr16f4zggocIMSdm1rUg5CRKKYkYmhV4sSYTwCA1IV9MQBUQ6SfrGBB5rpQ99LnSFCqbq74kEBVKOA093BkgN5bw3Ff/zurHyz52EhlGsSIhni/yYQcXhNBPYp4JgxcaaICyovhXiIRIIK51cQYdgz7+8SFrVim1V7MZpsXaRxZEHB+AIlIANzkANXIM6aAIMHsEzeAVvxpPxYrwbH7PWnJHN7IM/MD5/ACEvlv0=</latexit><latexit sha1_base64="LmJ90j5LyGcCYfOX24S8KhewwNo=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQgpSkCLosCuKyBfuANobJdNIOnWTCzEQtoSs3/oobF4q49Rvc+TdO0yy09cCFwzn3cu89XsSoVJb1beSWlldW1/LrhY3Nre0dc3evJXksMGlizrjoeEgSRkPSVFQx0okEQYHHSNsbXU799h0RkvLwRo0j4gRoEFKfYqS05JqHV65dejhp3FbLsCfoYKiQEPwepnLZNYtWxUoBF4mdkSLIUHfNr16f4zggocIMSdm1rUg5CRKKYkYmhV4sSYTwCA1IV9MQBUQ6SfrGBB5rpQ99LnSFCqbq74kEBVKOA093BkgN5bw3Ff/zurHyz52EhlGsSIhni/yYQcXhNBPYp4JgxcaaICyovhXiIRIIK51cQYdgz7+8SFrVim1V7MZpsXaRxZEHB+AIlIANzkANXIM6aAIMHsEzeAVvxpPxYrwbH7PWnJHN7IM/MD5/ACEvlv0=</latexit>

F2(x,Q
2) ! F2(x)

<latexit sha1_base64="IMK/b9O89vY910fxr4OTkjEiDm8=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQgpSkCLosCuKyBfuANobJdNIOnUzCzEQtoSs3/oobF4q49Rvc+TdO0yy09cCFwzn3cu89XsSoVJb1beSWlldW1/LrhY3Nre0dc3evJcNYYNLEIQtFx0OSMMpJU1HFSCcSBAUeI21vdDn123dESBryGzWOiBOgAac+xUhpyTUPr9xq6eGkcVstw56gg6FCQoT3MJXLrlm0KlYKuEjsjBRBhrprfvX6IY4DwhVmSMqubUXKSZBQFDMyKfRiSSKER2hAuppyFBDpJOkbE3islT70Q6GLK5iqvycSFEg5DjzdGSA1lPPeVPzP68bKP3cSyqNYEY5ni/yYQRXCaSawTwXBio01QVhQfSvEQyQQVjq5gg7Bnn95kbSqFduq2I3TYu0iiyMPDsARKAEbnIEauAZ10AQYPIJn8ArejCfjxXg3PmatOSOb2Qd/YHz+ACRUlv8=</latexit><latexit sha1_base64="IMK/b9O89vY910fxr4OTkjEiDm8=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQgpSkCLosCuKyBfuANobJdNIOnUzCzEQtoSs3/oobF4q49Rvc+TdO0yy09cCFwzn3cu89XsSoVJb1beSWlldW1/LrhY3Nre0dc3evJcNYYNLEIQtFx0OSMMpJU1HFSCcSBAUeI21vdDn123dESBryGzWOiBOgAac+xUhpyTUPr9xq6eGkcVstw56gg6FCQoT3MJXLrlm0KlYKuEjsjBRBhrprfvX6IY4DwhVmSMqubUXKSZBQFDMyKfRiSSKER2hAuppyFBDpJOkbE3islT70Q6GLK5iqvycSFEg5DjzdGSA1lPPeVPzP68bKP3cSyqNYEY5ni/yYQRXCaSawTwXBio01QVhQfSvEQyQQVjq5gg7Bnn95kbSqFduq2I3TYu0iiyMPDsARKAEbnIEauAZ10AQYPIJn8ArejCfjxXg3PmatOSOb2Qd/YHz+ACRUlv8=</latexit><latexit sha1_base64="IMK/b9O89vY910fxr4OTkjEiDm8=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQgpSkCLosCuKyBfuANobJdNIOnUzCzEQtoSs3/oobF4q49Rvc+TdO0yy09cCFwzn3cu89XsSoVJb1beSWlldW1/LrhY3Nre0dc3evJcNYYNLEIQtFx0OSMMpJU1HFSCcSBAUeI21vdDn123dESBryGzWOiBOgAac+xUhpyTUPr9xq6eGkcVstw56gg6FCQoT3MJXLrlm0KlYKuEjsjBRBhrprfvX6IY4DwhVmSMqubUXKSZBQFDMyKfRiSSKER2hAuppyFBDpJOkbE3islT70Q6GLK5iqvycSFEg5DjzdGSA1lPPeVPzP68bKP3cSyqNYEY5ni/yYQRXCaSawTwXBio01QVhQfSvEQyQQVjq5gg7Bnn95kbSqFduq2I3TYu0iiyMPDsARKAEbnIEauAZ10AQYPIJn8ArejCfjxXg3PmatOSOb2Qd/YHz+ACRUlv8=</latexit><latexit sha1_base64="IMK/b9O89vY910fxr4OTkjEiDm8=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQgpSkCLosCuKyBfuANobJdNIOnUzCzEQtoSs3/oobF4q49Rvc+TdO0yy09cCFwzn3cu89XsSoVJb1beSWlldW1/LrhY3Nre0dc3evJcNYYNLEIQtFx0OSMMpJU1HFSCcSBAUeI21vdDn123dESBryGzWOiBOgAac+xUhpyTUPr9xq6eGkcVstw56gg6FCQoT3MJXLrlm0KlYKuEjsjBRBhrprfvX6IY4DwhVmSMqubUXKSZBQFDMyKfRiSSKER2hAuppyFBDpJOkbE3islT70Q6GLK5iqvycSFEg5DjzdGSA1lPPeVPzP68bKP3cSyqNYEY5ni/yYQRXCaSawTwXBio01QVhQfSvEQyQQVjq5gg7Bnn95kbSqFduq2I3TYu0iiyMPDsARKAEbnIEauAZ10AQYPIJn8ArejCfjxXg3PmatOSOb2Qd/YHz+ACRUlv8=</latexit>

No dependence on Q2: Bjorken scaling

! =
1

x
<latexit sha1_base64="hRNyYYgyB434zRbRrtu7oSSg1lM=">AAAB/nicbVBNS8NAEN3Ur1q/quLJy2IRPJVEBL0IRS8eK9haaELZbCft0t1s2N2IJQT8K148KOLV3+HNf+O2zUFbHww83pthZl6YcKaN6347paXlldW18nplY3Nre6e6u9fWMlUUWlRyqToh0cBZDC3DDIdOooCIkMN9OLqe+PcPoDST8Z0ZJxAIMohZxCgxVupVD3wpYEAwvsR+pAjNvDx7zHvVmlt3p8CLxCtIDRVo9qpffl/SVEBsKCdadz03MUFGlGGUQ17xUw0JoSMygK6lMRGgg2x6fo6PrdLHkVS2YoOn6u+JjAitxyK0nYKYoZ73JuJ/Xjc10UWQsThJDcR0tihKOTYST7LAfaaAGj62hFDF7K2YDolNwdjEKjYEb/7lRdI+rXtu3bs9qzWuijjK6BAdoRPkoXPUQDeoiVqIogw9o1f05jw5L8678zFrLTnFzD76A+fzB08PlRA=</latexit><latexit sha1_base64="hRNyYYgyB434zRbRrtu7oSSg1lM=">AAAB/nicbVBNS8NAEN3Ur1q/quLJy2IRPJVEBL0IRS8eK9haaELZbCft0t1s2N2IJQT8K148KOLV3+HNf+O2zUFbHww83pthZl6YcKaN6347paXlldW18nplY3Nre6e6u9fWMlUUWlRyqToh0cBZDC3DDIdOooCIkMN9OLqe+PcPoDST8Z0ZJxAIMohZxCgxVupVD3wpYEAwvsR+pAjNvDx7zHvVmlt3p8CLxCtIDRVo9qpffl/SVEBsKCdadz03MUFGlGGUQ17xUw0JoSMygK6lMRGgg2x6fo6PrdLHkVS2YoOn6u+JjAitxyK0nYKYoZ73JuJ/Xjc10UWQsThJDcR0tihKOTYST7LAfaaAGj62hFDF7K2YDolNwdjEKjYEb/7lRdI+rXtu3bs9qzWuijjK6BAdoRPkoXPUQDeoiVqIogw9o1f05jw5L8678zFrLTnFzD76A+fzB08PlRA=</latexit><latexit sha1_base64="hRNyYYgyB434zRbRrtu7oSSg1lM=">AAAB/nicbVBNS8NAEN3Ur1q/quLJy2IRPJVEBL0IRS8eK9haaELZbCft0t1s2N2IJQT8K148KOLV3+HNf+O2zUFbHww83pthZl6YcKaN6347paXlldW18nplY3Nre6e6u9fWMlUUWlRyqToh0cBZDC3DDIdOooCIkMN9OLqe+PcPoDST8Z0ZJxAIMohZxCgxVupVD3wpYEAwvsR+pAjNvDx7zHvVmlt3p8CLxCtIDRVo9qpffl/SVEBsKCdadz03MUFGlGGUQ17xUw0JoSMygK6lMRGgg2x6fo6PrdLHkVS2YoOn6u+JjAitxyK0nYKYoZ73JuJ/Xjc10UWQsThJDcR0tihKOTYST7LAfaaAGj62hFDF7K2YDolNwdjEKjYEb/7lRdI+rXtu3bs9qzWuijjK6BAdoRPkoXPUQDeoiVqIogw9o1f05jw5L8678zFrLTnFzD76A+fzB08PlRA=</latexit><latexit sha1_base64="hRNyYYgyB434zRbRrtu7oSSg1lM=">AAAB/nicbVBNS8NAEN3Ur1q/quLJy2IRPJVEBL0IRS8eK9haaELZbCft0t1s2N2IJQT8K148KOLV3+HNf+O2zUFbHww83pthZl6YcKaN6347paXlldW18nplY3Nre6e6u9fWMlUUWlRyqToh0cBZDC3DDIdOooCIkMN9OLqe+PcPoDST8Z0ZJxAIMohZxCgxVupVD3wpYEAwvsR+pAjNvDx7zHvVmlt3p8CLxCtIDRVo9qpffl/SVEBsKCdadz03MUFGlGGUQ17xUw0JoSMygK6lMRGgg2x6fo6PrdLHkVS2YoOn6u+JjAitxyK0nYKYoZ73JuJ/Xjc10UWQsThJDcR0tihKOTYST7LAfaaAGj62hFDF7K2YDolNwdjEKjYEb/7lRdI+rXtu3bs9qzWuijjK6BAdoRPkoXPUQDeoiVqIogw9o1f05jw5L8678zFrLTnFzD76A+fzB08PlRA=</latexit>
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Callan-Gross relation
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F1(x) =
1

2x
F2(x)

<latexit sha1_base64="HNiXZeCmhRtasPEjVuvmh+fAbI8=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2VSBN0IRaG4rGAf0A5DJs20oZnMkGSkZejKjb/ixoUibv0Gd/6NaTsLbT1w4XDOvdx7jx9zprTjfFu5ldW19Y38ZmFre2d3z94/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH95M/dYDlYpF4l6PY+qGuC9YwAjWRvLs45qHSqMzCK9gN5CYpGiSVkYTWPMqRvbsolN2ZoDLBGWkCDLUPfur24tIElKhCcdKdZATazfFUjPC6aTQTRSNMRniPu0YKnBIlZvO3pjAU6P0YBBJU0LDmfp7IsWhUuPQN50h1gO16E3F/7xOooNLN2UiTjQVZL4oSDjUEZxmAntMUqL52BBMJDO3QjLAJg1tkiuYENDiy8ukWSkjp4zuzovV6yyOPDgCJ6AEELgAVXAL6qABCHgEz+AVvFlP1ov1bn3MW3NWNnMI/sD6/AFuRJaM</latexit><latexit sha1_base64="HNiXZeCmhRtasPEjVuvmh+fAbI8=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2VSBN0IRaG4rGAf0A5DJs20oZnMkGSkZejKjb/ixoUibv0Gd/6NaTsLbT1w4XDOvdx7jx9zprTjfFu5ldW19Y38ZmFre2d3z94/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH95M/dYDlYpF4l6PY+qGuC9YwAjWRvLs45qHSqMzCK9gN5CYpGiSVkYTWPMqRvbsolN2ZoDLBGWkCDLUPfur24tIElKhCcdKdZATazfFUjPC6aTQTRSNMRniPu0YKnBIlZvO3pjAU6P0YBBJU0LDmfp7IsWhUuPQN50h1gO16E3F/7xOooNLN2UiTjQVZL4oSDjUEZxmAntMUqL52BBMJDO3QjLAJg1tkiuYENDiy8ukWSkjp4zuzovV6yyOPDgCJ6AEELgAVXAL6qABCHgEz+AVvFlP1ov1bn3MW3NWNnMI/sD6/AFuRJaM</latexit><latexit sha1_base64="HNiXZeCmhRtasPEjVuvmh+fAbI8=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2VSBN0IRaG4rGAf0A5DJs20oZnMkGSkZejKjb/ixoUibv0Gd/6NaTsLbT1w4XDOvdx7jx9zprTjfFu5ldW19Y38ZmFre2d3z94/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH95M/dYDlYpF4l6PY+qGuC9YwAjWRvLs45qHSqMzCK9gN5CYpGiSVkYTWPMqRvbsolN2ZoDLBGWkCDLUPfur24tIElKhCcdKdZATazfFUjPC6aTQTRSNMRniPu0YKnBIlZvO3pjAU6P0YBBJU0LDmfp7IsWhUuPQN50h1gO16E3F/7xOooNLN2UiTjQVZL4oSDjUEZxmAntMUqL52BBMJDO3QjLAJg1tkiuYENDiy8ukWSkjp4zuzovV6yyOPDgCJ6AEELgAVXAL6qABCHgEz+AVvFlP1ov1bn3MW3NWNnMI/sD6/AFuRJaM</latexit><latexit sha1_base64="HNiXZeCmhRtasPEjVuvmh+fAbI8=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2VSBN0IRaG4rGAf0A5DJs20oZnMkGSkZejKjb/ixoUibv0Gd/6NaTsLbT1w4XDOvdx7jx9zprTjfFu5ldW19Y38ZmFre2d3z94/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH95M/dYDlYpF4l6PY+qGuC9YwAjWRvLs45qHSqMzCK9gN5CYpGiSVkYTWPMqRvbsolN2ZoDLBGWkCDLUPfur24tIElKhCcdKdZATazfFUjPC6aTQTRSNMRniPu0YKnBIlZvO3pjAU6P0YBBJU0LDmfp7IsWhUuPQN50h1gO16E3F/7xOooNLN2UiTjQVZL4oSDjUEZxmAntMUqL52BBMJDO3QjLAJg1tkiuYENDiy8ukWSkjp4zuzovV6yyOPDgCJ6AEELgAVXAL6qABCHgEz+AVvFlP1ov1bn3MW3NWNnMI/sD6/AFuRJaM</latexit>

Consequence of parton model and spin 1/2 quarks
Longitudinal structure function has to vanish in the scaling limit

FL(x) = F2(x)� 2xF1(x)
<latexit sha1_base64="Aq/LzKjJm56/ylEVr8seNvev0ec=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi1AXlpki6EYoCsWFiwr2Au0wZNJMG5q5kGSkZejGV3HjQhG3PoY738a0nYVWD4R8/P85JOf3Ys6ksqwvI7e0vLK6ll8vbGxube+Yu3tNGSWC0AaJeCTaHpaUs5A2FFOctmNBceBx2vKG11O/9UCFZFF4r8YxdQLcD5nPCFZacs2DmntbGp1coppb0fdpZVRzbQ2uWbTK1qzQX7AzKEJWddf87PYikgQ0VIRjKTu2FSsnxUIxwumk0E0kjTEZ4j7taAxxQKWTzhaYoGOt9JAfCX1ChWbqz4kUB1KOA093BlgN5KI3Ff/zOonyL5yUhXGiaEjmD/kJRypC0zRQjwlKFB9rwEQw/VdEBlhgonRmBR2CvbjyX2hWyrZVtu/OitWrLI48HMIRlMCGc6jCDdShAQQm8AQv8Go8Gs/Gm/E+b80Z2cw+/Crj4xt3lpO+</latexit><latexit sha1_base64="Aq/LzKjJm56/ylEVr8seNvev0ec=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi1AXlpki6EYoCsWFiwr2Au0wZNJMG5q5kGSkZejGV3HjQhG3PoY738a0nYVWD4R8/P85JOf3Ys6ksqwvI7e0vLK6ll8vbGxube+Yu3tNGSWC0AaJeCTaHpaUs5A2FFOctmNBceBx2vKG11O/9UCFZFF4r8YxdQLcD5nPCFZacs2DmntbGp1coppb0fdpZVRzbQ2uWbTK1qzQX7AzKEJWddf87PYikgQ0VIRjKTu2FSsnxUIxwumk0E0kjTEZ4j7taAxxQKWTzhaYoGOt9JAfCX1ChWbqz4kUB1KOA093BlgN5KI3Ff/zOonyL5yUhXGiaEjmD/kJRypC0zRQjwlKFB9rwEQw/VdEBlhgonRmBR2CvbjyX2hWyrZVtu/OitWrLI48HMIRlMCGc6jCDdShAQQm8AQv8Go8Gs/Gm/E+b80Z2cw+/Crj4xt3lpO+</latexit><latexit sha1_base64="Aq/LzKjJm56/ylEVr8seNvev0ec=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi1AXlpki6EYoCsWFiwr2Au0wZNJMG5q5kGSkZejGV3HjQhG3PoY738a0nYVWD4R8/P85JOf3Ys6ksqwvI7e0vLK6ll8vbGxube+Yu3tNGSWC0AaJeCTaHpaUs5A2FFOctmNBceBx2vKG11O/9UCFZFF4r8YxdQLcD5nPCFZacs2DmntbGp1coppb0fdpZVRzbQ2uWbTK1qzQX7AzKEJWddf87PYikgQ0VIRjKTu2FSsnxUIxwumk0E0kjTEZ4j7taAxxQKWTzhaYoGOt9JAfCX1ChWbqz4kUB1KOA093BlgN5KI3Ff/zOonyL5yUhXGiaEjmD/kJRypC0zRQjwlKFB9rwEQw/VdEBlhgonRmBR2CvbjyX2hWyrZVtu/OitWrLI48HMIRlMCGc6jCDdShAQQm8AQv8Go8Gs/Gm/E+b80Z2cw+/Crj4xt3lpO+</latexit><latexit sha1_base64="Aq/LzKjJm56/ylEVr8seNvev0ec=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi1AXlpki6EYoCsWFiwr2Au0wZNJMG5q5kGSkZejGV3HjQhG3PoY738a0nYVWD4R8/P85JOf3Ys6ksqwvI7e0vLK6ll8vbGxube+Yu3tNGSWC0AaJeCTaHpaUs5A2FFOctmNBceBx2vKG11O/9UCFZFF4r8YxdQLcD5nPCFZacs2DmntbGp1coppb0fdpZVRzbQ2uWbTK1qzQX7AzKEJWddf87PYikgQ0VIRjKTu2FSsnxUIxwumk0E0kjTEZ4j7taAxxQKWTzhaYoGOt9JAfCX1ChWbqz4kUB1KOA093BlgN5KI3Ff/zOonyL5yUhXGiaEjmD/kJRypC0zRQjwlKFB9rwEQw/VdEBlhgonRmBR2CvbjyX2hWyrZVtu/OitWrLI48HMIRlMCGc6jCDdShAQQm8AQv8Go8Gs/Gm/E+b80Z2cw+/Crj4xt3lpO+</latexit>

Parton model assumptions:  
• Incoherent scattering on pointlike constituents 
• Transverse momenta of the partons are vanishing

In the parton model there is a relation
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Parton model

17

✦ One valence quark 

✦ Three, non-interacting valence quarks, sharing equal 
momentum 

✦ Three quarks interacting, changing the momentum 

✦ Many sea quarks

How the structure function shape reflects the parton distribution inside the proton:

<latexit sha1_base64="BcSl9Ml6O6MiGbe+uAQu9oXhLHs="></latexit>
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!
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Revealing partonic structure of the proton
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Measured cross section

Momentum distribution of partons
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Summarizing: DIS structure functions
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Inclusive DIS cross section for   (  charged lepton, , )lp → lX l Q2 ≪ M2
Z s ≫ M2

p
<latexit sha1_base64="ivAuzdkBOBhAZvY+tkwZMgG/zDQ="></latexit>

d2�

dxdQ2
=

2⇡↵2
em

Q4x
[(1 + (1� y)2)F2(x,Q

2)� y2FL(x,Q
2)]

structure functionsinelasticity

Structure functions encode all the information about the proton(hadron) structure
<latexit sha1_base64="ySxNs6OkiGUpka97ohPKFfsB4ug="></latexit>

FT (x,Q
2) = F2(x,Q

2)� FL(x,Q
2)
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FL(x,Q
2)

transversely polarized photons

longitudinally polarized photons

<latexit sha1_base64="qh3hJmoQrt2LTXhKHbFw4hcnJ+c="></latexit>

y =
p · q
p · k = Q2/(sx)

Often experiments give reduced cross section
<latexit sha1_base64="a6bcDLyxwSVqKIZnqzRSxqbNKqw="></latexit>
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Q4x
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= F2 �
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FL
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Y+ = 1 + (1� y)2

Can use  or  (x, Q2, s) (x, Q2, y)

Dominated by the  structure function except for large F2 y
 structure function non-zero due to QCD correctionsFL

In order to measure  &  need to vary y, perform measurements at various energies FL F2

At EIC: variable energies, can extract   &   independentlyFL F2
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Exploring proton structure at higher energy

20

Ecm = 320 GeV

e (27.5 GeV) 

P (920 GeV) 

Equivalent to a 50 TeV beam on 
a fixed target proton 
~2500 times more than SLAC! 

Around 500 pb-1 per experiment 

HERA (1992-2007) 

… the only ever 
collider of electron 
beams with proton 
beams 

ZEUS 

e (27.5 GeV) 

P (920 GeV) 
DESY - Hamburg 
HERA Collider 
1992-2007

The only electron(positron)-proton 
collider ever built: EIC will be the next !

equivalent to 50 TeV electron beam on a fixed proton 
target...about 2500 times more than at SLAC

Center of mass energy:
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Deep Inelastic Scattering at large Q2
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protonlepton

lepton proton

scattered electron(positron)

scattered quark, which turns 
into hadrons (fragments) Schematic picture of 

the DIS scattering

Actual DIS event at 
H1 at HERA

• Lepton undergoes wide 
angle scattering at high  

• DIS: probing small distance 

scales  

Q2

λ ∼
1
Q

≪
1

Mhadron
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Measurements of proton structure function
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Cross section and that means parton 
density increases:

•  with decreasing x (fraction of long. mom.) 
•  with increasing scale Q (resolving power)

Where does this rise come from?

Answer: QCD radiation

low energy high  energy
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Collinear framework
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See lectures by S.Catani, Introduction to QCD

Including the QCD correctionsParton model

fi(x)
fi(z)

xp
zp

p
p

q q

parton 
distribution

partonic 
cross section

parton 
distribution

Lowest order corrections to the partonic cross section

Perturbative 
expansion in αs

naive parton model virtual 

real 
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Collinear framework
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•Perturbative calculation will lead to soft and collinear singularities 

•Final state completely inclusive: soft and final state collinear singularities cancel 

•Only one parton in the initial state, so not fully inclusive: uncanceled initial 
collinear singularities

<latexit sha1_base64="RP+6wXOt6fv17QSIM1Rl/DttgJ0="></latexit>
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Collinear divergence 
regularized by the hadronic 
scale  

 average distance 
between partons in the 
hadron

Q2
0

1/Q0

logarithmic 
integration over 
the angle
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kT ⇠ ✓p

transverse 
momentum Large collinear logarithm
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Collinear framework
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• Regularization gives dependence on the IR cutoff: dependence on long distance physics 
• Need to identify the short distance part of the cross section 
• However, there are also higher order corrections

<latexit sha1_base64="LJO1Gbo4Moehl6tFzD4ygKWjJo8="></latexit>
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Q2

Q2
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nk2
T

Parton emission over large region of kT Enhancement from collinear logarithms

•Strong coupling  is compensated by a large logarithm 

•Need resummation of collinear logarithms
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Q0 ⇠ Mhadron ⇠ ⇤QCD
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Factorization of collinear singularities 

26

• There is sensitivity to IR cutoff and need for resummation of collinear logarithms 
• Both problems can be solved by: universal factorization of collinear singularities 
• Define parton density from parton model as bare parton density
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f(x) �! f (0)(x)parton density in naive 
parton model 

bare parton density

Absorb collinear singularities into the redefinition (renormalization) of the parton density
<latexit sha1_base64="nNkX0a5HLDZJuxQMGrpW1ynQiH0="></latexit>
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contains all the collinear 
logarithms 
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• This factor and therefore corresponding parton density should be universal, i.e. does 
not depend on the process but only on the proton 

• It should be factorizable from the hard process

true parton 
density 
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Universal factorization of collinear singularities
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Argument based on power counting for collinear singularites in physical gauge
Consider an emission of collinear parton of momentum k

pp
k k

ε(k)ε(k)

propagator

vertex

emission from quark emission from gluon
<latexit sha1_base64="q369TMsULU3GatNlXVCuLLdyVtY="></latexit>
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To isolate the collinear singularity need  in squared 

matrix element

1
θ2

In matrix element: 
 propagator 
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pi · "(pj) ⇠ ✓ where
<latexit sha1_base64="ihMjylyl/pkdfldLTWGZfTWYmCQ=">AAACBXicdVDLSsNAFJ34rPUVdamLwSK4qCUpWttd0Y3LCvYBbQiT6aQdM0mGmYlSQjdu/BU3LhRx6z+482+ctBVU9MCFwzn3cu89HmdUKsv6MObmFxaXlnMr+dW19Y1Nc2u7JeNEYNLEMYtFx0OSMBqRpqKKkQ4XBIUeI20vOM/89g0RksbRlRpx4oRoEFGfYqS05Jp73KVFyN1r2BN0MFRIiPgW8mJQ5EeBaxaskqVRqcCM2FXL1qRWq5bLNWhPLMsqgBkarvne68c4CUmkMENSdm2LKydFQlHMyDjfSyThCAdoQLqaRigk0kknX4zhgVb60I+FrkjBifp9IkWhlKPQ050hUkP528vEv7xuovyqk9KIJ4pEeLrITxhUMcwigX0qCFZspAnCgupbIR4igbDSweV1CF+fwv9Jq1yyK6WTy+NC/WwWRw7sgn1wCGxwCurgAjRAE2BwBx7AE3g27o1H48V4nbbOGbOZHfADxtsnZS+X5w==</latexit>

pi, pj ! p, k, p� k

and
<latexit sha1_base64="kVyhHRynITgN2EQpRFNH6wvVpe8=">AAACAHicdVDLSgMxFM34rPVVdeHCTbAIdVMyRWu7EIpuXFawD+gMJZOmbWgmCUmmUEo3/oobF4q49TPc+TemD0FFD1w4nHMv994TKc6MRejDW1peWV1bT22kN7e2d3Yze/t1IxNNaI1ILnUzwoZyJmjNMstpU2mK44jTRjS4nvqNIdWGSXFnR4qGMe4J1mUEWye1M4cqIB1pYTDEmirDuBQ5dXqJ2pksyiOHYhFOiV9CviPlcqlQKEN/ZiGUBQtU25n3oCNJElNhCcfGtHykbDjG2jLC6SQdJIYqTAa4R1uOChxTE45nD0zgiVM6sCu1K2HhTP0+McaxMaM4cp0xtn3z25uKf3mtxHZL4ZgJlVgqyHxRN+HQSjhNA3aYpsTykSOYaOZuhaSPNSbWZZZ2IXx9Cv8n9ULeL+bPb8+ylatFHClwBI5BDvjgAlTADaiCGiBgAh7AE3j27r1H78V7nbcueYuZA/AD3tsnSiyWOw==</latexit>

p · "(p) = 0

in the collinear limit
physical polarization 
is transverse
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Universal factorization of collinear singularities
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Squaring the matrix element in the DIS case

direct interference

<latexit sha1_base64="AVSbs76YJHDv+2p1CpScTX2NwSY="></latexit>

✓

✓2
✓

✓2
⇠ 1

✓2

<latexit sha1_base64="+hkGv02wBYyEbkIExiVnZUU9X5o="></latexit>

✓

✓2
✓0

✓02
⇠ 1

✓✓0
✓!0�! 1

✓
giving logarithmic singularity not sufficiently singular

Only direct diagrams contribute to the collinear singularities.  
Interference diagrams do not contribute to the collinear singularities. 

