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DGLAP vs BFKL : brief summary
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DGLAP evolution BFKL evolution
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Example:  BFKL at LL and HERA data
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• Need higher order, next-to-leading 
logarithmic, NLL terms. 

• Powerlike growth eventually violates unitarity 
bounds for amplitudes. Will need to consider 
also other class of corrections: saturation.

• Rise with energy (or decreasing Bjorken x) 
too steep for the phenomenology 

• Cannot describe HERA data  with LL BFKL

298 I. Bojak, M. Ernst/Physics Letters B 397 (1997) 296-304 
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Fig. 1. BFKL predictions using the methods of [P] compared with recent data [2,3,12]. The solid curve is the LO BFKL prediction 
including the fitted background which is shown separately as dashed curve. Only data with x 5 10V2 is fitted. The dotted curve shows 
the conventional RGE fit Rl of MRS [ 131 for comparison. 

gluon 3”” at medium to high Q*. For the Da-type 
gluon used below we obtain k;l = 0.95 GeV* [ 93. The 
strong BFKL growth of FZ could be suppressed [ 81 
by increasing kz, but this would of course spoil the 
consistency with the RGE gluon. 

Parametrizations of our results were given in [ 91. 
Using the Da-type gluon parametrization and fitting 
the background to the new data below x = lo-* from 
the HERA collaborations [ 2,3] at DESY as well as to 
data from the Fermilab E665 experiment [ 121, we ob- 
tain the solid curve in Fig. 1. The background contri- 
bution is shown as dashed curve. Note that at Q* = 3.5 

GeV* and at Q2 = 6.5 GeV2 Clp would be negative 
and is set to zero by hand. It is obvious that in spite of 
having the freedom of fitting CIP, the data can not be 
described by the BFKL curves. The steep growth of 
F2 - x -‘J predicted by the BFKL equation is simply 
too strong, especially at medium to low Q*. Thanks to 
the precision of the new F2 data pure BFKL evolution 
is now definitely ruled out! 

Of course immediately the question arises if this can 
be ameliorated by using modified evolution equations 
that incorporate the successful RGE. That the NLO 
RGE are very successful indeed at describing the FZ 

Bojak, Ernst 
see also: Ball, Forte 

HERA:

BFKL:
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Example: application of  LL BFKL to γ*γ* scattering
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γ(∗)γ(∗) reactions at high energies 5

electroproduction, deep inelastic scattering at small x, the real γγ cross-section and the
structure function of the real photon fails to predict correctly the γ∗γ∗ cross-section
even at quite modest photon virtualities. This is clearly due to the fact that, uniquely
among these various processes, the γ∗γ∗ interaction involves two small dipoles. It
emphasizes the importance of the γ∗γ∗ cross-section as a probe of the dynamics of the
perturbative hard Pomeron.

4. γ∗γ∗ scattering in the BFKL formalism

The application of the BFKL formalism to γ∗γ∗ scattering has been considered by
[21-26]. In the BFKL formalism there is a problem at LLO in setting the two mass
scales on which the cross-section depends: the mass µ2 at which the strong coupling αs

is evaluated and the mass Q2
s which provides the scale for the high energy logarithms.
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Figure 6. Cross-section for the process e+e− → e+e−γ∗γ∗ → e+e− hadrons as
a function of Y ≈ ln(W 2/Q2

1Q
2
2) (for exact kinematic cuts see [28] and [29]).

The result is very sensitive to these parameters, and Brodsky et al [23, 24] showed
that changing µ2 → 4µ2 or Q2

s → Q2
s/4 alters the predicted cross-section by factors of

∼ 1/4 or ∼ 4 respectively in a typical LEP experiment. An additional uncertainty is
due to the correct treatment of the production of massive charm quarks.

In an attempt to overcome the scale problem, Boonekamp et al [25] take a
phenomenological approach to estimate the NNLO effects, making use of a fit [27]
to the proton structure function using the QCD dipole picture of BFKL dynamics.
This reduces both the size of the BFKL cross-section and its energy dependence. Fig. 6
shows the preliminary OPAL measurement of the double-tag e+e− cross-section in the
range Q2

1 ≈ Q2
2 ≈ 5 − 25 GeV2 [28] compared to the LO BFKL calculation and to

the HO model of Boonekamp et al. [25]. The cross-section predicted by PHOJET [5]
is also shown. The L3 collaboration has extracted the γ∗γ∗ cross-section using the
photon flux for transverse photons (Fig. 6) [29]. The QPM part (box diagram) has
been subtracted (the unsubtracted cross-section is shown in Fig. 5). The L3 data is
compared to a LO BFKL prediction and to the two-gluon exchange cross-section (here
called one-gluon) based on Ref. [24] and to a fit of the hard Pomeron intercept. A
calculation [26] of subleading corrections to the BFKL equation shows that these are
significant at LEP energies, and with the inclusion of the soft Pomeron a reasonable
description of the L3 data is obtained.

BFKL at leading logarithmic 
order overestimates the data 
and  gives too steep growth of 
the cross section 

Donnachie,Soldner-Rembold
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BFKL at NLL
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BFKL at NLL was computed by: Fadin, Lipatov and Camici, Ciafaloni 

One loop corrections to real emission in MRK kinematics (Reggeon-Reggeon-gluon vertex) and virtual 
corrections (trajectory).  Also, production of  pair of particles (two-gluon production and quark-
antiquark) which are not widely separated in rapidity: quasi-multi-Regge kinematics (QMRK)
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rapidity: multi-Regge kinematics

Clusters of particles ordered in rapidity: 
quasi-multi-Regge kinematics
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BFKL kernel at NLL

7

NLLx kernel in Mellin space

Kernel expansion up to NLL

(will consider integrated over angle now, 
so here k,k’ are absolute values of 2-d 
transverse momenta)

Use Mellin representation
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]
. (19)

It turns out that the collinear approximation (18) above reproduces the exact eigenvalue
(19) up to 7% [11,35] accuracy when γ ∈]0, 1[. This suggests that the collinear terms are the
dominant contributions in the NLL kernel.

In the following, we shall normally incorporate the shift of γ-poles in the form

χω
n(γ) = χω

nL(γ + ω
2 ) + χω

nR(1 − γ + ω
2 ) , (20)

where χω
nL (χω

nR) have only γ → −ω
2 (γ → 1+ ω

2 ) singularities of the type in Eq. (16). In this
way the collinear singularities are single logarithmic in both limits k ≫ k0 and k0 ≫ k, and
the energy scale dependent terms are automatically resummed. The modified leading-order
eigenvalue that we adopt has the following structure (compare (17)):

χω
0 = 2ψ(1) − ψ(γ + ω

2 ) − ψ(1 − γ + ω
2 ) , (21)

in the case of symmetric choice of energy scale ν0 = kk0. This form of the kernel was
considered previously in [39, 40]. It is obtained from the leading order BFKL kernel by
imposing the so-called kinematical (or consistency) constraint [41, 42, 43] which limits the
virtualities of the transverse momenta of the gluons in the real emission part of the kernel. The
origin of this constraint is the requirement that in the multi-Regge kinematics the virtualities
of the exchanged gluons be dominated by their transverse parts. The NLL contribution of
the resummed kernel, χω

1 was then [11] constructed by the requirement that the collinear
limit in Eq. (17) should be correctly reproduced, and the exact form of the NL kernel (19)
should be obtained also.

