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Why small x ?
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Motivation: 
•Small x behavior of the collinear splitting function 
•Regge theory: soft Pomeron
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Figure 82: The combined HERA data for the inclusive NC e+p and e−p reduced cross sections
together with fixed-target data [107,108] and the predictions of HERAPDF2.0 NNLO. The
bands represent the total uncertainties on the predictions. Dashed lines indicate extrapolation
into kinematic regions not included in the fit.
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Collinear framework works very well 

Why small x expansion should be important?
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Collinear approximation: DGLAP evolution
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DGLAP evolution: system of equations for parton densities, quarks and gluons

 : quark density,  : gluon densityqj g

Splitting functions 
calculated perturbatively LO NLO NNLO N3LO

: describe splitting of parton b into parton aPab
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How good is this expansion ?  

Are higher orders necessarily smaller than lower orders for all values of z ?
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Splitting function at N3LO
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DESY 23–022 February 2023

LTH 1333

Four-loop splitting functions in QCD

– The quark-quark case –

G. Falcionia, F. Herzoga, S. Mochb and A. Vogtc

aHiggs Centre for Theoretical Physics, School of Physics and Astronomy

The University of Edinburgh, Edinburgh EH9 3FD, Scotland, UK

bII. Institute for Theoretical Physics, Hamburg University

Luruper Chaussee 149, D-22761 Hamburg, Germany

cDepartment of Mathematical Sciences, University of Liverpool

Liverpool L69 3BX, United Kingdom

Abstract

We have computed the even-N moments N ≤ 20 of the pure-singlet quark splitting function Pps

at the fourth order of perturbative QCD via the anomalous dimensions of off-shell flavour-singlet

operator matrix elements. Our results, derived analytically for a general gauge group, agree with

all results obtained for this function so far, in particular with the lowest six even moments obtained

via physical cross sections. Using these results and all available endpoint constraints, we construct

approximations for Pps at four loops that should be sufficient for most collider-physics applica-

tions. Together with the known results for the non-singlet splitting function P+
ns at this order, this

effectively completes the quark-quark contribution for the evolution of parton distribution at N3LO

accuracy. Our new results thus provide a major step towards fully consistent N3LO calculations at

the LHC and the reduction of the residual uncertainty in the parton evolution to the percent level.
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Four-loop splitting functions in QCD

– The quark-to-gluon case –

G. Falcionia,b, F. Herzogc, S. Mochd , A. Pellonie and A. Vogt f

aDipartimento di Fisica, Università di Torino, Via Pietro Giuria 1, 10125 Torino, Italy
bPhysik-Institut, Universität Zürich, Winterthurerstrasse 190, 8057 Zürich, Switzerland

cHiggs Centre for Theoretical Physics, School of Physics and Astronomy

The University of Edinburgh, Edinburgh EH9 3FD, Scotland, UK

dII. Institute for Theoretical Physics, Hamburg University

Luruper Chaussee 149, D-22761 Hamburg, Germany

eInstitute for Theoretical Physics, ETH Zürich, 8093 Zürich, Switzerland

f Department of Mathematical Sciences, University of Liverpool

Liverpool L69 3BX, United Kingdom

Abstract

We present the even-N moments N ≤ 20 of the fourth-order (N3LO) contribution P
(3)

gq (x) to the

quark-to-gluon splitting function in perturbative QCD. These moments, obtained by analytically

computing off-shell operator matrix elements for a general gauge group, agree with all known

results, in particular with the moments N ≤ 10 derived before from structure functions in deep-

inelastic scattering. Using the new moments and the available endpoint constraints, we construct

approximations for P
(3)

gq (x) which improve upon those obtained from the lowest five even moments.

The remaining uncertainties of this function are now practically irrelevant at momentum fractions

x > 0.1. The resulting errors of the convolution of Pgq at N3LO with a typical quark distribution

are small at x >
∼ 10−3 and exceed 1% only at x <

∼ 10−4 for a strong coupling αs = 0.2. The present

results for P
(3)

gq (x) should thus be sufficient for most collider-physics applications.ar
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Four-loop splitting functions in QCD

– The gluon-gluon case –

G. Falcionia,b, F. Herzogc, S. Mochd , A. Pellonie and A. Vogt f

aDipartimento di Fisica, Università di Torino, Via Pietro Giuria 1, 10125 Torino, Italy
b Physik-Institut, Universität Zürich, Winterthurerstrasse 190, 8057 Zürich, Switzerland

cHiggs Centre for Theoretical Physics, School of Physics and Astronomy

The University of Edinburgh, Edinburgh EH9 3FD, Scotland, UK

dII. Institute for Theoretical Physics, Hamburg University

Luruper Chaussee 149, D-22761 Hamburg, Germany

eInstitute for Theoretical Physics, ETH Zürich, 8093 Zürich, Switzerland

f Department of Mathematical Sciences, University of Liverpool

Liverpool L69 3BX, United Kingdom

Abstract

We have computed the even-N moments N ≤20 of the gluon-gluon splitting function Pgg at the

fourth order of perturbative QCD via the renormalization of off-shell operator matrix elements.

Our results, derived analytically for a general compact simple gauge group, agree with all results

obtained for this function so far, in particular with the lowest five moments obtained via structure

functions in deep-inelastic scattering. Using our new moments and all available endpoint con-

straints, we construct improved approximations for the four-loop Pgg(x) that should be sufficient

for a wide range of collider-physics applications. The N3LO contributions to the scale deriva-

tive of the gluon distribution, resulting from these and the corresponding quark-to-gluon splitting

functions, amount to 1% or less at x >
∼ 10−4 at a standard reference scale with αs = 0.2.
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Four-loop splitting functions in QCD

– The gluon-to-quark case –

G. Falcionia, F. Herzoga, S. Mochb and A. Vogtc

aHiggs Centre for Theoretical Physics, School of Physics and Astronomy

The University of Edinburgh, Edinburgh EH9 3FD, Scotland, UK

bII. Institute for Theoretical Physics, Hamburg University

Luruper Chaussee 149, D-22761 Hamburg, Germany

cDepartment of Mathematical Sciences, University of Liverpool

Liverpool L69 3BX, United Kingdom

Abstract

We have computed the even-N moments N ≤ 20 of the gluon-to-quark splitting function Pqg at the

fourth order of perturbative QCD via the renormalization of off-shell operator matrix elements.

Our results, derived analytically for a general gauge group, agree with all results obtained for this

function so far, in particular with the lowest five moments obtained via physical cross sections.

Using our new moments and all available endpoint constraints, we construct approximations for

the four-loop Pqg(x) that should be sufficient for a wide range of collider-physics applications.

The N3LO corrections resulting from these and the corresponding quark-quark splitting functions

lead to a marked improvement of the perturbative accuracy for the scale derivative of the singlet

quark distribution, with effects of 1% or less at x >
∼10−4 at a standard reference scale with αs = 0.2.
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Four-loop splitting functions in QCD

– The gluon-gluon case –

G. Falcionia,b, F. Herzogc, S. Mochd , A. Pellonie and A. Vogt f

aDipartimento di Fisica, Università di Torino, Via Pietro Giuria 1, 10125 Torino, Italy
b Physik-Institut, Universität Zürich, Winterthurerstrasse 190, 8057 Zürich, Switzerland

cHiggs Centre for Theoretical Physics, School of Physics and Astronomy

The University of Edinburgh, Edinburgh EH9 3FD, Scotland, UK

dII. Institute for Theoretical Physics, Hamburg University

Luruper Chaussee 149, D-22761 Hamburg, Germany

eInstitute for Theoretical Physics, ETH Zürich, 8093 Zürich, Switzerland

f Department of Mathematical Sciences, University of Liverpool

Liverpool L69 3BX, United Kingdom

Abstract

We have computed the even-N moments N ≤20 of the gluon-gluon splitting function Pgg at the

fourth order of perturbative QCD via the renormalization of off-shell operator matrix elements.

Our results, derived analytically for a general compact simple gauge group, agree with all results

obtained for this function so far, in particular with the lowest five moments obtained via structure

functions in deep-inelastic scattering. Using our new moments and all available endpoint con-

straints, we construct improved approximations for the four-loop Pgg(x) that should be sufficient

for a wide range of collider-physics applications. The N3LO contributions to the scale deriva-

tive of the gluon distribution, resulting from these and the corresponding quark-to-gluon splitting

functions, amount to 1% or less at x >
∼ 10−4 at a standard reference scale with αs = 0.2.
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Gluon-gluon splitting function at N3LO
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Figure 1: Two sets of 80 trial functions for the four-loop (N3LO) contribution to the gluon-gluon splitting

function at nf = 4. The two cases selected for eq. (15) are shown by the solid (red) lines. Also shown, by

the dashed (blue) lines, are the selected approximations of ref. [11] based on only the first 5 even moments.
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Figure 2: Left: the perturbative expansion of the splitting functions Pgg to N3LO for nf = 4 and αs = 0.2,

using eq. (15) for the four-loop contribution. Right: the resulting N2LO and N3LO convolutions with the

reference gluon distribution in eq. (18) normalized to the NLO result which changes sign at about x = 0.3.
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Falcioni, Herzog, Moch, 
Pelloni, Vogt

Small x behavior of the 
collinear splitting 
function: shows 
presence of large terms 
(with alternating signs) 

Small x: large logarithms 
of   αs ln 1/x p

[4]
gg,B(x) = −706649x1L0/x−2274637x1/x+836544x1(1+2x)−199929x1x2

−2683760x1L0 +168802L2
0 −250799L3

0 +36967x1L1 +24530x1L2
1

−71470x2
1L2

1 , (15)

p
[5]
gg,A(x) = −439426x1L0/x−293679x1/x+1916281x1 −1615883x1x+3648786x1L0

+2166231L2
0 +594588L3

0 +50406x1L1 +24692x1L2
1 +174067x2

1L1 ,

p
[5]
gg,B(x) = −705978x1L0/x−2192234x1/x+1730508x1x+353143x1(2− x2)

−2602682x1L0 +178960L2
0 −218133L3

0 +2285x1L1 +19295x1L2
1

−13719x2
1L2

1 . (16)

The error bands above lead to precise numerical predictions for γ
(3)
gg at higher values of N such as

−γ
(3)
gg (N=22) = 23990.457275(20) , 6396.872080(20) , −8123.349380(20) (17)

for nf = 3,4,5, where the brackets indicate a conservative uncertainty of the last two digits.

