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Why small x ?

Collinear framework works very well

Why small x expansion should be important?

Motivation:

H1 and ZEUS
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* Small x behavior of the collinear splitting function

* Regge theory: soft Pomeron
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Collinear approximation: DGLAP evolution

DGLAP evolution: system of equations for parton densities, quarks and gluons
12 Y <q% X ,u ) Z/ dz ( 20, (Ots, Z) PQig(a37Z)) (qj'(%nuj))
op? ozs,Z) Pog(as,2) ) \ 9(Z,17)
g; : quark density, g : gluon density

Splitting functions
calculated perturbatively L.O NLO NNLO N3LO

Pab(asaz) EPb—mJ(O‘SvZ) — _Pég)(z)_l_ (27_‘_) chl?( )—|_ (27'(') Pa,(l?)( )+ (27'(') Pég)( )—i_

P ,: describe splitting of parton b into parton a

How good is this expansion ?

Are higher orders necessarily smaller than lower orders for all values of z ?

Small x physics, International School on EIC Physics, Kyoto University, 2-13 March 2026 4



Splitting function at N°LO

Four-loop splitting functions in QCD
— The quark-quark case -

G. Falcioni¢, F. Herzog?, S. Moch? and A. Vogt® Pab(a87 Z) — ;_S Cb(g) (Z) | (;S )2P(;) (Z)

S— T T ¢
g\ 3 g\ 4
Four-loop splitting functions in QCD =+ (—S) P a(,z) (Z) | ( > ) P éz) (Z) + ...

— The gluon-to-quark case —

G. Falcioni?, F. Herzog“, S. Moch? and A. Vogt®

Abstract

We have computed the even-N moments N <20 of the gluon-gluon splitting function P, at the

FOllI‘-lOOp Splitting functions in QCD fourth order of ‘perturbatw.e QCD via the renormallzat19n of off-shell operator matlirlx elements.
Our results, derived analytically for a general compact simple gauge group, agree with all results
— The (lllal'k'to'glll()n case — obtained for this function so far, in particular with the lowest five moments obtained via structure

functions in deep-inelastic scattering. Using our new moments and all available endpoint con-

straints, we construct improved approximations for the four-loop Pye(x) that should be sufficient
G. Falcioni®?, F, Herzog¢, S. Moch?, A. Pelloni® and A. Vogtf for a wide range of collider-physics applications. The N’LO contributions to the scale deriva-
tive of the gluon distribution, resulting from these and the corresponding quark-to-gluon splitting
functions, amount to 1% or less at x > 10~ at a standard reference scale with o, = 0.2.

Four-loop splitting functions in QCD ————— —
— The gluon-gluon case -

G. Falcioni%?, F. Herzog*©, S. Moch?, A. Pelloni¢ and A. Vogtf

T — T
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Gluon-gluon splitting function at N3L0
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collinear splitting
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presence of large terms
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Small x: large logarithms
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Figure 2: Left: the perturbative expansion of the splitting functions Pyg to N3LO for ne=4and a5 =0.2,

0.0

104 0001 0010 0100 1 using eq. (15) for the four-loop contribution. Right: the resulting N°LO and N°LO convolutions with the
reference gluon distribution in eq. (18) normalized to the NLO result which changes sign at about x = 0.3.
Qs In ]-/x > 1 xqs (o, ud) = 0.6x03(1—x)> (1—|—5.0x0'8)
for ¢ < 10—3 - 10—2 5 xg(rud) = 1.6x03(1—x)*5 (1-0.6x°3)

For very small x need to consider resummation of (a,In 1/x)"
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S-matrix and Regge limit

Pre QCD... analysis of properties of S matrix

S matrix Properties of S matrix:
Sab = (bout|@in) e [orentz invariance

: : ® Crossin

Scattering amplitude : ‘g
® unitarity
Sa,b — 5ab + 7'(27‘-)45(4)( E :pa — E pb)Aab ° analytidty
a b

Unitarity of S matrix phase space n particles

SST =815 =11 v,

. 4¢(4
Ay =1Ly (2m)32E (2m)*6 W (> _pa = 3 _15)
a j=1

leads to the relation
2IHLAOLI) — Z/dHnAanALb
n

for 2-to-2 particle scattering

dm O = O]+ OoEy + .
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Optical theorem

Important special case of unitarity equations: optical theorem
If initial and final states are identical: forward elastic scattering amplitude

Aga(s,t =0)
Unitarity relations give

QImAaa(s,t - O) — Z/dﬂn’ Aa—>n‘2

Righthand side is the total cross section, times the flux factor

1
Otot — F ;/dﬂn’Aa—)nP

At high energy F' = 2s

1
Therefore Oiot = — Im Ael(s,t — O)
S

Total cross section for 1 + 2 — anything is given by the imaginary part of the
amplitude for elastic scattering 1 + 2 — 1 + 2 in the forward direction (t=0)
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Regge limit

General principles
[Regge limit: S — OO t = const ] * Lorentz invariance

® crossing

® unitarity
General idea: analysis of analytic structure of the amplitudes. e analyticity
Singularities in partial wave amplitudes in complex angular momentum.

These singularities will contribute to the scattering amplitude terms of the form

negative-t

A(s,t) ~ B(t)sa(t) interpretation a(t)

>

Amplitude dominated by exchange of the Regge trajectory  a(t) = a(0) + o't

From optical theorem Tiot = 3_11111‘,4(37 ()) ~ Sa(O)—l

Intercept @(0) of Regge trajectory determines the behavior of the cross section
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Pomeron

Pomeron: Okun,Pomeranchuk;
Foldy,Peierls

* Reggeon with intercept greater than unity.
* Corresponds to the exchange of the vacuum quantum numbers.

* Dominates the cross section at asymptotically high energies

Soft Pomeron

ap(t) = 1.11 +0.165GeV "t

(2013 parameters of fit to data including LHC)

However, such soft pomeron power behavior is
potentially in conflict with Froissart bound which stems
from unitarity requirements:

0*"(s) < Clog™(s/s0)

100 1000 10000
Donnachie, Landshoff Vs (GeV)

Note: the exact value of the constant C is of crucial
importance here.
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What is Pomeron in QCD ?