The final NLL eigenvalue function proposed in [10,11] reads

χω
1 (γ) = χ1(γ) +

1

2
χ0(γ)

π2

sin2 πγ

−A1(0)ψ
′(γ) − [A1(0) − b]ψ′(1 − γ)

+A1(ω)ψ′(γ + ω
2 ) + [A1(ω) − b]ψ′(1 − γ + ω

2 )

−
π2

6
[χ0(γ) − χω

0 (γ)] . (22)

The first line is the original NLL term χ1(γ) with the subtraction of the cubic poles which
come from the changes of the energy scale and which are resummed by the leading order
ω-dependent kernel (21). The second and third lines contain shifted collinear double poles,
and finally the last line contains the shifted single poles which additionally appear as an
artefact of the resummation procedure.

8

(Note: technically functions  are not eigenfunctions at NLL, however one can still perform Mellin transform and analyze properties)(k2)γ
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LL kernel in Mellin space

8
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NLL kernel in Mellin space
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Large negative correction, complicated pole structure
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BFKL kernel in Mellin space: LL vs NLL
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BFKL kernel eigenvalue [4, 5] which has the following form

χ1(γ) = −
b

2
[χ2

0(γ) + χ′
0(γ)] −

1

4
χ′′

0(γ) −
1

4

(
π

sinπγ

)2 cos πγ

3(1 − 2γ)

(
11 +

γ(1 − γ)

(1 + 2γ)(3 − 2γ)

)

+

(
67

36
−
π2

12

)
χ0(γ) +

3

2
ζ(3) +

π3

4 sin πγ

−
∞∑

n=0

(−1)n
[
ψ(n + 1 + γ) − ψ(1)

(n + γ)2
+
ψ(n + 2 − γ) − ψ(1)

(n + 1 − γ)2

]
. (19)

It turns out that the collinear approximation (18) above reproduces the exact eigenvalue
(19) up to 7% [11,35] accuracy when γ ∈]0, 1[. This suggests that the collinear terms are the
dominant contributions in the NLL kernel.

In the following, we shall normally incorporate the shift of γ-poles in the form

χω
n(γ) = χω

nL(γ + ω
2 ) + χω

nR(1 − γ + ω
2 ) , (20)

where χω
nL (χω

nR) have only γ → −ω
2 (γ → 1+ ω

2 ) singularities of the type in Eq. (16). In this
way the collinear singularities are single logarithmic in both limits k ≫ k0 and k0 ≫ k, and
the energy scale dependent terms are automatically resummed. The modified leading-order
eigenvalue that we adopt has the following structure (compare (17)):

χω
0 = 2ψ(1) − ψ(γ + ω

2 ) − ψ(1 − γ + ω
2 ) , (21)

in the case of symmetric choice of energy scale ν0 = kk0. This form of the kernel was
considered previously in [39, 40]. It is obtained from the leading order BFKL kernel by
imposing the so-called kinematical (or consistency) constraint [41, 42, 43] which limits the
virtualities of the transverse momenta of the gluons in the real emission part of the kernel. The
origin of this constraint is the requirement that in the multi-Regge kinematics the virtualities
of the exchanged gluons be dominated by their transverse parts. The NLL contribution of
the resummed kernel, χω

1 was then [11] constructed by the requirement that the collinear
limit in Eq. (17) should be correctly reproduced, and the exact form of the NL kernel (19)
should be obtained also.

The final NLL eigenvalue function proposed in [10,11] reads

χω
1 (γ) = χ1(γ) +

1

2
χ0(γ)

π2

sin2 πγ

−A1(0)ψ
′(γ) − [A1(0) − b]ψ′(1 − γ)

+A1(ω)ψ′(γ + ω
2 ) + [A1(ω) − b]ψ′(1 − γ + ω

2 )

−
π2

6
[χ0(γ) − χω

0 (γ)] . (22)

The first line is the original NLL term χ1(γ) with the subtraction of the cubic poles which
come from the changes of the energy scale and which are resummed by the leading order
ω-dependent kernel (21). The second and third lines contain shifted collinear double poles,
and finally the last line contains the shifted single poles which additionally appear as an
artefact of the resummation procedure.
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At LLx there are single poles. At NLLx there are single, double and triple collinear poles.
<latexit sha1_base64="ReA5qLn1NMRQgpG90zERd2XMwCc="></latexit>

�coll
0 ⇠ 1

�
+

1

1� �

<latexit sha1_base64="G+1mouvjGcRRhMscL3cPviXzIVg="></latexit>

�0,coll
0 ⇠ � 1

�2
+

1

(1� �)2

<latexit sha1_base64="NhkSJP3jd4DZie5IxIP/U3Sndg8="></latexit>

�00,coll
0 ⇠ 2

�3
+

2

(1� �)3

Approximating NLL kernel by double and triple poles :

<latexit sha1_base64="qqC38jNW0sHvgQ19hJVArZo8TzA=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6sIyKb42QtWNywr2Ae1QMmmmDc1khiQjlHEW/oobF4q49Tfc+Tem7Sy09cCFwzn3cu89XsSZ0o7zbeUWFpeWV/KrhbX1jc0te3unocJYElonIQ9ly8OKciZoXTPNaSuSFAcep01veDP2mw9UKhaKez2KqBvgvmA+I1gbqWvvXXVRyTm6hMcdX2KSIJQmqJJ27aJTdiaA8wRlpAgy1Lr2V6cXkjigQhOOlWojJ9JugqVmhNO00IkVjTAZ4j5tGypwQJWbTO5P4aFRetAPpSmh4UT9PZHgQKlR4JnOAOuBmvXG4n9eO9b+hZswEcWaCjJd5Mcc6hCOw4A9JinRfGQIJpKZWyEZYJODNpEVTAho9uV50qiU0Vn59O6kWL3O4siDfXAASgCBc1AFt6AG6oCAR/AMXsGb9WS9WO/Wx7Q1Z2Uzu+APrM8f2o6UGg==</latexit>