In order to illustrate the size and uncertainties of the present N3LO contributions to the evolu-

tion of the gluon PDF, we adopt the reference point of ref. [4] with nf = 4, αs(µ2
0 ) = 0.2 and

xqs(x,µ
2
0 ) = 0.6 x−0.3(1− x)3.5 (1+5.0 x0.8) ,

xg(x,µ2
0 ) = 1.6 x−0.3(1− x)4.5

(

1−0.6 x0.3
)

. (18)

The resulting N2LO and N3LO contributions to the convolution [Pgg ⊗g](x) are shown in the right

part of fig. 2. In order to render these small effects visible, we have normalized these corrections

to the NLO results, which however leads to an artificial singularity slightly above x = 0.3 due to a

sign change at NLO. Except at the smallest values of x, the N3LO corrections are below 1%. Their

uncertainties are negligible at x >10−4. Even at x = 10−5, the N3LO effect amounts to only about

1.5% with an uncertainty of less than ±1%.

Combining our above results with those for P
(3)
gq in ref. [14], in a manner that the uncertainties

add up at small x, we are finally able to evaluate the N3LO contributions to the scale derivative

(1) of the gluon PDF at the above reference point. The relative size of the N2LO and N3LO

contributions to ġ ≡ dg/d lnµ2 is shown in the left panel of fig. 3. Both the N3LO corrections and

their uncertainties are below 1% at x > 10−4, reaching (2±1)% at x = 10−5.

So far we have identified the renormalization scale µr with the factorization scale µf ≡ µ. The

expansion in eq. (1) is readily expanded to µr ̸= µf, see, e.g., eq. (2.9) of ref. [48] for the expression

to order α5
s . The scale stability of ġ is illustrated in the right panel of fig. 3 by the quantity

∆µr
ġ ≡

max [ ġ(x,µ2
r = λµ2

f )] − min [ ġ(x,µ2
r = λµ2

f )]

2|average [ ġ(x,µ2
r = λµ2

f )] |
(19)

for the conventional range λ = 1/4 ..4. At x > 10−4 this N3LO scale uncertainty is below 1%,

except close to the sign change of ġ at x ≃ 0.7. It reaches (3± 1)% at x = 10−5. This is very

similar to the result for the quark PDF in fig. 3 of ref. [14], where the improvement on the N2LO

uncertainty is much more impressive since the latter is much larger than in the present gluon case.

7

αs ln 1/x

αs = 0.2

x

for 
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↵s ln 1/x > 1
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For very small x need to consider resummation of (αs ln 1/x)n
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S-matrix and Regge limit
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Pre QCD… analysis of properties of S matrix

• Lorentz invariance 
• crossing  
• unitarity 
• analyticity

Properties of S matrix:S matrix
<latexit sha1_base64="0iqn8IGqAotSmPmZchx2v9XJ/Oc="></latexit>

Sab = hbout|aini

<latexit sha1_base64="rxzkjtDjI6PF3SWtPRZ5DBOycD0="></latexit>

Sab = �ab + i(2⇡)4�(4)(
X

a

pa �
X

b

pb)Aab

Scattering amplitude 

Unitarity of S matrix 
<latexit sha1_base64="t8GnD4kW1ABkRL+SoNltlkuUPPY="></latexit>

SS† = S†S = 1I
leads to the relation

for 2-to-2 particle scattering

<latexit sha1_base64="bSikYT6gnNzs0B8T8K62WRIctEw="></latexit>

2ImAab =
X

n

Z
d⇧nAanA†

nb

<latexit sha1_base64="1CoQbjfC2dCZvQfguwUkbRtx3co="></latexit>
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j=1

d3p0
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nX
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p0j)

phase space n particles
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Optical theorem
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Important special case of unitarity equations: optical theorem
If initial and final states are identical: forward elastic scattering amplitude 

<latexit sha1_base64="LDaeKHgsIHLC3zXZXwj3KePyNjI=">AAAB/XicdVDJSgNBEO2JW4xbXG5eGoMQQUJP0JgchKgXjxGMCSRDqOl0kiY9C909QhwGf8WLB0W8+h/e/Bs7i6CiDwoe71VRVc8NBVeakA8rNTe/sLiUXs6srK6tb2Q3t25UEEnK6jQQgWy6oJjgPqtrrgVrhpKB5wrWcIcXY79xy6TigX+tRyFzPOj7vMcpaCN1sjtxm4LAZ0knBkjy6lCfkoNONkcKxKBUwmNil4ltSKVSLhYr2J5YhOTQDLVO9r3dDWjkMV9TAUq1bBJqJwapORUsybQjxUKgQ+izlqE+eEw58eT6BO8bpYt7gTTlazxRv0/E4Ck18lzT6YEeqN/eWPzLa0W6V3Zi7oeRZj6dLupFAusAj6PAXS4Z1WJkCFDJza2YDkAC1SawjAnh61P8P7kpFuxS4fjqKFc9n8WRRrtoD+WRjU5QFV2iGqojiu7QA3pCz9a99Wi9WK/T1pQ1m9lGP2C9fQJaG5SJ</latexit>

Aaa(s, t = 0)
Unitarity relations give

<latexit sha1_base64="2dgwoxbHJ/HDxBUa+lV8ytokZps="></latexit>

2ImAaa(s, t = 0) =
X

n

Z
d⇧n| Aa!n|2

Righthand side is the total cross section, times the flux factor
<latexit sha1_base64="RXVvkbg2ZrsqtM+gIh+i3OKcBGw="></latexit>

�tot =
1

F

X

n

Z
d⇧n| Aa!n|2

At high energy F = 2s

Therefore

<latexit sha1_base64="08tiaaQtx3Rd4CM94Io303bmpVs="></latexit>

�tot =
1

s
ImAel(s, t = 0)

Total cross section for  is given by the imaginary part of the 
amplitude for elastic scattering  in the forward direction (t=0)

1 + 2 → anything
1 + 2 → 1 + 2
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Regge limit

9

s ! 1 t = constRegge limit:

�tot = s�1ImA(s, 0) ⇠ s↵(0)�1From optical theorem

Intercept           of Regge trajectory  determines the behavior of the cross section↵(0)

Amplitude dominated by exchange of the Regge trajectory ↵(t) = ↵(0) + ↵0t

↵(t)

negative-t

A(s, t) ⇠ �̃(t)s↵(t)

General idea: analysis of analytic structure of the amplitudes.  
Singularities in partial wave amplitudes in complex angular momentum. 
These singularities will contribute to the scattering amplitude terms of the form

interpretation

• Lorentz invariance 
• crossing  
• unitarity 
• analyticity

General principles
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Pomeron

10

Pomeron:  
•  Reggeon with  intercept greater than unity.  

•  Corresponds to the exchange of the vacuum quantum numbers.  

•  Dominates the cross section at asymptotically high energies

Donnachie, Landshoff

Soft Pomeron

 40

 60

 80

 100

 120

 100  1000  10000

σ
(mb)

√
s (GeV)

Figure 1: Fit to data for the total cross sections for pp and p̄p scattering. The data are taken from

the PDG compilation[16]. The Tevatron p̄p points are not included in the fit.

In our fit, we will assume that we can neglect the simultaneous exchange of two reggeons, RR, and the
exchange of a reggeon together with the pomeron, RP . So ϵ± should be regarded as effective powers.
We shall find that the best fit to the data gives values for them close to those from the Chew-Frautschi
plots quoted above, so justifying our assumption that the exchanges RR and RP are small.

As we have said, we do not know how to calculate the term PP . What is known[15] is that it
corresponds to a trajectory

αPP (t) = 1 + 2ϵP + 1
2α

′
P t (2a)

but that the contribution to the amplitude behaves not just as the simple power sαPP (t); there are
additional logarithmic factors in the denominator. Also, the normalisation is unknown. Our procedure
was to start with the eikonal form and adapt it until we achieved a good fit. Numerous variations of the
eikonal double-exchange form were tried, none of which were ideal. This led us to a PP contribution
of the form

X2
P

32π
e−

1
2 iπαPP (t) (2να′

P )
αPP (t)

[ A2

a+ α′
PL

e
1
2at +

(1−A)2

b+ α′
PL

e
1
2 bt

]

L = log(2να′
P )− 1

2 iπ (2b)

This contains the key ingredients of the eikonal, namely the trajectory, the logarithmic factor in the
denominator and the modification of the argument of the exponentials in the form factor. It differs
from the eikonal form only in that it does not include a cross term involving A(1 − A). Omitting
this term very significantly improves the fit. This should not be a surprise since, as we have said, the
eikonal has no theoretical justification. Indeed, it is quite surprising that this simple modification to
it works so well.

We must also include the term ggg corresponding to triple-gluon exchange. At large t, say for |t| > t0,

it behaves as[20]

g(t) = C
t30
t4

|t| > t0 (3a)

For |t| < t0 we fit this smoothly on to some function that does not diverge as t → 0. By trial and
error we arrived at

g(t) =
C

t0
e2(1−t2/t20) (3b)

3

↵P (t) = 1.11 + 0.165GeV�2t

(2013 parameters of fit to data including LHC)

However, such soft pomeron power behavior is 
potentially in conflict with Froissart bound which stems 
from unitarity requirements:

�tot(s)  C log2(s/s0)

Note: the exact value of the constant C is of crucial 
importance here.

�tot ⇠ s↵P (0)�1

Okun,Pomeranchuk;
Foldy,Peierls
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What is Pomeron in QCD ?