Simplest model for P : ‘ : 1
implest model for Fomeron Balitsky-Fadin-Kuraev-Lipatov

2 gluons, color singlet , o .
include logarithmically enhanced corrections

Low-Nussinov pomeron

Intercept would be : a(0) —1 =0
BFKL Pomeron: gluon ladder in the multi-Regge

kinematics
Systematically sum leading logarithms of energy
Reggeization of the gluon
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High-energy limit : one gluon exchange

Take quark-quark scattering (assuming quarks are different flavors)
One gluon exchange diagram (color octet exchange so does not contribute to the Pomeron,
but important for gluon reggeization)

s=2p1-p2, t =¢°

plu] — — —— pla
Result: , ,
A0 2 gN—123 + u? —94%8 +u
pol —a . DLk 99’ —qq s AN, 2 s9 42
High limit: AY 2818
igh energy limit: s > || — s ~ — u | aq’ _>qq| §gs 3

For gluon gluon scattering:

A 49 5 tu  su s
[Aggsggl =055 (3 -5 -7 —
High energy limit: s > || — s~ —u 5
0 49 s

|‘A g—>gg| — Y5 5 t_
At large s, at this order the Ca _ 9
cross section for qq scattering u B 9 ’ 0 Crp 4
. . ‘ 99_>99| o | q9'—qq’
is the same as for gg scattering,

modulo different color factor
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Eikonal vertex

Vi Tt . P1sJ — D1,
Another way of deriving it : introduce eikonal vertex 7 -l
The upper line in the diagram is: q.a
) T M a P2 [ —>— > péa k
—igsu(p1 + @) ul(p1)ts;

Since s > |t|, all g components are small with respect to p,, p, components and we have

[—igsﬂ(pﬂWMU(pl)t?j — 2@93171 ij etkonal vertexj

The same for lower line

—igsu(p2 — @)Y u(p2)ty; =~ —2igsphty

Finally one gets an (0) nYuv a 2 4p1 - P2, a
amplitude ACJQ’—HJQ Ys 2]9 G2 2p t; tkl 9s 2 t; tkl ST zt 129
: , 8 ,8°
which leads to the same result as before | AY |° = =g
99’ —qq’ 97s 12

Eikonal approximation works for particles of any spin.
For example for gluon-scalar interaction we would have

—igs(2p1 + @)ty ~ —2igspi 't
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gg — gg In high energy limit

t-channel diagram Eikonal approximation can be done for 3-gluon vertex:

P a:H pidu , , :
aa C
gsf [Quu’ (p1 + pl)p T gPM’(_pl + Q)u - gup(pl T Q)u’]
/
~ aa’ c
4 ¢ ~ 95/ 129w P1p — Jppw Py — GupP1p]
Using physical polarizations for external gluons: p-e(p) =0
pz,bal/ pé,blay/
eikonal approximation for 3 -gluon vertex
at this order other diagrams give subleading aac
contributions in the high energy limit(*) - 2g8 f 9up' Pi1p

- ¢ b’ 4p1 - p2 / /
Aé%)_)gg — _@ggfaa cfbb “Gup e gwfsf\‘l (pl)&“ﬁf/l (p/1>5K2 (p2)€§\2 (plz)

Squaring, summing over helicities and colors one gets
in the high energy limit

49 5

0 2
’Ag;—)gg‘ — Ys 5?5_2

which is the same result as before
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Two-gluon exchange

Consider qq scattering at one-loop. Dominant diagrams contributing to virtual corrections :

P1 I
lgk {Sk—q
P s :

box crossed

On the other hand : self energy insertions and vertex diagrams do not contribute(*) at this order

557 sy

\

((*) that may though depend on gauge)

— ~
7 7/

—-— -~
P 4

Strong coupling is fixed in the leading logarithmic calculation at high energy (->LL BFKL)
Strong coupling starts to run at next-to-leading logarithmic calculation (->NLL BFKL)

Small x physics, International School on EIC Physics, Kyoto University, 2-13 March 2026 15



Two gluon exchange

P — — >— D1
Aa lgk Tgk—q

Py =

\
v
S

Can compute it for example using unitarity in the form of cutting rules

N \ 3 3 / 1
TUTETTTE T = [ A0k A s (- 02)
l k T k—q where A4 is lowest order amplitude
Py — — D> (single gluon exchange)
4
Phase-space integral / dIly = / <;Z7T];25((p1 —k)*) o((p2 + k)*)

Sudakov decomposition

k= apy + Bps + kL In the large energy limit (s > || ) delta functions give

k2 2
o~ 8~ < =8 <1
S S
pi = (vs/2,/5/2,0) K~ —k’ (k—9?~—(k-q)
Py = (V's/2,—V/s/2,0) Virtualities of the exchanged gluons dominated by

the transverse components
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Two gluon exchange

Obtaining real part of the amplitude (dispersion relations)
and summing both contributions A a T Ab
The final result can be expressed as a projection onto octet and singlet

Amplitude decomposition into color representations R:

Z .A R(S t) projectors Plzl;:y ( R)

S
singlet: A( ) 2042269 (t)
1 O S Pl J—> ppi
octet: A( ) — “46(3 ) 69( ) H m where A = SWQS?G ti Wim
N, " . 9
[Eg(t) ~ A2 /d2kk2(k _ q)2] with t=-q

Octet amplitude at this order is proportional to lower amplitude times €,(¢) Ins/|7|

It is infra-red divergent (massless quarks). In reality, they would be confined in the hadrons,
which will provide off-shellness to the quarks, and thus IR regularization.

[t is not necessary to introduce a cutoff since the final BFKL equation is free from IR
divergencies.
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Three parton production (real diagrams)

Next building block of the BFKL is the parton production in the high energy limit.

Consider following real gluon emission diagrams

p1sJ - Ky, m DPirJ S
J e ~7
k,a
1> _
ki —k,,c ki —ky, ¢
ky, b X
- o] - Y
ol T K pol’ o1
; Pr1-J Ky, M
pl’-] -~ K]am 1»
2 7 — 7
Ky — ko, c % ((VY‘ k, — ky,
2 va > EE—
Py 1 Ky, 1t Das [ Ky, 1

Dominant contribution at high energy (when computing the two-loop graph) comes from region

strong ordering of longitudinal momenta

1 > o > Qo

P1sJ ~ Ky, m
((/4-4:/
k; —ky,c
>~ >
2 Ky, 1

Sudakov decomposition

k1 =a1p1 + Bip2 + k11
ko

aop1 + Bap2 + kot

virtualities of exchanged momenta dominated by transverse

1> [Ba] > |51 components ,
k? ~ —k?
1

ks ~ —k3
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Lipatov vertex

3 ‘”‘3}7{4 ph
a —1 v —1 . v
(—2igp)ts,. 2 gs fare?™" | 75 | (—2igsp5)ty,
+\"”'\A
(~2ig.p!) : (—2igs) (P} — K} + K50 (
81 (p1 — k1 — k2)? ’ k2
— _
o
{
®
combining all 5 terms one obtains the result
plvj Ky, M
3 p/1LP2 b
- a
FZV kl_kQ,C,P A2_>3 — —4Zg8 k2k2 tm]tnlfabc /LV

Doy [ K>, 1

2 2
Lipatov effective re, = 2D2uP1v [( Qi+ &> (52 + &>Pg
vertex > P25 e

= (k1 kg

1)
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Lipatov effective vertex

Lipatov effective vertex satisfies Ward identity (gauge invariant)
(k1p — ko)L, (K1, k2) =0

For convenience one can introduce related quantity

2k2 2k2
C?(ky1, k2) = (041 + 57) <52 + T)p2 (kY| +k5))

2p2uP1v 219 : S
FZV — , C'P > p1p2rp _ 4b2 p;pl P2 cr — 2o

. ' U b
A2q_>(2q_|_g) — ZZS gst (k2>fa,bcgs (klv k2) (k_g)gStnl

Similar analysis can be performed with gluons in the initial state
Since eikonal vertex is independent of the spin of the particle
Form of amplitude the same(modulo color), the same effective vertex

Abigee 1PF (29 — 3g) =
K1-d 2is gg fOICL gHaka (1;2>

ki —k
. % f61 N gscp(kl) kz)
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Real emission gluon contribution to Im A

Real emission contribution to the imaginary part of qq scattering

: K, m | Pyl sum over polarizations of
’ S > ’ —> D . .
Pl — ’ 7 f 4 the intermediate gluon
ki, a ,,
1 k27 _gpo' -l-
» | ti (s, 6) = 5 [ Al A5 (1 ) A5 01— 0.k = 0
2 |
N E \ - /
Dy, [ =7 Kz,ni 7 7— py.k

Three body phase space
d*k1d k2 0((p1 — k1)?) 0((k1 — k2)?) 6((p2 + k2)?)