A1(0) = �11

12

<latexit sha1_base64="L90LOtJNIaE8Bn5fBk6JKFUdjOY=">AAACDHicbVDLSsNAFL3xWeur6tLNYBHcWJLiayMU3biSCvYBbSiT6aQdOpmEmYlQQj7Ajb/ixoUibv0Ad/6NkzYLbT0wcO4593LnHi/iTGnb/rYWFpeWV1YLa8X1jc2t7dLOblOFsSS0QUIeyraHFeVM0IZmmtN2JCkOPE5b3ug681sPVCoWins9jqgb4IFgPiNYG6lXKnuXXV9ikjhOmjjV9HhaVUXPz2p02yOp6bIr9gRonjg5KUOOeq/01e2HJA6o0IRjpTqOHWk3wVIzwmla7MaKRpiM8IB2DBU4oMpNJsek6NAofeSH0jyh0UT9PZHgQKlx4JnOAOuhmvUy8T+vE2v/wk2YiGJNBZku8mOOdIiyZFCfSUo0HxuCiWTmr4gMsUlDm/yKJgRn9uR50qxWnLPK6d1JuXaVx1GAfTiAI3DgHGpwA3VoAIFHeIZXeLOerBfr3fqYti5Y+cwe/IH1+QMjl5ps</latexit>

b =
11

12
� 2nf

12Nc

<latexit sha1_base64="KP6HxynMeMEkPHKjcjNF3r85y3Q="></latexit>

�coll
1 ' � 1

2�3
� 1

2(1� �)3
+

A1(0)

�2
+

A1(0)� b

(1� �)2



Small x physics, International School on EIC Physics, Kyoto University, 2-13 March 2026

Collinear structure of NLL
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double and triple poles of 
the NLL part

Difference between exact NLL and collinear approximation of about  7% at most
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NLL contributions: running coupling
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BFKL kernel eigenvalue [4, 5] which has the following form

χ1(γ) = −
b

2
[χ2

0(γ) + χ′
0(γ)] −

1

4
χ′′

0(γ) −
1

4

(
π

sinπγ

)2 cos πγ

3(1 − 2γ)

(
11 +

γ(1 − γ)

(1 + 2γ)(3 − 2γ)

)

+

(
67

36
−
π2

12

)
χ0(γ) +

3

2
ζ(3) +

π3

4 sin πγ

−
∞∑

n=0

(−1)n
[
ψ(n + 1 + γ) − ψ(1)

(n + γ)2
+
ψ(n + 2 − γ) − ψ(1)

(n + 1 − γ)2

]
. (19)

It turns out that the collinear approximation (18) above reproduces the exact eigenvalue
(19) up to 7% [11,35] accuracy when γ ∈]0, 1[. This suggests that the collinear terms are the
dominant contributions in the NLL kernel.

In the following, we shall normally incorporate the shift of γ-poles in the form

χω
n(γ) = χω

nL(γ + ω
2 ) + χω

nR(1 − γ + ω
2 ) , (20)

where χω
nL (χω

nR) have only γ → −ω
2 (γ → 1+ ω

2 ) singularities of the type in Eq. (16). In this
way the collinear singularities are single logarithmic in both limits k ≫ k0 and k0 ≫ k, and
the energy scale dependent terms are automatically resummed. The modified leading-order
eigenvalue that we adopt has the following structure (compare (17)):

χω
0 = 2ψ(1) − ψ(γ + ω

2 ) − ψ(1 − γ + ω
2 ) , (21)

in the case of symmetric choice of energy scale ν0 = kk0. This form of the kernel was
considered previously in [39, 40]. It is obtained from the leading order BFKL kernel by
imposing the so-called kinematical (or consistency) constraint [41, 42, 43] which limits the
virtualities of the transverse momenta of the gluons in the real emission part of the kernel. The
origin of this constraint is the requirement that in the multi-Regge kinematics the virtualities
of the exchanged gluons be dominated by their transverse parts. The NLL contribution of
the resummed kernel, χω

1 was then [11] constructed by the requirement that the collinear
limit in Eq. (17) should be correctly reproduced, and the exact form of the NL kernel (19)
should be obtained also.

The final NLL eigenvalue function proposed in [10,11] reads

χω
1 (γ) = χ1(γ) +

1

2
χ0(γ)

π2

sin2 πγ

−A1(0)ψ
′(γ) − [A1(0) − b]ψ′(1 − γ)

+A1(ω)ψ′(γ + ω
2 ) + [A1(ω) − b]ψ′(1 − γ + ω

2 )

−
π2

6
[χ0(γ) − χω

0 (γ)] . (22)

The first line is the original NLL term χ1(γ) with the subtraction of the cubic poles which
come from the changes of the energy scale and which are resummed by the leading order
ω-dependent kernel (21). The second and third lines contain shifted collinear double poles,
and finally the last line contains the shifted single poles which additionally appear as an
artefact of the resummation procedure.
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Figure 5: Gluon Green’s function G(Y ; k0+ ϵ, k0) as a function of rapidity Y : (a) for LL and
the two RGI schemes A and B; (b) for scheme B and two variants of pure NLL evolution.
The parameters are k0 = 20 GeV and ϵ ≃ 0.2k0.

the perturbative aspects of the problem (non-perturbative effects are formally suppressed by
powers of Λ2/k20). Such a scale has been used for BFKL dijet studies at the Tevatron [46].

A number of features of fig. 5a are worth commenting. Most noticeable is the significant
reduction in the high-energy growth of the Green’s function when going from LL evolution
to our resummed schemes A and B. This is as expected from the discussion of high-energy
exponents, fig. 1. Also important is the fact that for the RGI schemes the high-energy growth
does not start until a rapidity of about 4. Both of these observations are relevant to the
problem of trying to reconcile theoretical predictions with the lack of experimental evidence
for a strong high-energy growth of cross sections at today’s energies. The small difference
between the two RGI resummation schemes, A and B, is in accord with their slightly different
ωs values (cf. fig. 1).

As regards the transverse momentum dependence of the Green’s function, fig. 6a there
are a number of further differences between the LL and RGI results. The higher overall
normalization for LL evolution is just a consequence of a larger ωs value. But one also sees
that the large-k tails in k for the resummed models are substantially steeper than in the LL
case. This can be understood by comparing the diffusion coefficients in these models: the
RGI models are characterized by a smaller χ′′

eff and, as a consequence, they have less diffusion
than in the LL case. As was the case for the Y dependence, the two RGI schemes give very
similar results, here differing essentially only in the normalization.

Some comments are due concerning the structure at low k: there, there is a component
of the evolution that is sensitive to the larger coupling, αs(1 GeV2) ≃ 0.4. For the LL case
the resulting stronger evolution (than at k20) over-compensates the suppression due to the
large ratio of scales k0/k, leading to the absence of a decreasing low-k tail. For the RGI
schemes the difference between ωs values at 1 GeV and k0 is not sufficient to bring about
this overcompensation for Y = 10, so there still is a decreasing tail for small k. However
the results are sensitive to the fact that at large αs the difference between ωs values for the
two schemes becomes non-negligible. This is what causes the low-k Green’s function to be

22
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Figure 6: Gluon Green’s function 2πkk0G(Y ; k, k0) at rapidity Y = 10 as a function of the
transverse scale k. The sets of kernels used in plots (a) and (b) are the same as in figure 5.

almost three times larger for scheme A than scheme B. It should of course be kept in mind
that all the properties at low k are strongly dependent on the particular choice of infrared
regularization of the coupling.