11

Simplest model for Pomeron:  

2 gluons, color singlet

Low-Nussinov pomeron

Intercept would be :  α(0) − 1 = 0
BFKL Pomeron: gluon ladder in the multi-Regge 
kinematics 
Systematically sum leading logarithms of energy 
Reggeization of the gluon

Balitsky-Fadin-Kuraev-Lipatov 
include logarithmically enhanced corrections
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High-energy limit : one gluon exchange

12

Take quark-quark scattering (assuming quarks are different flavors)
One gluon exchange diagram (color octet exchange so does not contribute to the Pomeron, 
but important for gluon reggeization) <latexit sha1_base64="6Jk85iZ7Mu7Jns88MQfv0SVEPgw=">AAACBHicdZDLSgMxFIYz9VbrbdRlN8EiuJAyM2htkULRjcsK9gKdWjJp2oZmLiZnhFK6cOOruHGhiFsfwp1vY6atoKIHAh//fw4n5/ciwRVY1oeRWlhcWl5Jr2bW1jc2t8ztnboKY0lZjYYilE2PKCZ4wGrAQbBmJBnxPcEa3vA88Ru3TCoeBlcwiljbJ/2A9zgloKWOmVVlB0cdG7u0G4Im5xC7pxjKN9dOx8xZeUtXoYATsIuWraFUKjpOCdtTy7JyaF7VjvnudkMa+ywAKohSLduKoD0mEjgVbJJxY8UiQoekz1oaA+Iz1R5Pj5jgfa10cS+U+gWAp+r3iTHxlRr5nu70CQzUby8R//JaMfSK7TEPohhYQGeLerHAEOIkEdzlklEQIw2ESq7/iumASEJB55bRIXxdiv+HupO3C/njy6Nc5WweRxpl0R46QDY6QRV0gaqohii6Qw/oCT0b98aj8WK8zlpTxnxmF/0o4+0TTGiV/g==</latexit>

s = 2p1 · p2, t = q2

High energy limit: s ≫ | t | ⟶ s ≃ − u

<latexit sha1_base64="o3VUWgyQdOKuPpa7LlcD7EWIIUw="></latexit>

|A0
qq0!qq0 |2 = g4s

N2
c � 1

4Nc
2
s2 + u2

t2
= g4s

4

9

s2 + u2

t2
<latexit sha1_base64="UKZKuTrWuk2iap8NF7PuOyAYBQY="></latexit>

|A0
qq0!qq0 |2 =

8

9
g4s

s2

t2

For gluon gluon scattering:
<latexit sha1_base64="qIN1CdLxOaWADhaDEVJue58lF74="></latexit>

|A0
gg!gg|2 = g4s

9

2

✓
3� tu

s2
� su

t2
� ts

u2

◆

High energy limit: s ≫ | t | ⟶ s ≃ − u
<latexit sha1_base64="jWBfodR/vm/plxtXnKeuVLYNeb0="></latexit>

|A0
gg!gg|2 = g4s

9

2

s2

t2

At large s, at this order the 
cross section for qq scattering 
is the same as for gg scattering, 
modulo different color factor

<latexit sha1_base64="E77PO0Luyv7v4BI7rnGS02c0rkQ="></latexit>

|A0
gg!gg|2 =

✓
9

4

◆2

|A0
qq0!qq0 |2

<latexit sha1_base64="NzReS8btLdFALWsxa0ryAHqocDQ=">AAACBHicdVDLSgMxFM3UV62vUZfdBIvgqmRKrZ2FUC2Iywq2FdqhZNJMG5p5kGSEMszCjb/ixoUibv0Id/6NmbaCih5IODnnXm7ucSPOpELow8gtLa+sruXXCxubW9s75u5eR4axILRNQh6KGxdLyllA24opTm8iQbHvctp1J83M795SIVkYXKtpRB0fjwLmMYKVlgZmse8JTJLm4CzV10V6On/baVJNB2YJlZFGrQYzYtWRpYlt1ysVG1ozC6ESWKA1MN/7w5DEPg0U4VjKnoUi5SRYKEY4TQv9WNIIkwke0Z6mAfapdJLZEik81MoQeqHQJ1Bwpn7vSLAv5dR3daWP1Vj+9jLxL68XK6/uJCyIYkUDMh/kxRyqEGaJwCETlCg+1QQTwfRfIRljnYLSuRV0CF+bwv9Jp1K2auXjq2qpcb6IIw+K4AAcAQucgAa4BC3QBgTcgQfwBJ6Ne+PReDFe56U5Y9GzD37AePsE3GqYRQ==</latexit>

CA

CF
=

9

4

p1, j

p2, l

p′￼1, i

p′￼2, k

q, a Result:
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Eikonal vertex

13

Another way of deriving it : introduce eikonal vertex

<latexit sha1_base64="ER1cpa3x7BHVASl6SW820y71OG0="></latexit>

�igsū(p1 + q)�µu(p1)t
a
ij

The upper line in the diagram  is:

Since , all  components are small with respect to  components and we haves ≫ | t | q p1, p2
<latexit sha1_base64="lGCjBPMps8ycPDuv6nZOoXsl/9Q="></latexit>

�igsū(p1)�
µu(p1)t

a
ij = �2igsp

µ
1 t

a
ij eikonal vertex

Finally one gets an 
amplitude

which leads to the same result as before
<latexit sha1_base64="UKZKuTrWuk2iap8NF7PuOyAYBQY="></latexit>

|A0
qq0!qq0 |2 =

8

9
g4s

s2

t2

The same for lower line <latexit sha1_base64="x1CEq5xCxbo0hTiNP+RNgiakvqs="></latexit>

�igsū(p2 � q)�µu(p2)t
a
kl ' �2igsp

µ
2 t

a
kl

Eikonal approximation works for particles of any spin.  
For example for gluon-scalar interaction we would have

<latexit sha1_base64="exwegIbJEPZzb0rrKPrcATsQFic="></latexit>

�igs(2p1 + q)µtaij ' �2igsp
µ
1 t

a
ij

p1, j

p2, l

p′￼1, i

p′￼2, k

q, a

<latexit sha1_base64="E7ZvdhVvbsy5m1QP4uxRyZ5tH6E="></latexit>

A(0)
qq0!qq0 = g2s2p

µ
1

gµ⌫
q2

2p⌫2t
a
ijt

a
kl = g2s

4p1 · p2
q2

taijt
a
kl = 8⇡↵s

s

t
taijt

a
kl
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 in high energy limitgg → gg

14

Eikonal approximation can be done for 3-gluon vertex:
<latexit sha1_base64="HT2It6x1Batww1weH2swAixnn4E="></latexit>

gsf
aa0c[gµµ0(p1 + p01)⇢ + g⇢µ0(�p01 + q)µ � gµ⇢(p1 + q)µ0 ]

<latexit sha1_base64="OzW/C4Nt3Xb0frf92ZZ08uCFEas="></latexit>

' gsf
aa0c[2gµµ0p1⇢ � g⇢µ0p1µ � gµ⇢p1µ0 ]

Using physical polarizations for external gluons: 

eikonal approximation for 3 -gluon vertex

<latexit sha1_base64="kVyhHRynITgN2EQpRFNH6wvVpe8=">AAACAHicdVDLSgMxFM34rPVVdeHCTbAIdVMyRWu7EIpuXFawD+gMJZOmbWgmCUmmUEo3/oobF4q49TPc+TemD0FFD1w4nHMv994TKc6MRejDW1peWV1bT22kN7e2d3Yze/t1IxNNaI1ILnUzwoZyJmjNMstpU2mK44jTRjS4nvqNIdWGSXFnR4qGMe4J1mUEWye1M4cqIB1pYTDEmirDuBQ5dXqJ2pksyiOHYhFOiV9CviPlcqlQKEN/ZiGUBQtU25n3oCNJElNhCcfGtHykbDjG2jLC6SQdJIYqTAa4R1uOChxTE45nD0zgiVM6sCu1K2HhTP0+McaxMaM4cp0xtn3z25uKf3mtxHZL4ZgJlVgqyHxRN+HQSjhNA3aYpsTykSOYaOZuhaSPNSbWZZZ2IXx9Cv8n9ULeL+bPb8+ylatFHClwBI5BDvjgAlTADaiCGiBgAh7AE3j27r1H78V7nbcueYuZA/AD3tsnSiyWOw==</latexit>

p · "(p) = 0

<latexit sha1_base64="k5mrfHaeV8P27mW+G4CTzRbA5fM="></latexit>

' 2gsf
aa0cgµµ0p1⇢

<latexit sha1_base64="+hJAjWtJnem5J3XOJQc5kN3bw+s="></latexit>

A(0)
gg!gg = �ig2sf

aa0cf bb0cgµµ0
4p1 · p2

q2
g⌫⌫0"µ�1

(p1)"
µ0

�0
1
(p01)"

⌫
�2
(p2)"

⌫0

�2
(p02)

Squaring, summing over helicities and colors one gets 
in the high energy limit

<latexit sha1_base64="NZVvdsnf5qt7nmYKzhvzRV3LaFM="></latexit>

|A(0)
gg!gg|2 = g4s

9

2

s2

t2

which is the same result as before

p1, a, μ p′￼1, a′￼, μ′￼

p2, b, ν p′￼2, b′￼, ν′￼

t-channel diagram

at this order other diagrams give  subleading 
contributions in the high energy limit(*)

q, c
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Two-gluon exchange

15

Consider qq scattering at one-loop. Dominant diagrams contributing to virtual corrections : 

On the other hand : self energy insertions and vertex diagrams do not contribute(*) at this order

Strong coupling is fixed in the leading logarithmic calculation at high energy (->LL BFKL)

((*) that may though depend on gauge)

p1

p2

p′￼1

p′￼2

k k − q
k k − q

p1

p2

p′￼1

p′￼2

box crossed

Strong coupling starts to run at next-to-leading logarithmic calculation (->NLL BFKL)
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Two gluon exchange

16

p1

p2

p′￼1

p′￼2

k k − q

k k − q
p1

p2

p′￼1

p′￼2

Can compute it for example using unitarity in the form of cutting rules

<latexit sha1_base64="Yfibnro8ovzACSL8Aaukk5o/yGU=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PUi8cI5oHJEnons8mQ2dllZlYIS/7CiwdFvPo33vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWjm6nfemRK81jem3HC/AgHkoecorHSQ9alKMjVpIe9csWtujOQv8TLSQVy1Hvlz24/pmnEpKECte54bmL8DJXhVLBJqZtqliAd4YB1LJUYMe1ns4sn5MgqfRLGypY0ZKb+nMgw0nocBbYzQjPUi95U/M/rpCa89DMuk9QwSeeLwlQQE5Pp+6TPFaNGjC1Bqri9ldAhKqTGhlSyIXiLL/8lzZOqd149uzut1K7zOIpwAIdwDB5cQA1uoQ4NoCDhCV7g1dHOs/PmvM9bC04+sw+/4Hx8AxdIkI0=</latexit>