same 
angle diferent 

angle
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Universal factorization of collinear singularities
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Perform decomposition into 2PI 
(two particle irreducible graphs) 

2PI cannot be disjoint by cutting 2 lines

2PI

2PI

2PI

2PI

2PI

process dependent

process independent 
resums all collinear logarithms

P

P
P

kernel
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Collinear factorization formula
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Introduce factorization scale  and split last integration:   and μF kT < μF kT > μF

2PI

2PI

2PI

2PI

P

P

P

<latexit sha1_base64="0WUXPOhy10E78iq37QUW03xkySY="></latexit>Z Q2

µ2
F

dk2T
k2T

<latexit sha1_base64="Z8uTxuvishR/VOoD00TrxB7GV3g="></latexit>Z µ2
F

Q2
0

dk2T
k2T

<latexit sha1_base64="Wxv9H9I1BF9oIrs5jKnF+SOO8k4="></latexit>

�̂hard(µ
2
F )

<latexit sha1_base64="r0nQFwLmmAIquq6zN0KeRNtnsUY="></latexit>

�(µ2
F /Q

2
0)f

(0)

<latexit sha1_base64="k4QxIm5Q7gRgVhax8UU+6ERR6jk=">AAAB8XicdVDLSgMxFM3UV62vqks3wSLUTckUre2uKIjLCvaB7VgyaaYNTTJDkhHK0L9w40IRt/6NO//GTFtBRQ9cOJxzL/fe40ecaYPQh5NZWl5ZXcuu5zY2t7Z38rt7LR3GitAmCXmoOj7WlDNJm4YZTjuRolj4nLb98UXqt++p0iyUN2YSUU/goWQBI9hY6TYo9kTcv7wrH/fzBVRCFpUKTIlbRa4ltVq1XK5Bd2YhVAALNPr5994gJLGg0hCOte66KDJegpVhhNNprhdrGmEyxkPatVRiQbWXzC6ewiOrDGAQKlvSwJn6fSLBQuuJ8G2nwGakf3up+JfXjU1Q9RImo9hQSeaLgphDE8L0fThgihLDJ5Zgopi9FZIRVpgYG1LOhvD1KfyftMolt1I6vT4p1M8XcWTBATgEReCCM1AHV6ABmoAACR7AE3h2tPPovDiv89aMs5jZBz/gvH0CspmQTw==</latexit>

f(µ2
F )

<latexit sha1_base64="LgWrYm9gXjM12Du7ly5AQypf2qs=">AAAB6HicdVBNSwMxEM3Wr1q/qh69BIvgqWSL1vYgFL14bMF+QLuUbDrbxmazS5IVSukv8OJBEa/+JG/+G7NtBRV9MPB4b4aZeX4suDaEfDiZldW19Y3sZm5re2d3L79/0NJRohg0WSQi1fGpBsElNA03AjqxAhr6Atr++Dr12/egNI/krZnE4IV0KHnAGTVWalz28wVSJBblMk6JWyGuJdVqpVSqYnduEVJAS9T7+ffeIGJJCNIwQbXuuiQ23pQqw5mAWa6XaIgpG9MhdC2VNATtTeeHzvCJVQY4iJQtafBc/T4xpaHWk9C3nSE1I/3bS8W/vG5igoo35TJODEi2WBQkApsIp1/jAVfAjJhYQpni9lbMRlRRZmw2ORvC16f4f9IqFd1y8bxxVqhdLePIoiN0jE6Riy5QDd2gOmoihgA9oCf07Nw5j86L87pozTjLmUP0A87bJ+dSjQg=</latexit> =

Collinear factorization formula
<latexit sha1_base64="/XTZJO1F/gor3QXgv8AbmzMG/F4="></latexit>

�(p,Q2) =
X

j

Z 1

x
dz �̂hard,j(zp,Q, µ2

F ,↵s) fj(z, µ
2
F )

hadronic cross section partonic cross section parton density

contains all collinear logarithms from integrations
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Collinear factorization
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In summary: can write collinear factorization formula for structure functions

Parton densities: non-
perturbative distributions in 
longitudinal momentum 
fractions  at a given 
factorization scale 

z
μ2

F

Coefficient functions: calculable 
order by order in perturbation 
theory

<latexit sha1_base64="Ep1A9pk+V4/+USylcJcZovjgVTs=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0WoICUJWttdURCXFewD2jRMppN27EwSZiZKDf0PNy4Uceu/uPNvnLQVVPTAhcM593LvPV7EqFSm+WFkFhaXlleyq7m19Y3Nrfz2TlOGscCkgUMWiraHJGE0IA1FFSPtSBDEPUZa3ug89Vu3REgaBtdqHBGHo0FAfYqR0lLPd2+K90ddHrsXPfvQzRfMkqlRLsOUWBXT0qRardh2FVpTyzQLYI66m3/v9kMccxIozJCUHcuMlJMgoShmZJLrxpJECI/QgHQ0DRAn0kmmV0/ggVb60A+FrkDBqfp9IkFcyjH3dCdHaih/e6n4l9eJlV9xEhpEsSIBni3yYwZVCNMIYJ8KghUba4KwoPpWiIdIIKx0UDkdwten8H/StEtWuXRydVyonc3jyII9sA+KwAKnoAYuQR00AAYCPIAn8GzcGY/Gi/E6a80Y85ld8APG2yeDepHm</latexit>

fj(z, µ
2
F )

<latexit sha1_base64="m0M6Tji/73cKZhIoZTWhscpbBZE="></latexit>

Cj
2,L(x/z,Q

2/µ2
F ,↵s)

<latexit sha1_base64="PExKjtc0B/woOhQYXBSSda/hQGI="></latexit>

F2,L(x,Q
2) = x

X

q

e2q
X

j

Z 1

x

dz

z
Cj

2,L(x/z,Q
2/µ2

F ,↵s) fj(z, µ
2)

O(
⇤2

Q2
)

<latexit sha1_base64="vguq2W4peP+r2f5pljyjQo7bf6M=">AAACCHicbVDLSgMxFM34rPU16tKFwSLUTZkpgi6LblwItmAf0BnLnUymDc08SDJCGbp046+4caGIWz/BnX9j2s5CWw8kHM65h+QeL+FMKsv6NpaWV1bX1gsbxc2t7Z1dc2+/JeNUENokMY9FxwNJOYtoUzHFaScRFEKP07Y3vJr47QcqJIujOzVKqBtCP2IBI6C01DOPMocAx7fjshMIIJlzo7M+3FfHWUNfpz2zZFWsKfAisXNSQjnqPfPL8WOShjRShIOUXdtKlJuBUIxwOi46qaQJkCH0aVfTCEIq3Wy6yBifaMXHQSz0iRSeqr8TGYRSjkJPT4agBnLem4j/ed1UBRduxqIkVTQis4eClGMV40kr2GeCEsVHmgARTP8VkwHoQpTurqhLsOdXXiStasW2KnbjrFS7zOsooEN0jMrIRueohq5RHTURQY/oGb2iN+PJeDHejY/Z6JKRZw7QHxifP7BrmRs=</latexit><latexit sha1_base64="vguq2W4peP+r2f5pljyjQo7bf6M=">AAACCHicbVDLSgMxFM34rPU16tKFwSLUTZkpgi6LblwItmAf0BnLnUymDc08SDJCGbp046+4caGIWz/BnX9j2s5CWw8kHM65h+QeL+FMKsv6NpaWV1bX1gsbxc2t7Z1dc2+/JeNUENokMY9FxwNJOYtoUzHFaScRFEKP07Y3vJr47QcqJIujOzVKqBtCP2IBI6C01DOPMocAx7fjshMIIJlzo7M+3FfHWUNfpz2zZFWsKfAisXNSQjnqPfPL8WOShjRShIOUXdtKlJuBUIxwOi46qaQJkCH0aVfTCEIq3Wy6yBifaMXHQSz0iRSeqr8TGYRSjkJPT4agBnLem4j/ed1UBRduxqIkVTQis4eClGMV40kr2GeCEsVHmgARTP8VkwHoQpTurqhLsOdXXiStasW2KnbjrFS7zOsooEN0jMrIRueohq5RHTURQY/oGb2iN+PJeDHejY/Z6JKRZw7QHxifP7BrmRs=</latexit><latexit sha1_base64="vguq2W4peP+r2f5pljyjQo7bf6M=">AAACCHicbVDLSgMxFM34rPU16tKFwSLUTZkpgi6LblwItmAf0BnLnUymDc08SDJCGbp046+4caGIWz/BnX9j2s5CWw8kHM65h+QeL+FMKsv6NpaWV1bX1gsbxc2t7Z1dc2+/JeNUENokMY9FxwNJOYtoUzHFaScRFEKP07Y3vJr47QcqJIujOzVKqBtCP2IBI6C01DOPMocAx7fjshMIIJlzo7M+3FfHWUNfpz2zZFWsKfAisXNSQjnqPfPL8WOShjRShIOUXdtKlJuBUIxwOi46qaQJkCH0aVfTCEIq3Wy6yBifaMXHQSz0iRSeqr8TGYRSjkJPT4agBnLem4j/ed1UBRduxqIkVTQis4eClGMV40kr2GeCEsVHmgARTP8VkwHoQpTurqhLsOdXXiStasW2KnbjrFS7zOsooEN0jMrIRueohq5RHTURQY/oGb2iN+PJeDHejY/Z6JKRZw7QHxifP7BrmRs=</latexit><latexit sha1_base64="vguq2W4peP+r2f5pljyjQo7bf6M=">AAACCHicbVDLSgMxFM34rPU16tKFwSLUTZkpgi6LblwItmAf0BnLnUymDc08SDJCGbp046+4caGIWz/BnX9j2s5CWw8kHM65h+QeL+FMKsv6NpaWV1bX1gsbxc2t7Z1dc2+/JeNUENokMY9FxwNJOYtoUzHFaScRFEKP07Y3vJr47QcqJIujOzVKqBtCP2IBI6C01DOPMocAx7fjshMIIJlzo7M+3FfHWUNfpz2zZFWsKfAisXNSQjnqPfPL8WOShjRShIOUXdtKlJuBUIxwOi46qaQJkCH0aVfTCEIq3Wy6yBifaMXHQSz0iRSeqr8TGYRSjkJPT4agBnLem4j/ed1UBRduxqIkVTQis4eClGMV40kr2GeCEsVHmgARTP8VkwHoQpTurqhLsOdXXiStasW2KnbjrFS7zOsooEN0jMrIRueohq5RHTURQY/oGb2iN+PJeDHejY/Z6JKRZw7QHxifP7BrmRs=</latexit>

Power corrections.  
Control the onset of the regime where the factorization in violated 
The scale could be determined experimentally, can depend on energy 
(saturation scale) and target type

<latexit sha1_base64="ZB61cN9nywuN7zu8hfcHZqd2PcE=">AAACCXicbVDNS8MwHE39nPOr6tFLcAgTYbTDr+PQiwfBDdwHrHWkabqFpWlJUmGUXr34r3jxoIhX/wNv/jdmWw+6+SDh8d7vkfyeFzMqlWV9GwuLS8srq4W14vrG5ta2ubPbklEiMGniiEWi4yFJGOWkqahipBMLgkKPkbY3vBr77QciJI34nRrFxA1Rn9OAYqS01DPhcepgxOBtVnYCgXDq3Oiwj+6rWdrQ11HPLFkVawI4T+yclECOes/8cvwIJyHhCjMkZde2YuWmSCiKGcmKTiJJjPAQ9UlXU45CIt10skkGD7XiwyAS+nAFJ+rvRIpCKUehpydDpAZy1huL/3ndRAUXbkp5nCjC8fShIGFQRXBcC/SpIFixkSYIC6r/CvEA6UKULq+oS7BnV54nrWrFPqucNk5Ktcu8jgLYBwegDGxwDmrgGtRBE2DwCJ7BK3gznowX4934mI4uGHlmD/yB8fkDH1qZWg==</latexit>

+O(
⇤2

Q2
)

fj

Cj

γ∗
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Factorization scale (in)dependence
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Appearance of the arbitrary factorization scale  that divides parton density from the hard 
scattering cross section  
Physical cross section cannot depend on , therefore the scale dependence should cancel between 
hard partonic cross section and parton density

μF

μF

<latexit sha1_base64="GlNmP6Q+zH44LMz4/jOSrdNjOaA="></latexit>

�(p,Q2) = �̂hard(↵s(Q
2), µ2

F )⌦ f(µ2
F )

Therefore in principle one can choose arbitrary  

However:

μF
<latexit sha1_base64="gabsglUfBKKyNLmQq00uzFVCoM0="></latexit>

�̂hard(↵s(Q
2), µ2

F ) = �̂(0) + ↵s�̂
(1)(Q/µF ) + ↵2

s�̂
(2)(Q/µF ) + . . .

Higher order terms will contain logarithmic enhancements 
<latexit sha1_base64="mYl3ct9vmXf92wKRtU8KuG81vKk=">AAACA3icdVBNS8NAEN3Ur1q/qt70sliEeqlJ0dreioJ4bMHWQpOGzXbTLt1swu5GKKHgxb/ixYMiXv0T3vw3btoKKvpg4PHeDDPzvIhRqUzzw8gsLC4tr2RXc2vrG5tb+e2dtgxjgUkLhywUHQ9JwignLUUVI51IEBR4jNx4o4vUv7klQtKQX6txRJwADTj1KUZKS25+z0YsGiJX9jgs2ozD5rEdxO7lUU+bBbNkalQqMCVW1bQ0qdWq5XINWlPLNAtgjoabf7f7IY4DwhVmSMquZUbKSZBQFDMyydmxJBHCIzQgXU05Coh0kukPE3iolT70Q6GLKzhVv08kKJByHHi6M0BqKH97qfiX142VX3USyqNYEY5ni/yYQRXCNBDYp4JgxcaaICyovhXiIRIIKx1bTofw9Sn8n7TLJatSOm2eFOrn8ziyYB8cgCKwwBmogyvQAC2AwR14AE/g2bg3Ho0X43XWmjHmM7vgB4y3T6qfluw=</latexit>

↵n
s (lnQ/µF )

n

They appear because of the integration of the collinear spectrum above  for kT > μF

Thus if factorization scale is very different from Q, then   we would  
need to resum many orders in the hard scattering cross section and reliability of fixed order 
expansion is spoiled.

ln Q /μF ≫ 1

In order to avoid it set: 
<latexit sha1_base64="bOi5gxW8eGkdYiOkc/CGs7+HDDU=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5IUre1CKArisgX7gCaEyXTSDp1JwjyEWvolblwo4tZPceffOGkrqOiBC4dz7uXee8KUUakc58PKrayurW/kNwtb2zu7RXtvvyMTLTBp44QlohciSRiNSVtRxUgvFQTxkJFuOL7K/O4dEZIm8a2apMTnaBjTiGKkjBTYRY/r4BpeQAQ9wWErsEtO2TGoVmFG3JrjGlKv1yqVOnTnluOUwBLNwH73BgnWnMQKMyRl33VS5U+RUBQzMit4WpIU4TEakr6hMeJE+tP54TN4bJQBjBJhKlZwrn6fmCIu5YSHppMjNZK/vUz8y+trFdX8KY1TrUiMF4sizaBKYJYCHFBBsGITQxAW1NwK8QgJhJXJqmBC+PoU/k86lbJbLZ+1TkuNy2UceXAIjsAJcME5aIAb0ARtgIEGD+AJPFv31qP1Yr0uWnPWcuYA/ID19gkPd5IV</latexit>

µF = aQ where a ∼ 1

Can vary a to test the stability of the 
expansion, estimate of higher orders 

Common choices: a=0.5,1,2
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Scale dependence of the PDFs

33

Parton distribution functions become scale dependent  due to the resummation of large 
collinear logarithms. As a consequence, the structure functions exhibit scaling violations 

fi(x, Q2)

<latexit sha1_base64="KrpMWokAcrG1U6ewIEQ4luxdtns=">AAACCHicdVDLSsNAFJ34rPUVdenCwSK0ICUJWttdURCXLdgHtDFMppN26OTBzEQtoUs3/oobF4q49RPc+TdO2goqeuDC4Zx7ufceN2JUSMP40ObmFxaXljMr2dW19Y1NfWu7KcKYY9LAIQt520WCMBqQhqSSkXbECfJdRlru8Cz1W9eECxoGl3IUEdtH/YB6FCOpJEffg/DcsfK3BdjltD+QiPPwZiod1q+sgqPnjKKhUCrBlJhlw1SkUilbVgWaE8swcmCGmqO/d3shjn0SSMyQEB3TiKSdIC4pZmSc7caCRAgPUZ90FA2QT4SdTB4ZwwOl9KAXclWBhBP1+0SCfCFGvqs6fSQH4reXin95nVh6ZTuhQRRLEuDpIi9mUIYwTQX2KCdYspEiCHOqboV4gDjCUmWXVSF8fQr/J02raJaKx/WjXPV0FkcG7IJ9kAcmOAFVcAFqoAEwuAMP4Ak8a/fao/aivU5b57TZzA74Ae3tEzfdl5o=</latexit>

F2(x) ! F2(x,Q
2)

With increasing  the resolution is increased. 
The quarks can emit more partons, and thus at high   and one sees more partons 
with small values of x.  

Q2

Q2

pz
pz

↵pz

(1� ↵)pz
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DGLAP evolution equations
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Strong ordering in transverse momenta

Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evolution equations

Scale dependent parton densities: non-perturbative objects, cannot compute in 
perturbative QCD (other methods: lattice) 

Scale dependence predicted by perturbative QCD

2PI

2PI

2PI

2PI

P

P

Pk1 ∼ x1p + k1T

kn ∼ xn p + knT

ki ∼ xi p + kiT

zi

P kernel: splitting function , calculable 
in pQCD 

P(αs, zi)

 fraction of longitudinal momentum 
transferred along the cascade
zi

<latexit sha1_base64="Jfmhhed6O/wJlJ/30ONhWpy7J8Y="></latexit>

f(x,Q2) = f (0)(x) +

Z Q2

Q2
0

dk2nT
k2nT

Z 1

x

dzn
zn

Pn(↵s(k
2
nT ), zn)f(

x

zn
, k2nT )

Taking derivative with respect to Q2
<latexit sha1_base64="m7Oi8+pMaOd0/sQt19CNK98cEek="></latexit>

Q2 d

dQ2
f(x,Q2) =

Z 1

x

dz

z
P (↵s(Q

2), z)f(
x

z
,Q2)

Differential equation, provides evolution in  
Needs an input at initial scale 

Q2

Q2
0

<latexit sha1_base64="mjfz3EpPQaJAaCNiSIDlA5bVAmM="></latexit>

Q2 � k2n? � · · · � k2i? � · · · � k21?
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Collinear approximation: DGLAP evolution
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DGLAP evolution: system of equations for parton densities, quarks and gluons

 : quark density,  : gluon densityqj g

Splitting functions 
calculated perturbatively LO NLO NNLO N3LO

a
a

b

h
h

fa/h

fb/h

Pab

x x

x
z

z

d
d ln Q2

=
: describe splitting of 

parton b into parton a
Pab

<latexit sha1_base64="wGGj4VQSMn30/LbqWaa4tka0prY="></latexit>

Pab(↵s, z) ⌘ Pb!a(↵s, z) =
↵s

2⇡
P (0)
ab (z) +

�↵s

2⇡

�2
P (1)
ab (z) +

�↵s

2⇡

�3
P (2)
ab (z) +

�↵s

2⇡

�4
P (3)
ab (z) + . . .

<latexit sha1_base64="AUtfpsOISZ8BmDbV0/ecTzMptVM="></latexit>

µ2 @

@µ2

✓
qi(x, µ2)
g(x, µ2)

◆
=

X

j

Z 1

x

dz

z

✓
Pqiqj (↵s, z) Pqig(↵s, z)
Pgqj (↵s, z) Pgg(↵s, z)

◆✓
qj(

x
z , µ

2)
g(xz , µ

2)

◆
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Splitting functions
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Pab

a

b

2PI

<latexit sha1_base64="xZTT/lN2Ap6hplHDgVtWSXw17b4=">AAAB+3icdVDLSgNBEJyNrxhfazx6GQxCvITdoDG5Bb14M4J5QBKW3slsMmR2dpmZFcOSX/HiQRGv/og3/8bJQ1DRgoaiqpvuLj/mTGnH+bAyK6tr6xvZzdzW9s7unr2fb6kokYQ2ScQj2fFBUc4EbWqmOe3EkkLoc9r2x5czv31HpWKRuNWTmPZDGAoWMALaSJ6dT3sEOL6eFnvA4xF46sSzC07JMahU8Iy4Vcc1pFarlss17M4txymgJRqe/d4bRCQJqdCEg1Jd14l1PwWpGeF0muslisZAxjCkXUMFhFT10/ntU3xslAEOImlKaDxXv0+kECo1CX3TGYIeqd/eTPzL6yY6qPZTJuJEU0EWi4KEYx3hWRB4wCQlmk8MASKZuRWTEUgg2sSVMyF8fYr/J61yya2Uzm5OC/WLZRxZdIiOUBG56BzV0RVqoCYi6B49oCf0bE2tR+vFel20ZqzlzAH6AevtE32rlB4=</latexit>

O(↵s)

<latexit sha1_base64="0StwqTyLDh6HmKylgmvxhxa4Y44=">AAAB/XicdVDJSgNBEO2JW4xbXG5eGoMQL6EnaExuQS/ejGAWSMahptNJmvQsdPcIcQj+ihcPinj1P7z5N3YWQUUfFDzeq6KqnhcJrjQhH1ZqYXFpeSW9mllb39jcym7vNFQYS8rqNBShbHmgmOABq2uuBWtFkoHvCdb0hucTv3nLpOJhcK1HEXN86Ae8xyloI7nZvaRDQeDLcb4DIhqAq26KR242RwrEoFTCE2KXiW1IpVIuFivYnlqE5NAcNTf73umGNPZZoKkApdo2ibSTgNScCjbOdGLFIqBD6LO2oQH4TDnJ9PoxPjRKF/dCaSrQeKp+n0jAV2rke6bTBz1Qv72J+JfXjnWv7CQ8iGLNAjpb1IsF1iGeRIG7XDKqxcgQoJKbWzEdgASqTWAZE8LXp/h/0igW7FLh5Oo4Vz2bx5FG++gA5ZGNTlEVXaAaqiOK7tADekLP1r31aL1Yr7PWlDWf2UU/YL19Aq/SlMI=</latexit>

O(↵2
s)

<latexit sha1_base64="bXeUo9YMX7pardgUjcDIuhlVT5Q="></latexit>

Pab(↵s, z) =
↵s

2⇡
P (0)
ab (z) +

�↵s

2⇡

�2
P (1)
ab (z) + . . .

Solving DGLAP with LO, NLO,… is equivalent to summing towers of large logarithms:

<latexit sha1_base64="huAgnzW8KdK40OAmsKjIZSY17kY="></latexit>

↵n
s

✓
ln

Q2

Q2
0

◆n�1
<latexit sha1_base64="n8VdzWx1/0YnYsEN+vJXZt7Kppk="></latexit>

↵n
s

✓
ln

Q2

Q2
0

◆n

,

Emission of additional parton without  ordering, adds power of  without accompanying 
collinear logarithm

kT αs

z
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<latexit sha1_base64="G4MwcIx5OD2bvZQdgdXwoiRrBVc="></latexit>

P (0)
qq (z) = CF

⇥ 1 + z2

(1� z)+
+

3

2
�(1� z)

⇤

<latexit sha1_base64="5FnGRH3Kf2SRI5czjjzrt8mCFZU="></latexit>

P (0)
qg (z) = TR

⇥
z2 + (1� z)2

⇤

<latexit sha1_base64="eNEmxttmIMzbm8xt8JZOnQwMBZU="></latexit>

P (0)
gq (z) = CF

⇥z2 + (1� z)2

z

⇤

Leading order splitting functions

dominant at small z(x)

<latexit sha1_base64="1emOLsR2ECCbcH9NMZ6578/QUdM="></latexit>

P (0)
gg (z) = 2CA

⇥ z

(1� z)+
+

1� z

z
+ z(1� z)

+�(1� z)
11CA � 4nfTR

6

⇤

real

real virt.

virt.