Let us now examine the right-hand plots of figures 5 and 6, which show results with pure
NLL evolution. We recall that the original motivation for introducing RGI resummation
schemes was the large size of the NLL corrections, and in particular the fact that for moderate
values of the coupling the NLL terms change the sign of χ(γ) and its second derivative around
γ = 1/2, with the situation being even worse in the collinear region. Nevertheless, as was
pointed out by Ross [7], because of the change of sign of χ′′(12), the usual saddle point at
γ = 1

2 is replaced by two saddle points off the real axis, at γ = 1/2 + iν0 and 1/2− iν∗0 , and
it is the value of χ at these new saddle points that determines the high-energy behavior of
the (fixed-coupling) NLL Green’s function:

πkk0G(Y ; k, k0) =

∫
dγ

2πi
eᾱsY χ(γ)

(
k2

k20

)γ− 1
2

∼ eᾱsY χ( 12+iν0)

(
k2

k20

)iν0

+eᾱsY χ( 12−iν∗0 )

(
k2

k20

)−iν∗0

.

(75)
Since χ(γ) = χ∗(γ∗) this gives

πkk0G(Y ; k, k0) ∼ e
ᾱsYℜ[χ( 12+iν0)]−ℑ[ν0] log

k2

k20 cos

(
ℜ[ν0] log

k2

k20
+ ᾱsY ℑ[χ(

1

2
+ iν0)]

)
. (76)

When χ1(γ) is symmetric in γ ↔ 1− γ, as is the case if we use αs(q2) in the LL term (or as
can be achieved with the modified Mellin transform suggested in [4] and used in [7]), then
ᾱsχ(

1
2 + ν0) is real, having a value of about 0.2. One therefore expects to find a high-energy

growth of the Green’s function that numerically is not so different from that with out RGI
resummed schemes. This is precisely what is observed in fig. 5b for the ‘NLL αs(q2)’ result.

On the other hand if χ1(γ) is not symmetric in γ ↔ 1 − γ then χ will be complex at
the saddle points. This is the case for the ‘NLL αs(k2)’ kernel and the change in sign of

23

Direct solution in momentum space
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BFKL kernel eigenvalue [4, 5] which has the following form

χ1(γ) = −
b

2
[χ2

0(γ) + χ′
0(γ)] −

1

4
χ′′

0(γ) −
1

4

(
π

sinπγ

)2 cos πγ

3(1 − 2γ)

(
11 +

γ(1 − γ)

(1 + 2γ)(3 − 2γ)

)

+

(
67

36
−
π2

12

)
χ0(γ) +

3

2
ζ(3) +

π3

4 sin πγ

−
∞∑

n=0

(−1)n
[
ψ(n + 1 + γ) − ψ(1)

(n + γ)2
+
ψ(n + 2 − γ) − ψ(1)

(n + 1 − γ)2

]
. (19)

It turns out that the collinear approximation (18) above reproduces the exact eigenvalue
(19) up to 7% [11,35] accuracy when γ ∈]0, 1[. This suggests that the collinear terms are the
dominant contributions in the NLL kernel.

In the following, we shall normally incorporate the shift of γ-poles in the form

χω
n(γ) = χω

nL(γ + ω
2 ) + χω

nR(1 − γ + ω
2 ) , (20)

where χω
nL (χω

nR) have only γ → −ω
2 (γ → 1+ ω

2 ) singularities of the type in Eq. (16). In this
way the collinear singularities are single logarithmic in both limits k ≫ k0 and k0 ≫ k, and
the energy scale dependent terms are automatically resummed. The modified leading-order
eigenvalue that we adopt has the following structure (compare (17)):

χω
0 = 2ψ(1) − ψ(γ + ω

2 ) − ψ(1 − γ + ω
2 ) , (21)

in the case of symmetric choice of energy scale ν0 = kk0. This form of the kernel was
considered previously in [39, 40]. It is obtained from the leading order BFKL kernel by
imposing the so-called kinematical (or consistency) constraint [41, 42, 43] which limits the
virtualities of the transverse momenta of the gluons in the real emission part of the kernel. The
origin of this constraint is the requirement that in the multi-Regge kinematics the virtualities
of the exchanged gluons be dominated by their transverse parts. The NLL contribution of
the resummed kernel, χω

1 was then [11] constructed by the requirement that the collinear
limit in Eq. (17) should be correctly reproduced, and the exact form of the NL kernel (19)
should be obtained also.

The final NLL eigenvalue function proposed in [10,11] reads

χω
1 (γ) = χ1(γ) +

1

2
χ0(γ)

π2

sin2 πγ

−A1(0)ψ
′(γ) − [A1(0) − b]ψ′(1 − γ)

+A1(ω)ψ′(γ + ω
2 ) + [A1(ω) − b]ψ′(1 − γ + ω

2 )

−
π2

6
[χ0(γ) − χω

0 (γ)] . (22)

The first line is the original NLL term χ1(γ) with the subtraction of the cubic poles which
come from the changes of the energy scale and which are resummed by the leading order
ω-dependent kernel (21). The second and third lines contain shifted collinear double poles,
and finally the last line contains the shifted single poles which additionally appear as an
artefact of the resummation procedure.
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 Next one: double pole with coefficient 
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NLL contributions: DGLAP anomalous dimension
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Recall LL BFKL equation in Mellin space
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NLL contributions: triple poles
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BFKL kernel eigenvalue [4, 5] which has the following form

χ1(γ) = −
b

2
[χ2

0(γ) + χ′
0(γ)] −

1

4
χ′′

0(γ) −
1

4

(
π

sinπγ

)2 cos πγ

3(1 − 2γ)

(
11 +

γ(1 − γ)

(1 + 2γ)(3 − 2γ)

)

+

(
67

36
−
π2

12

)
χ0(γ) +

3

2
ζ(3) +

π3

4 sin πγ

−
∞∑

n=0

(−1)n
[
ψ(n + 1 + γ) − ψ(1)

(n + γ)2
+
ψ(n + 2 − γ) − ψ(1)

(n + 1 − γ)2

]
. (19)

It turns out that the collinear approximation (18) above reproduces the exact eigenvalue
(19) up to 7% [11,35] accuracy when γ ∈]0, 1[. This suggests that the collinear terms are the
dominant contributions in the NLL kernel.

In the following, we shall normally incorporate the shift of γ-poles in the form

χω
n(γ) = χω

nL(γ + ω
2 ) + χω

nR(1 − γ + ω
2 ) , (20)

where χω
nL (χω

nR) have only γ → −ω
2 (γ → 1+ ω

2 ) singularities of the type in Eq. (16). In this
way the collinear singularities are single logarithmic in both limits k ≫ k0 and k0 ≫ k, and
the energy scale dependent terms are automatically resummed. The modified leading-order
eigenvalue that we adopt has the following structure (compare (17)):

χω
0 = 2ψ(1) − ψ(γ + ω

2 ) − ψ(1 − γ + ω
2 ) , (21)

in the case of symmetric choice of energy scale ν0 = kk0. This form of the kernel was
considered previously in [39, 40]. It is obtained from the leading order BFKL kernel by
imposing the so-called kinematical (or consistency) constraint [41, 42, 43] which limits the
virtualities of the transverse momenta of the gluons in the real emission part of the kernel. The
origin of this constraint is the requirement that in the multi-Regge kinematics the virtualities
of the exchanged gluons be dominated by their transverse parts. The NLL contribution of
the resummed kernel, χω

1 was then [11] constructed by the requirement that the collinear
limit in Eq. (17) should be correctly reproduced, and the exact form of the NL kernel (19)
should be obtained also.