Aa

<latexit sha1_base64="8vV8DoqPIEr/1g2Efbbz+AR8LgQ=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PUi8cI5oHJEmYnvcmQ2dllZlYIS/7CiwdFvPo33vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LejBP0IzqQPOSMGis9ZF1GBbma9IJeueJW3RnIX+LlpAI56r3yZ7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz2cUTcmSVPgljZUsaMlN/TmQ00nocBbYzomaoF72p+J/XSU146WdcJqlByeaLwlQQE5Pp+6TPFTIjxpZQpri9lbAhVZQZG1LJhuAtvvyXNE+q3nn17O60UrvO4yjCARzCMXhwATW4hTo0gIGEJ3iBV0c7z86b8z5vLTj5zD78gvPxDRjMkI4=</latexit>

Ab

<latexit sha1_base64="+FVD80gVQYeW4Wqmu26rk8tJR7s="></latexit>

ImAa =
1

2

Z
d⇧2 A(0)(s, k2)A(0)(s, (q � k)2)

<latexit sha1_base64="Y6E6m847RozHGf4ItwKuxQqCp90=">AAAB+HicdVBNSwMxEM3Wr1o/uurRS7AI9VKyRWt7q3rxWMG2QruWbJptQ7PZJckKddlf4sWDIl79Kd78N2bbCir6YODx3gwz87yIM6UR+rByS8srq2v59cLG5tZ20d7Z7agwloS2SchDeeNhRTkTtK2Z5vQmkhQHHqddb3KR+d07KhULxbWeRtQN8EgwnxGsjTSwizDpE8zhWXqblNFROrBLqIIMajWYEaeOHEMajXq12oDOzEKoBBZoDez3/jAkcUCFJhwr1XNQpN0ES80Ip2mhHysaYTLBI9ozVOCAKjeZHZ7CQ6MMoR9KU0LDmfp9IsGBUtPAM50B1mP128vEv7xerP26mzARxZoKMl/kxxzqEGYpwCGTlGg+NQQTycytkIyxxESbrAomhK9P4f+kU604tcrJ1XGpeb6IIw/2wQEoAwecgia4BC3QBgTE4AE8gWfr3nq0XqzXeWvOWszsgR+w3j4BiGWSZA==</latexit>

A(0)where is lowest order amplitude 
(single gluon exchange)

<latexit sha1_base64="HwewoFu8xr7AauXKsD3qqXXrUQg="></latexit>Z
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Phase-space integral
Sudakov decomposition

<latexit sha1_base64="iS8pFmWU/mBQBjN7l5BJImV5kek="></latexit>

k = ↵p1 + �p2 + k?
In the large energy limit  delta functions give(s ≫ | t | )

<latexit sha1_base64="gejPqbt0QaIK22+KVEAR6fgkTbk="></latexit>
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(k � q)2 ' �(k� q)2

Virtualities of the exchanged gluons dominated by 
the transverse components
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Two gluon exchange
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Obtaining real part of the amplitude (dispersion relations) 
and summing  both contributions 

<latexit sha1_base64="X0lig4Fu3YdneHLK1byAl66eN70="></latexit>

✏g(t) =
Nc↵s
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Z
d2k

t

k2(k� q)2

<latexit sha1_base64="YVcPtx1CqGlFkibPrK26GkuMH8U=">AAAB+HicdVDLSgMxFM34rPXRUZdugkVwY8kMWtuFUHTjsoJ9QDuWTJppQzOZMckIdeiXuHGhiFs/xZ1/Y6atoKIHAodz7uWeHD/mTGmEPqyFxaXlldXcWn59Y3OrYG/vNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tljy4yv3VHpWKRuNbjmHohHggWMIK1kXp2QZ8ddUOsh36Q3k5u3J5dRCVkUC7DjDgV5BhSrVZctwqdqYVQEcxR79nv3X5EkpAKTThWquOgWHsplpoRTif5bqJojMkID2jHUIFDqrx0GnwCD4zSh0EkzRMaTtXvGykOlRqHvpnMMqrfXib+5XUSHVS8lIk40VSQ2aEg4VBHMGsB9pmkRPOxIZhIZrJCMsQSE226ypsSvn4K/ydNt+SUSydXx8Xa+byOHNgD++AQOOAU1MAlqIMGICABD+AJPFv31qP1Yr3ORhes+c4u+AHr7RO8/5Mt</latexit>

t = �q2with

Octet amplitude at this order is proportional to lower amplitude times  
It is infra-red divergent (massless quarks). In reality,  they would be confined in the hadrons, 
which will provide off-shellness to the quarks, and thus IR regularization. 
It is not necessary to introduce a cutoff since the final BFKL equation is free from IR 
divergencies.
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Next building block of the BFKL is the parton production in the high energy limit. 
Consider following real gluon emission diagrams
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Sudakov decomposition
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strong ordering of longitudinal momenta

<latexit sha1_base64="OJRU7GKl9vD9m7TTs8QyhUrL3Uo=">AAACBHicdVDLSsNAFJ34rPUVddnNYBFclSRobXdFNy4r2Ac0IUymk3ToZBJmJkIJXbjxV9y4UMStH+HOv3HSVrCiBy6cOede5t4TpIxKZVmfxsrq2vrGZmmrvL2zu7dvHhx2ZZIJTDo4YYnoB0gSRjnpKKoY6aeCoDhgpBeMrwq/d0eEpAm/VZOUeDGKOA0pRkpLvlmxoRtF0EUsHSF/6eH4ZtWqWRr1OiyI3bBsTZrNhuM0oT2zLKsKFmj75oc7THAWE64wQ1IObCtVXo6EopiRadnNJEkRHqOIDDTlKCbSy2dHTOGJVoYwTIQuruBM/TmRo1jKSRzozhipkfztFeJf3iBTYcPLKU8zRTiefxRmDKoEFonAIRUEKzbRBGFB9a4Qj5BAWOncyjqE70vh/6Tr1Ox67fzmrNq6XMRRAhVwDE6BDS5AC1yDNugADO7BI3gGL8aD8WS8Gm/z1hVjMXMElmC8fwG5RZbq</latexit>

1 � ↵1 � ↵2

<latexit sha1_base64="A4lPc3vVa8knLtS/954l6pqetjg=">AAACBnicdVDLSsNAFJ34rPUVdSnCYBFclaRobXdFNy4r2Ac0IUymk3ToZBJmJkJJu3Ljr7hxoYhbv8Gdf+OkrVBFD1w4c869zL3HTxiVyrI+jaXlldW19cJGcXNre2fX3NtvyzgVmLRwzGLR9ZEkjHLSUlQx0k0EQZHPSMcfXuV+544ISWN+q0YJcSMUchpQjJSWPPPIhk4YwrHjE4W8ynjxZY89s2SVLY1qFebErlm2JvV6rVKpQ3tqWVYJzNH0zA+nH+M0IlxhhqTs2Vai3AwJRTEjk6KTSpIgPEQh6WnKUUSkm03PmMATrfRhEAtdXMGpujiRoUjKUeTrzgipgfzt5eJfXi9VQc3NKE9SRTiefRSkDKoY5pnAPhUEKzbSBGFB9a4QD5BAWOnkijqE70vh/6RdKdvV8vnNWalxOY+jAA7BMTgFNrgADXANmqAFMLgHj+AZvBgPxpPxarzNWpeM+cwB+AHj/QvIwJga</latexit>

1 � |�2| � |�1|
virtualities of exchanged momenta dominated by transverse 
components

<latexit sha1_base64="pRcB6hf2WFXkB/4ZZ/EPjZuVfxc=">AAACBXicdVDLSsNAFJ34rPUVdamLwSK4sUyC1nZXdOOygn1AE8tkOmmHTB7OTIQSunHjr7hxoYhb/8Gdf+OkraCiBy4czrmXe+/xEs6kQujDmJtfWFxaLqwUV9fWNzbNre2WjFNBaJPEPBYdD0vKWUSbiilOO4mgOPQ4bXvBee63b6mQLI6u1CihbogHEfMZwUpLPXMv6FnXNnQkC+kNPHJCrIaenwXjXO6ZJVRGGpUKzIlVRZYmtVrVtmvQmlgIlcAMjZ757vRjkoY0UoRjKbsWSpSbYaEY4XRcdFJJE0wCPKBdTSMcUulmky/G8EArfejHQlek4ET9PpHhUMpR6OnO/Er528vFv7xuqvyqm7EoSRWNyHSRn3KoYphHAvtMUKL4SBNMBNO3QjLEAhOlgyvqEL4+hf+Tll22KuWTy+NS/WwWRwHsgn1wCCxwCurgAjRAExBwBx7AE3g27o1H48V4nbbOGbOZHfADxtsnOdGXzg==</latexit>

k21 ' �k2
1

<latexit sha1_base64="jieOfylrtgITk0ww7u+aTC/KUr4=">AAACBXicdVDLSsNAFJ34rPUVdamLwSK4sUyC1nZXdOOygn1AE8tkOmmHTB7OTIQSunHjr7hxoYhb/8Gdf+OkraCiBy4czrmXe+/xEs6kQujDmJtfWFxaLqwUV9fWNzbNre2WjFNBaJPEPBYdD0vKWUSbiilOO4mgOPQ4bXvBee63b6mQLI6u1CihbogHEfMZwUpLPXMv6NnXNnQkC+kNPHJCrIaenwXjXO6ZJVRGGpUKzIlVRZYmtVrVtmvQmlgIlcAMjZ757vRjkoY0UoRjKbsWSpSbYaEY4XRcdFJJE0wCPKBdTSMcUulmky/G8EArfejHQlek4ET9PpHhUMpR6OnO/Er528vFv7xuqvyqm7EoSRWNyHSRn3KoYphHAvtMUKL4SBNMBNO3QjLEAhOlgyvqEL4+hf+Tll22KuWTy+NS/WwWRwHsgn1wCCxwCurgAjRAExBwBx7AE3g27o1H48V4nbbOGbOZHfADxtsnPPSX0A==</latexit>

k22 ' �k2
2



Small x physics, International School on EIC Physics, Kyoto University, 2-13 March 2026

Lipatov vertex

19

<latexit sha1_base64="5GxUvb7RAzXJHpurasJEtKWjp58="></latexit>

(�2igsp
µ
1 )t

a
mj

✓
�i

k21

◆
gsfabc�

⇢µ⌫

✓
�i

k22

◆
(�2igsp

⌫
2)t

b
nl

<latexit sha1_base64="YGQ0GeUF8DPi3zJ+2mc8Ow2GwJ4="></latexit>

(�2igsp
µ
1 )t

a
j0j

✓
i

(p1 � k1 � k2)2

◆
(�2igs)(p

µ
1 � kµ1 + kµ2 )t

b
mj0

✓
�i

k22

◆
(�2igsp

⌫
2)t

b
nl

combining all 5 terms one obtains the result

<latexit sha1_base64="B6O+3gav0gwxONVpPDUE5O2EnQw="></latexit>

A⇢
2!3 = �4ig3s

pµ1p
⌫
2

k2
2k

2
1

tamjt
b
nlfabc �

⇢
µ⌫

<latexit sha1_base64="s08njQaqWLF8Gdyz9TeOCPJIvV4="></latexit>

�⇢
µ⌫ =

2p2µp1⌫
s

✓
↵1 +

2k2
1

�2s

◆
p⇢1 +

✓
�2 +

2k2
2

↵1s

◆
p⇢2 � (k⇢1? + k⇢2?)