<latexit sha1_base64="4Nap9/5mNJUTscsXm1h6lmXOoFc="></latexit>Z 1

0
dzf(z)

✓
1

1� z

◆

+

⌘
Z 1

0
dz

f(z)� f(1)

1� z
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Momentum sum rule in DGLAP
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The DGLAP evolution equations satisfy the momentum sum rule

Which translates into conditions on the integrals of splitting functions
<latexit sha1_base64="6dWBCu8vhu09iqJF2ZAZcr5VbkA="></latexit>Z 1

0
dxx[Pqq(x) + Pgq(x)] = 0

<latexit sha1_base64="sbhH0imWpaWrCr+J4XjVoWUimFc="></latexit>

1 =

Z 1

0
dx[xg(x,Q2) +

X

j=q,q̄

xfj(x,Q
2)]

<latexit sha1_base64="5xAL40RM911+723ttTZQDfGbWvo="></latexit>Z 1

0
dxx[2NFPqg(x) + Pgg(x)] = 0

<latexit sha1_base64="kuBx+Q6/m+R6Qf5CGqGHa1ICMzU="></latexit>

µ2 @

@µ2

✓
qi(x, µ2)
g(x, µ2)

◆
=

X

j

Z 1

x

dz

z

✓
Pqiqj (z,↵s) Pqig(z,↵s)
Pgqj (z,↵s) Pgg(z,↵s)

◆✓
qj(

x
z , µ

2)
g(xz , µ

2)

◆

Valid at any value of Q2

In addition the flavor sum rule holds 
<latexit sha1_base64="5kAxwIfV7X+v4aWbWdu3iM9i95U="></latexit>Z 1

0
dx[fqi(x,Q

2)� fq̄i(x,Q
2)] = Ni number of valence quarks i
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<latexit sha1_base64="igpFSm9Dzn9/gbnS418ACy1mCcM=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOZpMh81hmZoWw5CO8eFDEq9/jzb9xNtmDJhY0FFXddHdFCWfG+v63V1pZXVvfKG9WtrZ3dveq+wePRqWa0BZRXOlOhA3lTNKWZZbTTqIpFhGn7Wh8m/vtJ6oNU/LBThIaCjyULGYEWye1e0rQIa70qzW/7s+AlklQkBoUaParX72BIqmg0hKOjekGfmLDDGvLCKfTSi81NMFkjIe066jEgpowm507RSdOGaBYaVfSopn6eyLDwpiJiFynwHZkFr1c/M/rpja+DjMmk9RSSeaL4pQjq1D+OxowTYnlE0cw0czdisgIa0ysSygPIVh8eZk8ntWDy/rF/XmtcVPEUYYjOIZTCOAKGnAHTWgBgTE8wyu8eYn34r17H/PWklfMHMIfeJ8/yeyPOQ==</latexit>!Nf = 0

Gluon anomalous dimension (at ) vanishes at Nf = 0 ω = 1

<latexit sha1_base64="iAulKdP7XD+iJVmuiSxEm6YcL6Q="></latexit>

�ij(!) =

Z 1

0
dx x!Pij(x)

Define anomalous dimension via Mellin moment of the splitting function

Example: gluon anomalous dimension at LO:

<latexit sha1_base64="hp4vHxYS/mGwz+qxmQTaDuImt/Y=">AAACBHicbVC7TsNAEDzzDOFloExjESElTbAjXmUgDWWQyEOKLWt9OTun3NnW3RkpslLQ8Cs0FCBEy0fQ8Tc4iQtIGGml0cyudne8mFGpTPNbW1ldW9/YLGwVt3d29/b1g8OOjBKBSRtHLBI9DyRhNCRtRRUjvVgQ4B4jXW/UnPrdByIkjcJ7NY6JwyEIqU8xqExy9ZIdAOfgpkEwqdgRJwFUTyv1pntdLbp62ayZMxjLxMpJGeVoufqXPYhwwkmoMAMp+5YZKycFoShmZFK0E0liwCMISD+jIXAinXT2xMQ4yZSB4Uciq1AZM/X3RApcyjH3sk4OaigXvan4n9dPlH/lpDSME0VCPF/kJ8xQkTFNxBhQQbBi44wAFjS71cBDEIBVlts0BGvx5WXSqdesi9r53Vm5cZPHUUAldIwqyEKXqIFuUQu1EUaP6Bm9ojftSXvR3rWPeeuKls8coT/QPn8AW6mWnA==</latexit>

�gg(!)/(2CA) Singularities at  inform about small x limitω → 0
Momentum sum rule in terms of 
anomalous dimensions

<latexit sha1_base64="0zOMNDDLfubSj830kK2ZEvlWXxY="></latexit>

�(0)(!) = 2CA

✓
1

!
� 1

! + 1
+

1

! + 2
� 1

! + 3
�  (2 + !)� �E +

11

12
� Nf

18

◆

<latexit sha1_base64="WI5f4kM+W9G2P3MtTzbftxabakU="></latexit>

�qq(! = 1) + �gq(! = 1) = 0
<latexit sha1_base64="mCeRp8CtgPc+KzgKDh6gXaoPkOU="></latexit>

2Nf�qg(! = 1) + �gg(! = 1) = 0

Pure gluodynamics satisfies momentum sum rule
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Approximate solution: large x
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<latexit sha1_base64="i5/8I2au4F+A/B78H1C0LjJkJX0=">AAAB8nicdVDLSgMxFM3UV62vqks3wSJUkJIZtLYLoejGZQv2AdNaMmmmDc1MhiQjlqGf4caFIm79Gnf+jZm2gooeuHA4517uvceLOFMaoQ8rs7S8srqWXc9tbG5t7+R391pKxJLQJhFcyI6HFeUspE3NNKedSFIceJy2vfFV6rfvqFRMhDd6EtFegIch8xnB2kiu38fF+5PGrXN80c8XUAkZlMswJXYF2YZUqxXHqUJ7ZiFUAAvU+/n37kCQOKChJhwr5doo0r0ES80Ip9NcN1Y0wmSMh9Q1NMQBVb1kdvIUHhllAH0hTYUaztTvEwkOlJoEnukMsB6p314q/uW5sfYrvYSFUaxpSOaL/JhDLWD6PxwwSYnmE0MwkczcCskIS0y0SSlnQvj6FP5PWk7JLpfOGqeF2uUijiw4AIegCGxwDmrgGtRBExAgwAN4As+Wth6tF+t13pqxFjP74Aest0/w6JBo</latexit>

fa(x,Q
2) =

x

a

1 − x

Quark/gluon retains most momentum 
Many soft gluons radiated 
Evolution dominated by terms with

<latexit sha1_base64="tAIAqbrVmecnJPhozZgwYsHF2sI=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQEUsivpZFNy4r2Ac0IUymk3ToZBJmJkINWbjxV9y4UMStH+HOv3GadqHVAxcO59zLvff4CaNSWdaXUVpYXFpeKa9W1tY3NrfM7Z2OjFOBSRvHLBY9H0nCKCdtRRUjvUQQFPmMdP3R1cTv3hEhacxv1TghboRCTgOKkdKSZ1Ydn4Zh3QkEwpmdZ/bRfV5IB96hZ9ashlUA/iX2jNTADC3P/HQGMU4jwhVmSMq+bSXKzZBQFDOSV5xUkgThEQpJX1OOIiLdrHgih/taGcAgFrq4goX6cyJDkZTjyNedEVJDOe9NxP+8fqqCCzejPEkV4Xi6KEgZVDGcJAIHVBCs2FgThAXVt0I8RDoPpXOr6BDs+Zf/ks5xwz5rnN6c1JqXszjKoAr2QB3Y4Bw0wTVogTbA4AE8gRfwajwaz8ab8T5tLRmzmV3wC8bHN6ljl3k=</latexit>✓
1

1� z

◆

+
<latexit sha1_base64="+UX8YgVlvbwLG/o1/lazpaDSQlk="></latexit>

Pqq(z) ' CF
2

(1� z)+

<latexit sha1_base64="dFTO6Br3uaX2Fv81/Oly2p5E+/k="></latexit>

Pgg(z) ' 2CA
1

(1� z)+

<latexit sha1_base64="uhA4vztfJeA/a3r3XLLISEienP0="></latexit>Z 1

x
dz

✓
1

1� z

◆

+

= �
Z x

0

dz

1� z
= ln(1� x)

<latexit sha1_base64="irI88PpqLVdir2+0O0DIdzn9uDU="></latexit>

exp

 Z 1

x
dz

2Ca

(1� z)+

Z Q2

Q2
0

dq2

q2
↵s(q2)

2⇡

�
= exp(pa ln(1� x)) = (1� x)pa

Iteration of DGLAP with Paa(z)

<latexit sha1_base64="eUc07VGsuvOuUtPrlRB3kOSDUsc="></latexit>

pa =
Ca

⇡�0
ln

↵s(Q2
0)

↵s(Q2)
where and we have 

<latexit sha1_base64="Unqbd9PvV/aXyrNDqlRjWS/j6/M=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbBU8kWre1Fil48VrCt0C4lm2bb2Gx2SbJCWfofvHhQxKv/x5v/xmxbQUUfDDzem2Fmnh8Lrg3GH05uaXlldS2/XtjY3NreKe7utXWUKMpaNBKRuvWJZoJL1jLcCHYbK0ZCX7COP77M/M49U5pH8sZMYuaFZCh5wCkxVmrHfYLOcb9YwmVsUa2ijLg17FpSr9cqlTpyZxbGJVig2S++9wYRTUImDRVE666LY+OlRBlOBZsWeolmMaFjMmRdSyUJmfbS2bVTdGSVAQoiZUsaNFO/T6Qk1HoS+rYzJGakf3uZ+JfXTUxQ81Iu48QwSeeLgkQgE6HsdTTgilEjJpYQqri9FdERUYQaG1DBhvD1KfqftCtlt1o+vT4pNS4WceThAA7hGFw4gwZcQRNaQOEOHuAJnp3IeXRenNd5a85ZzOzDDzhvn+zYjrs=</latexit>

pa > 0 for
<latexit sha1_base64="5DqIV8i7dL7gmklRSMvmgiBTMpA=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXJTNobcFF0Y3LFuwDptOSSdM2NJMMSUYoQz/DjQtF3Po17vwbM20FFT1w4XDOvdx7Txhzpg1CH87K6tr6xmZuK7+9s7u3Xzg4bGmZKEKbRHKpOiHWlDNBm4YZTjuxojgKOW2Hk5vMb99TpZkUd2Ya0yDCI8GGjGBjJb/RRz0PXsFGz+sXiqiELMplmBG3glxLqtWK51WhO7cQKoIl6v3Ce3cgSRJRYQjHWvsuik2QYmUY4XSW7yaaxphM8Ij6lgocUR2k85Nn8NQqAziUypYwcK5+n0hxpPU0Cm1nhM1Y//Yy8S/PT8ywEqRMxImhgiwWDRMOjYTZ/3DAFCWGTy3BRDF7KyRjrDAxNqW8DeHrU/g/aXklt1y6aJwXa9fLOHLgGJyAM+CCS1ADt6AOmoAACR7AE3h2jPPovDivi9YVZzlzBH7AefsESd2P/A==</latexit>

Q2
0 < Q2

The resulting parton distribution will behave as:

<latexit sha1_base64="UBr7ET18WgoicOEPfqvOu/RraUY="></latexit>

fa(x,Q
2) ' fa(x,Q

2
0) (1� x)pa

<latexit sha1_base64="ZJ9ft2o7uqR/dUKlDQifY/yzdtg="></latexit>

fa(x,Q
2
0) ⇠ (1� x)⌘, ⌘ > 0

where initial distribution More suppression at large 
x, with increasing Q2

(can obtain this solution also 
by using  Mellin space)
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x

a

<latexit sha1_base64="i5/8I2au4F+A/B78H1C0LjJkJX0=">AAAB8nicdVDLSgMxFM3UV62vqks3wSJUkJIZtLYLoejGZQv2AdNaMmmmDc1MhiQjlqGf4caFIm79Gnf+jZm2gooeuHA4517uvceLOFMaoQ8rs7S8srqWXc9tbG5t7+R391pKxJLQJhFcyI6HFeUspE3NNKedSFIceJy2vfFV6rfvqFRMhDd6EtFegIch8xnB2kiu38fF+5PGrXN80c8XUAkZlMswJXYF2YZUqxXHqUJ7ZiFUAAvU+/n37kCQOKChJhwr5doo0r0ES80Ip9NcN1Y0wmSMh9Q1NMQBVb1kdvIUHhllAH0hTYUaztTvEwkOlJoEnukMsB6p314q/uW5sfYrvYSFUaxpSOaL/JhDLWD6PxwwSYnmE0MwkczcCskIS0y0SSlnQvj6FP5PWk7JLpfOGqeF2uUijiw4AIegCGxwDmrgGtRBExAgwAN4As+Wth6tF+t13pqxFjP74Aest0/w6JBo</latexit>

fa(x,Q
2) =

can emit many gluons

Dominated by the evolution of the gluon density
<latexit sha1_base64="wrE3tq6qf1jtc59xmOSzHEt6BMI="></latexit>

Pgg(z) ' 2CA
1

z
<latexit sha1_base64="u7ar9otxk+DUkR2tyN7rGxsic14=">AAAB9XicdVBNSwMxEM36WetX1aOXYBE8lWzR2t6KXjxWsB/QriWbZtvQbHZJZi219H948aCIV/+LN/+N2baCij4YeLw3w8w8P5bCACEfztLyyuraemYju7m1vbOb29tvmCjRjNdZJCPd8qnhUiheBwGSt2LNaehL3vSHl6nfvOPaiEjdwDjmXkj7SgSCUbDS7X1Hi/4AqNbRCJNuLk8KxKJUwilxy8S1pFIpF4sV7M4sQvJogVo3997pRSwJuQImqTFtl8TgTagGwSSfZjuJ4TFlQ9rnbUsVDbnxJrOrp/jYKj0cRNqWAjxTv09MaGjMOPRtZ0hhYH57qfiX104gKHsToeIEuGLzRUEiMUQ4jQD3hOYM5NgSyrSwt2I2oJoysEFlbQhfn+L/SaNYcEuFs+vTfPViEUcGHaIjdIJcdI6q6ArVUB0xpNEDekLPzsh5dF6c13nrkrOYOUA/4Lx9As4Qkrw=</latexit>

z ! 0

<latexit sha1_base64="4Moa1LTqKflrFL0q52S265aVMKM=">AAAB9XicdVBNSwMxEM36WetX1aOXYBE8lWzR2t6KXjxWsB/QriWbZtvQbHZJZq2l9H948aCIV/+LN/+N2baCij4YeLw3w8w8P5bCACEfztLyyuraemYju7m1vbOb29tvmCjRjNdZJCPd8qnhUiheBwGSt2LNaehL3vSHl6nfvOPaiEjdwDjmXkj7SgSCUbDS7X1Hi/4AqNbRCJNuLk8KxKJUwilxy8S1pFIpF4sV7M4sQvJogVo3997pRSwJuQImqTFtl8TgTagGwSSfZjuJ4TFlQ9rnbUsVDbnxJrOrp/jYKj0cRNqWAjxTv09MaGjMOPRtZ0hhYH57qfiX104gKHsToeIEuGLzRUEiMUQ4jQD3hOYM5NgSyrSwt2I2oJoysEFlbQhfn+L/SaNYcEuFs+vTfPViEUcGHaIjdIJcdI6q6ArVUB0xpNEDekLPzsh5dF6c13nrkrOYOUA/4Lx9Asrukro=</latexit>

x ! 0 many gluons emitted 
over the large rapidity 
range: 

<latexit sha1_base64="tJ80jy9C8uHAIdeSLjW+RO+/oyY=">AAACAHicdVA9SwNBEN3zM8avUwsLm8UgWMW7oDHpglpYRjAfkAthbzNJluztnbt7YjjS+FdsLBSx9WfY+W/cSyKo6IOBx3szzMzzI86UdpwPa25+YXFpObOSXV1b39i0t7brKowlhRoNeSibPlHAmYCaZppDM5JAAp9Dwx+ep37jFqRiobjWowjaAekL1mOUaCN17F3vArgmeIQ9xQK4wR4X2D2669g5J+8YFIs4JW7JcQ0pl0uFQhm7E8txcmiGasd+97ohjQMQmnKiVMt1It1OiNSMchhnvVhBROiQ9KFlqCABqHYyeWCMD4zSxb1QmhIaT9TvEwkJlBoFvukMiB6o314q/uW1Yt0rtRMmoliDoNNFvZhjHeI0DdxlEqjmI0MIlczciumASEK1ySxrQvj6FP9P6oW8W8yfXB3nKmezODJoD+2jQ+SiU1RBl6iKaoiiMXpAT+jZurcerRfrddo6Z81mdtAPWG+fVYyVoA==</latexit>

�y ' ln 1/x

<latexit sha1_base64="51eSh1aNBMrt2floXPAh74Hx4MM="></latexit>

xfg(x,Q
2) ' xfg(x,Q

2
0) exp

s
2CA

⇡�0
ln

↵s(Q2
0)

↵s(Q2)
ln

1

x

�
Solution as :x → 0

• Strong rise of gluon density (and in consequence of structure functions) with decreasing  
• Faster than any power of   but slower than any power of  (however if input distribution 

behaves as a power than it could dominate) 
• Steepness of this distribution increases with  
• Characteristic property of non-abelian theory: self-interacting gluons

x
ln 1/x 1/x

Q2

(can obtain this solution also 
by using  Mellin space)
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Example : DGLAP evolution of the gluon density

42

Example of the DGLAP evolution (LO): gluon density

linear scale logarithmic scale

Valence-like input: 
<latexit sha1_base64="NqCjEVtGKBy+labaxjGjqpwsVQ4="></latexit>

xg(x,Q2
0) = Ngx

0.5(1� x)5

Depletion at large x, growth at small x 
Valence-like input modified to increase at small x
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Proton PDFs
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Figure 61: The parton distribution functions xuv, xdv, xg and xS = 2x(Ū + D̄) of HERA-
PDF2.0FF3A and FF3B at the starting scale µ2f0 = 1.9GeV

2 compared to those of HERAPDF2.0
NLO. The top panel shows the distributions. The bottom panel shows the PDFs normalised to
HERAPDF2.0 NLO. The uncertainties are given as differently hatched bands in both panels.

108

using QCDNUM. The heavy-quark coefficient functions were calculated in the general-mass
variable-flavour-number scheme called RTOPT [82–84] for the NC structure functions. For the
CC structure functions, the zero-mass approximation was used, since all HERA CC data have
Q2 ≫ M2

b , where Mb is the beauty-quark mass parameter in the calculation.

The value of Mc was chosen after performing χ2 scans of NLO and NNLO pQCD fits to
the combined inclusive data from the analysis presented here and the HERA combined charm
data [46]. The procedure is described in detail in the context of the combination of the reduced
charm cross-section measurements [46]. All correlations of the inclusive and of the charm data
were considered in the fits. Figure 16 shows the ∆χ2 = χ2 −χ2min, where χ

2
min is the minimum χ

2

obtained, of these fits versus Mc at NLO and NNLO. As a result, the value of Mc was chosen as
Mc = 1.47GeV at NLO and Mc = 1.43GeV at NNLO. The settings for LO were chosen as for
NLO unless otherwise stated.

The value of the beauty-quark mass parameter Mb was chosen after performing χ2 scans of
NLO and NNLO pQCD fits using the combined inclusive data and data on beauty production
from ZEUS [75] and H1 [76]. The χ2 scans are shown in Fig. 17. The value of Mb was chosen
to be Mb = 4.5GeV at LO, NLO and NNLO. The value of the top-quark mass parameter was
chosen to be 173GeV [52] at all orders.

The value of the strong coupling constant was chosen to be αs(M2
Z) = 0.118 [52] at both

NLO and NNLO and αs(M2
Z) = 0.130 [38] for the LO fit.

6.2 Parameterisation

In the appoach of HERAPDF, the PDFs of the proton, x f , are generically parameterised at the
starting scale µ2f0 as

x f (x) = AxB(1 − x)C(1 + Dx + Ex2) , (26)

where x is the fraction of the proton’s momentum taken by the struck parton in the infinite
momentum frame. The PDFs parameterised are the gluon distribution, xg, the valence-quark
distributions, xuv, xdv, and the u-type and d-type anti-quark distributions, xŪ , xD̄. The relations
xŪ = xū and xD̄ = xd̄ + xs̄ are assumed at the starting scale µ2f0 .

The central parameterisation is

xg(x) = AgxBg(1 − x)Cg − A′gxB
′
g(1 − x)C′g , (27)

xuv(x) = Auv x
Buv (1 − x)Cuv

(

1 + Euv x2
)

, (28)
xdv(x) = Adv x

Bdv (1 − x)Cdv , (29)
xŪ(x) = AŪ xBŪ (1 − x)CŪ (1 + DŪ x) , (30)
xD̄(x) = AD̄xBD̄(1 − x)CD̄ . (31)

The gluon distribution, xg, is an exception from Eq. 26, for which an additional term of the
form A′gxB

′
g(1−x)C′g is subtracted11. This additional term was added to make the parameterisation

more flexible at low x, such that it is not controlled by the single power Bg as x approaches
11In the analysis presented here, C′g is fixed to C′g = 25 [36]. The fits are not sensitive to the exact value of C′g

once C′g ≫ Cg, such that the term does not contribute at large x.

20

Parametrization

✦ There is no particular reason to limit the 
analysis to this form, but pragmatically this 

is what works 

✦ The power on (1-x) terms is positive and 
ensures that the distribution vanishes for 

x=1 

✦ The power at x term can be positive or 
negative, depending on whether the 

distribution is valence like or sea  

✦ Note that gluons at this order are initially 
valence-like 

✦ They can become negative. Formally this is 
not a problem since this is not observable 
quantity. Practically this is a problem since 
the cross section can turn negative and this 

is then unphysical
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Figure 25: The parton distribution functions xuv, xdv, xS = 2x(Ū+ D̄) and xg of HERAPDF2.0
NLO at µ2f = 10GeV

2 compared to those of HERAPDF2.0 NNLO on logarithmic (top) and
linear (bottom) scales. The bands represent the total uncertainties.
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Gluon density dominates at small x 
Valence distribution have peak around 0.1 
NLO vs NNLO small x behavior 
Small x : large energy
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and shows little dependence on Q2. The measured xF
γZ
3

at different Q2 values can thus be averaged

taking into account the small Q2 dependence. The averaged values of xF
γZ
3

[1], determined for a Q2

value of 1000 GeV2, are shown in Fig. 5 (left). The measurement directly probes the valence-quark
content of the proton and is well described by HERAPDF2.0 NLO.

3.5 Measurement of the longitudinal structure function FL

The longitudinal structure function FL is obtained at HERA [10, 11] in a model independent way using
measurements at fixed x and Q2 but different y. This is achieved by H1 and ZEUS using data from
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Figure 82: The combined HERA data for the inclusive NC e+p and e−p reduced cross sections
together with fixed-target data [107,108] and the predictions of HERAPDF2.0 NNLO. The
bands represent the total uncertainties on the predictions. Dashed lines indicate extrapolation
into kinematic regions not included in the fit.
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In parton model . Callan-Gross relation. In QCD it becomes non-zeroFL = 0
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Figure 5: The reduced cross section σ̃NC(x,Q2) as a function of y2/(1 + (1 − y)2) for six
values of x at Q2 = 60 GeV2, measured for proton beam energies of Ep = 920, 575 and
460 GeV. The inner error bars denote the statistical error, the outer error bars show statistical
and systematic uncertainties added in quadrature. The luminosity uncertainty is not included
in the error bars. The negative slopes of the linear fits (solid line) which were performed using
total errors, illustrate the non-vanishing values of the structure function FL(x,Q2).
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Figure 6: The proton structure functions FL(x,Q2) (solid symbols) and F2(x,Q2) (open sym-
bols) measured by H1 (circles) and ZEUS (diamonds) in the region 2 ≤ Q2 ≤ 25 GeV2. Only
the F2(x,Q2) measurements obtained in the determinations of FL by H1 and ZEUS are shown.
The inner error bars represent the statistical uncertainties, the full error bars include the statisti-
cal and systematic uncertainties added in quadrature, including all correlated and uncorrelated
uncertainties. The curves represent the prediction from the H1PDF2012 NLO QCD fit.
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Figure 7: The proton structure functions FL(x,Q2) (solid symbols) and F2(x,Q2) (open sym-
bols) measured by H1 (circles) and ZEUS (diamonds) in the region 35 ≤ Q2 ≤ 800 GeV2.
Only the F2(x,Q2) measurements obtained in the determinations of FL by H1 and ZEUS are
shown. The inner error bars represent the statistical uncertainties, the full error bars include
the statistical and systematic uncertainties added in quadrature, including all correlated and un-
correlated uncertainties. The curves represent the prediction from the H1PDF2012 NLO QCD
fit.
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Figure 9: The ratio R(Q2) averaged over x in the region 1.5 ≤ Q2 ≤ 800 GeV2 (solid points).
The error bars represent the full errors as obtained by the Monte Carlo procedure described in
the text. The ZEUS data are also shown (open symbols). The ZEUS data point at Q2 = 45 GeV2

is slightly shifted for better visibility of the erros. The solid curve represents the prediction from
the HERAPDF1.5 NNLO QCD fit and its uncertainty for

√
s = 225 Gev2 and y = 0.7. The

additional dashed and dotted curves show the variations of R in the region of x where the data
are sensitive to this quantity.
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regions of x and Q2 that are not well covered by previous experiments and are well suited to FL extractions.
In this study, we assess the EIC FL capabilities by analysing simulated ‘pseudodata’ with varying assumptions
on systematic precision and beam energy configurations.

2 EIC pseudo-data

The accelerator and detector designs for the EIC are currently undergoing intense development, but the overall
specification in terms of beam energy ranges and instrumentation coverage and performance are already well-
established [20]. The studies presented in this paper are based on simulated data points or ’pseudodata’ which
are derived from that baseline configuration. Our approach to producing inclusive DIS EIC pseudodata follows
that of [21], which in turn took binning schemes based on those in the ATHENA detector proposal [22]. The
ATHENA collaboration has since merged with ECCE [23] to create the ePIC collaboration, which is now
rapidly converging towards a design for a first EIC detector. While some specifics of the detectors have evolved,
the overall expected kinematic range, kinematic variable resolutions and achievable experimental precision are
largely independent of the detailed detector design and this study is thus applicable to any general purpose EIC
experiment.

As summarized in Table 1, pseudo-data are produced with integrated luminosities corresponding to expectations
for one year of data collection in each of the five expected beam configurations at the EIC [20], giving five di↵erent
center-of-mass energies

p
s. For each beam configuration, pseudo-data are produced at five logarithmically

spaced x values per decade over the inelasticity range 0.005 < y < 0.96, matching the expected experimental
resolutions [22]. The EIC resolution in Q2 is expected to be significantly better than that of the HERA
experiments, so for ease of comparison, we adopt the Q2 values from the measurements of FL in [10, 11].

The central values of the pseudodata cross sections are initiated using NNLO theoretical predictions based on
the HERAPDF 2.0 parton densities [2], with the value for each data point randomly smeared using samples
from Gaussian distributions that reflect the assumed experimental uncertainties. Two di↵erent scenarios are
considered. The first, referred to here as the ‘conservative scenario’ is based largely on the systematic precision
achieved at HERA, and follows the considerations in [20], as also adopted in the studies by ATHENA collabo-
ration, and subsequently used to study EIC collinear PDF sensitivities [21] and ↵s measurements [24]. In the
moderate y range studied here, the data points have a point-to-point uncorrelated systematic uncertainty of
1.9%. A normalisation uncertainty of 3.4% is also included for each data set, which is not correlated between
di↵erent beam energy configurations, such that the total uncertainty attributed to each data point is 3.9 %.
More recent estimates of the achievable EIC precision suggest that a much better performance will be obtained
than that in the conservative scenario. There is also expected to be some correlation between the normalisation
uncertainties at di↵erent beam energies. We therefore also consider a second ‘optimistic’ scenario, which follows
the assumption in [25] that the total uncertainty that is uncorrelated between data points at di↵erent beam
energies is 1%. At the time of writing, the rather di↵erent assumptions in the conservative and optimistic
scenarios can be seen as extreme cases with the final achieved precision likely to lie between them.

e-beam energy (GeV) p-beam energy (GeV)
p
s (GeV) Integrated lumi (fb�1)

18 275 141 15.4
10 275 105 100
10 100 63 79.0
5 100 45 61.0
5 41 29 4.4

Table 1: Beam energies, centre-of-mass energies and integrated luminosities assumed for the di↵erent EIC
configurations considered.