The final NLL eigenvalue function proposed in [10,11] reads

χω
1 (γ) = χ1(γ) +

1

2
χ0(γ)

π2

sin2 πγ

−A1(0)ψ
′(γ) − [A1(0) − b]ψ′(1 − γ)

+A1(ω)ψ′(γ + ω
2 ) + [A1(ω) − b]ψ′(1 − γ + ω

2 )

−
π2

6
[χ0(γ) − χω

0 (γ)] . (22)

The first line is the original NLL term χ1(γ) with the subtraction of the cubic poles which
come from the changes of the energy scale and which are resummed by the leading order
ω-dependent kernel (21). The second and third lines contain shifted collinear double poles,
and finally the last line contains the shifted single poles which additionally appear as an
artefact of the resummation procedure.

8

 Next one: triple pole : 
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NLL contributions: kinematical constraint
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Virtualities dominated by transverse  components

Using strong ordering on longitudinal momenta (- 
components) and condition on the on-shellness of the 
emitted gluon one obtains the kinematical constraint

Ciafaloni
Kwiecinski, Martin, Sutton;

Anderson,  Gustafson, Kharazziha, Samuelson

In high energy limit the integrals are unrestricted
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Kinematical constraint: shift of the poles
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Leads to the shift of the poles in the kernel (asymmetric shift)
Transverse and longitudinal momenta components no longer factorized
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Shifts of collinear poles: energy scales

20

Gluon Green’s function for BFKL

γ∗

γ∗

Impact factor

Impact factor

Gluon Green’s                
function
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Example : virtual photon scattering
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where ! is the Mellin variable conjugated to the energy, CA = Nc = 3 and CF = (N2
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represents the non-singular (for ! ! 0) part of �+.

Finally, the triple collinear poles stem from the term
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The form of the term above depends on the scale choice for the kernel. Let us briefly recap the problem of

energy scales [9] in the BFKL equation.

Going back to the momentum representation of the BFKL equation (2), we can use the double Mellin

transform to write the azimuthally averaged gluon Green’s function as
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and the BFKL equation becomes

!G(!, �) = 1 + ↵̄s �(�)G(!, �) . (17)

In eq. (16) we are adopting the symmetric energy scale s0 = kk0. However, the scale choice can also be

asymmetric, like in the case of the Deep Inelastic Scattering, where the scales on the virtual photon and the

proton side are in principle very di↵erent. In this case, the cross section is dominated by configurations with

k � k0 so that the proper evolution variable is k2/s, corresponding to the asymmetric energy scale s0 = k2.

The crucial observation is that such a change of energy scale in eq. (16) is equivalent to a shift of � by !/2:
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The opposite shift is obtained if s0 = k2
0. Due to that fact, the gluon Green’s function and thus the kernel in

Mellin space gets ! dependence; the latter can be written in the form [65]
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!

2
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!

2
) , (19)

for the symmetric scale choice.

Expanding this kernel in ! and using the solution at lowest order ! = ↵̄s�0(�), one obtains for the NLO

contribution
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These terms exactly correspond to the triple collinear poles present in the NLO kernel, see eq. (15). In other

words, the cubic poles in the NLO kernel can be discarded, since their contribution is taken into account by

the !-shift in the LO kernel, as in eq. (19).

Next, the collinear term with the non-singular DGLAP splitting function was included in the form [19]
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6

BFKL equation in Mellin space

Symmetric energy scale:
This scale is symmetric, suitable for  example for a process with two 
comparable scales (Muller-Navelet jets,  scattering) γ*γ*

<latexit sha1_base64="6TGgrqfJsXdmGHT3owUXw7kfYcc=">AAACBnicdVDLSgMxFL1TX7W+Rl2KECyCq5IpWtuFUHTjsoJ9QFtKJs20oZkHSUYoQ1du/BU3LhRx6ze482/MtBWq6IHAuefcS+49biS40hh/Wpml5ZXVtex6bmNza3vH3t1rqDCWlNVpKELZcoliggesrrkWrBVJRnxXsKY7ukr95h2TiofBrR5HrOuTQcA9Tok2Us8+VD2MLlDHJ3roesloYsqFws7jAjYolVBKnDJ2DKlUysViBTlTC+M8zFHr2R+dfkhjnwWaCqJU28GR7iZEak4Fm+Q6sWIRoSMyYG1DA+Iz1U2mZ0zQsVH6yAuleYFGU3VxIiG+UmPfNZ3phuq3l4p/ee1Ye+VuwoMo1iygs4+8WCAdojQT1OeSUS3GhhAqudkV0SGRhGqTXM6E8H0p+p80igWnVDi7Oc1XL+dxZOEAjuAEHDiHKlxDDepA4R4e4RlerAfryXq13matGWs+sw8/YL1/AZ1imKQ=</latexit>

s0 = k0k

Asymmetric energy scale, suitable for DIS
Another scale
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changing from one scale  to another  impliess0 = kk0 s0 = k2

scale s0 = k2
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amounts to shift in γ

This can be accommodated if including  shift in the kernel eigenvalue
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BFKL kernel eigenvalue [4, 5] which has the following form

χ1(γ) = −
b

2
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0(γ)] −
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4
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4
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3
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4 sin πγ
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[
ψ(n + 1 + γ) − ψ(1)

(n + γ)2
+
ψ(n + 2 − γ) − ψ(1)

(n + 1 − γ)2

]
. (19)

It turns out that the collinear approximation (18) above reproduces the exact eigenvalue
(19) up to 7% [11,35] accuracy when γ ∈]0, 1[. This suggests that the collinear terms are the
dominant contributions in the NLL kernel.

In the following, we shall normally incorporate the shift of γ-poles in the form

χω
n(γ) = χω

nL(γ + ω
2 ) + χω

nR(1 − γ + ω
2 ) , (20)

where χω
nL (χω

nR) have only γ → −ω
2 (γ → 1+ ω

2 ) singularities of the type in Eq. (16). In this
way the collinear singularities are single logarithmic in both limits k ≫ k0 and k0 ≫ k, and
the energy scale dependent terms are automatically resummed. The modified leading-order
eigenvalue that we adopt has the following structure (compare (17)):

χω
0 = 2ψ(1) − ψ(γ + ω

2 ) − ψ(1 − γ + ω
2 ) , (21)

in the case of symmetric choice of energy scale ν0 = kk0. This form of the kernel was
considered previously in [39, 40]. It is obtained from the leading order BFKL kernel by
imposing the so-called kinematical (or consistency) constraint [41, 42, 43] which limits the
virtualities of the transverse momenta of the gluons in the real emission part of the kernel. The
origin of this constraint is the requirement that in the multi-Regge kinematics the virtualities
of the exchanged gluons be dominated by their transverse parts. The NLL contribution of
the resummed kernel, χω

1 was then [11] constructed by the requirement that the collinear
limit in Eq. (17) should be correctly reproduced, and the exact form of the NL kernel (19)
should be obtained also.