�
Lipatov effective 
vertex

p1, j

p2, l

κ1, m

κ2, n

k1 − k2, c, ρ
k1, a, μ

k2, b, ν

<latexit sha1_base64="0O1UDSltBoPlhcsucdcjHzZw0qQ=">AAAB/3icdVDLSgMxFM3UV62vquDGTbAIroaZ2mpnV3Shywr2AZ1aMmmmDU0yQ5IRytiFv+LGhSJu/Q13/o3pQ1DRAxcO59zLvfcEMaNKO86HlVlYXFpeya7m1tY3Nrfy2zsNFSUSkzqOWCRbAVKEUUHqmmpGWrEkiAeMNIPh+cRv3hKpaCSu9SgmHY76goYUI22kbn7Pv0Cco27q88QXyfgm9eUgGnfzBcf2KuVyqQgd23G8UvnYEM/z3IoLXaNMUABz1Lr5d78X4YQToTFDSrVdJ9adFElNMSPjnJ8oEiM8RH3SNlQgTlQnnd4/hodG6cEwkqaEhlP1+0SKuFIjHphOjvRA/fYm4l9eO9FhpZNSESeaCDxbFCYM6ghOwoA9KgnWbGQIwpKaWyEeIImwNpHlTAhfn8L/SaNouyd2+apUqJ7N48iCfXAAjoALTkEVXIIaqAMM7sADeALP1r31aL1Yr7PWjDWf2QU/YL19Ak3+lvo=</latexit>

�⇢
µ⌫



Small x physics, International School on EIC Physics, Kyoto University, 2-13 March 2026

Lipatov effective vertex

20

Lipatov effective vertex satisfies Ward identity (gauge invariant)
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Real emission contribution to the imaginary part of qq scattering

p1, j

p2, l

κ1, m

κ2, n

k1 − k2, ck1, a

k2, b

p′￼1, i

p′￼2, k

sum over polarizations of 
the intermediate gluon

Three body phase space <latexit sha1_base64="nm4d7ZcFtPInDrMdlKsLCOqulxM="></latexit>Z
d⇧3 =

1

(2⇡)5

Z
d4k1d

4k2 �((p1 � k1)
2) �((k1 � k2)

2) �((p2 + k2)
2)

High energy approximation:

<latexit sha1_base64="EcHvYeqmts+Pwlphbfl/QvL8yJA="></latexit>

k2 = ↵2p1 + �2p2 + k2?

<latexit sha1_base64="f/OVGbTGcDM8PQceerwslKmqHdE="></latexit>

k1 = ↵1p1 + �1p2 + k1?

Sudakov decomposition

<latexit sha1_base64="OJRU7GKl9vD9m7TTs8QyhUrL3Uo=">AAACBHicdVDLSsNAFJ34rPUVddnNYBFclSRobXdFNy4r2Ac0IUymk3ToZBJmJkIJXbjxV9y4UMStH+HOv3HSVrCiBy6cOede5t4TpIxKZVmfxsrq2vrGZmmrvL2zu7dvHhx2ZZIJTDo4YYnoB0gSRjnpKKoY6aeCoDhgpBeMrwq/d0eEpAm/VZOUeDGKOA0pRkpLvlmxoRtF0EUsHSF/6eH4ZtWqWRr1OiyI3bBsTZrNhuM0oT2zLKsKFmj75oc7THAWE64wQ1IObCtVXo6EopiRadnNJEkRHqOIDDTlKCbSy2dHTOGJVoYwTIQuruBM/TmRo1jKSRzozhipkfztFeJf3iBTYcPLKU8zRTiefxRmDKoEFonAIRUEKzbRBGFB9a4Qj5BAWOncyjqE70vh/6Tr1Ox67fzmrNq6XMRRAhVwDE6BDS5AC1yDNugADO7BI3gGL8aD8WS8Gm/z1hVjMXMElmC8fwG5RZbq</latexit>

1 � ↵1 � ↵2
<latexit sha1_base64="A4lPc3vVa8knLtS/954l6pqetjg=">AAACBnicdVDLSsNAFJ34rPUVdSnCYBFclaRobXdFNy4r2Ac0IUymk3ToZBJmJkJJu3Ljr7hxoYhbv8Gdf+OkrVBFD1w4c869zL3HTxiVyrI+jaXlldW19cJGcXNre2fX3NtvyzgVmLRwzGLR9ZEkjHLSUlQx0k0EQZHPSMcfXuV+544ISWN+q0YJcSMUchpQjJSWPPPIhk4YwrHjE4W8ynjxZY89s2SVLY1qFebErlm2JvV6rVKpQ3tqWVYJzNH0zA+nH+M0IlxhhqTs2Vai3AwJRTEjk6KTSpIgPEQh6WnKUUSkm03PmMATrfRhEAtdXMGpujiRoUjKUeTrzgipgfzt5eJfXi9VQc3NKE9SRTiefRSkDKoY5pnAPhUEKzbSBGFB9a4QD5BAWOnkijqE70vh/6RdKdvV8vnNWalxOY+jAA7BMTgFNrgADXANmqAFMLgHj+AZvBgPxpPxarzNWpeM+cwB+AHj/QvIwJga</latexit>

1 � |�2| � |�1|
<latexit sha1_base64="okq5wugX8QaNtTxd9xlXDpXbkWg="></latexit>Z

d⇧3 =
s2

4(2⇡)5

Z
d↵1d�1d

2k1

Z
d↵2d�2d

2k2 �(��1s� k2
1)�(↵1�2s� (k1 � k2)

2) �(↵2s� k2
2)

<latexit sha1_base64="XOCv5LlpE6FrdFniLhzCbtWh3bY="></latexit>Z
d⇧3 =

s2

4(2⇡)5

Z
d↵1d�1d

2k1

Z
d↵2d�2d

2k2 �(��1(1� ↵1)s� k2
1)

·�((↵1 � ↵2)(�1 � �2)s� (k1 � k2)
2) �(↵2(1 + �2)s� k2

2)

<latexit sha1_base64="C9VU2zt2Xkf08xQpt/tnwvvMtbg="></latexit>

=
1

4(2⇡)5

Z 1

↵2

d↵1

↵1
d2k1

Z
d↵2d

2k2 �(↵2s� k2
2)

<latexit sha1_base64="47ThhJ26imt49a9H3/1M3Fk+WA0="></latexit>

=
1

4(2⇡)5s

Z
d2k1

Z
d2k2

Z 1

k2
2/s

d↵1

↵1
logarithmic integration

<latexit sha1_base64="5lmYwIjSAvPlCCa3tvfeBpawVZY="></latexit>

ImAreal(s, t) =
�g⇢�

2

Z
d⇧3 A⇢

2!3(k1, k2)A
�†
2!3(k1 � q, k2 � q)



Small x physics, International School on EIC Physics, Kyoto University, 2-13 March 2026

Real emission gluon contribution to Im A

22

In leading logarithmic order in   one makes the approximationln s
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Logarithmic enhancement and factorization of longitudinal and transverse momenta

Contribution to the imaginary part of amplitude from real emission
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Virtual contribution at 𝒪(α3
s )
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We already computed  diagrams at  of the kind𝒪(α2
s )

p1

p2

p′￼1

p′￼2

k k − q
k k − q
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To accompany real emissions just computed, need virtual contributions  of the kind𝒪(α3
s )

k1 k1 − k2 k2 − q
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Recall: lower order (octet)

Putting everything together: imaginary part for 
virtual contributions  at order 𝒪(α2

s )
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Reggeized gluon
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Steps to obtain the  reggeized gluon:

Step 2: add real and virtual contributions:
<latexit sha1_base64="OpP7OUwl6QDsaKjWYTIBoRWCSj0="></latexit>

ImA8(s, t) = ImA8,real(s, t) + ImA8,virtual(s, t)

Step 1: project onto color octet

Step 3: reconstruct the real part of the amplitude (dispersion relations)
Step 4: put everything together to obtain the  amplitude𝒪(α3

s )
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Conjecture: three terms of the expansion exponentiate
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This conjecture is indeed true. One can show that it works to  
all orders in  in leading logarithmic approximationαs
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Reggeized gluon
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The result for the color octet amplitude for qq elastic scattering  in the leading 
logarithmic approximation at high energy suggests the following interpretation

lowest order: exchanged 
gluon in the t-channel

resummation in LL high 
energy limit: reggeized gluon
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Ansatz: modify gluon propagators in the t-channel 
to account for virtual corrections

More precisely
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Building the BFKL : multigluon amplitude
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qq scattering with emission of  n gluons: 2(q)->2(q)+n(g) amplitude
Tree level amplitude Sudakov decomposition

<latexit sha1_base64="szltlxle0bfLMbswiZYhJYuU9Hg="></latexit>

ki = ↵ip1 + �ip2 + ki?