2

EIC variable energies allow for extraction of  
Systematic errors on the reduced cross section 
Conservative scenario: 3.9% sys. (HERA like) 
Optimistic scenario: 1% sys. 
Perform Rosenbluth separation to extract  
Final  uncertainty comes from the fit 

FL

FL
FL

optimistic conservative

Uncertainties in the simulated FL

Examples of Rosenbluth fit
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Figure 4: Simulated extractions of the longitudinal structure function FL averaged over 1000 replicas for
the conservative EIC uncertainty scenario, shown together with data from the H1 and ZEUS collaborations,
alongside the theoretical predictions from HERAPDF 2.0 NNLO. The error bars on the points represent the
total experimental uncertainties, while the width of the bands correspond to the uncertainties on the theoretical
predictions.

integrated luminosities and the larger number of
p
s values in the Rosenbluth fits. These figures illustrate that

in both uncertainty scenarios, the EIC will measure the longitudinal structure function in a kinematic region
that is complementary to that accessed at HERA and with a much improved precision.

In Figure 6 the expected precision on each FL data point is shown in the conservative and optimistic scenarios
after carrying out the averaging procedure in Eq. 3. The overall size of the uncertainties scales approximately
linearly with the systematic uncertainty assumptions in the two scenarios. Absolute values of the uncertainties
at the level of 0.05 are obtained across a wide kinematic range in the optimistic scenario, corresponding to
around 20% precision where FL itself is relatively large. As can be seen in Fig 4, the HERA measurements have
much larger uncertainties, in excess of 100% for over half of the data points. At the largest x values, the quality
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Figure 5: Simulated extractions of the longitudinal structure function FL averaged over 1000 replicas for
the optimistic EIC uncertainty scenario, shown together with data from the H1 and ZEUS collaborations,
alongside the theoretical predictions from HERAPDF 2.0 NNLO. The error bars on the points represent the
total experimental uncertainties, while the width of the bands correspond to the uncertainties on the theoretical
predictions.

of the simulated EIC measurements deteriorates, as the lever-arm in y2/Y+ gets shorter. Bin-to-bin fluctuations
are visible in the uncertainties, following similar patterns between the optimistic and conservative scenarios,
once again corresponding to the varying conditions in terms of numbers of data points and their y2/Y+ ranges,
as illustrated in Figure 1.

4.3 Averaging FL over x

The HERA FL measurements are often presented as a function of Q2 after averaging over x. To compare the
simulated EIC data in this projection, the FL pseudodata averaged over the 1000 replicas were further averaged

8

optimisticconservative
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Figure 11: Kinematic coverage of world data for the proton longitudinal structure function, derived from figure
1 in [17], but with simulated EIC data added. The existing data shown are from H1 and ZEUS [10, 11],
NMC [13], BCDMS [12], JLab [15, 17, 18] and SLAC [14, 16]. The EIC pseudo-data are shown in the S-5 and
S-9 scenarios, which correspond to five and nine di↵erent beam energy configurations, respectively.

The kinematic region that is accessible with EIC data is complementary to that of HERA, covering a region
of larger x and also extending to higher Q2. The coverage of the EIC data is placed in the wider context of
world FL data, also including fixed target measurements, in Figure 11. The EIC data close the large current
gap between the fixed target and the HERA data. This is already the case in the scenario with five

p
s values

(S-5), but the extension to nine configurations (S-9), yields additional data points at large Q2, leading to a
rather complete coverage of the kinematic plane overall for Q2 > 1 GeV2, extending as low as x ⇠ 10�4 and
approaching the situation for F2. Altogether, the EIC has the potential to transform our knowledge of FL

across a wide kinematic range, potentially leading to a substantial impact on the precision on the proton PDFs
and constraining phenomenological models in new ways.
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Figure 8: Simulated FL(Q2) data based on five beam energy configurations in the conservative (top) and
optimistic (bottom) scenarios. In both cases, comparisons are made between results assuming a full nominal
year of integrated luminosity in each configuration (Table 1) and a scenario in which 1 fb�1 is assumed for each
configuration. The data points with the di↵erent luminosity assumptions are slightly o↵-set from one another
for visibility.

Ep [GeV]

41 100 120 165 180 275

E
e
[G

eV
] 5 29 45 49 57 60 74

10 40 63 69 81 (85) 105

18 54 85 93 109 114 141

Table 2: Center-of-mass energies (in GeV) for various combinations of electron and proton beam energies. The
default case studied here (S-5) with five configurations is illustrated with the green boxes. Additional combi-
nations introduced in the S-9 scenario are depicted in red. For the S-17 scenario, the full set of combinations is
included except for the degenerate case at

p
s = 85 GeV (in parentheses).

the combinations considered are necessarily technically realisable at the EIC, so the choices made here should be
considered only as indicative, chosen in order to explore the potential improvements that might be achievable.

Results with the di↵erent numbers of beam configurations are compared at the level of the Rosenbluth fits for
a typical example bin in x and Q2 in Figure 9 in the conservative scenario. The larger number of beam energy
configurations leads both to an increase in the number of data points available for the fits and to an extended
lever-arm for the fit. For the example bin shown, the uncertainty on FL decreases by a factor of approximately
three between the S-5 and S-9 scenarios and by a further factor of around two when extending to the full S-17
case.

As noted in Section 4.1, our method leads to bin-to-bin fluctuations in the uncertainties on the extracted FL

11

‘EIC has potential to transform the knowledge 
on . Large potential impact onto the precision 
of the proton PDFs and constraining models.’
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• What happens when the lepton scatters off a nucleus instead of nucleon? 
• How the presence of a nuclear target modifies cross sections and structure functions?

Incoherent scattering from A nucleons but with their structure modified by the 
presence of nuclear medium. For example, mean field that nucleon experiences in 
the presence of other nucleons, Fermi motion of nucleons in the nucleus. 

Coherent scattering which involve more than one nucleon at a time. Such effects 
arise when the hadronic  fluctuations produced by the photon propagate over the 
distance (in laboratory frame) which are longer than the characteristic length 
scale between nucleons, d=2 fm. An example of such effect is shadowing.

Typical distance between nucleons

Baryon density

Fermi momentum

⇢0 ' 0.15 fm�3
<latexit sha1_base64="+nrGkDAfsSccpcnK7QSGai3p10Q=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExQJXwEIwVLIxFog+pCZXjOq1VOw62g1RFmVn4FRYGEGLlC9j4G9w2A7Qc6UpH59yre+8JYkaVdpxvqzA3v7C4VFwurayurW/Ym1sNJRKJSR0LJmQrQIowGpG6ppqRViwJ4gEjzWBwNfKbD0QqKqJbPYyJz1EvoiHFSBupY+96si86jqcoJ/fQqbhn0DtMPclhyO/So5Ms69hlp+KMAWeJm5MyyFHr2F9eV+CEk0hjhpRqu06s/RRJTTEjWclLFIkRHqAeaRsaIU6Un45fyeC+UbowFNJUpOFY/T2RIq7UkAemkyPdV9PeSPzPayc6vPBTGsWJJhGeLAoTBrWAo1xgl0qCNRsagrCk5laI+0girE16JROCO/3yLGkcV1wT4c1puXqZx1EEO2APHAAXnIMquAY1UAcYPIJn8ArerCfrxXq3PiatBSuf2QZ/YH3+AMz2mQw=</latexit><latexit sha1_base64="+nrGkDAfsSccpcnK7QSGai3p10Q=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExQJXwEIwVLIxFog+pCZXjOq1VOw62g1RFmVn4FRYGEGLlC9j4G9w2A7Qc6UpH59yre+8JYkaVdpxvqzA3v7C4VFwurayurW/Ym1sNJRKJSR0LJmQrQIowGpG6ppqRViwJ4gEjzWBwNfKbD0QqKqJbPYyJz1EvoiHFSBupY+96si86jqcoJ/fQqbhn0DtMPclhyO/So5Ms69hlp+KMAWeJm5MyyFHr2F9eV+CEk0hjhpRqu06s/RRJTTEjWclLFIkRHqAeaRsaIU6Un45fyeC+UbowFNJUpOFY/T2RIq7UkAemkyPdV9PeSPzPayc6vPBTGsWJJhGeLAoTBrWAo1xgl0qCNRsagrCk5laI+0girE16JROCO/3yLGkcV1wT4c1puXqZx1EEO2APHAAXnIMquAY1UAcYPIJn8ArerCfrxXq3PiatBSuf2QZ/YH3+AMz2mQw=</latexit><latexit sha1_base64="+nrGkDAfsSccpcnK7QSGai3p10Q=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExQJXwEIwVLIxFog+pCZXjOq1VOw62g1RFmVn4FRYGEGLlC9j4G9w2A7Qc6UpH59yre+8JYkaVdpxvqzA3v7C4VFwurayurW/Ym1sNJRKJSR0LJmQrQIowGpG6ppqRViwJ4gEjzWBwNfKbD0QqKqJbPYyJz1EvoiHFSBupY+96si86jqcoJ/fQqbhn0DtMPclhyO/So5Ms69hlp+KMAWeJm5MyyFHr2F9eV+CEk0hjhpRqu06s/RRJTTEjWclLFIkRHqAeaRsaIU6Un45fyeC+UbowFNJUpOFY/T2RIq7UkAemkyPdV9PeSPzPayc6vPBTGsWJJhGeLAoTBrWAo1xgl0qCNRsagrCk5laI+0girE16JROCO/3yLGkcV1wT4c1puXqZx1EEO2APHAAXnIMquAY1UAcYPIJn8ArerCfrxXq3PiatBSuf2QZ/YH3+AMz2mQw=</latexit>

d ' 1.9 fm
<latexit sha1_base64="brj2tgLrkXDK91hq73FdOxE/Dms=">AAACAXicbVBNS8NAEJ34WetX1IvgZbEIHqQkIqi3ohePFewHNKFsNpt26W4SdzdCCfXiX/HiQRGv/gtv/hu3bQ7a+mDg8d4MM/OClDOlHefbWlhcWl5ZLa2V1zc2t7btnd2mSjJJaIMkPJHtACvKWUwbmmlO26mkWASctoLB9dhvPVCpWBLf6WFKfYF7MYsYwdpIXXs/RJ5igt4jt3qJvBOUe1KgSIy6dsWpOhOgeeIWpAIF6l37ywsTkgkaa8KxUh3XSbWfY6kZ4XRU9jJFU0wGuEc7hsZYUOXnkw9G6MgoIYoSaSrWaKL+nsixUGooAtMpsO6rWW8s/ud1Mh1d+DmL00zTmEwXRRlHOkHjOFDIJCWaDw3BRDJzKyJ9LDHRJrSyCcGdfXmeNE+rrlN1b88qtasijhIcwCEcgwvnUIMbqEMDCDzCM7zCm/VkvVjv1se0dcEqZvbgD6zPH+gulUA=</latexit><latexit sha1_base64="brj2tgLrkXDK91hq73FdOxE/Dms=">AAACAXicbVBNS8NAEJ34WetX1IvgZbEIHqQkIqi3ohePFewHNKFsNpt26W4SdzdCCfXiX/HiQRGv/gtv/hu3bQ7a+mDg8d4MM/OClDOlHefbWlhcWl5ZLa2V1zc2t7btnd2mSjJJaIMkPJHtACvKWUwbmmlO26mkWASctoLB9dhvPVCpWBLf6WFKfYF7MYsYwdpIXXs/RJ5igt4jt3qJvBOUe1KgSIy6dsWpOhOgeeIWpAIF6l37ywsTkgkaa8KxUh3XSbWfY6kZ4XRU9jJFU0wGuEc7hsZYUOXnkw9G6MgoIYoSaSrWaKL+nsixUGooAtMpsO6rWW8s/ud1Mh1d+DmL00zTmEwXRRlHOkHjOFDIJCWaDw3BRDJzKyJ9LDHRJrSyCcGdfXmeNE+rrlN1b88qtasijhIcwCEcgwvnUIMbqEMDCDzCM7zCm/VkvVjv1se0dcEqZvbgD6zPH+gulUA=</latexit><latexit sha1_base64="brj2tgLrkXDK91hq73FdOxE/Dms=">AAACAXicbVBNS8NAEJ34WetX1IvgZbEIHqQkIqi3ohePFewHNKFsNpt26W4SdzdCCfXiX/HiQRGv/gtv/hu3bQ7a+mDg8d4MM/OClDOlHefbWlhcWl5ZLa2V1zc2t7btnd2mSjJJaIMkPJHtACvKWUwbmmlO26mkWASctoLB9dhvPVCpWBLf6WFKfYF7MYsYwdpIXXs/RJ5igt4jt3qJvBOUe1KgSIy6dsWpOhOgeeIWpAIF6l37ywsTkgkaa8KxUh3XSbWfY6kZ4XRU9jJFU0wGuEc7hsZYUOXnkw9G6MgoIYoSaSrWaKL+nsixUGooAtMpsO6rWW8s/ud1Mh1d+DmL00zTmEwXRRlHOkHjOFDIJCWaDw3BRDJzKyJ9LDHRJrSyCcGdfXmeNE+rrlN1b88qtasijhIcwCEcgwvnUIMbqEMDCDzCM7zCm/VkvVjv1se0dcEqZvbgD6zPH+gulUA=</latexit><latexit sha1_base64="brj2tgLrkXDK91hq73FdOxE/Dms=">AAACAXicbVBNS8NAEJ34WetX1IvgZbEIHqQkIqi3ohePFewHNKFsNpt26W4SdzdCCfXiX/HiQRGv/gtv/hu3bQ7a+mDg8d4MM/OClDOlHefbWlhcWl5ZLa2V1zc2t7btnd2mSjJJaIMkPJHtACvKWUwbmmlO26mkWASctoLB9dhvPVCpWBLf6WFKfYF7MYsYwdpIXXs/RJ5igt4jt3qJvBOUe1KgSIy6dsWpOhOgeeIWpAIF6l37ywsTkgkaa8KxUh3XSbWfY6kZ4XRU9jJFU0wGuEc7hsZYUOXnkw9G6MgoIYoSaSrWaKL+nsixUGooAtMpsO6rWW8s/ud1Mh1d+DmL00zTmEwXRRlHOkHjOFDIJCWaDw3BRDJzKyJ9LDHRJrSyCcGdfXmeNE+rrlN1b88qtasijhIcwCEcgwvnUIMbqEMDCDzCM7zCm/VkvVjv1se0dcEqZvbgD6zPH+gulUA=</latexit>

pF ' 0.26GeV
<latexit sha1_base64="Lrm7ez0zFH8IP2g1w4KLW9iOfIs=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBhZSkiLosCuqygn1AE8JketsOnUnizEQooRs3/oobF4q49R/c+TdOHwttPXDhcM693HtPmHCmtON8W7mFxaXllfxqYW19Y3PL3t6pqziVFGo05rFshkQBZxHUNNMcmokEIkIOjbB/OfIbDyAVi6M7PUjAF6QbsQ6jRBspsPeT4Ap7igm4x06pfIq9Y5x5UuBrqA8Du+iUnDHwPHGnpIimqAb2l9eOaSog0pQTpVquk2g/I1IzymFY8FIFCaF90oWWoRERoPxs/MUQHxqljTuxNBVpPFZ/T2REKDUQoekURPfUrDcS//Naqe6c+xmLklRDRCeLOinHOsajSHCbSaCaDwwhVDJzK6Y9IgnVJriCCcGdfXme1Msl1ym5tyfFysU0jjzaQwfoCLnoDFXQDaqiGqLoET2jV/RmPVkv1rv1MWnNWdOZXfQH1ucPNf+Wdg==</latexit><latexit sha1_base64="Lrm7ez0zFH8IP2g1w4KLW9iOfIs=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBhZSkiLosCuqygn1AE8JketsOnUnizEQooRs3/oobF4q49R/c+TdOHwttPXDhcM693HtPmHCmtON8W7mFxaXllfxqYW19Y3PL3t6pqziVFGo05rFshkQBZxHUNNMcmokEIkIOjbB/OfIbDyAVi6M7PUjAF6QbsQ6jRBspsPeT4Ap7igm4x06pfIq9Y5x5UuBrqA8Du+iUnDHwPHGnpIimqAb2l9eOaSog0pQTpVquk2g/I1IzymFY8FIFCaF90oWWoRERoPxs/MUQHxqljTuxNBVpPFZ/T2REKDUQoekURPfUrDcS//Naqe6c+xmLklRDRCeLOinHOsajSHCbSaCaDwwhVDJzK6Y9IgnVJriCCcGdfXme1Msl1ym5tyfFysU0jjzaQwfoCLnoDFXQDaqiGqLoET2jV/RmPVkv1rv1MWnNWdOZXfQH1ucPNf+Wdg==</latexit><latexit sha1_base64="Lrm7ez0zFH8IP2g1w4KLW9iOfIs=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBhZSkiLosCuqygn1AE8JketsOnUnizEQooRs3/oobF4q49R/c+TdOHwttPXDhcM693HtPmHCmtON8W7mFxaXllfxqYW19Y3PL3t6pqziVFGo05rFshkQBZxHUNNMcmokEIkIOjbB/OfIbDyAVi6M7PUjAF6QbsQ6jRBspsPeT4Ap7igm4x06pfIq9Y5x5UuBrqA8Du+iUnDHwPHGnpIimqAb2l9eOaSog0pQTpVquk2g/I1IzymFY8FIFCaF90oWWoRERoPxs/MUQHxqljTuxNBVpPFZ/T2REKDUQoekURPfUrDcS//Naqe6c+xmLklRDRCeLOinHOsajSHCbSaCaDwwhVDJzK6Y9IgnVJriCCcGdfXme1Msl1ym5tyfFysU0jjzaQwfoCLnoDFXQDaqiGqLoET2jV/RmPVkv1rv1MWnNWdOZXfQH1ucPNf+Wdg==</latexit>
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Similarly to the DIS on nucleons the information about the nuclear structure is encoded in 
the hadronic tensor. 

Unpolarized case

Typically the quantity studied is  the structure function as a function on Bjorken x on 
a single nucleon:

Note that: 0 < x  A
<latexit sha1_base64="2dlkxUEgYQJnCH4LmuXUm9hulUg=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp0IWlhEbSwjmA9IjrC3mUuW7O2du3tiOPInbCwUsfXv2Plv3CRXaOKDgcd7M8zMCxLBtXHdb2dpeWV1bb2wUdzc2t7ZLe3tN3ScKoZ1FotYtQKqUXCJdcONwFaikEaBwGYwvJn4zUdUmsfy3owS9CPalzzkjBortdzLp45ActUtld2KOwVZJF5OypCj1i19dXoxSyOUhgmqddtzE+NnVBnOBI6LnVRjQtmQ9rFtqaQRaj+b3jsmx1bpkTBWtqQhU/X3REYjrUdRYDsjagZ63puI/3nt1IQXfsZlkhqUbLYoTAUxMZk8T3pcITNiZAllittbCRtQRZmxERVtCN78y4ukcVrx3Ip3d1auXudxFOAQjuAEPDiHKtxCDerAQMAzvMKb8+C8OO/Ox6x1yclnDuAPnM8f8HGPPA==</latexit><latexit sha1_base64="2dlkxUEgYQJnCH4LmuXUm9hulUg=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp0IWlhEbSwjmA9IjrC3mUuW7O2du3tiOPInbCwUsfXv2Plv3CRXaOKDgcd7M8zMCxLBtXHdb2dpeWV1bb2wUdzc2t7ZLe3tN3ScKoZ1FotYtQKqUXCJdcONwFaikEaBwGYwvJn4zUdUmsfy3owS9CPalzzkjBortdzLp45ActUtld2KOwVZJF5OypCj1i19dXoxSyOUhgmqddtzE+NnVBnOBI6LnVRjQtmQ9rFtqaQRaj+b3jsmx1bpkTBWtqQhU/X3REYjrUdRYDsjagZ63puI/3nt1IQXfsZlkhqUbLYoTAUxMZk8T3pcITNiZAllittbCRtQRZmxERVtCN78y4ukcVrx3Ip3d1auXudxFOAQjuAEPDiHKtxCDerAQMAzvMKb8+C8OO/Ox6x1yclnDuAPnM8f8HGPPA==</latexit><latexit sha1_base64="2dlkxUEgYQJnCH4LmuXUm9hulUg=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp0IWlhEbSwjmA9IjrC3mUuW7O2du3tiOPInbCwUsfXv2Plv3CRXaOKDgcd7M8zMCxLBtXHdb2dpeWV1bb2wUdzc2t7ZLe3tN3ScKoZ1FotYtQKqUXCJdcONwFaikEaBwGYwvJn4zUdUmsfy3owS9CPalzzkjBortdzLp45ActUtld2KOwVZJF5OypCj1i19dXoxSyOUhgmqddtzE+NnVBnOBI6LnVRjQtmQ9rFtqaQRaj+b3jsmx1bpkTBWtqQhU/X3REYjrUdRYDsjagZ63puI/3nt1IQXfsZlkhqUbLYoTAUxMZk8T3pcITNiZAllittbCRtQRZmxERVtCN78y4ukcVrx3Ip3d1auXudxFOAQjuAEPDiHKtxCDerAQMAzvMKb8+C8OO/Ox6x1yclnDuAPnM8f8HGPPA==</latexit><latexit sha1_base64="2dlkxUEgYQJnCH4LmuXUm9hulUg=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp0IWlhEbSwjmA9IjrC3mUuW7O2du3tiOPInbCwUsfXv2Plv3CRXaOKDgcd7M8zMCxLBtXHdb2dpeWV1bb2wUdzc2t7ZLe3tN3ScKoZ1FotYtQKqUXCJdcONwFaikEaBwGYwvJn4zUdUmsfy3owS9CPalzzkjBortdzLp45ActUtld2KOwVZJF5OypCj1i19dXoxSyOUhgmqddtzE+NnVBnOBI6LnVRjQtmQ9rFtqaQRaj+b3jsmx1bpkTBWtqQhU/X3REYjrUdRYDsjagZ63puI/3nt1IQXfsZlkhqUbLYoTAUxMZk8T3pcITNiZAllittbCRtQRZmxERVtCN78y4ukcVrx3Ip3d1auXudxFOAQjuAEPDiHKtxCDerAQMAzvMKb8+C8OO/Ox6x1yclnDuAPnM8f8HGPPA==</latexit>

x =
Q2

2p · q = xAA
<latexit sha1_base64="ZL/SMyc61ptBl4gQIj+VaSiq3hs=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmKoJtCqxuXLdgHNDFMJpN26OThzERaQpZu/BU3LhRx6ye482+ctllo64ELh3Pu5d573JhRIQ3jWyusrK6tbxQ3S1vbO7t7+v5BR0QJx6SNIxbxnosEYTQkbUklI72YExS4jHTd0fXU7z4QLmgU3spJTOwADULqU4ykkhz9eFyzfI5w2rqrZmk1trAXSXifwRocOw3YcPSyUTFmgMvEzEkZ5Gg6+pflRTgJSCgxQ0L0TSOWdoq4pJiRrGQlgsQIj9CA9BUNUUCEnc4eyeCpUjzoR1xVKOFM/T2RokCISeCqzgDJoVj0puJ/Xj+R/qWd0jBOJAnxfJGfMCgjOE0FepQTLNlEEYQ5VbdCPEQqF6myK6kQzMWXl0mnWjGNitk6L9ev8jiK4AicgDNgggtQBzegCdoAg0fwDF7Bm/akvWjv2se8taDlM4fgD7TPH9tLmI4=</latexit><latexit sha1_base64="ZL/SMyc61ptBl4gQIj+VaSiq3hs=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmKoJtCqxuXLdgHNDFMJpN26OThzERaQpZu/BU3LhRx6ye482+ctllo64ELh3Pu5d573JhRIQ3jWyusrK6tbxQ3S1vbO7t7+v5BR0QJx6SNIxbxnosEYTQkbUklI72YExS4jHTd0fXU7z4QLmgU3spJTOwADULqU4ykkhz9eFyzfI5w2rqrZmk1trAXSXifwRocOw3YcPSyUTFmgMvEzEkZ5Gg6+pflRTgJSCgxQ0L0TSOWdoq4pJiRrGQlgsQIj9CA9BUNUUCEnc4eyeCpUjzoR1xVKOFM/T2RokCISeCqzgDJoVj0puJ/Xj+R/qWd0jBOJAnxfJGfMCgjOE0FepQTLNlEEYQ5VbdCPEQqF6myK6kQzMWXl0mnWjGNitk6L9ev8jiK4AicgDNgggtQBzegCdoAg0fwDF7Bm/akvWjv2se8taDlM4fgD7TPH9tLmI4=</latexit><latexit sha1_base64="ZL/SMyc61ptBl4gQIj+VaSiq3hs=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmKoJtCqxuXLdgHNDFMJpN26OThzERaQpZu/BU3LhRx6ye482+ctllo64ELh3Pu5d573JhRIQ3jWyusrK6tbxQ3S1vbO7t7+v5BR0QJx6SNIxbxnosEYTQkbUklI72YExS4jHTd0fXU7z4QLmgU3spJTOwADULqU4ykkhz9eFyzfI5w2rqrZmk1trAXSXifwRocOw3YcPSyUTFmgMvEzEkZ5Gg6+pflRTgJSCgxQ0L0TSOWdoq4pJiRrGQlgsQIj9CA9BUNUUCEnc4eyeCpUjzoR1xVKOFM/T2RokCISeCqzgDJoVj0puJ/Xj+R/qWd0jBOJAnxfJGfMCgjOE0FepQTLNlEEYQ5VbdCPEQqF6myK6kQzMWXl0mnWjGNitk6L9ev8jiK4AicgDNgggtQBzegCdoAg0fwDF7Bm/akvWjv2se8taDlM4fgD7TPH9tLmI4=</latexit><latexit sha1_base64="ZL/SMyc61ptBl4gQIj+VaSiq3hs=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmKoJtCqxuXLdgHNDFMJpN26OThzERaQpZu/BU3LhRx6ye482+ctllo64ELh3Pu5d573JhRIQ3jWyusrK6tbxQ3S1vbO7t7+v5BR0QJx6SNIxbxnosEYTQkbUklI72YExS4jHTd0fXU7z4QLmgU3spJTOwADULqU4ykkhz9eFyzfI5w2rqrZmk1trAXSXifwRocOw3YcPSyUTFmgMvEzEkZ5Gg6+pflRTgJSCgxQ0L0TSOWdoq4pJiRrGQlgsQIj9CA9BUNUUCEnc4eyeCpUjzoR1xVKOFM/T2RokCISeCqzgDJoVj0puJ/Xj+R/qWd0jBOJAnxfJGfMCgjOE0FepQTLNlEEYQ5VbdCPEQqF6myK6kQzMWXl0mnWjGNitk6L9ev8jiK4AicgDNgggtQBzegCdoAg0fwDF7Bm/akvWjv2se8taDlM4fgD7TPH9tLmI4=</latexit>