The final NLL eigenvalue function proposed in [10,11] reads

χω
1 (γ) = χ1(γ) +

1

2
χ0(γ)

π2

sin2 πγ

−A1(0)ψ
′(γ) − [A1(0) − b]ψ′(1 − γ)

+A1(ω)ψ′(γ + ω
2 ) + [A1(ω) − b]ψ′(1 − γ + ω

2 )

−
π2

6
[χ0(γ) − χω

0 (γ)] . (22)

The first line is the original NLL term χ1(γ) with the subtraction of the cubic poles which
come from the changes of the energy scale and which are resummed by the leading order
ω-dependent kernel (21). The second and third lines contain shifted collinear double poles,
and finally the last line contains the shifted single poles which additionally appear as an
artefact of the resummation procedure.
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Exactly the same as from 
the symmetric shift 

Cubic poles:
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Resummation setup
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In fact, the resolvent of the latter is given by

G̃ω ≡ [ω − K̃ω]−1 ≃ (1 − ᾱsK
ω
c )−1

[
ω − ᾱsK

ω
0 (1 − ᾱsK

ω
c )−1

]−1
, (30)

and is then proportional to the Green’s function of the resummed kernel (28).
In other words, leading-log collinear singularities are equivalently incorporated by a string

of subleading kernels (as in Eq. (28)), or by a NL contribution of order ᾱsω (as in Eq. (29)) —
apart from a redefinition of the impact factors. In the realistic case with running coupling it is
straightforward to check that b-dependence only remains in the first term of the ω-expansion
(26)

χω(γ) ≃ χω
0 + ω

(
A1

γ + ω
2

+
A1 − b

1 − γ + ω
2

)
+ . . . , (31)

whereas it cancels out in all remaining subleading terms. Therefore, in order to incorporate
the leading log collinear behavior in the form (31) we can set, for instance,

K̃ω = ᾱs(q
2)Kω

0 + ωᾱs(k
2
>)Kω

c + NLL , (32)

as an improved leading kernel. Here we assume that the scale for ᾱs in the leading BFKL part
is provided by the momentum of the emitted gluon q = k−k′, as suggested by the b-dependent

part of the NLL eigenvalue in Eq. (19), which corresponds to the kernel b 1
q2 log q2

k2

∣∣
Reg

(see [5]),

and — via ω-expansion — to the b-term in Eq. (31). A simplified version of Eq. (32) without
the NLL term and with one collinear term (for γ → 0) was used in [43] for a phenomenological
analysis of the structure functions.

Note that, if we take literally the ω-expansion (26) with the choice of NLL term (22),
then χω

1 /χω
0 would coincide with χω

c close to the collinear poles, but would be different in
detail away from them, and would actually contain spurious poles at complex values of γ due
to the zeroes of χω

0 (γ). Such poles cancel out if the full ω-expansion series (26) is summed
up, but are present at any finite truncation of the series, thus implying poor convergence of
the solution whenever γ-values close to the spurious poles become important. For this reason
in this paper we prefer to resum collinear singularities by the improved kernel (32), which
contains only collinear poles. Furthermore, the NLL term needed to complete Eq. (32) —
to be detailed in the next section — turns out to have only simple (leading) collinear poles,
because the running coupling terms have been already included in the q2-scale dependence
of the running coupling. Therefore, the full kernel has the same virtues as Eq. (26) in the
collinear limit and, lacking spurious poles, is more suitable for numerical iteration.

3 Form of the resummed kernel

3.1 Next-to-leading coefficient kernel

We have still to incorporate in our improved kernel the exact form of the NLL result [4, 5]
in the scheme of the ᾱs expansion, i.e. (32). We choose to start from the leading kernel in
Eq. (32) which incorporates both the collinear resummation and the running coupling effects
due to the choice of scale q2. The full improved kernel then has the form

K̃ω = ᾱs(q
2)Kω

0 + ωᾱs(k
2
>)Kω

c + ᾱ2
s(k

2
>)K̃ω

1 , (33)

where k> = max(k, k′), k< = min(k, k′), and K̃ω
1 is determined below.
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LL with shifts
non-singular DGLAP

NLL with subtractions

We recall that the Mellin transform of the collinear part Kω
c , defined by

χω
c (γ) =

A1(ω)

γ + ω
2

+
A1(ω)

1 − γ + ω
2

, (34)

leads to the expression

Kω
c (k, k′) =

A1(ω)

k2
>

(
k<

k>

)ω

. (35)

One can match the above prescription to the standard kernel at NLL order by expanding in
ω and in bᾱs to first order

K̃ω ≃ ᾱs(k
2)(K0

0 + ωK1
0 + ωK0

c ) + ᾱ2
s(K̃

0
1 + Krun

0 ), (36)

where we have defined

K0
c ≡ Kω=0

c , K0
j ≡ Kω=0

j , K1
j ≡

∂Kω
j

∂ω

∣∣∣∣
ω=0

, χrun
0 (γ) = −

b

2
(χ′

0 + χ2
0) , (37)

by noting that the running coupling term has the form [see Eqs. (88,89) and App. A]

Krun
0 (k, k′) = −b

[
log

q2

k2 K0(k,k′)

]

Reg

. (38)

By replacing the expression (36) into Eq. (1) we obtain the relationship with the customary
BFKL Green’s function

[ω − K̃ω]−1 =
(
1 − ᾱs(K

1
0 + K0

c )
)−1 [

ω − ᾱs
(
K0 + ᾱsK1 + O(ᾱ2

s)
)]−1

, (39)

where K0 and K1 are LL and NLL ω-independent kernels. The two expressions will match
provided we identify

K0 = K0
0

K̃0
1 = K1 − K0

0 (K1
0 + K0

c ) − Krun
0 , (40)

and we properly redefine the (so far unspecified) impact factors (see Sec. 6). Thus the term
K̃0

1 in (40) corresponds to the customary NLL expression (19) with subtractions.
In γ-space the subtracted NLL eigenvalue function which corresponds to the K̃ω

1 has the
following form:

χ̃1(γ) = χ1(γ) − χ0
0(γ)[χ

1
0(γ) + χ0

c(γ)] − χrun
0 (γ)

= χ1(γ) +
1

2
χ0(γ)

π2

sin2(πγ)
− χ0(γ)

A1(0)

γ(1 − γ)
+

b

2
(χ′

0 + χ2
0) . (41)