Sudakov decomposition

k1 = oip1 + Bip2 + ki1
k2 = copr + Bap2 + kol

dedBrd?k, / devsdfad?ks 6(—B1 (1 — an)s — k2)
'5((041 — as)(B1 — Ba)s — (k1 — ko)?) §(aa (1 + B2)s — k3)

High energy approximation: 1> a1 > as 1> |Ba| > |1]

2
/ dlly = 4(;)5 / dardfd’k, / dondfBad’ks 6(—P1s — ki)d(a1Bas — (k1 — ka)?) 6(azs — k3)

= —d’k doagd ks 0
4(277)5/042 o 1 8% 2 (0425

dOél

d?*k, . .
K2/s Q1 logarithmic integration

d’k,
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Real emission gluon contribution to Im A

In leading logarithmic order in Ins one makes the approximation

1 bod
/dﬂg _— 4(2 ) / al /d2k1 /d2k2 where k?*~k?~k3 and assuming k? ~ g°
718 k2 /s 1

This is fine in leading logarithmic order since energy is high

S SS S S S
In—=In—"t =In— 4+In>2> ~In— as long as § > 50,51, §—= Q

S0 S0S1 S1 S0 S1

Integrals over the longitudinal and transverse components decouple
Amplitudes

A2—>3(k17 k2) AgT—ﬁS( —dq, kZ - Q) - 496 2Crea

Contraction of the Lipatov vertices
ki(ke —q)? ki(ks — Q)2]

p — — = —2|q” - B
CP (1 k)l + .~k +q) = =2 * = 2L - T

Contribution to the imaginary part of amplitude from real emission

CP(ky,k2)Cy(—k1 + q, —k2 + q)
k?k2 (k2 — q)?(k; — q)?

r

2042 9 9 q’ 1 1
bt 7) = Gt (ln _) Y R e e e e el o e

W,

Logarithmic enhancement and factorization of longitudinal and transverse momenta
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Virtual contribution at 6(a?)

We already computed diagrams at O(a?) of the kind

P15 I /Y P1—> > >— D
k k—q
¢§k fgk—q ?341;

P _s N N P > 7 D)

To accompany real emissions just computed, need virtual contributions O(a?) of the kind

e | 7 7 | v other terms in which single
luon is to the left of the cut

ki ki — ksl ky—q _.’_ g,\_

et |

I | - 7 e - — >

1 1
AR, = 5 [ il AD (5, 8) A (s, (g~ k2)?) 4 5 [ T A®) (s, 12) AW, (g — o))
Recall: lower order (octet)
A (s, (ky — q)*) = 8ma e - q)Qtf’thk Putting everything together: imaginary part for
AM (s, k2) = 8ra, % In(s/k3)eq (k3)10, 10, virtual contributions at order O(a?)
2

2Nc()é§ S 2 2 1 1
ImAvirtual(Sat) — _TCvirtuaIS (hl m)/d kl /d kl [(kl _ q>2k%(k1 B k2)2 + (kg o q>2k%(k1 _ k2)2
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Reggeized gluon

Steps to obtain the reggeized gluon:

Step 1: project onto color octet

Step 2: add real and virtual contributions:
ImA§(87 t) — ImA§,real(Sa t) - ImA§,virtual(57 t)
Step 3: reconstruct the real part of the amplitude (dispersion relations)

Step 4: put everything together to obtain the O(’) amplitude

AP (s,1) = A(O) E2(t) In” 2
4
Step 5: combine O(a,), O(a?), O(a?)
1
AP (5,1) = AL [1 +ey(t) ln’% + 5 €g(t) 7 ,78‘]

Conjecture: three terms of the expansion exponentiate

0 €q (1) S S €g(t)
As (s, t) = Aé)(H) — 8ra il " ( )

i

This conjecture is indeed true. One can show that it works to
all orders in a, in leading logarithmic approximation
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Reggeized gluon

The result for the color octet amplitude for qq elastic scattering in the leading
logarithmic approximation at high energy suggests the following interpretation

—_— 5 —— >
lowest order: exchanged resummation in LL high
gluon in the t-channel energy limit: reggeized gluon
€g (%) €g(?)
_ 20 5 _ aga (5
' ; €g (k%)
Ansatz: modify gluon propagators in the t-channel —! L
to account for virtual corrections k2 k2 \ —k?
4 A ,
- ey (K?) reggeized gluon
More precisely D, (s, k2) — 292“” ( > 2) or
L k —k y gluon reggeization
NC&S 2 t - 1
t) = d’k ag(t) = 14 ¢4(?)
where €q(?) 12 / K(k— q)
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Building the BFKL : multigluon amplitude

qq scattering with emission of n gluons: 2(q)->2(q) +n(g) amplitude

Tree level amplitude Sudakov decomposition ki = a;p1 + Bip2 + ki1
p1sJ pisi
B an multi-Regge kinematics I > >a2> > anp
1
| 13> [Basa] > o> Bo] > |8
K
L 1 Implies strong ordering in rapidity of outgoing particles
’ 1. w*
) /i'u:(EK,,/fz,Ku) /fi:Em:t’fz y:§1nﬁ:—_

alternatively k" = (kT, k7, K)

P1 = (pTvoao)a P2 = (Oap2_70)

ki = ki — kiv1 = (0 — aip1)V's, (Bi — Bit1)V/s, ki — kit1)

Rapidity of outgoing particles i and i+1

. 1. k7 1. o — iy 1 Qv 1 az+1
. y; = = In —— = ln ln > Yit1 =
k, a,, u, 2 lﬂ)i Bz B’i-l—l |Bz—|—1 ‘ ‘57,4-2‘
k. Multi-Regge kinematics: strong ordering in rapidity
n+
l% o —>—
P Pik Yo > Y1 > Y2 > " > Yn—-1 > Yn > Yntl
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Amplitude 2 to n particle in Regge limit

Tree level amplitude can be written as

P1>J Iz A

2—>n—|—2

1
= 2isgst; (k2>

1
X gSfala,le C,Ol (k]J k2) (F)
1

)
X gsfa2a352cp2 <k27 kg) (F>
2

1
X gsfanan+1bn Opn (kna kn—|—1) (k )
n+1

% g t An+4+1
5kl composition of effective Lipatov vertices and

propagators for gluons in the t-channel

Example of diagrams which do not contribute at leading-logarithmic accuracy

A KR E
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2 to 2++n amplitude with virtual corrections