FA
1,2(xA, Q

2)
<latexit sha1_base64="hiUgRuw6nZX4fbcD8z2QL4aedWI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqlJIUQZetgrhswT6gTcNkOmmHTiZhZiKGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7ZzO/ndvf2DQ/PouC3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3Iz8zsPREga8nuVRMQJ0IhTn2KktOSahVs3tcvV6aAOS49uvdwcVM9ds2hVrDngKrEzUgQZGq751R+GOA4IV5ghKXu2FSknRUJRzMg0348liRCeoBHpacpRQKSTzo+fwjOtDKEfCl1cwbn6eyJFgZRJ4OnOAKmxXPZm4n9eL1b+lZNSHsWKcLxY5McMqhDOkoBDKghWLNEEYUH1rRCPkUBY6bzyOgR7+eVV0q5WbKtiNy+Ktessjhw4AaegBGxwCWrgDjRAC2CQgGfwCt6MJ+PFeDc+Fq1rRjZTAH9gfP4AnFGSyg==</latexit><latexit sha1_base64="hiUgRuw6nZX4fbcD8z2QL4aedWI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqlJIUQZetgrhswT6gTcNkOmmHTiZhZiKGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7ZzO/ndvf2DQ/PouC3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3Iz8zsPREga8nuVRMQJ0IhTn2KktOSahVs3tcvV6aAOS49uvdwcVM9ds2hVrDngKrEzUgQZGq751R+GOA4IV5ghKXu2FSknRUJRzMg0348liRCeoBHpacpRQKSTzo+fwjOtDKEfCl1cwbn6eyJFgZRJ4OnOAKmxXPZm4n9eL1b+lZNSHsWKcLxY5McMqhDOkoBDKghWLNEEYUH1rRCPkUBY6bzyOgR7+eVV0q5WbKtiNy+Ktessjhw4AaegBGxwCWrgDjRAC2CQgGfwCt6MJ+PFeDc+Fq1rRjZTAH9gfP4AnFGSyg==</latexit><latexit sha1_base64="hiUgRuw6nZX4fbcD8z2QL4aedWI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqlJIUQZetgrhswT6gTcNkOmmHTiZhZiKGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7ZzO/ndvf2DQ/PouC3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3Iz8zsPREga8nuVRMQJ0IhTn2KktOSahVs3tcvV6aAOS49uvdwcVM9ds2hVrDngKrEzUgQZGq751R+GOA4IV5ghKXu2FSknRUJRzMg0348liRCeoBHpacpRQKSTzo+fwjOtDKEfCl1cwbn6eyJFgZRJ4OnOAKmxXPZm4n9eL1b+lZNSHsWKcLxY5McMqhDOkoBDKghWLNEEYUH1rRCPkUBY6bzyOgR7+eVV0q5WbKtiNy+Ktessjhw4AaegBGxwCWrgDjRAC2CQgGfwCt6MJ+PFeDc+Fq1rRjZTAH9gfP4AnFGSyg==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="qBohnflA4coSt5+jFHEu1GbqyBg=">AAAB8XicbZBLSwMxFIXv+Ky16qhLN8EiVChlphtdWgRx2YJ9QDsdMmmmDc1khiQjlqH+FTcuFPHPuPPfmD4W2nog8HFOwr05QcKZ0o7zbW1sbm3v7Ob28vuFg8Mj+7jQUnEqCW2SmMeyE2BFORO0qZnmtJNIiqOA03Ywvp3l7UcqFYvFg54k1IvwULCQEayN5dund37mlqvTfg2VnvxaudGvXvp20ak4c6F1cJdQhKXqvv3VG8QkjajQhGOluq6TaC/DUjPC6TTfSxVNMBnjIe0aFDiiysvmy0/RhXEGKIylOUKjufv7RYYjpSZRYG5GWI/UajYz/8u6qQ6vvYyJJNVUkMWgMOVIx2jWBBowSYnmEwOYSGZ2RWSEJSba9JU3JbirX16HVrXiOhW34UAOzuAcSuDCFdzAPdShCQQm8AJv8G49W6/Wx6KuDWvZ2wn8kfX5A0tpkWM=</latexit><latexit sha1_base64="qBohnflA4coSt5+jFHEu1GbqyBg=">AAAB8XicbZBLSwMxFIXv+Ky16qhLN8EiVChlphtdWgRx2YJ9QDsdMmmmDc1khiQjlqH+FTcuFPHPuPPfmD4W2nog8HFOwr05QcKZ0o7zbW1sbm3v7Ob28vuFg8Mj+7jQUnEqCW2SmMeyE2BFORO0qZnmtJNIiqOA03Ywvp3l7UcqFYvFg54k1IvwULCQEayN5dund37mlqvTfg2VnvxaudGvXvp20ak4c6F1cJdQhKXqvv3VG8QkjajQhGOluq6TaC/DUjPC6TTfSxVNMBnjIe0aFDiiysvmy0/RhXEGKIylOUKjufv7RYYjpSZRYG5GWI/UajYz/8u6qQ6vvYyJJNVUkMWgMOVIx2jWBBowSYnmEwOYSGZ2RWSEJSba9JU3JbirX16HVrXiOhW34UAOzuAcSuDCFdzAPdShCQQm8AJv8G49W6/Wx6KuDWvZ2wn8kfX5A0tpkWM=</latexit><latexit sha1_base64="cxfySt/dUmrZWmSOsWhi2LZMOdk=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQoZSkG122CuKyBfuANg2T6aQdOpmEmYkYQv0VNy4UceuHuPNvnLZZaOuBC4dz7uXee7yIUaks69vIbWxube/kdwt7+weHR+bxSUeGscCkjUMWip6HJGGUk7aiipFeJAgKPEa63vRm7ncfiJA05PcqiYgToDGnPsVIack1i7dualdqs2EDlh/dRqU1rF24ZsmqWgvAdWJnpAQyNF3zazAKcRwQrjBDUvZtK1JOioSimJFZYRBLEiE8RWPS15SjgEgnXRw/g+daGUE/FLq4ggv190SKAimTwNOdAVITuerNxf+8fqz8KyelPIoV4Xi5yI8ZVCGcJwFHVBCsWKIJwoLqWyGeIIGw0nkVdAj26svrpFOr2lbVblml+nUWRx6cgjNQBja4BHVwB5qgDTBIwDN4BW/Gk/FivBsfy9ackc0UwR8Ynz+bEZLG</latexit><latexit sha1_base64="hiUgRuw6nZX4fbcD8z2QL4aedWI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqlJIUQZetgrhswT6gTcNkOmmHTiZhZiKGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7ZzO/ndvf2DQ/PouC3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3Iz8zsPREga8nuVRMQJ0IhTn2KktOSahVs3tcvV6aAOS49uvdwcVM9ds2hVrDngKrEzUgQZGq751R+GOA4IV5ghKXu2FSknRUJRzMg0348liRCeoBHpacpRQKSTzo+fwjOtDKEfCl1cwbn6eyJFgZRJ4OnOAKmxXPZm4n9eL1b+lZNSHsWKcLxY5McMqhDOkoBDKghWLNEEYUH1rRCPkUBY6bzyOgR7+eVV0q5WbKtiNy+Ktessjhw4AaegBGxwCWrgDjRAC2CQgGfwCt6MJ+PFeDc+Fq1rRjZTAH9gfP4AnFGSyg==</latexit><latexit sha1_base64="hiUgRuw6nZX4fbcD8z2QL4aedWI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqlJIUQZetgrhswT6gTcNkOmmHTiZhZiKGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7ZzO/ndvf2DQ/PouC3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3Iz8zsPREga8nuVRMQJ0IhTn2KktOSahVs3tcvV6aAOS49uvdwcVM9ds2hVrDngKrEzUgQZGq751R+GOA4IV5ghKXu2FSknRUJRzMg0348liRCeoBHpacpRQKSTzo+fwjOtDKEfCl1cwbn6eyJFgZRJ4OnOAKmxXPZm4n9eL1b+lZNSHsWKcLxY5McMqhDOkoBDKghWLNEEYUH1rRCPkUBY6bzyOgR7+eVV0q5WbKtiNy+Ktessjhw4AaegBGxwCWrgDjRAC2CQgGfwCt6MJ+PFeDc+Fq1rRjZTAH9gfP4AnFGSyg==</latexit><latexit sha1_base64="hiUgRuw6nZX4fbcD8z2QL4aedWI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqlJIUQZetgrhswT6gTcNkOmmHTiZhZiKGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7ZzO/ndvf2DQ/PouC3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3Iz8zsPREga8nuVRMQJ0IhTn2KktOSahVs3tcvV6aAOS49uvdwcVM9ds2hVrDngKrEzUgQZGq751R+GOA4IV5ghKXu2FSknRUJRzMg0348liRCeoBHpacpRQKSTzo+fwjOtDKEfCl1cwbn6eyJFgZRJ4OnOAKmxXPZm4n9eL1b+lZNSHsWKcLxY5McMqhDOkoBDKghWLNEEYUH1rRCPkUBY6bzyOgR7+eVV0q5WbKtiNy+Ktessjhw4AaegBGxwCWrgDjRAC2CQgGfwCt6MJ+PFeDc+Fq1rRjZTAH9gfP4AnFGSyg==</latexit><latexit sha1_base64="hiUgRuw6nZX4fbcD8z2QL4aedWI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqlJIUQZetgrhswT6gTcNkOmmHTiZhZiKGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7ZzO/ndvf2DQ/PouC3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3Iz8zsPREga8nuVRMQJ0IhTn2KktOSahVs3tcvV6aAOS49uvdwcVM9ds2hVrDngKrEzUgQZGq751R+GOA4IV5ghKXu2FSknRUJRzMg0348liRCeoBHpacpRQKSTzo+fwjOtDKEfCl1cwbn6eyJFgZRJ4OnOAKmxXPZm4n9eL1b+lZNSHsWKcLxY5McMqhDOkoBDKghWLNEEYUH1rRCPkUBY6bzyOgR7+eVV0q5WbKtiNy+Ktessjhw4AaegBGxwCWrgDjRAC2CQgGfwCt6MJ+PFeDc+Fq1rRjZTAH9gfP4AnFGSyg==</latexit><latexit sha1_base64="hiUgRuw6nZX4fbcD8z2QL4aedWI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqlJIUQZetgrhswT6gTcNkOmmHTiZhZiKGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7ZzO/ndvf2DQ/PouC3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3Iz8zsPREga8nuVRMQJ0IhTn2KktOSahVs3tcvV6aAOS49uvdwcVM9ds2hVrDngKrEzUgQZGq751R+GOA4IV5ghKXu2FSknRUJRzMg0348liRCeoBHpacpRQKSTzo+fwjOtDKEfCl1cwbn6eyJFgZRJ4OnOAKmxXPZm4n9eL1b+lZNSHsWKcLxY5McMqhDOkoBDKghWLNEEYUH1rRCPkUBY6bzyOgR7+eVV0q5WbKtiNy+Ktessjhw4AaegBGxwCWrgDjRAC2CQgGfwCt6MJ+PFeDc+Fq1rRjZTAH9gfP4AnFGSyg==</latexit><latexit sha1_base64="hiUgRuw6nZX4fbcD8z2QL4aedWI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqlJIUQZetgrhswT6gTcNkOmmHTiZhZiKGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7ZzO/ndvf2DQ/PouC3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3Iz8zsPREga8nuVRMQJ0IhTn2KktOSahVs3tcvV6aAOS49uvdwcVM9ds2hVrDngKrEzUgQZGq751R+GOA4IV5ghKXu2FSknRUJRzMg0348liRCeoBHpacpRQKSTzo+fwjOtDKEfCl1cwbn6eyJFgZRJ4OnOAKmxXPZm4n9eL1b+lZNSHsWKcLxY5McMqhDOkoBDKghWLNEEYUH1rRCPkUBY6bzyOgR7+eVV0q5WbKtiNy+Ktessjhw4AaegBGxwCWrgDjRAC2CQgGfwCt6MJ+PFeDc+Fq1rRjZTAH9gfP4AnFGSyg==</latexit>

Nuclear structure functions:

xA =
Q2

2P · q
<latexit sha1_base64="6+DiiwanX4MlJ8UrtR+kKQ8JAcY=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclaQIuhGqbly2YB/QxDCZTNqhk0ycmYglZOHGX3HjQhG3foQ7/8Zpm4W2HrhwOOde7r3HTxiVyrK+jaXlldW19dJGeXNre2fX3NvvSJ4KTNqYMy56PpKE0Zi0FVWM9BJBUOQz0vVHVxO/e0+EpDy+UeOEuBEaxDSkGCkteWblwbuA59AJBcJZ67aeZ/WmgwOu4F3umVWrZk0BF4ldkCoo0PTMLyfgOI1IrDBDUvZtK1FuhoSimJG87KSSJAiP0ID0NY1RRKSbTZ/I4ZFWAhhyoStWcKr+nshQJOU48nVnhNRQznsT8T+vn6rwzM1onKSKxHi2KEwZVBxOEoEBFQQrNtYEYUH1rRAPkc5D6dzKOgR7/uVF0qnXbKtmt06qjcsijhKogENwDGxwChrgGjRBG2DwCJ7BK3gznowX4934mLUuGcXMAfgD4/MHOiSXMA==</latexit><latexit sha1_base64="6+DiiwanX4MlJ8UrtR+kKQ8JAcY=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclaQIuhGqbly2YB/QxDCZTNqhk0ycmYglZOHGX3HjQhG3foQ7/8Zpm4W2HrhwOOde7r3HTxiVyrK+jaXlldW19dJGeXNre2fX3NvvSJ4KTNqYMy56PpKE0Zi0FVWM9BJBUOQz0vVHVxO/e0+EpDy+UeOEuBEaxDSkGCkteWblwbuA59AJBcJZ67aeZ/WmgwOu4F3umVWrZk0BF4ldkCoo0PTMLyfgOI1IrDBDUvZtK1FuhoSimJG87KSSJAiP0ID0NY1RRKSbTZ/I4ZFWAhhyoStWcKr+nshQJOU48nVnhNRQznsT8T+vn6rwzM1onKSKxHi2KEwZVBxOEoEBFQQrNtYEYUH1rRAPkc5D6dzKOgR7/uVF0qnXbKtmt06qjcsijhKogENwDGxwChrgGjRBG2DwCJ7BK3gznowX4934mLUuGcXMAfgD4/MHOiSXMA==</latexit><latexit sha1_base64="6+DiiwanX4MlJ8UrtR+kKQ8JAcY=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclaQIuhGqbly2YB/QxDCZTNqhk0ycmYglZOHGX3HjQhG3foQ7/8Zpm4W2HrhwOOde7r3HTxiVyrK+jaXlldW19dJGeXNre2fX3NvvSJ4KTNqYMy56PpKE0Zi0FVWM9BJBUOQz0vVHVxO/e0+EpDy+UeOEuBEaxDSkGCkteWblwbuA59AJBcJZ67aeZ/WmgwOu4F3umVWrZk0BF4ldkCoo0PTMLyfgOI1IrDBDUvZtK1FuhoSimJG87KSSJAiP0ID0NY1RRKSbTZ/I4ZFWAhhyoStWcKr+nshQJOU48nVnhNRQznsT8T+vn6rwzM1onKSKxHi2KEwZVBxOEoEBFQQrNtYEYUH1rRAPkc5D6dzKOgR7/uVF0qnXbKtmt06qjcsijhKogENwDGxwChrgGjRBG2DwCJ7BK3gznowX4934mLUuGcXMAfgD4/MHOiSXMA==</latexit><latexit sha1_base64="6+DiiwanX4MlJ8UrtR+kKQ8JAcY=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclaQIuhGqbly2YB/QxDCZTNqhk0ycmYglZOHGX3HjQhG3foQ7/8Zpm4W2HrhwOOde7r3HTxiVyrK+jaXlldW19dJGeXNre2fX3NvvSJ4KTNqYMy56PpKE0Zi0FVWM9BJBUOQz0vVHVxO/e0+EpDy+UeOEuBEaxDSkGCkteWblwbuA59AJBcJZ67aeZ/WmgwOu4F3umVWrZk0BF4ldkCoo0PTMLyfgOI1IrDBDUvZtK1FuhoSimJG87KSSJAiP0ID0NY1RRKSbTZ/I4ZFWAhhyoStWcKr+nshQJOU48nVnhNRQznsT8T+vn6rwzM1onKSKxHi2KEwZVBxOEoEBFQQrNtYEYUH1rRAPkc5D6dzKOgR7/uVF0qnXbKtmt06qjcsijhKogENwDGxwChrgGjRBG2DwCJ7BK3gznowX4934mLUuGcXMAfgD4/MHOiSXMA==</latexit>

0 < xA  1
<latexit sha1_base64="KgoCP7c3wZaOObBkiWvum6OExvk=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiamMZwXxAcoS9zSRZsrd37u4Fw5HfYWOhiK0/xs5/4ya5QhMfDDzem2FmXhALro3rfju5ldW19Y38ZmFre2d3r7h/UNdRohjWWCQi1QyoRsEl1gw3ApuxQhoGAhvB8HbqN0aoNI/kgxnH6Ie0L3mPM2qs5Lvkijx1rklbIPE6xZJbdmcgy8TLSAkyVDvFr3Y3YkmI0jBBtW55bmz8lCrDmcBJoZ1ojCkb0j62LJU0RO2ns6Mn5MQqXdKLlC1pyEz9PZHSUOtxGNjOkJqBXvSm4n9eKzG9Sz/lMk4MSjZf1EsEMRGZJkC6XCEzYmwJZYrbWwkbUEWZsTkVbAje4svLpH5W9tyyd39eqtxkceThCI7hFDy4gArcQRVqwOARnuEV3pyR8+K8Ox/z1pyTzRzCHzifPx+zkF4=</latexit><latexit sha1_base64="KgoCP7c3wZaOObBkiWvum6OExvk=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiamMZwXxAcoS9zSRZsrd37u4Fw5HfYWOhiK0/xs5/4ya5QhMfDDzem2FmXhALro3rfju5ldW19Y38ZmFre2d3r7h/UNdRohjWWCQi1QyoRsEl1gw3ApuxQhoGAhvB8HbqN0aoNI/kgxnH6Ie0L3mPM2qs5Lvkijx1rklbIPE6xZJbdmcgy8TLSAkyVDvFr3Y3YkmI0jBBtW55bmz8lCrDmcBJoZ1ojCkb0j62LJU0RO2ns6Mn5MQqXdKLlC1pyEz9PZHSUOtxGNjOkJqBXvSm4n9eKzG9Sz/lMk4MSjZf1EsEMRGZJkC6XCEzYmwJZYrbWwkbUEWZsTkVbAje4svLpH5W9tyyd39eqtxkceThCI7hFDy4gArcQRVqwOARnuEV3pyR8+K8Ox/z1pyTzRzCHzifPx+zkF4=</latexit><latexit sha1_base64="KgoCP7c3wZaOObBkiWvum6OExvk=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiamMZwXxAcoS9zSRZsrd37u4Fw5HfYWOhiK0/xs5/4ya5QhMfDDzem2FmXhALro3rfju5ldW19Y38ZmFre2d3r7h/UNdRohjWWCQi1QyoRsEl1gw3ApuxQhoGAhvB8HbqN0aoNI/kgxnH6Ie0L3mPM2qs5Lvkijx1rklbIPE6xZJbdmcgy8TLSAkyVDvFr3Y3YkmI0jBBtW55bmz8lCrDmcBJoZ1ojCkb0j62LJU0RO2ns6Mn5MQqXdKLlC1pyEz9PZHSUOtxGNjOkJqBXvSm4n9eKzG9Sz/lMk4MSjZf1EsEMRGZJkC6XCEzYmwJZYrbWwkbUEWZsTkVbAje4svLpH5W9tyyd39eqtxkceThCI7hFDy4gArcQRVqwOARnuEV3pyR8+K8Ox/z1pyTzRzCHzifPx+zkF4=</latexit>

4-mom of nucleus 
4-mom of nucleon

P
<latexit sha1_base64="4fLVmpxMEsUPMXRqkFcV8/BKs8E=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2LuufWvdZlrXFT1FGGEziFc/DgChpwB01oAwOEZ3iFN+fReXHenY9FtOQUM8fwB87nD6mZjNQ=</latexit><latexit sha1_base64="4fLVmpxMEsUPMXRqkFcV8/BKs8E=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2LuufWvdZlrXFT1FGGEziFc/DgChpwB01oAwOEZ3iFN+fReXHenY9FtOQUM8fwB87nD6mZjNQ=</latexit><latexit sha1_base64="4fLVmpxMEsUPMXRqkFcV8/BKs8E=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2LuufWvdZlrXFT1FGGEziFc/DgChpwB01oAwOEZ3iFN+fReXHenY9FtOQUM8fwB87nD6mZjNQ=</latexit><latexit sha1_base64="4fLVmpxMEsUPMXRqkFcV8/BKs8E=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2LuufWvdZlrXFT1FGGEziFc/DgChpwB01oAwOEZ3iFN+fReXHenY9FtOQUM8fwB87nD6mZjNQ=</latexit>

p
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Figure 3: An illustration of the x and Q2 regions probed by the current lepton-A, pion-A

and proton-A data included in the global analyses of nuclear PDFs.

Figure 4: Comparison of the 208Pb nuclear modifications resulting from the EPPS21 (full,

blue) (51), nCTEQ15HQ (dashed, red) (50) and nNNPDF3.0 (dot-dashed, green) (52)

global analyses of nuclear PDFs, i.e. the PDFs of lead divided by the summed PDFs of 82

free protons and 126 free neutrons. Uncertainty bands correspond to 90% CL.

largest uncertainties are seen for the strange quark distributions, which are constrained only

by – to some extent problematic – neutrino data and by LHC weak boson data, where the

strange quark originates, however, mostly from gluon splittings. In Supplemental Material

we provide also a comparison of the absolute nuclear PDFs.

www.annualreviews.org • Nuclear PDFs After the First Decade of LHC Data 15

fixed target data

DIS nuclear data limited to fixed target: large  

LHC and RHIC extended kinematic regime for nPDFs for Au,Pb to low  and high 
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Nuclear ratio:

Nuclear shadowing 2

1. Introduction

The fact that nuclear structure functions in nuclei are different from the superposition

of those of their constituents nucleons is a well known phenomenon since the early

seventies, see references in the reviews [1, 2]. For example, for F2 the nuclear ratio is
defined as the nuclear structure function per nucleon divided by the nucleon structure

function,

RA
F2

(x, Q2) =
F A

2 (x, Q2)

A F nucleon
2 (x, Q2)

. (1)

Here‡, A is the nuclear mass number (number of nucleons in the nucleus). The variables
x and Q2 are defined as usually in leptoproduction or deep inelastic scattering (DIS)

experiments: in the scattering of a lepton with four-momentum k on a nucleus with four-

momentum Ap mediated by photon exchange (the dominant process at Q2 ≪ m2
Z0 , m2

W

where most nuclear data exist),

l(k) + A(Ap) −→ l(k′) + X(Ap′),

q = k − k′, W 2 = (q + p)2, x =
−q2

2p · q
=

−q2

W 2 − q2 − m2
nucleon

, (2)

see Fig. 1. The variable x has the meaning of the momentum fraction of the nucleon in
the nucleus carried by the parton with which the photon has interacted. Q2 = −q2 > 0

represents the squared inverse resolution of the photon as a probe of the nuclear content.

And W 2 is the center-of-mass-system energy of the virtual photon-nucleon collision

(lepton masses have been neglected and mnucleon is the nucleon mass), see e.g. [3] for full

explanations. The nucleon structure function is usually defined through measurements

on deuterium, F nucleon
2 = F deuterium

2 /2, assuming nuclear effects in deuterium to be
negligible.

The behaviour of RA
F2

(x, Q2) as a function of x for a given fixed Q2 is shown

schematically in Fig. 2. It can be divided into four regions§:

• RA
F2

> 1 for x ! 0.8: the Fermi motion region.

• RA
F2

< 1 for 0.25 ÷ 0.3 " x " 0.8: the EMC region (EMC stands for European

Muon Collaboration).

• RA
F2

> 1 for 0.1 " x " 0.25 ÷ 0.3: the antishadowing region.

• RA
F2

< 1 for x " 0.1: the shadowing region.

This review will be focused in the small x region i.e. that of shadowing, see [1, 2]

for discussions on the other regions∥. The most recent experimental data [4, 5, 6, 7, 8, 9]

‡ Sometimes the ratio of nuclear ratios is used e.g. R(A/B) = RA
F2

/RB
F2

.
§ Note that the deviation of the nuclear F2-ratios from one in all four regions of x, is sometimes referred
to as the EMC effect. I use this notation only for the depletion observed for 0.25 ÷ 0.3 " x " 0.8.
∥ The region of Fermi motion is explained by the Fermi motion of the nucleons. For the EMC region
there exist several explanations: nuclear binding, pion exchange, a change in the nucleon radius,. . . The
antishadowing region is usually discussed as coming from the application of sum rules for momentum,
baryon number,. . .

Ratio of cross section on a nucleus to the proton (scaled by mass number A)

RA 6= 1Nuclear effects:

Nuclear shadowing 3

k
k’

q

l

l

A XAp
Ap’

Figure 1. Diagram of leptoproduction on a nucleus through virtual photon exchange.

x

A
2FR

0.1      0.3 0.8

1

shadowing

antishadowing
EMC

Fermi
motion

Figure 2. Schematic behaviour of RA
F2

(x, Q2) as a function of x for a given fixed Q2.

(see [1, 2, 10, 11, 12] for previous experimental results), confined to a limited region of
not very low x and small or moderate Q2 (and with a strong kinematical correlation

between small x and small Q2, see Fig. 3), indicate that: i) shadowing increases with

decreasing x, though at the smallest available values of x the behaviour is compatible

with either a saturation or a mild decrease [8]; ii) shadowing increases with the mass

number of the nucleus [6]; and iii) shadowing decreases with increasing Q2 [7]. On

the other hand, the existing experimental data do not allow a determination of the
dependence of shadowing on the centrality of the collision.

In the region of small x, partonic distributions are dominated by sea quarks and

gluons. Thus isospin effects, partially corrected in practice by the use of deuterium as

Schematic picture

•Fermi motion 

•EMC region 

•Antishadowing region 

•Shadowing region

x � 0.8

0.25� 0.3  x  0.8

0.1  x  0.25� 0.3

x  0.1

High energy
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✦ Fermi motion:  ratio >1 for x>0.8. Due to 
motion of bound nucleons inside the 
nucleus. 

✦ EMC region: EMC collaboration discovered 
large deviation of the ratio from 1 in the 
region of 0.3<x<0.8. Usually referred as 
the EMC effect.  

✦ There exist several explanations. Mean field 
modification: nucleon structure  is modified 
by presence of nuclear matter. Possible 
explanation: Short range correlations 
between nucleons, most nucleons are not 
modified but some experiencing SRC are 
modified (about 20%).

●  

■  

▲  

▼  

Ca, SLAC
Ca, NMC
Fe, SLAC
Fe, BCDMS

F2
A

F2
d

x

Fig. 3.1. The structure function ratio FA
2 /F d

2 for 40Ca and 56Fe. The data are taken from NMC
[71], SLAC [72], and BCDMS [73].

Figure 3.1 presents a compilation of data for the structure function ratio FA
2 /F d

2 over
the range 0 ≤ x ≤ 1. Here FA

2 is the structure function per nucleon of a nucleus with
mass number A, and F d

2 refers to deuterium. In the absence of nuclear effects the ratios
FA

2 /F d
2 are thus normalized to one. Neglecting small nuclear effects in the deuteron, F d

2 can
approximately stand for the isospin averaged nucleon structure function, FN

2 . However, the
more detailed analysis must include two-nucleon effects in the deuteron. Several distinct
regions with characteristic nuclear effects can be identified: at x < 0.1 one observes a
systematic reduction of FA

2 /F d
2 , the so-called nuclear shadowing. A small enhancement is

seen at 0.1 < x < 0.2. The dip at 0.3 < x < 0.8 is often referred to as the traditional
“EMC effect”. For x > 0.8 the observed enhancement of the nuclear structure function is
associated with nuclear Fermi motion. Finally, note again that nuclear structure functions
can extend beyond x = 1, the kinematic limit for scattering from free nucleons.