multi-Regge kinematics
<latexit sha1_base64="FSIw/JJsaEYwrvowJZOdAkI59pM=">AAACH3icdVBdS8MwFE3n15xfVR99CQ5BEEY7tG5vQ198nOA+YCslzdIuLE1Lkgqj7J/44l/xxQdFxLf9G9NtwiZ6IHDuOfcmucdPGJXKsqZGYW19Y3OruF3a2d3bPzAPj9oyTgUmLRyzWHR9JAmjnLQUVYx0E0FQ5DPS8Ue3ud95JELSmD+ocULcCIWcBhQjpSXPdGzYD0PYRywZIm+lqM6LQazkspzxC3vimWWrYmk4DsyJXbNsTer1WrVah/bMsqwyWKDpmV/6IpxGhCvMkJQ920qUmyGhKGZkUuqnkiQIj1BIeppyFBHpZrP9JvBMKwMYxEIfruBMXZ7IUCTlOPJ1Z4TUUP72cvEvr5eqoOZmlCepIhzPHwpSBlUM87DggAqCFRtrgrCg+q8QD5FAWOlISzqEn03h/6RdrdhO5er+sty4WcRRBCfgFJwDG1yDBrgDTdACGDyBF/AG3o1n49X4MD7nrQVjMXMMVmBMvwFaqKFl</latexit>

1 � ↵1 � ↵2 � · · · � ↵n+1
<latexit sha1_base64="NoXzNt1SMoik3SjYBORej5mT+/g="></latexit>

1 � |�n+1| � · · · � |�2| � |�1|

Implies strong ordering in rapidity of outgoing particles
<latexit sha1_base64="6TMuS/Ub3geUTz2aaEXM54yoV18=">AAACDnicdZDLSgMxFIYz9VbrbdSlm2ApuCqZorVdCEURXFawF2jHIZNm2tDMTEgyQh36BG58FTcuFHHr2p1vY3oRVPRA4OP/z+Hk/L7gTGmEPqzMwuLS8kp2Nbe2vrG5ZW/vNFWcSEIbJOaxbPtYUc4i2tBMc9oWkuLQ57TlD88mfuuGSsXi6EqPBHVD3I9YwAjWRvLsQneIhcDXaVeEY3gCz710poyNAGfo3Xp2HhWRqXIZTsCpIMdAtVoplarQmVoI5cG86p793u3FJAlppAnHSnUcJLSbYqkZ4XSc6yaKCkyGuE87BiMcUuWm03PGsGCUHgxiaV6k4VT9PpHiUKlR6JvOEOuB+u1NxL+8TqKDipuySCSaRmS2KEg41DGcZAN7TFKi+cgAJpKZv0IywBITbRLMmRC+LoX/Q7NUdMrFo8vDfO10HkcW7IF9cAAccAxq4ALUQQMQcAcewBN4tu6tR+vFep21Zqz5zC74UdbbJ48/nHk=</latexit>

± = E ± z

<latexit sha1_base64="uUnNuYfvEXXp2KvRzJB3lHMJi08="></latexit>

y =
1

2
ln

+

�

<latexit sha1_base64="j4VdtxsRIh30BLujQB+1eBF4eec="></latexit>

µ = (E,z,)
<latexit sha1_base64="qDfENrIHkLyY60emKlbrfwjTVJo="></latexit>

µ = (+,�,)alternatively
<latexit sha1_base64="5EKXgsJz0PAfKpqQ6tCBMhVf084="></latexit>

p1 = (p+1 , 0,0), p2 = (0, p�2 ,0)

<latexit sha1_base64="QcsJGY5eLb8vWF3qdGRN+r2O16U="></latexit>

i = ki � ki+1 = ((↵i � ↵i+1)
p
s, (�i � �i+1)

p
s,ki � ki+1)

p1, j

p2, l

p′￼1, i

p′￼2, k

k1

k2

ki−1

ki

ki+1

kn

kn+1

a1, μ1

ai, μi

an, μn

κ1

κi

Rapidity of outgoing particles i and i+1
<latexit sha1_base64="PSeElKD4bmOAOttEXySNcrGDW1w="></latexit>

yi =
1

2
ln

+
i

�
i

=
1

2
ln

↵i � ↵i+1

�i � �i+1
' 1

2
ln

↵i

|�i+1|

<latexit sha1_base64="qwtl53g4Er4GO0bSdeqSwDdl3RI="></latexit>

� yi+1 ' 1

2
ln

↵i+1

|�i+2|
Multi-Regge kinematics: strong ordering in rapidity

<latexit sha1_base64="vOOjJRRtRIjzd6yuG1f1j7blfoU="></latexit>

y0 � y1 � y2 � · · · � yn�1 � yn � yn+1



Small x physics, International School on EIC Physics, Kyoto University, 2-13 March 2026

Amplitude 2 to n particle in Regge limit
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Tree level amplitude can be written as
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kl composition of effective Lipatov vertices and 
propagators for gluons in the t-channel

Example of diagrams which do not contribute at leading-logarithmic accuracy
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2 to 2+n amplitude with virtual corrections
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But, need to incorporate virtual corrections. Include them through the reggeization of the gluon
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replace the gluon 
propagator

with  the reggeized 
gluon propagator

also using 
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Towards BFKL equation

29

Having 2 t o2+n amplitude in high energy limit one can use  unitarity relations to 
obtain the imaginary part of elastic qq scattering
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Contraction of Lipatov vertices
and similarly for complex conjugate amplitude
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q is momentum transfer through the ladder
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Towards BFKL
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Imaginary part of the elastic amplitude
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The above form is already projected onto the color representation R. 
Factors  depend on the color representation: singlet, octet 
For BFKL Pomeron one takes singlet

𝒢R, ηR

Exchange of two reggeized 
gluons in the t-channel

Iteration of many  emissions 
down the ladder given by the 
kernel , with reggeized 
gluons in the t-channel

𝒦real

Recall that phase space

Contains nested integrals over . Can disentangle using Mellin transformαi
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Mellin transform recap

32

Mellin transform allows to ‘de-convolute’ convolutions…  

suppose we have convolutions over set of functions
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Result for Im A in Mellin space
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Putting together result for imaginary part and taking Mellin transform
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BFKL equation
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Define the quantity unintegrated over the transverse momenta
<latexit sha1_base64="VH/7WFdEFR0CbAeP6Tiw5oa058M="></latexit>
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The solution can then be written in the form of this function which satisfies integral equation
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Real emission kernel: contraction of two 
Lipatov vertices
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The octet case, has the solution which corresponds to the amplitude for the 
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This justifies a posteriori the ansatz on the reggeization
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BFKL Pomeron

35

The BFKL equation for the Pomeron is obtained by taking the singlet
We can introduce another useful function

BFKL gluon 
Green’s function

<latexit sha1_base64="phtaU3x+ZJ67/1gf9hzdz3i+1as="></latexit>
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Infrared properties of BFKL

36

Use explicit forms of trajectories and move them to r.h.s of equation (and perform shifts of 
integration variable to rearrange the terms)
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Solution to BFKL

37

Consider t=0. Relevant for the total cross section.
<latexit sha1_base64="5sfWbfeh/oAetm59RlO704Xqi3Q="></latexit>
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χ(γ = 1/2 + iν)
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Eigenvalue on the line  γ = 1/2 + iν
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In this approximation the solution is 

Can invert to get the energy dependence s 
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The energy dependence of this quantity is 
giving the energy dependence of the imaginary 
part of the forward elastic scattering amplitude 
and hence the cross section
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one can now perform the  integral to obtainν

Performing the integral over  givesω
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The intercept of the BFKL Pomeron, 
or intercept of the hard Pomeron
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Figure 1: Fit to data for the total cross sections for pp and p̄p scattering. The data are taken from

the PDG compilation[16]. The Tevatron p̄p points are not included in the fit.

In our fit, we will assume that we can neglect the simultaneous exchange of two reggeons, RR, and the
exchange of a reggeon together with the pomeron, RP . So ϵ± should be regarded as effective powers.
We shall find that the best fit to the data gives values for them close to those from the Chew-Frautschi
plots quoted above, so justifying our assumption that the exchanges RR and RP are small.

As we have said, we do not know how to calculate the term PP . What is known[15] is that it
corresponds to a trajectory

αPP (t) = 1 + 2ϵP + 1
2α

′
P t (2a)

but that the contribution to the amplitude behaves not just as the simple power sαPP (t); there are
additional logarithmic factors in the denominator. Also, the normalisation is unknown. Our procedure
was to start with the eikonal form and adapt it until we achieved a good fit. Numerous variations of the
eikonal double-exchange form were tried, none of which were ideal. This led us to a PP contribution
of the form

X2
P

32π
e−

1
2 iπαPP (t) (2να′

P )
αPP (t)

[ A2

a+ α′
PL

e
1
2at +

(1−A)2

b+ α′
PL

e
1
2 bt

]

L = log(2να′
P )− 1

2 iπ (2b)

This contains the key ingredients of the eikonal, namely the trajectory, the logarithmic factor in the
denominator and the modification of the argument of the exponentials in the form factor. It differs
from the eikonal form only in that it does not include a cross term involving A(1 − A). Omitting
this term very significantly improves the fit. This should not be a surprise since, as we have said, the
eikonal has no theoretical justification. Indeed, it is quite surprising that this simple modification to
it works so well.

We must also include the term ggg corresponding to triple-gluon exchange. At large t, say for |t| > t0,

it behaves as[20]

g(t) = C
t30
t4

|t| > t0 (3a)

For |t| < t0 we fit this smoothly on to some function that does not diverge as t → 0. By trial and
error we arrived at

g(t) =
C

t0
e2(1−t2/t20) (3b)

3
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Can rewrite BFKL in  space  as a differential 
equation in  and integrate it.

ω
ln s/s0
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here integrated over the angle k2 ≡ k2

with  being the  initial 
condition and evolution variable

𝒢(0)

 1

 10

 100

 0  5  10
Y

2πk0
2 G(Y; k0, k0)

2πk0
2 G(Y; k0 + ε, k0)

∆τ = 0.05
∆τ = 0.1
∆τ = 0.2

Figure 4: Gluon Green’s function as a function of rapidity Y for three different grid spacings
∆τ = 0.05, 0.1, 0.2. LL evolution is used with a fixed coupling, ᾱs = 0.2; ϵ ≃ 0.2k0.

the gluon Green’s function with some smooth impact factor. We will therefore consider from
now on a slightly asymmetric choice of scales, G(Y ; t0, t0 + ϵ) with ϵ = 0.2. In the lower set
of curves of Fig. 4 one sees that the dependence on the grid spacing in this case is relatively
small. For the remaining plots in this paper we have used ∆τ = 0.1 or smaller.