But, need to incorporate virtual corrections. Include them through the reggeization of the gluon

pl’j pi9l . .
—>- S replace the gluon > with the reggeized
1 H1
ll propagator gluon propagator
K
ky
i 1 e(k:%)
. P1P2---Pn _ o, ap [ _° . Lipatov; Bartels;
: A2—>n—|—2 Qngstw (k% > (051 ) Kuraev, Lipatov,Fadin
ki—l i 1 G(kg)
X gsfa1a2blcp1 (klakQ)(k_%) Oé_2>
k. a, p e(k3)
! et () %)
P2 _ -
Ki X gSfGQCLngC (k27k‘.3)<k§) (O{B)
Kit1
: i €(ki+1)
. Pk, k =
X gsfanan+1bn0 ( ) n—l—l) <k2 ) ( )
k, a,, i, n+1 QAn+1
An+41
kn+1
l/ —>—
P2, ps.k il s \oED g\ kD)
also using w2 <——k3> ~ p( o >
Small x physics, International School on EIC Physics, Kyoto University, 2-13 March 2026 28



Towards BFKL equation

Having 2 t 02+n amplitude in high energy limit one can use unitarity relations to
obtain the imaginary part of elastic qq scattering

1 o

ImA(s,t) = 5 Z( ) /dHn_|_2 A(2_> +2)(k1,k2, c o )A(2—>n—|—2)p (kl —(q, k’g —dq,.. .,k‘n — q)

n=0

~ P!
7

: e(k?)
Aplpz---Pn _ 2289 1t n+1 (L) (i) 1
2—n—+2 s%1g k% aq

Y 6(’“?4—1)
gsfaiai+1bicpi (k17k2+1)( 22 ) ( ai )
kz—l—l Q+1

and similarly for complex conjugate amplitude
Contraction of Lipatov vertices

q
_— CPi(ki, kit1)C,h,(—ki +q, —kit1 +q) =
_ : . _9 lqz B ki (kit1 — ) _ ki (ki — Q)2]
. . . (k kz—l—l) (k kz—l—l)
ky 2 | a {k,—q = —2Kca1(ki, kit1)
Kt knpr—a q is momentum transfer through the ladder
Pl =2 vV—  —7 > P2
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Towards BFKL

Explicit form for the n+2 body phase space

n—+1 d4 n+1
/ dIl,, 5 = / 5('*%? ) (2m)* 8 (pr +p1 = ) ki)

1=0

pl’j : pl’

v/

changing integration over intermediate momenta and
T ki —q using Sudakov variables

gn+1 n+1 )
x 8(=B1(1 —a1)s — k7) 0(ant1 (1 + Bpy1)s — ki 1)

X H 0((a; — aj1)(Bj — Bjg1)s — (kj —kjp1)?)

A
<
8

Using multi-Regge kinematics, and integrating over f;

n+1

/OlH”JF2 on+1(27)3n+2 H/

n—+1
/ douy 41 / 1] @°k; 6(ansas — k?)
j=1

kn+1
~
/

p2’l

7—

Small x physics, International School on EIC Physics, Kyoto University, 2-13 March 2026 30



Imaginary part of the elastic amplitude

. 1\ kD Fe((k1—-9)%)
Ei Zié; tm.A(s, 1) Z 45°4,Gn / @lln2 ki (ki —q)? (Oﬂ)
2z M [y

o >€(k?+1)+€((’fi+1Q)2)]

G4 1

_277 ]Creal kzakz (
z_|_1 ’L—|—1 q)g( R) ( -1-1)

Exchange of two reggeized Iteration of many emissions
gluons in the t-channel down the ladder given by the
kernel % ., with reggeized

gluons in the t-channel
The above form is already projected onto the color representation R.

Factors &, 7p depend on the color representation: singlet, octet
For BFKL Pomeron one takes singlet

Recall that phase space

n+1 n—+1
/dHn+2 T ()T H/ / doy 41 /H d’k; 0(an 415 — K?)

di+1

Contains nested integrals over «;. Can disentangle using Mellin transform

Small x physics, International School on EIC Physics, Kyoto University, 2-13 March 2026 31



Mellin transform recap

Mellin transform allows to ‘de-convolute’ convolutions...

suppose we have convolutions over set of functions

da oz-_l
H/ Z — ) sod(aps — sg)  with ao=1, apg1 =0
i1

873 07

%) —w—1

Take the mellin transform Flw) = / d(i) (i)

1 S0 S0
’L d ’I,
X H/ da Oéz 1/041) 305 OénS — 30 H/ - Oé?f 1/057,) ;"
Q41 i1
Change variables pi = a?_il so that Qp, = P1 .- Pn

1 mn
_ 1
Finally F(w) = H /o dp; p; ! gz(p—) = H Gi(w) Product of Mellin transforms of g;
. 1 1
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Result for Im A in Mellin space

Putting together result for imaginary part and taking Mellin transform

Z 5 4 1 1 6(1‘3%)4‘6((]‘31—(1)2) 41 +1
ImA(s, t) 4s°g, (]R/dﬂn+2—<—> " U doy n
ki(ki —q)? \n /dnn+2 F (o T2 H/ / do 41 /H d’k; 6(cvpi15 — k?)

n 2 o )6(1‘3?4_1)‘{'6((]‘314-1(1)2)]

Js
_27/1-?, ’Creal kzakz <
i [k12+1(k¢+1 — Q)2( foreall +1) Qit1

>~ (s s\ Y ' ImAg(s, t)
o §, fR“"’“:/l d(m)(m) ;
§M oo n+1

Integrals over the
(4mas)
; § § [r(w;t) = (4m0s) G Z H transverse momenta

X

n=0 =1
" 1 1
: (ki — )2 & — e (K3) — g (k1 — )
: = X (_204577R)Krea,1 kl, k2
1 1 \ Real radiative
X
Propagators k3(ks — q)2 w — €,4(k3) — €4((ka — q)?) corrections
X (—2asNRr) Kreal (Kn, Kni1) Mellin transforms of
1 1 1 e(k2)+e((ki—q)?)
: e

ki1 (knt1 — @) w — (k71 1) — €9((Fni1 — q)?)
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BFKL equation

Define the quantity unintegrated over the transverse momenta Fr (w, k, q)

d2k JT"R(CU, k7 q)
(2m)* k? (k — q)°

frlw.t = —a®) = (470,)°G /

The solution can then be written in the form of this function which satisfies integral equation

2043771% Kreal(k k/)
2 2 )
w6 (K) — g~k — @) Falwkea) = 1= 507 [ @K s Pl

Balitsky-Fadin-Kuraev-Lipatov (BFKL) equation

Koon(kK) = |q K°(k'—q)? Kk?(k- q)2] Real emission kernel: contraction of two

(k —k'?) (k —k'?) Lipatov vertices

Eg(_kQ)a eg(—(k — a)?) terms responsible for virtual emissions

The octet case, has the solution which corresponds to the amplitude for the

. . €g()
exchange of the reggeized gluon, i.e. _S( S
t ‘t‘ —1 — 69(742)
This justifies a posteriori the ansatz on the reggeization 2 12 (_ k2>
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BFKL Pomeron