• Shadowing region
Measurements of E665 [76,77,78] at Fermilab and NMC [71,75,79,80,81,82] at CERN
provide detailed and systematic information about the x- and A-dependence of the
structure function ratios FA

2 /F d
2 . Nuclear targets ranging from He to Pb have been

used. A sample of data for several nuclei is shown in Fig.3.2. While most experiments
cover the region x > 10−4, the E665 collaboration provides data for FXe

2 /F d
2 [76] down

to x ≃ 2 · 10−5. Given the kinematic constraints in fixed target experiments, the small

30



Small x physics, International School on EIC Physics, Kyoto University, 2-13 March 2026

Nuclear structure

59

●  

■  

▲  

▼  

Ca, SLAC
Ca, NMC
Fe, SLAC
Fe, BCDMS

F2
A

F2
d

x

Fig. 3.1. The structure function ratio FA
2 /F d

2 for 40Ca and 56Fe. The data are taken from NMC
[71], SLAC [72], and BCDMS [73].

Figure 3.1 presents a compilation of data for the structure function ratio FA
2 /F d

2 over
the range 0 ≤ x ≤ 1. Here FA

2 is the structure function per nucleon of a nucleus with
mass number A, and F d

2 refers to deuterium. In the absence of nuclear effects the ratios
FA

2 /F d
2 are thus normalized to one. Neglecting small nuclear effects in the deuteron, F d

2 can
approximately stand for the isospin averaged nucleon structure function, FN

2 . However, the
more detailed analysis must include two-nucleon effects in the deuteron. Several distinct
regions with characteristic nuclear effects can be identified: at x < 0.1 one observes a
systematic reduction of FA

2 /F d
2 , the so-called nuclear shadowing. A small enhancement is

seen at 0.1 < x < 0.2. The dip at 0.3 < x < 0.8 is often referred to as the traditional
“EMC effect”. For x > 0.8 the observed enhancement of the nuclear structure function is
associated with nuclear Fermi motion. Finally, note again that nuclear structure functions
can extend beyond x = 1, the kinematic limit for scattering from free nucleons.

• Shadowing region
Measurements of E665 [76,77,78] at Fermilab and NMC [71,75,79,80,81,82] at CERN
provide detailed and systematic information about the x- and A-dependence of the
structure function ratios FA

2 /F d
2 . Nuclear targets ranging from He to Pb have been

used. A sample of data for several nuclei is shown in Fig.3.2. While most experiments
cover the region x > 10−4, the E665 collaboration provides data for FXe

2 /F d
2 [76] down

to x ≃ 2 · 10−5. Given the kinematic constraints in fixed target experiments, the small

30

✦ Antishadowing: Ratio > 1 for 0.1<x<0.3. Momentum sum rule (?) 

✦ Shadowing: ratio < 1 for small x, x<0.1.
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Shadowing increases with A and increases with decreasing x

Shadowing decreases with increasing Q

Nuclear shadowing 17
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Figure 11. x-dependence of the ratios in the model in [54] for different nuclei,
compared with experimental data [4, 5, 8, 9] (filled points). The band corresponds to
different choices of the scale of power corrections ξ2 in [54]. ∆D−T = Data − Theory,
and the open circles joined by dashed lines in these plots show the comparison to
the approach in [99]. The (x, Q2) correlation of the experimental points is taken into
account in the theoretical results shown here, as it was in those in Fig. 8. [Figure taken
from [54].]

the nuclear size appears as an additional variable. Then these initial conditions are

evolved through the DGLAP equations towards larger values of Q2 and compared with

experimental data. From this comparison the initial parametrizations are adjusted.
Different approaches differ in several details, see [17]:

• The form of the parametrizations at the initial scale. For example, in [99, 103]
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the nuclear size appears as an additional variable. Then these initial conditions are

evolved through the DGLAP equations towards larger values of Q2 and compared with

experimental data. From this comparison the initial parametrizations are adjusted.
Different approaches differ in several details, see [17]:

• The form of the parametrizations at the initial scale. For example, in [99, 103]
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the nuclear size appears as an additional variable. Then these initial conditions are

evolved through the DGLAP equations towards larger values of Q2 and compared with

experimental data. From this comparison the initial parametrizations are adjusted.
Different approaches differ in several details, see [17]:

• The form of the parametrizations at the initial scale. For example, in [99, 103]

x-region has been explored at low Q2 only. For example, at x ≃ 5 · 10−3 the typical
momentum transfers are Q2 ≃ 1 GeV2 [75]. At extremely small values, x ≃ 6 · 10−5,
one has Q2 ≃ 0.03 GeV2 [76].

In the region 5 · 10−3 < x < 0.1 the structure function ratios systematically decrease
with decreasing x. At still smaller x one enters the range of small momentum transfers,
Q2 ≃ 0.5 GeV2, approaching the limit of high-energy photon-nucleus interactions with

●  

■  

He
C
Ca

F2
A

F2
d

x

(a)

●  

■  

Li, NMC
C,  NMC
Xe, E665

F2
A

F2
d

x

(b)

Fig. 3.2. (a) NMC data [71] for the structure function ratio FA
2 /F d

2 for 4He, 12C, and 40Ca. (b)
The ratio FA

2 /F d
2 for 6Li, 12C [75], and 131Xe [76].
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The usual approach to nuclear shadowing is based on multiple scattering. 
Models differ significantly. 

✦Glauber rescattering. 

✦Gribov shadowing: relation to diffraction. 

✦High energy approaches: parton saturation. 

• There are also approaches which do not try to provide physical explanation of shadowing but rather are 
based on parametrization. 

• DGLAP fits to nuclear structure functions resulting in nuclear PDFs similar in spirit to the 
parametrization of proton PDFs. 

• The idea behind is that nuclear effects are of non-perturbative origin which needs to be parametrized but 
at high Q2 the DIS on nuclei is fundamentally the same as the DIS on a proton.

Fi(x,Q
2) =

X

j

Z 1

x
dy Cj

i (x/y,Q
2,↵s) fj(y,Q

2) +O(
⇤2

Q2
)
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Table 1: Key features of recent global analyses of nuclear PDFs.

Analysis nCTEQ15HQ (50) EPPS21 (51) nNNPDF3.0 (52) TUJU21 (80) KSASG20 (81)

Theoretical input:

Perturbative order NLO NLO NLO NNLO NNLO

Heavy-quark scheme SACOT�� SACOT�� FONLL FONLL FONLL

Value of ↵s(MZ) 0.118 0.118 0.118 0.118 0.118

Charm mass mc 1.3GeV 1.3GeV 1.51GeV 1.43GeV 1.3GeV

Bottom mass mb 4.5GeV 4.75GeV 4.92GeV 4.5GeV 4.75GeV

Input scale Q0 1.3GeV 1.3GeV 1.0GeV 1.3GeV 1.3GeV

Data points 1484 2077 2188 2410 4353

Independent flavors 5 6 6 4 3

Parameterization Analytic Analytic Neural network Analytic Analytic

Free parameters 19 24 256 16 18

Error analysis Hessian Hessian Monte Carlo Hessian Hessian

Tolerance ��2 = 35 ��2 = 33 N/A ��2 = 50 ��2 = 20

Proton PDF ⇠CTEQ6.1 CT18A ⇠NNPDF4.0 ⇠HERAPDF2.0 CT18

Proton PDF correlations X X
Deuteron corrections (X)a,b Xc X X X

Fixed-target data:

SLAC/EMC/NMC NC DIS X X X X X
– Cut on Q2 4 GeV2 1.69 GeV2 3.5 GeV2 3.5 GeV2 1.2 GeV2

– Cut on W 2 12.25 GeV2 3.24 GeV2 12.5 GeV2 12.0 GeV2

JLab NC DIS (X)a X X
CHORUS/CDHSW CC DIS (X/-)b X/- X/- X/X X/X
NuTeV/CCFR 2µ CC DIS (X/X)b X/-

pA DY X X X X
⇡A DY X

Collider data:

Z bosons X X X X
W± bosons X X X X
Light hadrons X Xd

– Cut on pT 3 GeV 3 GeV

Jets X X
Prompt photons X
Prompt D0 X X Xe

– Cut on pT 3 GeV 3 GeV 0 GeV

Quarkonia (J/ ,  0, ⌥) X
a
nCTEQ15HIX (26);

b
nCTEQ15⌫ (114);

c
through CT18A;

d
only ⇡0

in DAu;
e
only forward (y > 0).

where the x dependence at the starting scale is not parametric. In the case of ū and d̄, the

fit nCTEQ15HQ comes with the smallest uncertainties, which could, however, be due to

not fitting ū and d̄ separately. Thanks to the LHC data, the gluon uncertainties are now

much better constrained than in the previous rounds of global fits down to x ⇠ 10�5, and

they also impact the sea (anti)quarks and their uncertainties at higher Q2. Below x ⇠ 10�3,

the nCTEQ15HQ and nNNPDF3.0 gluon uncertainty bands do not overlap, which will be

reflected in some of the plots comparing theoretical predictions and LHC data in Sec. 5. The

14 Klasen and Paukkunen

Klasen, Paukkunen, 2311.00450
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[24]) perturbative QCD.1 For the rather limited kine-
matic coverage of the fixed-target data and the fact that
only two types of data were used in these fits, signifi-
cant simplifying assumptions had to be made e.g. with
respect to the flavour dependence of the nuclear e↵ects.
The constraints on the gluon distribution are also weak
in these analyses, and it is only along with the RHIC
pion data [28] that an observable carrying direct infor-
mation on the nuclear gluons has been added to the
global fits — first in EPS08 [29] and EPS09 [30], later
in DSSZ [31] and nCTEQ15 [32]. The interpretation of
the RHIC pion production data is not, however, entirely
unambiguous as the parton-to-pion fragmentation func-
tions (FFs) may as well undergo a nuclear modification
[33]. This approach was adopted in the DSSZ fit, and
consequently their gluons show clearly weaker nuclear
e↵ects than in EPS09 (and nCTEQ15) where the FFs
were considered to be free from nuclear modifications.
To break the tie, more data and new observables were
called for. To this end, the recent LHC dijet measure-
ments [34] from pPb collisions have been most essential
as a consistent description of these data is obtained with
EPS09 and nCTEQ15 but not with DSSZ [35,36].

Another observable that has caused some contro-
versy and debate during the past years is the neutrino-
nucleus DIS. It has been claimed [37] (see also Ref. [38])
that the nuclear PDFs required to correctly describe
neutrino data are di↵erent than those optimal for the
charged-lepton induced DIS measurements. However, it
has been demonstrated [39,40] that problems appear
only in the case of one single data set and, furthermore,
that it seems to be largely a normalization issue (which
could e.g. be related to the incident neutrino flux which
is model-dependent). The neutrino data were also used
in the DSSZ fit without visible di�culties.

New data from the LHC 2013 p-Pb run have grad-
ually become available and their impact on the nuclear
PDFs has been studied [36,41] in the context of PDF
reweighting [42]. Apart from the aforementioned dijet
data [34] which will e.g. require a complete renovation
of the DSSZ approach, the available W [43,44] and Z
[45,46] data were found to have only a rather mild e↵ect
mainly for the limited statistical precision of the data.
However, the analysis of Ref. [36] used only nuclear
PDFs (EPS09, DSSZ) in which flavour-independent va-
lence and light sea quark distributions were assumed at
the parametrization scale. Thus, it could not reveal the
possible constraints that these electroweak observables
could have for a particular quark flavour. On the other
hand, the analysis of Ref. [41] involves some flavour de-
pendence but the usage of absolute cross sections which

1For studies addressing origins of the nuclear e↵ects, see e.g.
Refs. [25,26,27].

are sensitive to the free proton baseline PDFs compli-
cates the interpretation of the results.

In the present paper, we update the EPS09 analysis
by adding a wealth of new data from neutrino DIS [47],
pion-nucleus DY process [48,49,50], and especially LHC
pPb dijet [34], Z [45,46] and W [43] production. By this,
we take the global nuclear PDF fits onto a completely
new level in the variety of data types. In addition, in
comparison to EPS09, a large part of the whole frame-
work is upgraded: we switch to a general-mass formal-
ism for the heavy quarks, relax the assumption of the
flavour independent nuclear modifications for quarks at
the parametrization scale, undo the isospin corrections
that some experiments had applied on their data, and
also importantly, we now assign no extra weights to any
of the data sets. In this updated analysis, we find no sig-
nificant tension between the data sets considered, which
lends support to the assumption of process-independent
nuclear PDFs in the studied kinematical region. The
result of the analysis presented in this paper is also
published as a new set of next-to-leading order (NLO)
nuclear PDFs, which we call EPPS16 and which super-
sedes our earlier set EPS09. The new EPPS16 set will
be available at [51].

2 Parametrization of nuclear PDFs

Similarly to our earlier works, the bound proton PDF
f
p/A
i (x,Q2) for mass number A and parton species i is
defined relative to the free proton PDF f

p
i (x,Q

2) as

f
p/A
i (x,Q2) = R

A
i (x,Q

2)fp
i (x,Q

2), (1)

where R
A
i (x,Q

2) is the scale-dependent nuclear mod-
ification. Our free proton baseline is CT14NLO [52].
Consistently with this choice, our analysis here uses the
SACOT (simplified Aivazis-Collins-Olness-Tung) gener-
al-mass variable flavour number scheme [53,54,55] for
the DIS cross sections. The fit function for the nuclear
modifications R

A
i (x,Q

2
0) at the parametrization scale

Q
2
0, illustrated in Fig. 1, is also largely inherited from

our earlier analyses [15,17,29,30],

R
A
i (x,Q

2
0) =

8
<

:

a0 + a1(x� xa)2 x  xa

b0 + b1x
↵ + b2x

2↵ + b3x
3↵

xa  x  xe

c0 + (c1 � c2x) (1� x)��
xe  x  1,

(2)

where ↵ = 10xa and the i and A dependencies of the
parameters on the r.h.s. are left implicit.2 The pur-
pose of the exponent ↵ is to avoid the “plateau” that

2See Ref. [56] for a study experimenting with a more flexible
fit function at small x.
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[24]) perturbative QCD.1 For the rather limited kine-
matic coverage of the fixed-target data and the fact that
only two types of data were used in these fits, signifi-
cant simplifying assumptions had to be made e.g. with
respect to the flavour dependence of the nuclear e↵ects.
The constraints on the gluon distribution are also weak
in these analyses, and it is only along with the RHIC
pion data [28] that an observable carrying direct infor-
mation on the nuclear gluons has been added to the
global fits — first in EPS08 [29] and EPS09 [30], later
in DSSZ [31] and nCTEQ15 [32]. The interpretation of
the RHIC pion production data is not, however, entirely
unambiguous as the parton-to-pion fragmentation func-
tions (FFs) may as well undergo a nuclear modification
[33]. This approach was adopted in the DSSZ fit, and
consequently their gluons show clearly weaker nuclear
e↵ects than in EPS09 (and nCTEQ15) where the FFs
were considered to be free from nuclear modifications.
To break the tie, more data and new observables were
called for. To this end, the recent LHC dijet measure-
ments [34] from pPb collisions have been most essential
as a consistent description of these data is obtained with
EPS09 and nCTEQ15 but not with DSSZ [35,36].

Another observable that has caused some contro-
versy and debate during the past years is the neutrino-
nucleus DIS. It has been claimed [37] (see also Ref. [38])
that the nuclear PDFs required to correctly describe
neutrino data are di↵erent than those optimal for the
charged-lepton induced DIS measurements. However, it
has been demonstrated [39,40] that problems appear
only in the case of one single data set and, furthermore,
that it seems to be largely a normalization issue (which
could e.g. be related to the incident neutrino flux which
is model-dependent). The neutrino data were also used
in the DSSZ fit without visible di�culties.

New data from the LHC 2013 p-Pb run have grad-
ually become available and their impact on the nuclear
PDFs has been studied [36,41] in the context of PDF
reweighting [42]. Apart from the aforementioned dijet
data [34] which will e.g. require a complete renovation
of the DSSZ approach, the available W [43,44] and Z
[45,46] data were found to have only a rather mild e↵ect
mainly for the limited statistical precision of the data.
However, the analysis of Ref. [36] used only nuclear
PDFs (EPS09, DSSZ) in which flavour-independent va-
lence and light sea quark distributions were assumed at
the parametrization scale. Thus, it could not reveal the
possible constraints that these electroweak observables
could have for a particular quark flavour. On the other
hand, the analysis of Ref. [41] involves some flavour de-
pendence but the usage of absolute cross sections which

1For studies addressing origins of the nuclear e↵ects, see e.g.
Refs. [25,26,27].

are sensitive to the free proton baseline PDFs compli-
cates the interpretation of the results.

In the present paper, we update the EPS09 analysis
by adding a wealth of new data from neutrino DIS [47],
pion-nucleus DY process [48,49,50], and especially LHC
pPb dijet [34], Z [45,46] and W [43] production. By this,
we take the global nuclear PDF fits onto a completely
new level in the variety of data types. In addition, in
comparison to EPS09, a large part of the whole frame-
work is upgraded: we switch to a general-mass formal-
ism for the heavy quarks, relax the assumption of the
flavour independent nuclear modifications for quarks at
the parametrization scale, undo the isospin corrections
that some experiments had applied on their data, and
also importantly, we now assign no extra weights to any
of the data sets. In this updated analysis, we find no sig-
nificant tension between the data sets considered, which
lends support to the assumption of process-independent
nuclear PDFs in the studied kinematical region. The
result of the analysis presented in this paper is also
published as a new set of next-to-leading order (NLO)
nuclear PDFs, which we call EPPS16 and which super-
sedes our earlier set EPS09. The new EPPS16 set will
be available at [51].

2 Parametrization of nuclear PDFs

Similarly to our earlier works, the bound proton PDF
f
p/A
i (x,Q2) for mass number A and parton species i is
defined relative to the free proton PDF f

p
i (x,Q

2) as
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where R
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i (x,Q

2) is the scale-dependent nuclear mod-
ification. Our free proton baseline is CT14NLO [52].
Consistently with this choice, our analysis here uses the
SACOT (simplified Aivazis-Collins-Olness-Tung) gener-
al-mass variable flavour number scheme [53,54,55] for
the DIS cross sections. The fit function for the nuclear
modifications R

A
i (x,Q

2
0) at the parametrization scale

Q
2
0, illustrated in Fig. 1, is also largely inherited from

our earlier analyses [15,17,29,30],
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where ↵ = 10xa and the i and A dependencies of the
parameters on the r.h.s. are left implicit.2 The pur-
pose of the exponent ↵ is to avoid the “plateau” that

2See Ref. [56] for a study experimenting with a more flexible
fit function at small x.
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[24]) perturbative QCD.1 For the rather limited kine-
matic coverage of the fixed-target data and the fact that
only two types of data were used in these fits, signifi-
cant simplifying assumptions had to be made e.g. with
respect to the flavour dependence of the nuclear e↵ects.
The constraints on the gluon distribution are also weak
in these analyses, and it is only along with the RHIC
pion data [28] that an observable carrying direct infor-
mation on the nuclear gluons has been added to the
global fits — first in EPS08 [29] and EPS09 [30], later
in DSSZ [31] and nCTEQ15 [32]. The interpretation of
the RHIC pion production data is not, however, entirely
unambiguous as the parton-to-pion fragmentation func-
tions (FFs) may as well undergo a nuclear modification
[33]. This approach was adopted in the DSSZ fit, and
consequently their gluons show clearly weaker nuclear
e↵ects than in EPS09 (and nCTEQ15) where the FFs
were considered to be free from nuclear modifications.
To break the tie, more data and new observables were
called for. To this end, the recent LHC dijet measure-
ments [34] from pPb collisions have been most essential
as a consistent description of these data is obtained with
EPS09 and nCTEQ15 but not with DSSZ [35,36].

Another observable that has caused some contro-
versy and debate during the past years is the neutrino-
nucleus DIS. It has been claimed [37] (see also Ref. [38])
that the nuclear PDFs required to correctly describe
neutrino data are di↵erent than those optimal for the
charged-lepton induced DIS measurements. However, it
has been demonstrated [39,40] that problems appear
only in the case of one single data set and, furthermore,
that it seems to be largely a normalization issue (which
could e.g. be related to the incident neutrino flux which
is model-dependent). The neutrino data were also used
in the DSSZ fit without visible di�culties.

New data from the LHC 2013 p-Pb run have grad-
ually become available and their impact on the nuclear
PDFs has been studied [36,41] in the context of PDF
reweighting [42]. Apart from the aforementioned dijet
data [34] which will e.g. require a complete renovation
of the DSSZ approach, the available W [43,44] and Z
[45,46] data were found to have only a rather mild e↵ect
mainly for the limited statistical precision of the data.
However, the analysis of Ref. [36] used only nuclear
PDFs (EPS09, DSSZ) in which flavour-independent va-
lence and light sea quark distributions were assumed at
the parametrization scale. Thus, it could not reveal the
possible constraints that these electroweak observables
could have for a particular quark flavour. On the other
hand, the analysis of Ref. [41] involves some flavour de-
pendence but the usage of absolute cross sections which

1For studies addressing origins of the nuclear e↵ects, see e.g.
Refs. [25,26,27].

are sensitive to the free proton baseline PDFs compli-
cates the interpretation of the results.

In the present paper, we update the EPS09 analysis
by adding a wealth of new data from neutrino DIS [47],
pion-nucleus DY process [48,49,50], and especially LHC
pPb dijet [34], Z [45,46] and W [43] production. By this,
we take the global nuclear PDF fits onto a completely
new level in the variety of data types. In addition, in
comparison to EPS09, a large part of the whole frame-
work is upgraded: we switch to a general-mass formal-
ism for the heavy quarks, relax the assumption of the
flavour independent nuclear modifications for quarks at
the parametrization scale, undo the isospin corrections
that some experiments had applied on their data, and
also importantly, we now assign no extra weights to any
of the data sets. In this updated analysis, we find no sig-
nificant tension between the data sets considered, which
lends support to the assumption of process-independent
nuclear PDFs in the studied kinematical region. The
result of the analysis presented in this paper is also
published as a new set of next-to-leading order (NLO)
nuclear PDFs, which we call EPPS16 and which super-
sedes our earlier set EPS09. The new EPPS16 set will
be available at [51].

2 Parametrization of nuclear PDFs

Similarly to our earlier works, the bound proton PDF
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p/A
i (x,Q2) for mass number A and parton species i is
defined relative to the free proton PDF f
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where R
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2) is the scale-dependent nuclear mod-
ification. Our free proton baseline is CT14NLO [52].
Consistently with this choice, our analysis here uses the
SACOT (simplified Aivazis-Collins-Olness-Tung) gener-
al-mass variable flavour number scheme [53,54,55] for
the DIS cross sections. The fit function for the nuclear
modifications R
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pose of the exponent ↵ is to avoid the “plateau” that
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Fig. 1 Illustration of the EPPS16 fit function RA
i (x,Q2

0).

would otherwise (that is, if ↵ = 1) develop if xa < 0.1.
The coe�cients ai, bi, ci are fully determined by the
asymptotic small-x limit y0 = R

A
i (x ! 0, Q2

0), the an-
tishadowing maximum ya = R

A
i (xa, Q

2
0) and the EMC

minimum ye = R
A
i (xe, Q

2
0), as well as requiring con-

tinuity and vanishing first derivatives at the matching
points xa and xe. The A dependencies of y0, ya, ye are
parametrized as

yi(A) = yi(Aref)

✓
A

Aref

◆�i[yi(Aref )�1]

, (3)

where �i � 0 and Aref = 12. By construction, the nu-
clear e↵ects (deviations from unity) are now larger for
heavier nuclei. Without the factor yi(Aref) � 1 in the
exponent one can more easily fall into a peculiar situa-
tion in which e.g. yi(Aref) < 1, but yi(A � Aref) > 1,
which seems physically unlikely. For the valence quarks
and gluons the values of y0 are determined by requiring
the sum rules

Z 1

0
dxf
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0) = 2, (4)

Z 1
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dxf
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(x,Q2
0) = 1, (5)

Z 1

0
dxx

X

i

f
p/A
i (x,Q2

0) = 1, (6)

separately for each nucleus and thus the A dependence
of these y0 is not parametrized. All other parameters
than y0, ya, ye are A-independent. In our present frame-
work we consider the deuteron (A = 2) to be free
from nuclear e↵ects though few-percent e↵ects at high
x are found e.g. in Ref. [57]. The bound neutron PDFs

f
n/A
i (x,Q2) are obtained from the bound proton PDFs

by assuming isospin symmetry,

f
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u,u (x,Q2) = f

p/A

d,d
(x,Q2), (7)
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n/A

d,d
(x,Q2) = f

p/A
u,u (x,Q2), (8)

f
n/A
i (x,Q2) = f

p/A
i (x,Q2) for other flavours. (9)

Above the parametrization scale Q
2
> Q

2
0 the nu-

clear PDFs are obtained by solving the DGLAP evo-
lution equations with 2-loop splitting functions [58,59].
We use our own DGLAP evolution code which is based
on the solution method described in Ref. [60] and also
explained and benchmarked in Ref. [61]. Our parametri-
zation scale Q

2
0 is fixed to the charm pole mass Q

2
0 =

m
2
c where mc = 1.3GeV. The bottom quark mass is

mb = 4.75GeV and the value of the strong coupling
constant is set by ↵s(MZ) = 0.118, where MZ is the
mass of the Z boson.

As is well known, at NLO and beyond the PDFs do
not need to be positive definite and we do not impose
such a restriction either. In fact, doing so would be ar-
tificial since the parametrization scale is, in principle,
arbitrary and positive definite PDFs, say, at Q

2
0 = m

2
c

may easily correspond to negative small-x PDFs at a
scale just slightly below Q

2
0. As we could have equally

well parametrized the PDFs at such a lower value of Q2
0,

we see that restricting the PDFs to be always positive
would be an unphysical requirement.

3 Experimental data

All the `�A DIS, pA DY and RHIC DAu pion data sets
we use in the present analysis are the same as in the
EPS09 fit. The only modification on this part is that we
now remove the isoscalar corrections of the EMC, NMC
and SLAC data (see the next subsection), which is im-
portant as we have freed the flavour dependence of the
quark nuclear modifications. The `

�
A DIS data (cross

sections or structure functions F2) are always normal-
ized by the `

�D measurements and, as in EPS09, the
only kinematic cut on these data is Q

2
> m

2
c . This

is somewhat lower than in typical free-proton fits and
the implicit assumption is (also in not setting a cut in
the mass of the hadronic final state) that the possi-
ble higher-twist e↵ects will cancel in ratios of structure
functions/cross sections. While potential signs of 1/Q2

e↵ects have been seen in the HERA data [62] already
around Q

2 = 10GeV2, these e↵ects occur at signifi-
cantly smaller x than what is the reach of the `�A DIS
data.