The subtractions cancel the triple poles (due to change of energy scales) and the double poles
(from the non-singular part of the anomalous dimension). Therefore the resulting kernel χ̃1

contains at most single poles at γ = 0, 1. Eq. (32) together with the eigenvalues (21), (34)
and (41) gives a complete prescription for the resummed model. This new formulation is
identical to the previous ω-expansion [10, 11] near the collinear poles. It has the advantage
that it can be easily transformed into the (x, k2) space (it is free of ratios in γ-space, such as
χ1/χ0) and avoids the spurious poles that were present in (26).
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BFKL kernel eigenvalue [4, 5] which has the following form

χ1(γ) = −
b

2
[χ2

0(γ) + χ′
0(γ)] −

1

4
χ′′

0(γ) −
1

4

(
π

sinπγ

)2 cos πγ

3(1 − 2γ)

(
11 +

γ(1 − γ)

(1 + 2γ)(3 − 2γ)

)

+

(
67

36
−
π2

12

)
χ0(γ) +

3

2
ζ(3) +

π3

4 sin πγ

−
∞∑

n=0

(−1)n
[
ψ(n + 1 + γ) − ψ(1)

(n + γ)2
+
ψ(n + 2 − γ) − ψ(1)

(n + 1 − γ)2

]
. (19)

It turns out that the collinear approximation (18) above reproduces the exact eigenvalue
(19) up to 7% [11,35] accuracy when γ ∈]0, 1[. This suggests that the collinear terms are the
dominant contributions in the NLL kernel.

In the following, we shall normally incorporate the shift of γ-poles in the form

χω
n(γ) = χω

nL(γ + ω
2 ) + χω

nR(1 − γ + ω
2 ) , (20)

where χω
nL (χω

nR) have only γ → −ω
2 (γ → 1+ ω

2 ) singularities of the type in Eq. (16). In this
way the collinear singularities are single logarithmic in both limits k ≫ k0 and k0 ≫ k, and
the energy scale dependent terms are automatically resummed. The modified leading-order
eigenvalue that we adopt has the following structure (compare (17)):

χω
0 = 2ψ(1) − ψ(γ + ω

2 ) − ψ(1 − γ + ω
2 ) , (21)

in the case of symmetric choice of energy scale ν0 = kk0. This form of the kernel was
considered previously in [39, 40]. It is obtained from the leading order BFKL kernel by
imposing the so-called kinematical (or consistency) constraint [41, 42, 43] which limits the
virtualities of the transverse momenta of the gluons in the real emission part of the kernel. The
origin of this constraint is the requirement that in the multi-Regge kinematics the virtualities
of the exchanged gluons be dominated by their transverse parts. The NLL contribution of
the resummed kernel, χω

1 was then [11] constructed by the requirement that the collinear
limit in Eq. (17) should be correctly reproduced, and the exact form of the NL kernel (19)
should be obtained also.

The final NLL eigenvalue function proposed in [10,11] reads

χω
1 (γ) = χ1(γ) +

1

2
χ0(γ)

π2

sin2 πγ

−A1(0)ψ
′(γ) − [A1(0) − b]ψ′(1 − γ)

+A1(ω)ψ′(γ + ω
2 ) + [A1(ω) − b]ψ′(1 − γ + ω

2 )

−
π2

6
[χ0(γ) − χω

0 (γ)] . (22)

The first line is the original NLL term χ1(γ) with the subtraction of the cubic poles which
come from the changes of the energy scale and which are resummed by the leading order
ω-dependent kernel (21). The second and third lines contain shifted collinear double poles,
and finally the last line contains the shifted single poles which additionally appear as an
artefact of the resummation procedure.
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We recall that the Mellin transform of the collinear part Kω
c , defined by

χω
c (γ) =

A1(ω)

γ + ω
2

+
A1(ω)

1 − γ + ω
2

, (34)

leads to the expression

Kω
c (k, k′) =

A1(ω)

k2
>

(
k<

k>

)ω

. (35)

One can match the above prescription to the standard kernel at NLL order by expanding in
ω and in bᾱs to first order

K̃ω ≃ ᾱs(k
2)(K0

0 + ωK1
0 + ωK0

c ) + ᾱ2
s(K̃

0
1 + Krun

0 ), (36)

where we have defined

K0
c ≡ Kω=0

c , K0
j ≡ Kω=0

j , K1
j ≡

∂Kω
j

∂ω

∣∣∣∣
ω=0

, χrun
0 (γ) = −

b

2
(χ′

0 + χ2
0) , (37)

by noting that the running coupling term has the form [see Eqs. (88,89) and App. A]

Krun
0 (k, k′) = −b

[
log

q2

k2 K0(k,k′)

]

Reg

. (38)

By replacing the expression (36) into Eq. (1) we obtain the relationship with the customary
BFKL Green’s function

[ω − K̃ω]−1 =
(
1 − ᾱs(K

1
0 + K0

c )
)−1 [

ω − ᾱs
(
K0 + ᾱsK1 + O(ᾱ2

s)
)]−1

, (39)

where K0 and K1 are LL and NLL ω-independent kernels. The two expressions will match
provided we identify

K0 = K0
0

K̃0
1 = K1 − K0

0 (K1
0 + K0

c ) − Krun
0 , (40)

and we properly redefine the (so far unspecified) impact factors (see Sec. 6). Thus the term
K̃0

1 in (40) corresponds to the customary NLL expression (19) with subtractions.
In γ-space the subtracted NLL eigenvalue function which corresponds to the K̃ω

1 has the
following form:

χ̃1(γ) = χ1(γ) − χ0
0(γ)[χ

1
0(γ) + χ0

c(γ)] − χrun
0 (γ)

= χ1(γ) +
1

2
χ0(γ)

π2

sin2(πγ)
− χ0(γ)

A1(0)

γ(1 − γ)
+

b

2
(χ′

0 + χ2
0) . (41)

The subtractions cancel the triple poles (due to change of energy scales) and the double poles
(from the non-singular part of the anomalous dimension). Therefore the resulting kernel χ̃1

contains at most single poles at γ = 0, 1. Eq. (32) together with the eigenvalues (21), (34)
and (41) gives a complete prescription for the resummed model. This new formulation is
identical to the previous ω-expansion [10, 11] near the collinear poles. It has the advantage
that it can be easily transformed into the (x, k2) space (it is free of ratios in γ-space, such as
χ1/χ0) and avoids the spurious poles that were present in (26).
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Additional subtraction needed to satisfy the momentum sum rule.
Solution to the evolution equation done in momentum space

Resummed kernel
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CCSS evolution
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The final result of the CCSS resummation was formulated directly in the momentum
space through integral equation. As mentioned above, this allows for more control over
the implementation of the running coupling corrections. Together with the DGLAP split-
ting functions this equation becomes an integral equation in both the longitudinal z and
transverse momentum components k. The three main contributions

Kkc
0 (z;k,k0)

z,q
⌦ f(

x

z
, k0) +Kcoll

0 (z; k, k0)
z,k0

⌦ f(
x

z
, k0) +Ksubtr

1 (z; k, k0)
z,k0

⌦ f(
x

z
, k0) , (13)

are coming from the leading logarithmic kernel with kinematical constraint, the so-called
collinear (DGLAP) part and the NLL part with subtractions.