The BFKL equation for the Pomeron is obtained by taking the singlet

We can introduce another useful function

5, Kk? BEKL gluon
F(""? k, q) — /d ko F G(w, k, ko, q) Green’s function
0

| |
4
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Infrared properties of BFKL

Ncas ,Creal (ka k/)
w—€e,(—k?) — ¢y(—(k — q)?)] G(w, k, ko,q) = 6 (k — ko) — 52 /de/ e G(w, K, ko, q)
Use explicit forms of trajectories and move them to r.h.s of equation (and perform shifts of
integration variable to rearrange the terms)

wG(w, k, ko, q) = 6@ (k —ko)

+ & ey —d G(w, k' ko, q)
2T k2 (k’ — q)2 ’ ’_ ’
virt.
1 real G(w k kO q)
G k' k . k2 y y
_Il_(k/ o k)2 < (w, y 80 (1) /2 I (k’ — k)2)
L] (k — q)°k”G(w, k' ko,q) k — Q) G(w, k, ko, q) vir
(k' —k)? (k' — q)?k? q (K — q)2 + (k' — k)?
1
IR finite, terms in(...) multiplying (k’ — k)2 vanish when (k’ - k) 0

Cancellation between real and virtual terms.

Cancellation of IR divergencies justifies strong ordering in longitudinal momenta giving leading
logarithms in energy
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Solution to BFKL

Consider t=0. Relevant for the total cross section.

1
wG(w, k,ko,q=0) = 62 (k—ko)+ —/dzk’ (G(w,k’,ko,q: 0) — k2

G(w,k,kg,q=0
7 (k — k)2

k’2 + (k’ _ k)2
w G(w, k, k()) - 5<2) (k — kO) + G where kernel contains real and virtual

Linear equation in G. The solution can be constructed by finding eigenfunctions

K ¢(k) = Ag(k) 000 = —

1
so that they satisfy completeness 0% (k — ko) = Z Dy / dy ¢y, (k)#," (ko) +orthogonality
C

- 1
(k,Q)’Y—leanb v = 5 + iU

solution G(w, k, ko) Z 5 / — a¢;n7k0))
1/2+ic0
where C is defined as: [1/2_. / d2k//C(k, k')qbZ(k’) — G, X(Va n)gbz (k)
. B _n| n)
BFKL LLx eigenvalue X(fy, n) — 2¢(1) — ¢(7 | > ) w(l — v+ 7)
() = %IHF( ) () = /01 dt - IZ_I —E Y(l) = —vg
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Solution to BFKL
n n

x(y,n) = 29(1) =y + 77) = (1 =7+ =)

Eigenvalue on the liney = 1/2 4+ iv
: Maximum forv =0

Ty =1/2+1i
A v ) Highest for n=0

h n
[ — 1 , 1
/\ :) x(7=§+zu)2><0(§)—a2u2+.,,

: 1
of vo(5) =4n2=~277  a® = 14((3)

. — - L [Ty (R !
In this approximation the solution is  G(w, k, ko) =~ 1
w — asXo(3

rkky | o 2w \ k2 ) + asa?v?

Can invert to get the energy dependence s

The energy dependence of this quantity is 1 S w
giving the energy dependence of the imaginary g ( S, k) kO) = — dw | — G (w) k7 kO)
part of the forward elastic scattering amplitude ™ JCo S0

and hence the cross section
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Solution to BFKL

Performing the integral over w gives

1 +1200 kz 3% s Wwo—asa’v
k. ko) ~ dv | — —
Gtk = 5 | ”(ka) (o)

1
Wy — @SXQ(§) = 54841Il2

one can now perform the v integral to obtain
1 o 1 In?(k2 /K2
G(s,k, ko) = : exp (| — & /%)
kko \ so V/mlns/sq 2ma dagsa? In(s/sp)

The solutions shows growth with energy s as a power: 50

The intercept of the BFKL Pomeron,

or intercept of the hard Pomeron This value is larger than the intercept of the soft

Pomeron (eg. Donnachie-Landshoff fits to pp cross

_ section)
ap(0) =14+ wy > 1 ~ ‘
« N (mb)
Example a, = 2 09 100 |
T 80
st —1~0.1
. BFKL :
gives ap - —1>~0.55
40
very strong growth ! 100 1000 10000

Vs (GeV)
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Numerical solution to BFKL

wG(w,k ko) = 6Pk —ko)+K®G
Can rewrite BFKL in @ space as a differential
equation in In s/s, and integrate it.

Y
Ok k) = Gk ko) + | dy [ KPRk ) Glys b o)
0

100 |

with €O being the initial
condition and evolution variable

Y :lIlS/S()

In principle € ~ §(k — k)
In practice &9 ~ A7 Omo where m is the point on the
T

grid in In k, and A~ is the spacing on the grid

Solution to LLx BFKL with a, = 0.2

Exponential growth with rapidity Y
The discretization dependence is negligible when the
gluon Green’s function is integrated over with smooth impact factor

Off set for illustration by &

G(s,k, ko) = i/ dw (i) G (w, k, ko)
Cuw

211 S0

0 1 s\
alns/sog(s,k,ko) = %/Cw dw w (g> G(w, k, ko)

here integrated over the angle k* = k*

— At =0.05

- At=0.1
---- At=0.2

5 10

Ciafaloni, Colferai, Salam, AS Y
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Diffusion properties of BFKL

1 [ s\“ 1 1 In® (k2 /k2) ,,
k,kq) ~ — >~y (1/2
6(s,k ko) kko (80> V/mlns/sg 27mexp( Ao ga2 ln(s/so)) @~ x (172

The exponential is responsible for the diffusion of the transverse momenta along the ladder

Gaussian distribution in In(k*/k;) with a width proportional to a,Y = a,1n s/s,

kG(Y;k, ko) Numerical solution to LLx BFKL with a, = 0.2
3 L
: Y =1,2,...,10 | | KG(Y. . o)
2.5 - contours of normalized solution oG (Y Foe o)
I > 225 [ T T T T T T T T T T
2 20 -
: 175 ]
15 - sl
: 12.5
T
75 ¢ ]
0.5 - 57 ]
7l Iy [ \ ]
1010102107107 1 10 10% 10° 10" %5 4 3 2 4 0 1 23 4 5
Golec-Biernat, Motyka, AS k[GeV] In(k/ky)
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Diffusion properties of BFKL

1 ( 1 )E(k%)‘i‘e((kl_@?)