From the older measurements, also pion-nucleus DY
data from the NA3 [48], NA10 [49], and E615 [50] col-
laborations are now included. These data have been
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would otherwise (that is, if ↵ = 1) develop if xa < 0.1.
The coe�cients ai, bi, ci are fully determined by the
asymptotic small-x limit y0 = R

A
i (x ! 0, Q2

0), the an-
tishadowing maximum ya = R

A
i (xa, Q

2
0) and the EMC

minimum ye = R
A
i (xe, Q

2
0), as well as requiring con-

tinuity and vanishing first derivatives at the matching
points xa and xe. The A dependencies of y0, ya, ye are
parametrized as

yi(A) = yi(Aref)
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where �i � 0 and Aref = 12. By construction, the nu-
clear e↵ects (deviations from unity) are now larger for
heavier nuclei. Without the factor yi(Aref) � 1 in the
exponent one can more easily fall into a peculiar situa-
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than y0, ya, ye are A-independent. In our present frame-
work we consider the deuteron (A = 2) to be free
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As is well known, at NLO and beyond the PDFs do
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such a restriction either. In fact, doing so would be ar-
tificial since the parametrization scale is, in principle,
arbitrary and positive definite PDFs, say, at Q
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may easily correspond to negative small-x PDFs at a
scale just slightly below Q
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0. As we could have equally

well parametrized the PDFs at such a lower value of Q2
0,

we see that restricting the PDFs to be always positive
would be an unphysical requirement.

3 Experimental data

All the `�A DIS, pA DY and RHIC DAu pion data sets
we use in the present analysis are the same as in the
EPS09 fit. The only modification on this part is that we
now remove the isoscalar corrections of the EMC, NMC
and SLAC data (see the next subsection), which is im-
portant as we have freed the flavour dependence of the
quark nuclear modifications. The `
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A DIS data (cross

sections or structure functions F2) are always normal-
ized by the `

�D measurements and, as in EPS09, the
only kinematic cut on these data is Q
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> m

2
c . This

is somewhat lower than in typical free-proton fits and
the implicit assumption is (also in not setting a cut in
the mass of the hadronic final state) that the possi-
ble higher-twist e↵ects will cancel in ratios of structure
functions/cross sections. While potential signs of 1/Q2

e↵ects have been seen in the HERA data [62] already
around Q

2 = 10GeV2, these e↵ects occur at signifi-
cantly smaller x than what is the reach of the `�A DIS
data.

From the older measurements, also pion-nucleus DY
data from the NA3 [48], NA10 [49], and E615 [50] col-
laborations are now included. These data have been
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would otherwise (that is, if ↵ = 1) develop if xa < 0.1.
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tinuity and vanishing first derivatives at the matching
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where �i � 0 and Aref = 12. By construction, the nu-
clear e↵ects (deviations from unity) are now larger for
heavier nuclei. Without the factor yi(Aref) � 1 in the
exponent one can more easily fall into a peculiar situa-
tion in which e.g. yi(Aref) < 1, but yi(A � Aref) > 1,
which seems physically unlikely. For the valence quarks
and gluons the values of y0 are determined by requiring
the sum rules
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separately for each nucleus and thus the A dependence
of these y0 is not parametrized. All other parameters
than y0, ya, ye are A-independent. In our present frame-
work we consider the deuteron (A = 2) to be free
from nuclear e↵ects though few-percent e↵ects at high
x are found e.g. in Ref. [57]. The bound neutron PDFs
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i (x,Q2) are obtained from the bound proton PDFs
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Above the parametrization scale Q
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0 the nu-

clear PDFs are obtained by solving the DGLAP evo-
lution equations with 2-loop splitting functions [58,59].
We use our own DGLAP evolution code which is based
on the solution method described in Ref. [60] and also
explained and benchmarked in Ref. [61]. Our parametri-
zation scale Q

2
0 is fixed to the charm pole mass Q

2
0 =
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2
c where mc = 1.3GeV. The bottom quark mass is

mb = 4.75GeV and the value of the strong coupling
constant is set by ↵s(MZ) = 0.118, where MZ is the
mass of the Z boson.

As is well known, at NLO and beyond the PDFs do
not need to be positive definite and we do not impose
such a restriction either. In fact, doing so would be ar-
tificial since the parametrization scale is, in principle,
arbitrary and positive definite PDFs, say, at Q

2
0 = m

2
c

may easily correspond to negative small-x PDFs at a
scale just slightly below Q

2
0. As we could have equally

well parametrized the PDFs at such a lower value of Q2
0,

we see that restricting the PDFs to be always positive
would be an unphysical requirement.

3 Experimental data

All the `�A DIS, pA DY and RHIC DAu pion data sets
we use in the present analysis are the same as in the
EPS09 fit. The only modification on this part is that we
now remove the isoscalar corrections of the EMC, NMC
and SLAC data (see the next subsection), which is im-
portant as we have freed the flavour dependence of the
quark nuclear modifications. The `

�
A DIS data (cross

sections or structure functions F2) are always normal-
ized by the `

�D measurements and, as in EPS09, the
only kinematic cut on these data is Q

2
> m

2
c . This

is somewhat lower than in typical free-proton fits and
the implicit assumption is (also in not setting a cut in
the mass of the hadronic final state) that the possi-
ble higher-twist e↵ects will cancel in ratios of structure
functions/cross sections. While potential signs of 1/Q2

e↵ects have been seen in the HERA data [62] already
around Q

2 = 10GeV2, these e↵ects occur at signifi-
cantly smaller x than what is the reach of the `�A DIS
data.

From the older measurements, also pion-nucleus DY
data from the NA3 [48], NA10 [49], and E615 [50] col-
laborations are now included. These data have been
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has already been considered within the NNPDF frame-
work: In the NNPDF4.0 [19] analysis of the free-proton
PDFs the nuclear-PDF uncertainties were considered
as correlated uncertainties following Ref. [20]. In the
nNNPDF2.0 analysis [10], on the other hand, the un-
certainties from the free-proton PDFs were propagated
into nuclear PDFs.1 In the present work, we will now
carry out the latter within a Hessian prescription. Even-
tually, in a complete analysis, both the free- and bound-
proton PDFs should be fitted simultaneously and the
first steps towards this direction have also recently been
taken [21,22].

2 Nuclear PDFs and proton baseline

2.1 Parametrization of nuclear modifications

We write the bound-proton PDF f
p/A
i (x,Q2) as a prod-

uct of the nuclear modification R
p/A
i (x,Q2) and the free

proton PDF f
p

i (x,Q
2),

f
p/A
i (x,Q2) = R

p/A
i (x,Q2)fp

i (x,Q
2) . (1)

Here A denotes the mass number of the nucleus and
i indexes the parton flavour. Our proton baseline here
is the recent set CT18ANLO [23]. The CT18A di↵ers
from the default CT18 in that it includes also the AT-
LAS 7TeV data on W±- and Z-boson production [24].
The inclusion of these data was found to impact pri-
marily the strange-quark PDF and to worsen the de-
scription of the neutrino-iron dimuon data [25] in which
the strange-quark PDF plays a central role. By adopt-
ing the version “A” our strange-quark baseline PDF is
thus less sensitive to the data on heavy nuclei.

The PDFs of a bound neutron f
n/A
i (x,Q2) follow

from the bound-proton PDFs by virtue of the approxi-
mate isospin symmetry,

f
n/A
u (x,Q2) = f

p/A
d (x,Q2),

f
n/A
d (x,Q2) = f

p/A
u (x,Q2),

f
n/A
u (x,Q2) = f

p/A

d
(x,Q2), (2)

f
n/A

d
(x,Q2) = f

p/A
u (x,Q2),

f
n/A
i (x,Q2) = f

p/A
i (x,Q2) for other flavours.

The full nuclear PDFs that enter the cross-section cal-
culations are always linear combinations that depend
on the number of protons Z and number of neutrons
N = A� Z,

f
A
i (x,Q2) = Zf

p/A
i (x,Q2) +Nf

n/A
i (x,Q2) . (3)

1After the preprint of the present article was submitted, also
an updated nNNPDF analysis appeared [11].

We define the nuclear modifications of the full nuclear
PDFs by

R
A
i (x,Q

2) =
Zf

p/A
i (x,Q2) +Nf

n/A
i (x,Q2)

Zf
p

i (x,Q
2) +Nf

n

i (x,Q
2)

. (4)

As in our earlier fits, we prefer to parametrize the
nuclear modifications Rp/A

i (x,Q2

0
) instead of the abso-

lute PDFs f
p/A
i (x,Q2

0
). The two options are of course

fully equivalent but since most of the observables in the
analysis are normalized to measurements involving ei-
ther the free proton or deuteron (whose nuclear e↵ects
we neglect – see the last paragraph of this subsection),
the relative di↵erences with respect to the free proton
PDF are what truly matter.

The nuclear modifications are parametrized at the
charm pole-mass threshold Q0 = mcharm = 1.3GeV.
The value of mcharm is set here by the value adopted in
the CT18A analysis [23] to retain a full consistency with
the baseline proton PDFs. Coming up with a decent
functional form for the parametrization and deciding
which parameters can be free is among the biggest chal-
lenges in the entire global analysis of nuclear PDFs. On
one hand the parametrization should be flexible enough
in regions where there are data constraints. On the
other hand, the outcome of the fit should be physically
feasible. For example, it is reasonable to expect that
the nuclear e↵ects are broadly larger in heavy nuclei
like lead than what they are in a light nucleus like car-
bon. Coming up with the functional form finally used
in the present analysis is a combination of experience
from a entire chain of global fits we have performed
in the past [26,27,28,29,1], and trial and error. Our
parametrization is a piecewise-smooth function defined
as,

R
A
i (x,Q

2

0
) = (5)

8
>>><

>>>:

a0 + a1

�
x� xa

�h
e
�xa2/xa � e

�a2

i
, x  xa

b0x
b1
�
1� x

�b2
e
xb3 , xa  x  xe

c0 + c1 (c2 � x) (1� x)��
, xe  x  1.

In comparison to EPPS16, we have made some ad-
justments to the parametrization. First, the small-x
part involves the additional factor e�xa2/xa�e

�a2 , which
increases the flexibility at small x [27]. Second, at in-
termediate values of x we use a functional form that is
often used to parametrize the absolute PDF. The first
derivatives are taken to be zero at the matching points
xa and xe corresponding to the locations of the antic-
ipated antishadowing maximum and EMC minimum.
This fixes four parameters. Apart from the new small-x
parameter a2 and the large-x parameter c0, the rest of
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Fig. 1 Prototype of the EPPS21 fit functions RA
i (x,Q2

0). The
solid green line corresponds to a2 = 2, the dashed purple line
to a2 = 0, and the brown dotted-dashed line to a2 = �3.

the parameters ai, bi, ci are expressed in terms of ya, ye
and y0 which correspond to the values of the function
at x = xa, x = xe and x = 0. The parametrization is
illustrated in Fig. 1, where the variation induced by the
parameter a2 is also demonstrated.

For the gluons and valence quarks the y0 parameters
are determined separately for each nucleus by imposing
the sum rules,

Z
1

0

dxf
p/A
uV

(x,Q2

0
) = 2 , (6)

Z
1

0

dxf
p/A
dV

(x,Q2

0
) = 1 , (7)

Z
1

0

dxx

X

i

f
p/A
i (x,Q2

0
) = 1 . (8)

The rest of the A dependence is encoded into the height
parameters yi as,

yi(A) = 1 +
h
yi(Aref)� 1

i✓
A

Aref

◆�i

, (9)

where Aref = 12, following our earlier analyses [26,27,
28,29,1]. In other words the nuclear e↵ect – the distance
from unity – is assumed to scale as a power law. For
strange quarks the small-x exponent �y0 is modified by

�y0 �! �y0y0✓(1� y0) , (10)

so that the A dependence becomes weaker as y0 ! 0.
This is to keep the strange-quark PDFs from becoming
overly negative which easily leads to negative charm-
production cross sections in neutrino-nucleus DIS.

The values of the strong coupling and heavy-quark
pole masses are taken to be the same as in the CT18ANLO
analysis [23]: the charm mass is set to mc = 1.3GeV,

the bottom-quark mass to mb = 4.75GeV, and the
strong coupling is fixed to ↵s(MZ) = 0.118, where MZ

is the Z boson mass. At higher scales Q
2
> Q

2

0
the

nuclear PDFs are obtained through solving the 2-loop
[30,31] DGLAP evolution equations [32,33,34,35] for
which we use the method introduced in Ref. [36].

In the course of the analysis we also noticed that
the DIS data for Li-6 and He-3 are not optimally repro-
duced by the monotonic power-law ansatz of Eq. (9).
Therefore we have introduced extra parameters, f3 and
f6, and replace the nuclear modifications R

p/3
i (x,Q2

0
)

and R
p/6
i (x,Q2

0
) by

R
p/3
i (x,Q2

0
) �! 1 + f3

h
R

p/3
i (x,Q2

0
)� 1

i
, (11)

R
p/6
i (x,Q2

0
) �! 1 + f6

h
R

p/6
i (x,Q2

0
)� 1

i
, (12)

for all parton flavours i. The e↵ect is larger for He-3
and keeping f3 = 1 would lead to a completely in-
correct EMC slope in the case of JLab He-3 data. In
total the EPPS21 fit involves Nparam = 24 free param-
eters, see Table 1 ahead. Out of these 24 only 5 control
the A dependence of the parametrization and freeing
more — e.g. letting the A dependence of the gluon an-
tishadowing peak to vary independently of the valence
quarks — easily destabilizes the fit. Thus, there is more
parametrization dependence e.g. in the gluon distribu-
tions of small nuclei in contrast to the case of heavy
nuclei where the LHC data now provide strong con-
straints. To better control the A dependence, e.g. pO
runs at the LHC would be most welcome [37].

As in EPPS16, the deuteron is still taken to be free
from nuclear e↵ects, R

A
i (x,Q

2) = 1. In principle, as
done e.g. in Ref. [21], one could include NMC data [38]
on F

D

2
/F

p

2
to constrain the deuteron nuclear e↵ects si-

multaneously with the other nuclear data. The nuclear
e↵ects in deuteron are expected to be below 2% [39].
However, these deuteron data are already included in
the CT18 fit [23] of the free proton PDFs (our base-
line) neglecting the deuteron nuclear corrections [40].
Using CT18 for deuteron (with no additional correc-
tions) thus e↵ectively accounts also for the deuteron
nuclear e↵ects. As a result, including these NMC data
in our analysis here would thus be inconsistent, leading
also to some double counting. The way the deuteron
is now handled is admittedly a bit unsatisfactory and
once more underscores the fact that the era of fitting
the free-proton and nuclear PDFs separately starts to
come to its end.

2.2 Negativity features

The parametrization of R
p/A
i (x,Q2) is not restricted

to be strictly positive definite at the parametrization
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A dependence of the height parameters: 

Aref = 12
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would otherwise (that is, if ↵ = 1) develop if xa < 0.1.
The coe�cients ai, bi, ci are fully determined by the
asymptotic small-x limit y0 = R

A
i (x ! 0, Q2

0), the an-
tishadowing maximum ya = R

A
i (xa, Q

2
0) and the EMC

minimum ye = R
A
i (xe, Q

2
0), as well as requiring con-

tinuity and vanishing first derivatives at the matching
points xa and xe. The A dependencies of y0, ya, ye are
parametrized as

yi(A) = yi(Aref)

✓
A

Aref

◆�i[yi(Aref )�1]

, (3)

where �i � 0 and Aref = 12. By construction, the nu-
clear e↵ects (deviations from unity) are now larger for
heavier nuclei. Without the factor yi(Aref) � 1 in the
exponent one can more easily fall into a peculiar situa-
tion in which e.g. yi(Aref) < 1, but yi(A � Aref) > 1,
which seems physically unlikely. For the valence quarks
and gluons the values of y0 are determined by requiring
the sum rules

Z 1

0
dxf

p/A
uV

(x,Q2
0) = 2, (4)

Z 1

0
dxf

p/A
dV

(x,Q2
0) = 1, (5)

Z 1

0
dxx

X

i

f
p/A
i (x,Q2

0) = 1, (6)

separately for each nucleus and thus the A dependence
of these y0 is not parametrized. All other parameters
than y0, ya, ye are A-independent. In our present frame-
work we consider the deuteron (A = 2) to be free
from nuclear e↵ects though few-percent e↵ects at high
x are found e.g. in Ref. [57]. The bound neutron PDFs

f
n/A
i (x,Q2) are obtained from the bound proton PDFs

by assuming isospin symmetry,

f
n/A
u,u (x,Q2) = f

p/A

d,d
(x,Q2), (7)

f
n/A

d,d
(x,Q2) = f

p/A
u,u (x,Q2), (8)

f
n/A
i (x,Q2) = f

p/A
i (x,Q2) for other flavours. (9)

Above the parametrization scale Q
2
> Q

2
0 the nu-

clear PDFs are obtained by solving the DGLAP evo-
lution equations with 2-loop splitting functions [58,59].
We use our own DGLAP evolution code which is based
on the solution method described in Ref. [60] and also
explained and benchmarked in Ref. [61]. Our parametri-
zation scale Q

2
0 is fixed to the charm pole mass Q

2
0 =

m
2
c where mc = 1.3GeV. The bottom quark mass is

mb = 4.75GeV and the value of the strong coupling
constant is set by ↵s(MZ) = 0.118, where MZ is the
mass of the Z boson.

As is well known, at NLO and beyond the PDFs do
not need to be positive definite and we do not impose
such a restriction either. In fact, doing so would be ar-
tificial since the parametrization scale is, in principle,
arbitrary and positive definite PDFs, say, at Q

2
0 = m

2
c

may easily correspond to negative small-x PDFs at a
scale just slightly below Q

2
0. As we could have equally

well parametrized the PDFs at such a lower value of Q2
0,

we see that restricting the PDFs to be always positive
would be an unphysical requirement.

3 Experimental data

All the `�A DIS, pA DY and RHIC DAu pion data sets
we use in the present analysis are the same as in the
EPS09 fit. The only modification on this part is that we
now remove the isoscalar corrections of the EMC, NMC
and SLAC data (see the next subsection), which is im-
portant as we have freed the flavour dependence of the
quark nuclear modifications. The `

�
A DIS data (cross

sections or structure functions F2) are always normal-
ized by the `

�D measurements and, as in EPS09, the
only kinematic cut on these data is Q

2
> m

2
c . This

is somewhat lower than in typical free-proton fits and
the implicit assumption is (also in not setting a cut in
the mass of the hadronic final state) that the possi-
ble higher-twist e↵ects will cancel in ratios of structure
functions/cross sections. While potential signs of 1/Q2

e↵ects have been seen in the HERA data [62] already
around Q

2 = 10GeV2, these e↵ects occur at signifi-
cantly smaller x than what is the reach of the `�A DIS
data.

From the older measurements, also pion-nucleus DY
data from the NA3 [48], NA10 [49], and E615 [50] col-
laborations are now included. These data have been

Valence quark sum rules

Momentum sum rule

Deuteron A=2 is assumed to be free from nuclear effects
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would otherwise (that is, if ↵ = 1) develop if xa < 0.1.
The coe�cients ai, bi, ci are fully determined by the
asymptotic small-x limit y0 = R

A
i (x ! 0, Q2

0), the an-
tishadowing maximum ya = R

A
i (xa, Q

2
0) and the EMC

minimum ye = R
A
i (xe, Q

2
0), as well as requiring con-

tinuity and vanishing first derivatives at the matching
points xa and xe. The A dependencies of y0, ya, ye are
parametrized as

yi(A) = yi(Aref)
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where �i � 0 and Aref = 12. By construction, the nu-
clear e↵ects (deviations from unity) are now larger for
heavier nuclei. Without the factor yi(Aref) � 1 in the
exponent one can more easily fall into a peculiar situa-
tion in which e.g. yi(Aref) < 1, but yi(A � Aref) > 1,
which seems physically unlikely. For the valence quarks
and gluons the values of y0 are determined by requiring
the sum rules
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separately for each nucleus and thus the A dependence
of these y0 is not parametrized. All other parameters
than y0, ya, ye are A-independent. In our present frame-
work we consider the deuteron (A = 2) to be free
from nuclear e↵ects though few-percent e↵ects at high
x are found e.g. in Ref. [57]. The bound neutron PDFs

f
n/A
i (x,Q2) are obtained from the bound proton PDFs

by assuming isospin symmetry,

f
n/A
u,u (x,Q2) = f

p/A

d,d
(x,Q2), (7)
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d,d
(x,Q2) = f
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u,u (x,Q2), (8)

f
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i (x,Q2) = f
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i (x,Q2) for other flavours. (9)

Above the parametrization scale Q
2
> Q

2
0 the nu-

clear PDFs are obtained by solving the DGLAP evo-
lution equations with 2-loop splitting functions [58,59].
We use our own DGLAP evolution code which is based
on the solution method described in Ref. [60] and also
explained and benchmarked in Ref. [61]. Our parametri-
zation scale Q

2
0 is fixed to the charm pole mass Q

2
0 =

m
2
c where mc = 1.3GeV. The bottom quark mass is

mb = 4.75GeV and the value of the strong coupling
constant is set by ↵s(MZ) = 0.118, where MZ is the
mass of the Z boson.

As is well known, at NLO and beyond the PDFs do
not need to be positive definite and we do not impose
such a restriction either. In fact, doing so would be ar-
tificial since the parametrization scale is, in principle,
arbitrary and positive definite PDFs, say, at Q

2
0 = m

2
c

may easily correspond to negative small-x PDFs at a
scale just slightly below Q

2
0. As we could have equally

well parametrized the PDFs at such a lower value of Q2
0,

we see that restricting the PDFs to be always positive
would be an unphysical requirement.

3 Experimental data

All the `�A DIS, pA DY and RHIC DAu pion data sets
we use in the present analysis are the same as in the
EPS09 fit. The only modification on this part is that we
now remove the isoscalar corrections of the EMC, NMC
and SLAC data (see the next subsection), which is im-
portant as we have freed the flavour dependence of the
quark nuclear modifications. The `

�
A DIS data (cross

sections or structure functions F2) are always normal-
ized by the `

�D measurements and, as in EPS09, the
only kinematic cut on these data is Q

2
> m

2
c . This

is somewhat lower than in typical free-proton fits and
the implicit assumption is (also in not setting a cut in
the mass of the hadronic final state) that the possi-
ble higher-twist e↵ects will cancel in ratios of structure
functions/cross sections. While potential signs of 1/Q2

e↵ects have been seen in the HERA data [62] already
around Q

2 = 10GeV2, these e↵ects occur at signifi-
cantly smaller x than what is the reach of the `�A DIS
data.

From the older measurements, also pion-nucleus DY
data from the NA3 [48], NA10 [49], and E615 [50] col-
laborations are now included. These data have been

Bound neutron PDFs are determined from bound proton PDFs through isospin symmetry.
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0). The
solid green line corresponds to a2 = 2, the dashed purple line
to a2 = 0, and the brown dotted-dashed line to a2 = �3.

the parameters ai, bi, ci are expressed in terms of ya, ye
and y0 which correspond to the values of the function
at x = xa, x = xe and x = 0. The parametrization is
illustrated in Fig. 1, where the variation induced by the
parameter a2 is also demonstrated.

For the gluons and valence quarks the y0 parameters
are determined separately for each nucleus by imposing
the sum rules,

Z
1

0

dxf
p/A
uV

(x,Q2

0
) = 2 , (6)

Z
1

0

dxf
p/A
dV

(x,Q2

0
) = 1 , (7)

Z
1

0

dxx

X

i

f
p/A
i (x,Q2

0
) = 1 . (8)

The rest of the A dependence is encoded into the height
parameters yi as,

yi(A) = 1 +
h
yi(Aref)� 1

i✓
A

Aref

◆�i

, (9)

where Aref = 12, following our earlier analyses [26,27,
28,29,1]. In other words the nuclear e↵ect – the distance
from unity – is assumed to scale as a power law. For
strange quarks the small-x exponent �y0 is modified by

�y0 �! �y0y0✓(1� y0) , (10)

so that the A dependence becomes weaker as y0 ! 0.
This is to keep the strange-quark PDFs from becoming
overly negative which easily leads to negative charm-
production cross sections in neutrino-nucleus DIS.

The values of the strong coupling and heavy-quark
pole masses are taken to be the same as in the CT18ANLO
analysis [23]: the charm mass is set to mc = 1.3GeV,

the bottom-quark mass to mb = 4.75GeV, and the
strong coupling is fixed to ↵s(MZ) = 0.118, where MZ

is the Z boson mass. At higher scales Q
2
> Q

2

0
the

nuclear PDFs are obtained through solving the 2-loop
[30,31] DGLAP evolution equations [32,33,34,35] for
which we use the method introduced in Ref. [36].

In the course of the analysis we also noticed that
the DIS data for Li-6 and He-3 are not optimally repro-
duced by the monotonic power-law ansatz of Eq. (9).
Therefore we have introduced extra parameters, f3 and
f6, and replace the nuclear modifications R

p/3
i (x,Q2

0
)

and R
p/6
i (x,Q2

0
) by

R
p/3
i (x,Q2

0
) �! 1 + f3

h
R

p/3
i (x,Q2

0
)� 1

i
, (11)

R
p/6
i (x,Q2

0
) �! 1 + f6

h
R

p/6
i (x,Q2

0
)� 1

i
, (12)

for all parton flavours i. The e↵ect is larger for He-3
and keeping f3 = 1 would lead to a completely in-
correct EMC slope in the case of JLab He-3 data. In
total the EPPS21 fit involves Nparam = 24 free param-
eters, see Table 1 ahead. Out of these 24 only 5 control
the A dependence of the parametrization and freeing
more — e.g. letting the A dependence of the gluon an-
tishadowing peak to vary independently of the valence
quarks — easily destabilizes the fit. Thus, there is more
parametrization dependence e.g. in the gluon distribu-
tions of small nuclei in contrast to the case of heavy
nuclei where the LHC data now provide strong con-
straints. To better control the A dependence, e.g. pO
runs at the LHC would be most welcome [37].

As in EPPS16, the deuteron is still taken to be free
from nuclear e↵ects, R

A
i (x,Q

2) = 1. In principle, as
done e.g. in Ref. [21], one could include NMC data [38]
on F

D

2
/F

p

2
to constrain the deuteron nuclear e↵ects si-

multaneously with the other nuclear data. The nuclear
e↵ects in deuteron are expected to be below 2% [39].
However, these deuteron data are already included in
the CT18 fit [23] of the free proton PDFs (our base-
line) neglecting the deuteron nuclear corrections [40].
Using CT18 for deuteron (with no additional correc-
tions) thus e↵ectively accounts also for the deuteron
nuclear e↵ects. As a result, including these NMC data
in our analysis here would thus be inconsistent, leading
also to some double counting. The way the deuteron
is now handled is admittedly a bit unsatisfactory and
once more underscores the fact that the era of fitting
the free-proton and nuclear PDFs separately starts to
come to its end.

2.2 Negativity features

The parametrization of R
p/A
i (x,Q2) is not restricted

to be strictly positive definite at the parametrization
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the parameters ai, bi, ci are expressed in terms of ya, ye
and y0 which correspond to the values of the function
at x = xa, x = xe and x = 0. The parametrization is
illustrated in Fig. 1, where the variation induced by the
parameter a2 is also demonstrated.

For the gluons and valence quarks the y0 parameters
are determined separately for each nucleus by imposing
the sum rules,
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The rest of the A dependence is encoded into the height
parameters yi as,
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where Aref = 12, following our earlier analyses [26,27,
28,29,1]. In other words the nuclear e↵ect – the distance
from unity – is assumed to scale as a power law. For
strange quarks the small-x exponent �y0 is modified by

�y0 �! �y0y0✓(1� y0) , (10)

so that the A dependence becomes weaker as y0 ! 0.
This is to keep the strange-quark PDFs from becoming
overly negative which easily leads to negative charm-
production cross sections in neutrino-nucleus DIS.