4.3 Basic features of the Green’s function

Let us now discuss the properties of the gluon Green’s function obtained with the method
discussed above. We shall use a one-loop coupling with nf = 4, normalized such that
ᾱs(9 GeV2) = 0.244.6 The coupling is cut off at scale k̄ = 0.74 GeV — a detailed anal-
ysis of the sensitivity to this regularization is postponed to section 4.5. In the kernel, for
the time being we consider nf = 0, since our single-channel RGI approach does not properly
account for the quark sector (however we will see below that simply varying nf in the kernel
has only a small effect).

Results will be given given for: LL evolution (with ᾱs(q2)); our two resummation schemes,
A and B; and two variants of ‘pure’ NLL evolution: one, labeled ‘NLL αs(q2)’ where the kernel
is ᾱs(q2)K0 + ᾱ2

s(k
2
>)K

b=0
1 , with Kb=0

1 corresponding to eq. (19) without the first term in
square brackets; and another, labeled ‘NLL αs(k2)’, where the kernel is ᾱs(k2)K0+ᾱ2

s(k
2)K1,

and K1 corresponds to eq. (19) in full.
Fig. 5 shows Green’s functions G(Y ; k0+ϵ, k0) as a function of rapidity Y , and fig. 6 shows

kk0G(Y ; k, k0) as a function of k for Y = 10. To aid legibility, each figure has been separated
into two plots, the left-hand one (a) showing LL and schemes A and B, while the right-hand
one (b) shows the two pure NLL curves and scheme B. We choose a moderately high value
for the initial transverse scale, k0 = 20 GeV, ᾱs(k0) ≃ 0.15, so as to be able to focus on

6As one obtains, roughly, by running αs(M2
z ) = 0.118 down to 9 GeV2, taking into account flavor thresholds

and the two-loop β-function.
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In principle   

In practice  where m is the point on the 

grid in , and  is the spacing on the grid

𝒢(0) ∼ δ(k − k0)

𝒢(0) ∼
1

Δτ
δm0

ln k Δτ

Solution to LLx BFKL with  
Exponential growth with rapidity Y 
The discretization dependence is negligible when the  
gluon Green’s function is integrated over with smooth impact factor 
Off set for illustration  by  

ᾱs = 0.2

ε
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Gaussian distribution in  with a width proportional to ln(k2/k2
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Diffusion properties of BFKL and BK

Distribution in momentum ln k for increasing rapidities
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BFKL solution has the following property
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ladder can diffuse into non-perturbative region

spread in transverse 
momenta contributing to the 
BFKL amplitude
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 has simple poles at χ(γ)
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Take real contribution and assume azimuthal angle independence

If we take  can drop virtual contribution, then expand the kernel and take k ≫ k′￼ ϕ(k′￼) = (k′￼2)γ−1
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the divergence at 1 is canceled by the 
virtual term anyway

Poles at  In particular pole  comes from the first term in the  

expansion assuming strong ordering  

0, − 1, − 2,…
1
γ

k ≫ k′￼

Collinear pole : corresponds to strong ordering case   
1
γ

k ≫ k′￼

Anti-collinear pole : corresponds to strong ordering case   
1

1 − γ
k′￼≫ k

Similarly, one can expand for  and obtain poles at  k′￼≫ k 1,2,3,…
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Leading collinear poles of BFKL:
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Such collinear model can be thought of 
as a simple model for BFKL
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Collinear model: combines two strong orderings in transverse momenta
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So far we considered parton-parton scattering. How to apply BFKL in the physical processes ?

quark

Impact factors  : process dependent 
The energy dependence should come from the BFKL Pomeron 
High energy factorization (kT factorization): BFKL universal at high energy

Φ1, Φ2
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Inclusive DIS cross section for   (  charged lepton, , )lp → lX l Q2 ≪ M2
Z s ≫ M2

p
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2)� y2FL(x,Q
2)]

Rewrite in terms of the cross-sections for scattering transverse or longitudinal photons off the 
proton
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virtual photon-gluon impact factor 
polarization . Calculable in pQCDλ
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�p(k) proton impact factor, non-perturbative
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Introduce unintegrated gluon density:
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kT factorization formula

f(x,k) contains the non-perturbative information on the proton but satisfies the BFKL evolution equation.
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�For structure functions can 
perform angular integration and 
one obtains the form for BFKL for f 
Initial condition needs to be 
parametrized
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virtual photon-gluon impact factor 
polarization . Calculable in pQCDλ

Diagrams contributing to the lowest order photon-gluon impact factor

Catani, Ciafaloni, Hautmann 
Collins, Ellis

<latexit sha1_base64="2aU8csEPn/1MIDJarsyI8mkn0A8="></latexit>

��(x,Q
2) =

Z
d2k1

(2⇡)k4
1

��⇤

� (k1, Q) f(x,k1)

(a) (b)



Small x physics, International School on EIC Physics, Kyoto University, 2-13 March 2026

Relation between collinear and small x evolutions

50

BFKL evolution equation for unintegrated gluon density (written as integral equation)
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DGLAP evolution equation for collinear gluon density

Take the collinear limit of the BFKL, that is k ≫ k′￼

Take the small x  limit of the DGLAP, that is 
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Equations are the same if we identify

DLLA: double leading logarithmic 
approximation
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In order to inspect the relation between collinear and small x can use Mellin space
Recall factorization formula
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To be precise, the kT factorization formula derived is  
(written for structure functions) 

Askew, Kwiecinski, Martin, Sutton

where impact factor is 

The difference between the two formulae 
is in the argument of unintegrated gluon density f 
In the high energy limit the difference is subleading 
But, the second result is more accurate, as it takes into 
account exact kinematics in the diagrams
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Mellin transform:

Allows to recast the  
factorization formula
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Take again Mellin moments in :k → γ
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Then the  factorization formula becomes
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⌧ = Q2/k2where

(assuming fixed coupling)

The unintegrated gluon density satisfies BFKL equation with the solution
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Large  behavior of structure function  is controlled by the pole which lies to the 
left and is  closest to the contour of integration 
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Let’s inspect the poles from . The BFKL kernel eigenvalue can be shown to have an expansionf̃
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Figure 1: Two sets of 80 trial functions for the four-loop (N3LO) contribution to the gluon-gluon splitting

function at nf = 4. The two cases selected for eq. (15) are shown by the solid (red) lines. Also shown, by

the dashed (blue) lines, are the selected approximations of ref. [11] based on only the first 5 even moments.

0

0.05

0.1

0.15

0.2

0.25

10 -4 10 -3 10 -2 10 -1 1x

x(1-x)P   (x)gg

N3LOapprox.

NNLO
NLO
LO

x

x[P   ⊗ g](x)gg

αS = 0.2,  nf = 4

N3LOA,B /
 NLO

N2LO / NLO

0.9

0.95

1

1.05

1.1

10 -5 10 -4 10 -3 10 -2 10 -1 1

Figure 2: Left: the perturbative expansion of the splitting functions Pgg to N3LO for nf = 4 and αs = 0.2,

using eq. (15) for the four-loop contribution. Right: the resulting N2LO and N3LO convolutions with the

reference gluon distribution in eq. (18) normalized to the NLO result which changes sign at about x = 0.3.

6

Small x anomalous dimension from BFKL 
appear in higher order anomalous dimension 
in DGLAP
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Obtained formula 

is the small x resummed version of the collinear one and it can be recast as
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In general BFKL solution depends on t, 
momentum transfer 
The solution can be obtained in coordinate space 
and utilizing symmetry properties of the kernel
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BFKL equation in coordinate space reads then
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The eigenfunctions satisfy the completeness relation
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• Need higher order, next-to-leading 
logarithmic, NLL terms. 

• Powerlike growth eventually violates unitarity 
bounds for amplitudes. Will need to cinsider 
also other class of corrections: saturation.

• Rise with energy (or decreasing Bjorken x) 
too steep for the phenomenology 

• Cannot describe HERA data  with LL BFKL

298 I. Bojak, M. Ernst/Physics Letters B 397 (1997) 296-304 

F* 
A i A Hi ‘93/‘94 

0 ! n ZEUS ‘93/‘94 

1 

-1  
10 

1 

-1  
1 0 

1 

-1 
1 0 

lo-5 lo-4 lo-3 lo-2 10-l  lo-4 lo-3 1o-2 10-l  1 
X 

Fig. 1. BFKL predictions using the methods of [P] compared with recent data [2,3,12]. The solid curve is the LO BFKL prediction 
including the fitted background which is shown separately as dashed curve. Only data with x 5 10V2 is fitted. The dotted curve shows 
the conventional RGE fit Rl of MRS [ 131 for comparison. 

gluon 3”” at medium to high Q*. For the Da-type 
gluon used below we obtain k;l = 0.95 GeV* [ 93. The 
strong BFKL growth of FZ could be suppressed [ 81 
by increasing kz, but this would of course spoil the 
consistency with the RGE gluon. 

Parametrizations of our results were given in [ 91. 
Using the Da-type gluon parametrization and fitting 
the background to the new data below x = lo-* from 
the HERA collaborations [ 2,3] at DESY as well as to 
data from the Fermilab E665 experiment [ 121, we ob- 
tain the solid curve in Fig. 1. The background contri- 
bution is shown as dashed curve. Note that at Q* = 3.5 

GeV* and at Q2 = 6.5 GeV2 Clp would be negative 
and is set to zero by hand. It is obvious that in spite of 
having the freedom of fitting CIP, the data can not be 
described by the BFKL curves. The steep growth of 
F2 - x -‘J predicted by the BFKL equation is simply 
too strong, especially at medium to low Q*. Thanks to 
the precision of the new F2 data pure BFKL evolution 
is now definitely ruled out! 