1 O

a1

y n g2 a; \ ki) He(Rir—)?)
X;‘:‘i [k?_|_1(ki—|—1 3 (=2nr)Kreal (ki) Kit1) (ai—l—1> ]

1 n+l .1 do; 1 n+1 , ,

/dHn+2 = g 1;[1 /@+ o /O do 1 /jl;[ld k; §(ani1s — k)

Multi-Regge kinematics: strong ordering in rapidity of
produced particles

[ Yo S U1 S Yo S S Y1 S g S yn+1]

ky 9 @ | al ¢ ky—q No ordering of the transverse momenta of the ladder
ko | ba—d Integrals over kj are unrestricted
Pl = 7V—  —7 >~ P2

Eventually, sensitivity to non-perturbative region

Becomes particularly important when strong coupling runs

(though at NLLx order)
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More on the diffusion in BFKL

BFKL solution has the following property V —In >
S0

G(Y. k. ko) = / PR Gy k K) G(Y — 4, K ko) ot

S0

BFKL amplitude can be constructed from convolution of two amplitudes with arbitrary
partition in energy (rapidity)

t =Ink?/A? Bartels’ cigar

Y spread in transverse
momenta contributing to the
BFKL amplitude

AR - E—

[ t [ t

Even when (transverse) external scales are large, at sufficiently high energies transverse momenta along the

ladder can diffuse into non-perturbative region
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Collinear structure of BFKL kernel

BFKL eigenvalue at LLx

imaginary

of

—|3 -2 -1

ol

o

given that :

oo

1 1
¥(2) = —yE + ZO (n+ [ n+z) real axis

x(7) has simple poles at
y=0,=1,%£2,..
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Collinear structure of BFKL kernel

A 1 G(w,k,ko,q=0
WG( k kan_O) — 5(2)(1{ kO) T /d2k/ (k/_k)Q (G(waklkaaq:O)_kQ l{(’Q—i—(k?—k)Q )

Take real contribution and assume azimuthal angle independence

Qs 21,/ 1 / : _ /2 / :
— d-k K k) o(k") + virt. — ozS/dk |k/2_k2|(b(k)+wrt.
If we take k > k’ can drop virtual contribution, then expand the kernel and take ¢(k’) = (k)71

), a2 | R
(k2>7—1 0 ’k/2_ 2| (k2>7—1 0 k21 _k/2/k2

1—e du 1—e¢ 1
the divergence at 1 is canceled by the / = E duuy— 1t = E
' u 1 —u
0

virtual term anyway Y +n

1
Poles at 0, — 1, — 2,... In particular pole — comes from the first term in the

e
expansion assuming strong ordering k > k'’

Collinear pole —: corresponds to strong ordering case k > k'
Y

Similarly, one can expand for k" > k and obtain poles at 1,2,3,...
1

-y
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Collinear structure of BFKL

Leading collinear poles of BFKL:

() = 20(1) — d(v) — (1 — ) ﬁ 1 =

Such collinear model can be thought of
as a simple model for BFKL

20

15

10

>k > > ke

Fold
. gwé o
kJ_<<kJ_<< <<kn+1J_

a
— T T T

\ A 3_

T

Collinear model: combines two strong orderings in transverse momenta
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BFKL in physical process

So far we considered parton-parton scattering. How to apply BFKL in the physical processes ?

quark

—_——>
§ | ? ol
—_— C ame

o d2k1 d2k2 (I)l(kl,Q) (I)Q(kz,q)
A= [ Gt s —a

—

Q(Sa ki, ko, Q)

Impact factors @, @, : process dependent
The energy dependence should come from the BFKL Pomeron
High energy factorization (krfactorization): BFKL universal at high energy
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BFKL in DIS

Inclusive DIS cross section for [p — [X (I charged lepton, Q% <« M2, s > M?)
p 8 p y4 P

d?o AT

Clﬂde2 — Q4;m [(1 + (1 o y)2)F2($, QZ) — yQFL(:C, Q2)]

Rewrite in terms of the cross-sections for scattering transverse or longitudinal photons off the
proton

2\ Q2 2 2 2\ QZ 2
FQ(va )_ A2, [UT(va )"_UL(ZC?Q )] FL(:CD ) T Anr20 O-L(xa )
d’k; d?ky 5. (ki, Q) Py(ks)
UA(:E’Q%:/ (27r)12 (27r)22 7 1k%k% T ek

A virtual photon-gluon impact factor
o). (k,Q) VTP |
polarization 4. Calculable in pQCD

(I)p (k) proton impact factor, non-perturbative
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BFKL in DIS: kr factorization

Catani, Ciafaloni, Hautmann

Introduce unintegrated gluon density: kT factorization formula Collins, Eliis
d’ks Pp(ka) | 2\ _ d’k; v
) = [ 5 gk gl ke Q) = [ o 83 (61.Q) S (oK)

f(x,k) contains the non-perturbative information on the proton but satisfies the BFKL evolution equation.

For structure functions can
perform angular integration and 0 (o k?) = ash? dk” | f(x,k?) — f(z,k?) N flz, k)

. o 1 L oS 112 L2 _ 2 My 143
one obtains the form for BFKL for f nl/x | | [4k'4 + k42
Initial condition needs to be

parametrized

A %1%'1 fﬁ
. (k, Q)
virtual photon-gluon impact factor
polarization A. Calculable in pQCD o

(a)

Diagrams contributing to the lowest order photon-gluon impact factor
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Relation hetween collinear and small x evelutions

BFKL evolution equation for unintegrated gluon density (written as integral equation)
12 /2 2 2
Fak®) — fO 4 e / e [ (Ja/2b?) S a/2 k) | Safo k)
k/2 |k/2 k2 | [4]@"4 + k4] 5

DGLAP evolution equation for collinear gluon density

89(377622) B 1 dz 2 P (s :%P(O) )+
Lo = | TP/ Q) )= 2B 4.

Take the collinear limit of the BFKL that is k > k'

dz % dk2 1 aSN dz dk’2
[f(x k) = O 1&g kz/ / — (z/2, k) = fO + / / k,Q ,k’zj

Take the small x limit of the DGLAP that is

(0) _ < 1—=z 1 _ 1 _ 110A—47”LfTR X QCA
ng (2) QCA[(1_2)+‘|’ - + 2( z) + 0( z) 6 ] -
dzg(x,Q?) N.ag ['dz x , DLLA: double leading logarithmic
01ln Q2 T .z o (#/2,Q7) approximation
Equations are the same if we identify a”In" Q*/Qi1In" 1/x
Q“ dk2
vg(z, Q%) = / -z (@ k) Q* =00, z—0
e —
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Relation between collinear and small x approaches

In order to inspect the relation between collinear and small x can use Mellin space

Recall factorization formula P, Q%) = - Qo (2.0%) + op (. Q)]
P’k - o
2\ 2 @ 2
ox(z,Q") = / ok o) (k,Q) f(z, k) File. Q%) = 3o ou(.Q%)

To be precise, the kr factorization formula derived is

. . Mellin transform:
(written for structure functions)

Askew, Kwiecinski, Martin, Sutton — dx
Flw, k?) = / AT o flw, k),
k> .