The values of the strong coupling and heavy-quark
pole masses are taken to be the same as in the CT18ANLO
analysis [23]: the charm mass is set to mc = 1.3GeV,

the bottom-quark mass to mb = 4.75GeV, and the
strong coupling is fixed to ↵s(MZ) = 0.118, where MZ

is the Z boson mass. At higher scales Q
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the

nuclear PDFs are obtained through solving the 2-loop
[30,31] DGLAP evolution equations [32,33,34,35] for
which we use the method introduced in Ref. [36].

In the course of the analysis we also noticed that
the DIS data for Li-6 and He-3 are not optimally repro-
duced by the monotonic power-law ansatz of Eq. (9).
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for all parton flavours i. The e↵ect is larger for He-3
and keeping f3 = 1 would lead to a completely in-
correct EMC slope in the case of JLab He-3 data. In
total the EPPS21 fit involves Nparam = 24 free param-
eters, see Table 1 ahead. Out of these 24 only 5 control
the A dependence of the parametrization and freeing
more — e.g. letting the A dependence of the gluon an-
tishadowing peak to vary independently of the valence
quarks — easily destabilizes the fit. Thus, there is more
parametrization dependence e.g. in the gluon distribu-
tions of small nuclei in contrast to the case of heavy
nuclei where the LHC data now provide strong con-
straints. To better control the A dependence, e.g. pO
runs at the LHC would be most welcome [37].

As in EPPS16, the deuteron is still taken to be free
from nuclear e↵ects, R
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2) = 1. In principle, as
done e.g. in Ref. [21], one could include NMC data [38]
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to constrain the deuteron nuclear e↵ects si-

multaneously with the other nuclear data. The nuclear
e↵ects in deuteron are expected to be below 2% [39].
However, these deuteron data are already included in
the CT18 fit [23] of the free proton PDFs (our base-
line) neglecting the deuteron nuclear corrections [40].
Using CT18 for deuteron (with no additional correc-
tions) thus e↵ectively accounts also for the deuteron
nuclear e↵ects. As a result, including these NMC data
in our analysis here would thus be inconsistent, leading
also to some double counting. The way the deuteron
is now handled is admittedly a bit unsatisfactory and
once more underscores the fact that the era of fitting
the free-proton and nuclear PDFs separately starts to
come to its end.

2.2 Negativity features

The parametrization of R
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Fig. 2 The data included in the EPPS21 laid schematically on the (x,Q2) plane.

E772 [56] and E866 [57] data sets in the form of nu-
clear ratios,

d
2
�
pA

dx2

�
d
2
�
pD

dx2

,
d
2
�
pA

dMdx1

�
d
2
�
pBe

dMdx1

, (15)

where M is the invariant mass of the produced lepton
pair and x1,2 = (M/

p
s)e±y, where y is the rapidity

of the lepton pair. The di↵erential cross sections are
calculated “on fly” with no precomputed grids.

3.3 Dijet production

In the EPPS16 analysis, we used the first CMS 5TeV
single-di↵erential dijet pPb data [58] in the form of a
forward-to-backward ratio. Now, a double-di↵erential
analysis [3] of the same data sample has become avail-
able and this is what we use in the present analysis. We
have already scrutinized these data in Ref. [5] where
they were found to put dramatically strong constraints
on the nuclear modification of the gluon PDFs in the
shadowing and antishadowing regions. The observable
we fit is a double ratio,

R
norm.
pPb

�
⌘dijet, p

ave

T

�
= (16)

1

d�pPb/dp
ave
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d
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�
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T

�
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T

d
2
�
pp

d⌘dijetdp
ave

T

,

where ⌘dijet and p
ave

T
are the average pseudorapidity

and average transverse momentum of the two jets that
make up the dijet,

⌘dijet =
1

2

⇣
⌘
leading + ⌘

subleading

⌘
, (17)

p
ave

T
=

1

2

⇣
p
leading

T
+ p

subleading

T

⌘
. (18)

By self-normalizing the spectra separately in pp and
pPb collisions, a major part of the experimental system-
atic uncertainties cancel and the measurement is there-
fore very precise. Without the self-normalization, the
systematic uncertainties in typical jet measurement can
reach tens of percents. In Ref. [5] the ratio of Eq. (16)
was also found to be very insensitive to the choice of
the baseline proton PDFs as well as to the factoriza-
tion/renormalization scale variations around the cen-
tral choice µ = p

ave

T
. The NLO look-up tables (see

Sect. 4.4) are constructed by using the public NLO-
jet++ [59] code. For more details on the implementa-
tion of the dijet cross sections, see Ref. [5].

3.4 W± and Z production

In the EPPS16 fit, we already included the 5TeV W±

and Z production data from CMS and ATLAS [60,

9

Table 2 The data used in the EPPS21 analysis. The new data with respect to the EPPS16 analysis are marked with a star.

Experiment Observable Collisions Data points �2 Normalization Ref.

JLab Hall CF DIS e�He(3), e�D 15 4.47 1.027 [13]

JLab Hall CF DIS e�He(4), e�D 15 4.33 0.985 [13]
SLAC E139 DIS e�He(4), e�D 16 7.75 0.997 [43]
CERN NMC 95, re. DIS µ�He(4), µ�D 16 17.90 1.000 [44]

CERN NMC 95, Q2 dep. DIS µ�Li(6), µ�D 153 159.74 1.002 [45]

JLab Hall CF DIS e�Be(9), e�D 15 4.72 0.971 [13]
SLAC E139 DIS e�Be(9), e�D 15 15.19 0.990 [43]
CERN NMC 96 DIS µ�Be(9), µ�C 15 4.84 1.000 [46]

JLab Hall CF DIS e�C(12), e�D 15 2.58 0.981 [13]
SLAC E139 DIS e�C(12), e�D 6 4.89 0.998 [43]
CERN NMC 95, Q2 dep. DIS µ�C(12), µ�D 165 131.25 0.997 [45]
CERN NMC 95, re. DIS µ�C(12), µ�D 16 16.99 0.998 [44]
CERN NMC 95, re. DIS µ�C(12), µ�Li(6) 20 16.27 0.997 [44]
JLab CLASF DIS e�C(12), µ�D(6) 25 19.41 0.996 [14]
FNAL E772 DY pC(12), pD 9 8.20 - [56]

SLAC E139 DIS e�Al(27), e�D 15 10.58 0.994 [43]
CERN NMC 96 DIS µ�Al(27), µ�C(12) 15 7.02 1.000 [46]
JLab CLASF DIS e�Al(27), e�D 25 20.68 1.004 [14]

SLAC E139 DIS e�Ca(40), e�D 6 3.91 0.989 [43]
CERN NMC 95, re. DIS µ�Ca(40), µ�D 15 30.45 1.004 [44]
CERN NMC 95, re. DIS µ�Ca(40), µ�Li(6) 20 17.08 0.998 [44]
CERN NMC 96 DIS µ�Ca(40), µ�C(12) 15 8.35 1.001 [46]
FNAL E772 DY pCa(40), pD 9 2.59 - [56]

SLAC E139 DIS e�Fe(56), e�D 20 23.86 1.002 [43]
CERN NMC 96 DIS µ�Fe(56), µ�C(12) 15 11.11 1.001 [46]
JLab CLASF DIS e�Fe(56), e�D 25 26.74 1.005 [14]
FNAL E772 DY e�Fe(56), e�D 9 2.03 - [56]
FNAL E866 DY pFe(56), pBe(9) 28 21.04 - [57]

CERN EMC DIS µ�Cu(64), µ�D 19 15.13 - [48]

SLAC E139 DIS e�Ag(108), e�D 6 8.13 0.990 [43]

CERN NMC 96 DIS µ�Sn(117), µ�C(12) 15 10.90 0.999 [46]
CERN NMC 96, Q2 dep. DIS µ�Sn(117), µ�C(12) 144 84.44 0.999 [47]

FNAL E772 DY pW(184), pD 9 5.93 - [56]
FNAL E866 DY pW(184), pBe(9) 28 25.82 - [57]
CERN NA10 DY ⇡�W(184), ⇡�D 10 10.87 1.040(h.e), 1.116(l.e) [89]
FNAL E615 DY ⇡+W(184), ⇡�W(184) 11 13.26 - [87]

CERN NA3 DY ⇡�Pt(195), ⇡�H 7 4.70 - [88]

SLAC E139 DIS e�Au(197), e�D 16 19.70 0.999 [43]
RHIC PHENIX ⇡0 dAu(197), pp 17 6.68 1.008 [80]

CERN NMC 96 DIS µ�Pb(207), µ�C(12) 15 4.29 1.000 [46]
JLab CLASF DIS e�Pb(208), e�D 25 15.39 0.994 [14]
CERN CHORUS DIS ⌫Pb(208), ⌫Pb(208) 824 990.95 - [49]
CERN CMS 5TeV W± pPb(208) 10 11.82 - [60]
CERN CMS 8TeVF W± pPb(208), pp 44 41.30 0.996 [9]
CERN CMS Z pPb(208) 6 6.80 - [61]
CERN ATLAS Z pPb(208) 7 8.91 - [62]
CERN CMSF dijet pPb(208) 83 123.81 - [58]
CERN LHCbF D meson pPb(208) 48 45.71 0.999(fwd.), 1.010(bwd.) [4]

Total 2077 2058.5

✦ Fixed target eA DIS and pA Drell-Yan 
✦ Neutrino data 
✦ Pion data from dA 
✦ LHC data from dijets and electroweak W,Z 

boson production, D meson
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Fig. 8 The EPPS21 nuclear modifications of average nucleons in carbon (two leftmost columns) in lead (two rightmost
columns) at the initial scale Q2 = 1.69GeV2 and at Q2 = 10GeV2. The central results are shown by thick black curves, and
the nuclear error sets by green dotted curves. The blue bands correspond to the nuclear uncertainties and the purple ones to
the full uncertainty (nuclear and baseline errors added in quadrature).
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Fig. 8 The EPPS21 nuclear modifications of average nucleons in carbon (two leftmost columns) in lead (two rightmost
columns) at the initial scale Q2 = 1.69GeV2 and at Q2 = 10GeV2. The central results are shown by thick black curves, and
the nuclear error sets by green dotted curves. The blue bands correspond to the nuclear uncertainties and the purple ones to
the full uncertainty (nuclear and baseline errors added in quadrature).
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Nuclear modification for lead for various flavors and gluons, at two scales Q2 = 1.69,10 GeV2
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Fig. 8 The EPPS21 nuclear modifications of average nucleons in carbon (two leftmost columns) in lead (two rightmost
columns) at the initial scale Q2 = 1.69GeV2 and at Q2 = 10GeV2. The central results are shown by thick black curves, and
the nuclear error sets by green dotted curves. The blue bands correspond to the nuclear uncertainties and the purple ones to
the full uncertainty (nuclear and baseline errors added in quadrature).
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Fig. 8 The EPPS21 nuclear modifications of average nucleons in carbon (two leftmost columns) in lead (two rightmost
columns) at the initial scale Q2 = 1.69GeV2 and at Q2 = 10GeV2. The central results are shown by thick black curves, and
the nuclear error sets by green dotted curves. The blue bands correspond to the nuclear uncertainties and the purple ones to
the full uncertainty (nuclear and baseline errors added in quadrature).

Large uncertainties, particularly at low values of x
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Figure 3: An illustration of the x and Q2 regions probed by the current lepton-A, pion-A

and proton-A data included in the global analyses of nuclear PDFs.
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Figure 4: Comparison of the 208Pb nuclear modifications resulting from the EPPS21 (full,

blue) (51), nCTEQ15HQ (dashed, red) (50) and nNNPDF3.0 (dot-dashed, green) (52)

global analyses of nuclear PDFs, i.e. the PDFs of lead divided by the summed PDFs of 82

free protons and 126 free neutrons. Uncertainty bands correspond to 90% CL.

largest uncertainties are seen for the strange quark distributions, which are constrained only

by – to some extent problematic – neutrino data and by LHC weak boson data, where the

strange quark originates, however, mostly from gluon splittings. In Supplemental Material

we provide also a comparison of the absolute nuclear PDFs.

www.annualreviews.org • Nuclear PDFs After the First Decade of LHC Data 15
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158 7.3. THE NUCLEUS: A LABORATORY FOR QCD
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Figure 7.67: Relative statistical and uncorrelated systematic uncertainties for inclusive cross
section measurements in 18x110 GeV e+A collisions expected at the EIC. Details of the sys-
tematic error estimate may be found in Section 8.1.

nPDFs via inclusive DIS

The DIS cross section can be expressed in terms of the structure functions F2 and
FL

s µ F2(x, Q2) � y2

1 + (1 � y)2 FL(x, Q2) . (7.37)

The former is mainly sensitive to the (anti-)quark content of the nucleon and dom-
inates the cross-section at high values of x. The latter, relevant in the unexplored
low x region, has a direct contribution from the gluon density [782]. The large Q2

lever arm of the EIC will allow us to precisely extract FL and further determine
the nuclear gluon PDF. Longitudinal and charm structure functions provide direct
access to the magnitude of nuclear effects on the gluon distribution [783].

The precision of the inclusive cross section measurements at the EIC at low values
of x (x < 10�2) and Q2 will significantly reduce the current theoretical uncertain-
ties. This is demonstrated in Fig. 7.68 which shows a comparison of the relative
uncertainties of three modern sets of nPDFs [26, 784, 785] in a gold nucleus (blue
bands) and their modification when including EIC DIS pseudodata in the fits (or-
ange bands). The overall effect is a significant reduction of the uncertainties in the
low-x region, where data is scarce or non-existent. The high-x, low Q2 region is
covered by fixed target experiments and will be further explored at CLAS.

CHAPTER 7. EIC MEASUREMENTS AND STUDIES 157

7.3.3 Nuclear PDFs

Nuclear parton distribution functions (nPDFs) describe the behaviour of bound
partons in the nuclear medium. Like free-proton PDFs they are assumed to be
universal and are extracted through fits to existing data. To date, there is no com-
pelling evidence of factorization breaking or violation of universality.

The theoretical interpretation of A+A and p+A data from the LHC and RHIC also
relies on precise knowledge of nPDFs. However, in contrast to the free-proton
PDFs, the determination of nPDFs is severely limited by both the kinematic cover-
age and the precision of the available data.

The realization of the EIC will provide key constraints on nPDFs. Fig. 7.66 shows
the significant broadening of the kinematic coverage for all nuclei available at the
EIC. Note that nPDFs sets make different selections and apply extra kinematic cuts
that further reduce the explored space. In contrast with previous experiments, the
systematic uncertainties of the e + A inclusive DIS cross section measurements at
the EIC will be at most a few %, as depicted in Fig. 7.67. Additionally, the statis-
tical uncertainties will be negligible for almost the whole x coverage, gaining pre-
dominance only at the largest values of x. This broad kinematic coverage, almost
doubling the one from existing data, will revolutionize our current understanding
of partonic distributions in nuclei.

Figure 7.66: Kinematic coverage of experimental data and EIC pseudo data used in nPDFs
fits. The coverage corresponds to all measured nuclei together. Each nPDFs set has extra
cuts that further reduce the explored space.

kinematic plane EIC

➤ Precise measurement of nuclear structure functions for wide range of nuclei and wide kinematic 
range 

➤ Sys. uncertainties at most few %, stat. negligible 
➤ Proton, deuteron and wide range nuclei structure function within one facility: reduction of 

uncertainties
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FIG. 4. The reduced cross section (left) in e+Au collisions at EIC is plotted as a function of Q2 and x, the kinematic space
covered by currently available experimental data is marked on the plot by the the green area. The measured reduced cross
section points are shifted by �log10(x) for visibility. Two examples of the �r (right) at Q2 values of 4.4 GeV2 and 139 GeV2 are
plotted versus x, with the ratio between the widths of the experimental and theoretical uncertainties shown in the bottom panel.
In both plots the statistical and systematic uncertainties are added in quadrature and compared to the theory uncertainty (gray
bands) from CT14NLO+EPPS16. The overall 1.4% systematic uncertainty on the luminosity determination in not shown on
the plots. Points that correspond to di↵erent energy configurations are horizontally o↵set in Q2 for visibility.

0

10

20

30

40

50

60

70

80

90

100

ηDecay Kaon 
-4 -3 -2 -1 0 1 2 3 4

D
e
ca

y 
K

a
o
n
 P

(G
e
V

)

-110

1

10

210
 = 89.4 GeVse+Au - 

FIG. 5. Left: The distribution of the momentum of a decay K from cc̄ production events versus pseudo-rapidity. Right: The
vertex position of K in inclusive DIS (blue line) compared to cc̄ production events (red line).

significantly exceed 2%.

C. QED Corrections

Cross section measuremeants with a precission as an-
ticipated from an EIC need to account for all processes,
which could alter the relation of measured to true event

kinematics. The radiation of photons and the corre-
sponding virtual corrections (QED corrections) from the
incoming and outgoing lepton can cause significant e↵ects
on the reconstruction of the reduced cross-section. The
correction of these radiative e↵ects can be either done
through Monte-Carlo techniques or including the QED
e↵ects directly in the PDF analysis.

For neutral-current l + A scattering, there exists a
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FIG. 6. The reduced cross section (left) of cc̄ production in e+Au collisions at an EIC is plotted as a function of Q2 and x. The
points are shifted by �log10(x)/10 for visibility. Two examples of the �cc̄

r (right) at Q2 values of 4.4 GeV2 and 139 GeV2 are
plotted versus x, with the ratio between the widths of the experimental and theoretical uncertainties shown in the bottom panel.
In both plots the statistical and systematic uncertainties are added in quadrature and compared to the theory uncertainty (gray
bands) from CT14NLO+EPPS16. The overall 1.4% systematic uncertainty on the luminosity measurement in not shown on
the plots. Points that correspond to di↵erent energy configurations are horizontally o↵set in Q2 for visibility.

gauge-invariant classification into leptonic, hadronic and
interference contributions. The dominant correction
comes from the leptonic contribution, where the photons
are emitted collinear with the leptons and give rise to
large logarithmic terms / log(Q2/m2

`), where m` is the
lepton mass. In comparison to the case with no radia-
tion, the momentum carried by the radiated photons will
alter the values of x and Q2 measured from the scattered
lepton. Since the PDFs are typically very steep func-
tions of x, even small changes can lead to large variation
in the cross sections. Also the initial- and final-state
quarks may radiate photons giving rise to large logarith-
mic terms, which are nowadays often resummed to pho-
tonic component in the PDFs. However, these correc-
tions do not alter the event kinematics and are therefore
much smaller than the contributions coming from the ra-
diation o↵ the leptons.

The e↵ect of the QED radiation o↵ the incoming and
outgoing lepton can be quantified by a correction factor

RC =
�r(O(↵em))

�r(born)
� 1, (3)

where �r(born) and �r(O(↵em)) are the reduced cross
section at born-level and including the first-order radia-
tive corrections, respectively. To compute the above cor-
rection factors for �r and �cc̄

r for the EIC kinematics,
a sample of events were generated using the DJANGO
simulator [38]. The DJANGO Monte-Carlo generator
was recently expanded to simulate `+A collisions includ-

ing O(↵em) radiative e↵ects. The simulations show that
most of the radiative real photons have an energy much
below 1 GeV, as shown in Figure 7 (left). These radiative
photons are typically emitted at very rear angles (in the
electron going direction), see Figure 7 (right), and are
uniformly distributed in azimuthal angle.
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FIG. 7. The energy (left) and polar angle (right) distribution
of radiative photons emitted in e+Au collision events.

Figure 8 shows the radiative correction factor versus
the inelasticity, y, due to QED radiation in e+Au col-
lisions at

p
s = 89.4 GeV for di↵erent Q2 values, in

the case of inclusive (left plot) and charm (right plot)
reduced cross sections. These values are compatible with
earlier predictions [39]. In the photon-nucleon center-of-
mass frame, the maximum energy of the radiated photon,

Inclusive Charm 

➤ Precision measurements of the reduced cross section  
➤ Charm component in nuclei 
➤ Errors much smaller than the uncertainties of QCD predictions

Aschenauer, Fazio, Lamont, Paukkunen, Zurita
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Figure 7.68: Relative uncertainty bands for Au at Q2 = 1.69 GeV2 for u (first row), ū (sec-
ond row), s (third row) and gluon (lower row) for three different sets of nPDFs. The blue
and orange bands correspond to before and after including the EIC pseudodata in the fit,
respectively.

Probing nuclear gluons with heavy flavor production

Heavy flavor (HF) production is a powerful observable that will complement in-
clusive DIS measurements in determining nuclear modifications of the PDFs, in
particular for the gluon distribution. Recent results from ultraperipheral A + A
collisions [786,787,787–790] as well as HF and dijet production in p + Pb [791–793]
at the LHC support nuclear suppression with respect to the proton gluon at
x ⌧ 0.1 (shadowing). However, little is known about gluon enhancement (anti-
shadowing) at x ⇠ 0.1 or a possible suppression at x > 0.3 (“gluonic EMC effect”).
At the EIC it will be possible to obtain a direct constraint of the gluon density by
measuring HF pairs which at LO are produced through the photon–gluon fusion
process. This channel probes the gluon PDFs for x > axB, where a = 1 + 4m2

h/Q2

and mh is the heavy quark mass. This measurement will also permit the study of
different heavy quark mass schemes and constrain the intrinsic HF components in
the nPDFs [794].

The feasibility and impact of nuclear gluon measurements with HF production

Significant impact of EIC 
measurements on nuclear PDFs 
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at the EIC has been studied in dedicated efforts [26, 795, 796] by tagging, from
the simulated DIS sample, the K and/or p decay products from the D mesons
produced in the charm fragmentation. The reconstruction methods used in this
analysis [795] demonstrate the key role that particle identification (PID) will play.
It was shown that the charm reconstruction is significantly increased [797] when
PID capabilities are included.

In Ref. [26] a full fit using the EIC pseudodata for the inclusive (s) and the charm
cross-section (scharm) has found a significant impact on the reduction of the gluon
uncertainty band at high-x. This is illustrated in the left panel of Fig. 7.69, where
the blue band is the original EPPS16* fit, the green band incorporates s pseudo-
data and the orange one adds also scharm. A similar dedicated study using PDF
reweighting with structure function Fcharm

2A was done in [96]. In the right panel of
Fig. 7.69 the impact of Fe pseudodata on the EPPS16 NLO gluon density [25] is
shown by the red band. The charm pseudodata substantially reduces the uncer-
tainty at x > 0.1, providing sensitivity to the presence of a gluonic EMC effect.
Comparing the red band (only charm pseudodata) with the results of Fig. 7.68
one can see that the high-x region can be equally studied considering inclusive or
charm pseudodata. It is by combining both observables that a striking reduction
is achieved (orange band, left panel of Fig. 7.69). Moreover, the measurement will
be complemented by jet studies that have already shown promising constraining
power for gluons in p+Pb collisions [793].
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Figure 7.69: Left: Relative uncertainty bands of the gluon for Au at Q2 = 1.69 GeV2 for
EPPS16* (light blue), EPPS16*+EIC s (green) and EPPS16*+EIC scharm (orange). Right: same
as left panel but for Fe at Q2 = 2 GeV2 for EPPS16 (yellow) and EPPS16+EIC scharm (red).

Investigating the A dependence of nPDFs

The EIC will have the capability to operate with a large variety of ion beams from
protons to Pb in order to scrutinize the A-dependence of nuclear PDFs. The dif-
ferent nuclei used in the nPDFs fits are usually connected through parameters for

➤ Impact of charm cross section on 
the gluon PDF at high x 

➤ Charm is produced mainly in the 
photon-gluon fusion process 

➤ Further constraints: FL 
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aspect of this new accelerator complex is to match the
high performance of a collider with a specially designed
and built comprehensive DIS-specific detector in order
to control systematic e↵ects. The detector requirements
come directly from the broad EIC science case. Some of
the key capabilities such a detector must have are:

• Hermetic coverage in a wide pseudo-rapidity

range: ⇠ |⌘|  4

• Good scattered lepton identification and mo-

mentum resolution: in almost all cases, the DIS
kinematics (x and Q2) of the collision are most ac-
curately calculated from the scattered electron [28].
Therefore, in order to measure these quantities as
precisely as possible, an excellent particle identi-
fication as well as momentum, angular resolution
and good energy resolution at very backward ra-
pidities are required for the scattered lepton.

• Good hadronic particle identification: for
semi-inclusive measurements, one is also interested
in identifying the hadrons produced coincidently
with the scattered lepton in the collisions. There
are various techniques, which can be utilized to
identify protons, pions and kaons at di↵erent mo-
mentum intervals. At low momenta, these can
be identified through their specific ionization (or
dE/dx) in a time projection chamber (TPC). At
higher momenta, Cherenkov detectors are most
widely used.

• Good secondary vertex resolution: for mea-
surements which involve heavy quarks (charm, bot-
tom) a high resolution µ-vertex detector is essential
in order to reconstruct the displaced vertices of the
heavy-quark hadrons produced.

• High resolution and wide acceptance for-

ward instrumentation: a Roman-pot spectrom-
eter with almost 100% acceptance and a wide cov-
erage in scattered proton four-momentum is cru-
cial for studies of di↵ractive physics in e�+p and
e�+A collisions. Furthermore, for e�+A collisions,
a zero-degree calorimeter (ZDC) with su�cient ac-
ceptance is a key feature vetoing on the nucleus
break-up and determining the impact parameter of
the collision [29].

III. REDUCED CROSS SECTION AND
LONGITUDINAL STRUCTURE FUNCTION

The inclusive DIS process is a hard interaction between
a lepton and a nucleon, in which the latter breaks up,
the invariant mass of the hadronic final state being much
larger than the nucleon mass. This is depicted in the left
diagram of Figure 2. All the relevant kinematic variables
that describe the interaction are defined in Table I.

N, A
GN,A(x)

xg

c

x, Q2
e

eʹ

c

FIG. 2. Left : A depiction of inclusive DIS. Right : cc̄ produc-
tion through photon-gluon fusion.

TABLE I. Relevant kinematical variables in a DIS process.

Variable Description
⌘ pseudo-rapidity of particle
x fraction of the nucleon momentum

carried by the struck parton
y inelasticity, fraction of the lepton’s energy lost

in the nucleon rest frame.p
s center-of-mass energy

Q2 squared momentum transferred to the lepton,
equal to the virtuality of the exchanged photon
Note the relation Q2 ⇡ xys.

The direct observable used for constraining the nPDF
is the cross section (�), which is customarily expressed
as a dimensionless quantity known as “reduced” cross
section �r, defined as

�r ⌘

✓
d2�

dxdQ2

◆
xQ4

2⇡↵2
em[1 + (1� y)2]

, (1)

where ↵em is the QED fine-structure constant. At small
x, the reduced cross section can be approximately ex-
pressed in terms of the structure function F2 and the
longitudinal structure function FL as

�r = F2(x,Q
2)�

y2

1 + (1� y)2
FL(x,Q

2). (2)

While F2 is sensitive to the momentum distributions
of (anti)quarks, and to gluons mainly through scaling vi-
olations, FL has a larger direct contribution from gluons
[30]. In most of the kinematical space covered by the
old fixed-target DIS experiments, �r is dominated by F2,
to the extent that the older data were presented solely
in terms of F2, largely disregarding FL. Therefore the
information on FL and, consequently, the direct access
to the nuclear gluon are not currently available. At an
EIC, the high luminosity and wide kinematic reach will
enable the direct extraction of FL and thereby more in-
formation on the behaviour of the nuclear gluons can be
obtained. In addition, an EIC will o↵er possibilities to