Of course immediately the question arises if this can 
be ameliorated by using modified evolution equations 
that incorporate the successful RGE. That the NLO 
RGE are very successful indeed at describing the FZ 

Bojak, Ernst 
see also: Ball, Forte 

HERA:

BFKL:
<latexit sha1_base64="I5BetsEmEuPVpUwpB7SQaRAwC3s=">AAAB+nicdVDLSgMxFM3UV62vqS7dBIvgxiFTtLa7oiAuK9gHtOOQSTNtaOZBklHL2E9x40IRt36JO//GTFtBRQ9cOJxzL/fe48WcSYXQh5FbWFxaXsmvFtbWNza3zOJ2S0aJILRJIh6Jjocl5SykTcUUp51YUBx4nLa90Vnmt2+okCwKr9Q4pk6AByHzGcFKS65ZPHfLsCdZAO+u00NkHU9cs4QspFGpwIzYVWRrUqtVy+UatKcWQiUwR8M133v9iCQBDRXhWMqujWLlpFgoRjidFHqJpDEmIzygXU1DHFDppNPTJ3BfK33oR0JXqOBU/T6R4kDKceDpzgCrofztZeJfXjdRftVJWRgnioZktshPOFQRzHKAfSYoUXysCSaC6VshGWKBidJpFXQIX5/C/0mrbNkVy748KtVP53HkwS7YAwfABiegDi5AAzQBAbfgATyBZ+PeeDRejNdZa86Yz+yAHzDePgF/u5Li</latexit>

F2 ⇠ x�0.5

<latexit sha1_base64="4OEJiOM1XYaiP80wHg1q4bH+bz0=">AAACBHicdVDLSgMxFM3UV62vqstugkWoC4fMKLXdFQVxWcE+oB2HTJq2oZkHSUYsQxdu/BU3LhRx60e482/MtBVU9MCFk3PuJfceL+JMKoQ+jMzC4tLySnY1t7a+sbmV395pyjAWhDZIyEPR9rCknAW0oZjitB0Jin2P05Y3Okv91g0VkoXBlRpH1PHxIGB9RrDSkpsvnLs27Ermw9vr5LCETHv6QObRwcTNF5GJNMplmBKrgixNqtWKbVehNbUQKoI56m7+vdsLSezTQBGOpexYKFJOgoVihNNJrhtLGmEywgPa0TTAPpVOMj1iAve10oP9UOgKFJyq3ycS7Es59j3d6WM1lL+9VPzL68SqX3ESFkSxogGZfdSPOVQhTBOBPSYoUXysCSaC6V0hGWKBidK55XQIX5fC/0nTNq2yaV0eF2un8ziyoAD2QAlY4ATUwAWogwYg4A48gCfwbNwbj8aL8TprzRjzmV3wA8bbJzRwleo=</latexit>

F2 ⇠ x�(0.2⇠0.3)



Small x physics, International School on EIC Physics, Kyoto University, 2-13 March 2026

Example: application of  LL BFKL to γ*γ* scattering

63

ar
X

iv
:h

ep
-e

x/
01

11
01

2v
2 

 1
1 

Fe
b 

20
02

EUROPEAN ORGANIZATION FOR NUCLEAR RESEARCH

CERN-EP/2001-075
October 31, 2001

Double-Tag Events in Two-Photon Collisions at LEP

The L3 Collaboration

Abstract

Double-tag events in two-photon collisions are studied using the L3 detector at
LEP centre-of-mass energies from

√
s = 189 GeV to 209 GeV. The cross sections

of the e+e− → e+e−hadrons and γ∗γ∗ → hadrons processes are measured as a
function of the product of the photon virtualities, Q2 =

√

Q2
1Q

2
2, of the two-photon

mass, Wγγ , and of the variable Y = ln(W 2
γγ/Q

2). The average photon virtuality is
⟨Q2

1⟩ = ⟨Q2
2⟩ = 16 GeV2. The results are in agreement with next-to-leading order

calculations for the process γ∗γ∗ → qq̄ in the interval 2 ≤ Y ≤ 5. An excess is
observed in the interval 5 < Y ≤ 7, corresponding to Wγγ greater than 40 GeV.
This may be interpreted as a contribution of resolved photon QCD processes or the
onset of BFKL phenomena.

Submitted to Phys. Lett. B
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EUROPEAN ORGANIZATION FOR NUCLEAR RESEARCH

CERN-EP-2001-064
31 August 2001

Measurement of the Hadronic

Cross-Section for the Scattering of

Two Virtual Photons at LEP

The OPAL Collaboration

Abstract

The interaction of virtual photons is investigated using the reaction e+e− → e+e− hadrons
based on data taken by the OPAL experiment at e+e− centre-of-mass energies

√
see = 189−

209 GeV, for W > 5 GeV and at an average Q2 of 17.9 GeV2. The measured cross-sections
are compared to predictions of the Quark Parton Model (QPM), to the Leading Order QCD
Monte Carlo model PHOJET to the NLO prediction for the reaction e+e− → e+e− qq̄,
and to BFKL calculations. PHOJET, NLO e+e− → e+e− qq̄, and QPM describe the data
reasonably well, whereas the cross-section predicted by a Leading Order BFKL calculation
is too large.

(Submitted to European Physical Journal C)
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Process:  e+e− ⟶ e+e− + hadrons

e+(p1) ✦
✦

✦
✦✦

e+(p
′

1)

θ1

✡
✡
✟

✟
γ⋆(q1)

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

hadrons
❳❳❳❳❳

✘✘✘✘✘

✠
✠
☛

☛ γ⋆(q2)e
−(p2)

❛
❛

❛
❛❛
θ2

e−(p
′

2)

Figure 1: The diagram corresponding to the process e+e− → e+e− hadrons.

cross-sections are compared to the prediction of the Quark Parton Model (QPM), to a NLO
calculation [7] of the process e+e− → e+e− qq̄, to the PHOJET Monte Carlo model [8]
and to BFKL [9] calculations [10–12]. A similar analysis has been published by the L3
Collaboration [13] using data taken at

√
see = 91 GeV and

√
see = 183 GeV.

2 Theoretical framework

In this paper double-tagged events are studied, i.e. both final state electrons are scattered
at sufficiently large polar angles2 θi to be observed in the detector. This corresponds to the
situation where both radiated photons which take part in the hard scattering process, are
highly virtual. Throughout the paper, i = 1, 2 denotes quantities which are connected with
the upper and lower vertex in Fig. 1, respectively.

The virtualities of the radiated photons are given by Q2
i = −(pi − p

′

i)
2 > 0. The usual

dimensionless variables of deep inelastic scattering are defined as:

y1 =
q1q2
p1q2

, y2 =
q1q2
p2q1

, (2)

2The right-handed OPAL coordinate system is defined with the z axis pointing in the direction of the e−

beam and the x axis pointing towards the centre of the LEP ring. The polar angle θ, the azimuthal angle φ
and the radius r are the usual spherical coordinates.

4

a)

QPM

b)

NLO γ∗γ∗→qq––

c)

NLO γ∗γ∗→qq––

d)

γ-gluon
fusion

e)

one-gluon
exchange

f)

multigluon
exchange

Figure 1: Examples of diagrams contributing to the process γ∗γ∗ → hadrons : a) QPM, b) and
c) O(αs) QCD corrections to the QPM diagram, d) photon-gluon fusion, e) one-gluon exchange
and f) multigluon ladder exchange.

14

Sample diagrams which contribute

doubly-tagged events

Dominant at large energy (rapidity)
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γ∗

γ∗

Impact factor

Impact factor

Gluon Green’s                
function

Two virtual photons provide 
large perturbative scales: Q2

1 , Q2
2

Y = ln
W2

γγ

Q2
1Q2

2

rapidity
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High-energy factorization 

    are negative photon 
virtualities 

    for  the  process 

    photon polarizations 

Q2
1 = − q2

1 , Q2
2 = − q2

2

s = (q1 + q2)2 γ*γ*

j, k

   impact factors: known up to NLO    

    BFKL gluon Green’s function

ϕ( j,k)

G(ω, γ)

Balitsky, Chirilli

s = W2
γγ
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γ(∗)γ(∗) reactions at high energies 5

electroproduction, deep inelastic scattering at small x, the real γγ cross-section and the
structure function of the real photon fails to predict correctly the γ∗γ∗ cross-section
even at quite modest photon virtualities. This is clearly due to the fact that, uniquely
among these various processes, the γ∗γ∗ interaction involves two small dipoles. It
emphasizes the importance of the γ∗γ∗ cross-section as a probe of the dynamics of the
perturbative hard Pomeron.

4. γ∗γ∗ scattering in the BFKL formalism

The application of the BFKL formalism to γ∗γ∗ scattering has been considered by
[21-26]. In the BFKL formalism there is a problem at LLO in setting the two mass
scales on which the cross-section depends: the mass µ2 at which the strong coupling αs

is evaluated and the mass Q2
s which provides the scale for the high energy logarithms.

OPAL preliminary

Y

dσ
/d

Y
 [p

b]

BFKL LO BFKL HO two gluon  Opal 98 data
Phojet
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√s


=91 GeV L3

√s
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σ γ

∗γ
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 [n
b]

√s


=189 GeV
Preliminary

Y= ln(Wγγ
2  / Q1Q2)

0
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0

20

0

20
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Figure 6. Cross-section for the process e+e− → e+e−γ∗γ∗ → e+e− hadrons as
a function of Y ≈ ln(W 2/Q2

1Q
2
2) (for exact kinematic cuts see [28] and [29]).

The result is very sensitive to these parameters, and Brodsky et al [23, 24] showed
that changing µ2 → 4µ2 or Q2

s → Q2
s/4 alters the predicted cross-section by factors of

∼ 1/4 or ∼ 4 respectively in a typical LEP experiment. An additional uncertainty is
due to the correct treatment of the production of massive charm quarks.

In an attempt to overcome the scale problem, Boonekamp et al [25] take a
phenomenological approach to estimate the NNLO effects, making use of a fit [27]
to the proton structure function using the QCD dipole picture of BFKL dynamics.
This reduces both the size of the BFKL cross-section and its energy dependence. Fig. 6
shows the preliminary OPAL measurement of the double-tag e+e− cross-section in the
range Q2

1 ≈ Q2
2 ≈ 5 − 25 GeV2 [28] compared to the LO BFKL calculation and to

the HO model of Boonekamp et al. [25]. The cross-section predicted by PHOJET [5]
is also shown. The L3 collaboration has extracted the γ∗γ∗ cross-section using the
photon flux for transverse photons (Fig. 6) [29]. The QPM part (box diagram) has
been subtracted (the unsubtracted cross-section is shown in Fig. 5). The L3 data is
compared to a LO BFKL prediction and to the two-gluon exchange cross-section (here
called one-gluon) based on Ref. [24] and to a fit of the hard Pomeron intercept. A
calculation [26] of subleading corrections to the BFKL equation shows that these are
significant at LEP energies, and with the inclusion of the soft Pomeron a reasonable
description of the L3 data is obtained.

BFKL at leading logarithmic 
order overestimates the data 
and  gives too steep growth of 
the cross section 

Donnachie,Soldner-Rembold