I 2 i F’Y L2 (2 L2 _ dw
[ T, Q) / / (2,k%,Q7) f(z/2, k") Fi(w, Q%) = - Fy(z,Q?)

where impact factor is 1y f}\(w’kQ,Q2) - @ By (2, k2, 02)

—E (2 8,Q°) © @), 07
v Allows to recast the

The difference between the two formulae factorization formula
is in the argument of unintegrated gluon density f de
In the high energy limit the difference is subleading EU’A w, Q%) / w, k%, Q) f (w, )
But, the second result is more accurate, as it takes into

account exact kinematics in the diagrams
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Relation between collinear and small x approaches

Take again Mellin moments in k — y: §

2« =
B () = [ dr e F ()

Flw,y) = / 4k (k)7 Fw, k)

Then the factorization formula becomes

where 7= Q*/k?

(assuming fixed coupling)

gyl 2 dk? =" 2 N2 2 Fn 2 1 ehee Ay ¢ 2
@@= [ TP @R.QTwr)  —— Fa@ @) =5 [ v (@.7) fw.)@)

2T ) oo
The unintegrated gluon density satisfies BFKL equation with the solution

fo(w,)
1 — (@s/w)x(7)

Large QO behavior of structure function F,(w, Q?) is controlled by the pole which lies to the
left and is closest to the contour of integration

flw,y) = X(7) = 2¢(1) — (1 — ) — ()

There are two sources of poles:

From the solution for f(w,%) when 1 —(as/w)x(y) =0
From Fg* (w, 7)

Small x physics, International School on EIC Physics, Kyoto University, 2-13 March 2026 52



Relation between collinear and small x approaches

B ~ 1 c+100 27* _ 2\~
Fy (w.0%) —/ dy B (w,7) Fw,7)(Q?)

27TZ P PN

Let’s inspect the poles from f. The BFKL kernel eigenvalue can be shown to have an expansion

X(7) = 29(1) =91 —v) —¥(v) = % [1 +> 2¢(2n+ 1)«72““] = % [1 +y° CW%HI

n=1 n=1
1 R _ -1
— = L_ where R=[1-25 d(vx)
1 — (aS/w)X(ﬁY) Y= W d’}/ .
e a k
1 o h . N — _S
and solution has expansion ~ Z aj ( » )

Plugging expansions

=1
%) a k a a o0 o0 a kN 2n-+1
into the equation 1 — (ag/w)x(y)=0 —— Zak (—S) - == cn<2ak (—8> ) =0

w w w w
k=1 n=1 k=1
solution:
(_X * *
a] = —= ay = az = 0 BFKI. anomalous dimension
W

w

_ _ 4 _ 6
04 = i = 20(38) s = Beraas = 0 G = %209 () 200 (%) +]
W W
(5)

2, 2 5 5
ag = 3c1(ar1a3 + ajas) + cea] = coa] = 2¢ ,
Jaroszewicz
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Small x anomalous dimension

W 0y

BFKL anomalous dimension 5 — %S | 9(3) (O:f>4 +2¢(5) (0‘5>6 +...

First term agrees with LO DGLAP, the next term only appear at N3LO DGLAP

Inverting to get collinear splitting function (using the convention from previous lecture)

k o0 _
1 Q ar Ol
o dwxr 17 (w dwx_‘*’ 1 ap| — | = a,Inl/z) 1
271 J o Tw) = omi Z kz_:l(k—l)!:v(s /)
Resummation of large logarithms
LL BFKL
xpgg 0.7

xP{Y) ~In’ 1/x

0.6 —
: Strong growth towards small x

05 xPY) ~ In” 1/x i : :
: visible in anomalous dimension

o.o:---' Y Y e !
107° 107° 1074 0.001 0.010 0.100 1
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Small x anomalous dimension

— — 4 — 6
- _ Ts s ds
g8 o7t
0.6:
. 0,25 I LI IIIII I LU I LU I | L
0.5 _ |
o4 I x(1-x)P._(x)
: gg
2 ) R Y T
ol xP,, ~ cons % 2B
ol \ N 3
: 0.15
0.0 Pl ' ' " o .
7107° 107° 107 0.001 0.010 0.100 1 i |
0.1 o o
i === N LOapprox. |
) lous dimension f ' N
Sma X ano.ma ous dimension from ‘BFKL. oos L NLO -
jdppear in higher order anomalous dimension - Lo ]
in DGLAP i ]
O | | IIIIIII | | IIIIIII | | IIIIIII | 1 1 11111
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X
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Relation BFKL to collinear

. 1 ’)/R _ _ \4 _ \ 6
Inserting pole T @s /() — ﬁ 5 = % +2¢(3) (%) +2¢(5) (f) + ...
. B 1 c+100 A, _
into Fy(w, Q%) = 2—m/ | dy FY (w,7) flw,7)(Q%)"
Gives Fy(w,Q?) = F7 (w, %) R ( " ) fo(w Q)T

this analysis is for fixed coupling constant

equivalent to collinear factorization

Fi(w, Q%) = CA(w,7) 9(w, Q%)

where the moment of the the moment of the integrated
coefficient function _ gluon density ~
Cr(w,¥) = FY (w,7%) R &8 2 2 70 Q2
’ A " 9(w, Q%) = (Q)"7 f(w,7) oz
0
Recall DGLAP evolution
, dx z With solution
@00 = [ Ctan, 0 0% : QP
' g(waQ ) :g(waQO) <Q_%>

Recast i 1n moment space

Q’ (W, Q%) = g9(w)g(w, Q7)

1029\ o .
Q with fixed strong coupling constant
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Relation BFKL to collinear

What about contribution from other poles, e.g. y = 0?

_ 1 c+100 2« -
F)\(W, Qz) — 2—7” / - d/y F;\Y (Wa’Y) f(w77)(Q2)7
Strictly speaking analysis presented is valid for F;. One can show that
2 1 But this is canceled b 1 VR
F (w,7) ~ = / =

g numerator : 1 —(as/w)x(v) ~v—7%

So the analysis holds (in leading twist)
For F, one can show that:

Syt 1 Therefore contour integrati 2 < 1
Y o gration 7 1
F. 2 (W ) 7) 72 encloses simple pole x (@) flw7) Y
Such pole will result in the term which is independent of O
Ia 2
To extract the effects of the pole at y = ¥ one can consider aF@ 21(“2;22 )
n
Therefore O (0, Q%)
2\ ) (w0, )R FO (w. 7)(02)T
= I R
I O 2(w, 7) Ry~ (w, 7)(Q7)
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Relation BFKL to collinear framework

Obtained formula

) 2 < ~ —
Q’ aFZa(g;Q )~ B, R FO (w0, 7)(@2)

is the small x resummed version of the collinear one and it can be recast as

OF5(
Q° 2(9@2 Z 2e; g Pag(w,7) g9(w, Q%)

— o0 _ k
Therefore the term Pyg(w,7) also contains small x 5 Z h Qs
resummation ° &

Comments:

 Numerically, small x resummation in P, turns out to be much more important in the HERA

regime that the small x resummation in P,

e Shown analysis is for leading twist. There are non-leading twist contributions by going away from
strict 0% — oo

e The analysis of the relation of BFKL and collinear framework in the case of running coupling can
also be performed, though it is much more complicated Kwiecinski, Martin

Small x physics, International School on EIC Physics, Kyoto University, 2-13 March 2026 58



BFKL solution at non-zero t

In general BFKL solution depends on t, wG(w, k ko, q) = 0@ (k — ko)
momentum transfer a , _q?
S / /
The solution can be obtained in coordinate space to_ [ dk [k2(k’ —q)? G(w. k' ko, q)
and utilizing symmetry properties of the kernel 1 Glw k. k
g y y p p _|_<k/ k)2 (G(w,k/,ko,q) o k2 k/2<(j')|_7 (1{7/ 073))2)
Lipatov N -
+ 1 (k - q)2k’2G(w,k’,k0,q) o (k— q>2 G(w7k7k07q)
(k" — k) (k' — q)?k? (k' —q)? + (k' — k)?

Introduce transverse coordinates conjugate O transverse momenta:

/ /
ry,ry,r2, Iy » kk'.g-k,q—-k

BFKL Green’s function in coordinate space is defined as:

F(w,ry,r],1r9,15) :/d2kd2k’d2q expli(fk-r1 + (q—k) -ro — k' -r] — (q—k') - r})]

G(w,k, k', q)
k”?(k —q)

X
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BFKL solution at non-zero t

BFKL equation in coordinate space reads then

wV%V%F(w, r{,rs,ry,r5H) :(27T)462(r1 — r’1)52(r2 — 1))

+ 52 {(2m)262(r12) (V1 + V2)? F(w,T1, 12,7, 7)

27T
Iij =T, — Iy 2 d?rqg | 2 . P?z 2 ;o
+ V1 5 | V5 F(w,rg,ro,r],15) — 5 5 V5F(w,ry,ro,ry,rs)
o L g T Iy
Vz 2-d laplacian 2 d2r0 i 2 A P%Q 2 A |
1 + V5 s— | Vi F(w,r1,r0,17,TH) — — 5 V1F(w,r1,r0,17,15)
'so L I'lg T Iy i

The solution can be constructed by using the complete set of eigenfunctions which have the
following form

pie \"( s \"
an,u(,OlOaPZO) — ( ) ( * 12* )
£10P20 P10P20

IC 29 ¢n,1/ — w(na V) ¢n,1/

conformal weights

and complex variables have been h 1+n .

introduced to represent the 2-D -y W

coordinates p;:x;€+iy;€7 k=12 P 1—n i
Pk =T +1iyr, k=1,2 9
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BFKL solution at non-zero t

The eigenfunctions satisfy the completeness relation

+0o0 400 2 nv(T10, T * ri/q, T
Z / dV/d2I'O 16(1/2—|— T:l ) ¢ , ( 10 Qg)gb;’,/( 1’0 20) _ (27T)4 52(1,11/)52(1,22/)

. S PLSTDY

And the solution is expressed as

F(w,r1,ro,r],1h) = §/+oodu/d2r (V2+%2)
chemier "2+ ((n—1/22% + ((n+ 1)/2)2]
Dn,v(T10,T20) 95, (1705 T2/0)
X
w— asw(n,v)
With the same eigenvalue as before
1 1 n 1 n|
X7 = 3 +ivim) =w(m) = 26(0) ~ (5 v+ ) (5 — v+ 1)
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Example: BFKL at LL and HERA data

Bojak, Ernst
F, Q’=1.5 GeV? 3.5
| A/a H193/94 |
\ a/= ZEUS’'93/94| \\‘
1 F e E665 -
‘ﬁfﬂ - e 111
— - .m‘, ....... y : B\I Tteeee., .

—_

~— BFKL

‘ ~ — Bckgr. R
1 -+ R1(RGE)

see also: Ball, Forte
* Rise with energy (or decreasing Bjorken x)
too steep for the phenomenology

e Cannot describe HERA data with LL BFKL

HERA: [, v g (0-2~0.3)

BFKL: [ ~ x 00

* Need higher order, next-to-leading
logarithmic, NLL terms.

* Powerlike growth eventually violates unitarity
bounds for amplitudes. Will need to cinsider
also other class of corrections: saturation.
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Example: application of LL BFKL to y*y* scattering

CERN-EP-2001-064
31 August 2001

Measurement of the Hadronic

Cross-Section for the Scattering of
Two Virtual Photons at LEP

The OPAL Collaboration

Abstract

The interaction of virtual photons is investigated using the reaction ete™ — eTe™ hadrons
based on data taken by the OPAL experiment at ete™ centre-of-mass energies /sc, = 189 —
209 GeV, for W > 5 GeV and at an average Q2 of 17.9 GeV?2. The measured cross-sections
are compared to predictions of the Quark Parton Model (QPM), to the Leading Order QCD
Monte Carlo model PHOJET to the NLO prediction for the reaction ee™ — ete™ qq,
and to BFKL calculations. PHOJET, NLO ete™ — ete™ qq, and QPM describe the data
reasonably well, whereas the cross-section predicted by a Leading Order BFKL calculation
is too large.

L — ————————

CERN-EP/2001-075
October 31, 2001

Double-Tag Events in Two-Photon Collisions at LEP

The L3 Collaboration

Abstract

Double-tag events in two-photon collisions are studied using the L3 detector at
LEP centre-of-mass energies from /s = 189 GeV to 209 GeV. The cross sections
of the ete™ — ete hadrons and y*y* — hadrons processes are measured as a
function of the product of the photon virtualities, Q? = \/Q2?Q3, of the two-photon
mass, W,,, and of the variable Y = ln(I/Vf7 /@Q?%). The average photon virtuality is
(Q%) = (Q2%) = 16 GeV?. The results are in agreement with next-to-leading order
calculations for the process v*v* — qq in the interval 2 < Y < 5. An excess is
observed in the interval 5 < Y < 7, corresponding to W, greater than 40 GeV.
This may be interpreted as a contribution of resolved photon QCD processes or the
onset of BFKL phenomena.

13— B ——
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Example: application of LL BFKL to y*y* scattering

- +o-
: — | ‘ ‘
Process: e™e e”e” + hadrons Sample diagrams which contribute

doubly-tagged events

L% a) b) L% C)
e (py) SR
10

Y Y
v*(q1)
I I
\
> hadrons § QPM NLO Yy —aqq §§NLO Yy —qq
d) e)
J

v-gluon one-gluon
fusion exchange

multigluon
exchange

Dominant at large energy (rapidity)
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Example: application of LL BFKL to y*y* scattering

Two virtual photons provide
large perturbative scales: le, Q22

Gluon Green’s
function

. W
rapidity y=1n 7
\/ 0703
)
s = Ww

High-energy factorization

. d w 2\ 13
e =so0 o (5) [m(@) #0sendn-

qb(j’k) impact factors: known up to NLO
Balitsky, Chirilli

Q12 = - qlz, Q22 = - q22 are negative photon
virtualities

— 2 ok
s =(q1+q)" for they¥y™ process G(w,y) BFKL gluon Green’s function

1

J,k photon polarizations G(w,y) = -
w — asx(7)
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Example: application of LL BFKL to y*y* scattering

Donnachie,Soldner-Rembold

BFKL at leading logarithmic
order overestimates the data
and gives too steep growth of
the cross section

1vVs=91 GeV
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