The first term in Eq. (13) is

Kkc
0 (z;k,k0)

z,q
⌦ f(

x

z
, k0)

=

Z 1

x

dz

z

Z
d2q

⇡q2
↵̄s(q

2)


f(

x

z
, |k + q|)⇥(

k2

z
� k02)�⇥(k � q)f(

x

z
, k)

�
, (14)

where q = k � k0 corresponds to the transverse momentum of the emitted gluon. This
choice of a scale in the running coupling is convenient since in this case the b dependent
terms in the NLL part of the kernel are exactly zero. The kinematical (or consistency)
constraint is implemented onto the real emissions only (see discussion in [66] and [67]).
It is here asymmetric, which corresponds to the asymmetric scale choice suitable for the
DIS problem we are considering. It is implemented as

k02  k2

z
. (15)

To be precise, there are different versions of this constraint which appear in the literature,
see [64–66]. Detailed analysis (see [62]) showed that all versions are generating the same
leading 1/�3 poles in the Mellin space at NLL, 1/�5 poles in NNLL level (for supersym-
metric case) and they do not generate any double poles, and with the difference starting
to appear in the single pole level.

The second contribution in (13) is

Kcoll
0 (z; k, k0)

z,k0

⌦ f(
x

z
, k0) =

Z 1

x

dz

z

Z k2

0

dk02

k2
↵̄s(k

2)zP̃gg(z)f(
x

z
, k0)

+

Z 1

x

dz

z

Z k2/z

k2

dk02

k02 ↵̄s(k
02)z

k02

k2
P̃gg(z

k02

k2
)f(

x

z
, k0) . (16)

It is the sum of the collinear and anticollinear parts with the non-singular part of the
splitting function

P̃ (0)
gg = P (0)

gg � 1

z
, (17)

where the P (0)
gg is the DGLAP gluon-gluon splitting function in LO.

7

Formulated in momentum space: solving integral equation

Form of the convolution: three main parts

The final result of the CCSS resummation was formulated directly in the momentum
space through integral equation. As mentioned above, this allows for more control over
the implementation of the running coupling corrections. Together with the DGLAP split-
ting functions this equation becomes an integral equation in both the longitudinal z and
transverse momentum components k. The three main contributions

Kkc
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1 (z; k, k0)
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⌦ f(
x

z
, k0) , (13)

are coming from the leading logarithmic kernel with kinematical constraint, the so-called
collinear (DGLAP) part and the NLL part with subtractions.

The first term in Eq. (13) is

Kkc
0 (z;k,k0)
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⌦ f(

x

z
, k0)

=

Z 1

x

dz

z

Z
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2)


f(

x

z
, |k + q|)⇥(

k2

z
� k02)�⇥(k � q)f(

x

z
, k)

�
, (14)

where q = k � k0 corresponds to the transverse momentum of the emitted gluon. This
choice of a scale in the running coupling is convenient since in this case the b dependent
terms in the NLL part of the kernel are exactly zero. The kinematical (or consistency)
constraint is implemented onto the real emissions only (see discussion in [66] and [67]).
It is here asymmetric, which corresponds to the asymmetric scale choice suitable for the
DIS problem we are considering. It is implemented as

k02  k2

z
. (15)

To be precise, there are different versions of this constraint which appear in the literature,
see [64–66]. Detailed analysis (see [62]) showed that all versions are generating the same
leading 1/�3 poles in the Mellin space at NLL, 1/�5 poles in NNLL level (for supersym-
metric case) and they do not generate any double poles, and with the difference starting
to appear in the single pole level.

The second contribution in (13) is

Kcoll
0 (z; k, k0)

z,k0

⌦ f(
x

z
, k0) =

Z 1

x

dz

z

Z k2

0
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P̃gg(z

k02

k2
)f(

x

z
, k0) . (16)

It is the sum of the collinear and anticollinear parts with the non-singular part of the
splitting function

P̃ (0)
gg = P (0)

gg � 1

z
, (17)

where the P (0)
gg is the DGLAP gluon-gluon splitting function in LO.
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LLx with kinematical constraint

The final result of the CCSS resummation was formulated directly in the momentum
space through integral equation. As mentioned above, this allows for more control over
the implementation of the running coupling corrections. Together with the DGLAP split-
ting functions this equation becomes an integral equation in both the longitudinal z and
transverse momentum components k. The three main contributions

Kkc
0 (z;k,k0)
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x
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, k0) +Kcoll
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z,k0

⌦ f(
x

z
, k0) +Ksubtr

1 (z; k, k0)
z,k0

⌦ f(
x

z
, k0) , (13)

are coming from the leading logarithmic kernel with kinematical constraint, the so-called
collinear (DGLAP) part and the NLL part with subtractions.

The first term in Eq. (13) is

Kkc
0 (z;k,k0)

z,q
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, k0)

=

Z 1
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�
, (14)

where q = k � k0 corresponds to the transverse momentum of the emitted gluon. This
choice of a scale in the running coupling is convenient since in this case the b dependent
terms in the NLL part of the kernel are exactly zero. The kinematical (or consistency)
constraint is implemented onto the real emissions only (see discussion in [66] and [67]).
It is here asymmetric, which corresponds to the asymmetric scale choice suitable for the
DIS problem we are considering. It is implemented as

k02  k2

z
. (15)

To be precise, there are different versions of this constraint which appear in the literature,
see [64–66]. Detailed analysis (see [62]) showed that all versions are generating the same
leading 1/�3 poles in the Mellin space at NLL, 1/�5 poles in NNLL level (for supersym-
metric case) and they do not generate any double poles, and with the difference starting
to appear in the single pole level.

The second contribution in (13) is

Kcoll
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It is the sum of the collinear and anticollinear parts with the non-singular part of the
splitting function

P̃ (0)
gg = P (0)

gg � 1

z
, (17)

where the P (0)
gg is the DGLAP gluon-gluon splitting function in LO.
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DGLAP evolution with non-singular part of the splitting function

The final result of the CCSS resummation was formulated directly in the momentum
space through integral equation. As mentioned above, this allows for more control over
the implementation of the running coupling corrections. Together with the DGLAP split-
ting functions this equation becomes an integral equation in both the longitudinal z and
transverse momentum components k. The three main contributions
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⌦ f(
x
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⌦ f(
x

z
, k0) , (13)

are coming from the leading logarithmic kernel with kinematical constraint, the so-called
collinear (DGLAP) part and the NLL part with subtractions.

The first term in Eq. (13) is

Kkc
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=
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, (14)

where q = k � k0 corresponds to the transverse momentum of the emitted gluon. This
choice of a scale in the running coupling is convenient since in this case the b dependent
terms in the NLL part of the kernel are exactly zero. The kinematical (or consistency)
constraint is implemented onto the real emissions only (see discussion in [66] and [67]).
It is here asymmetric, which corresponds to the asymmetric scale choice suitable for the
DIS problem we are considering. It is implemented as

k02  k2

z
. (15)

To be precise, there are different versions of this constraint which appear in the literature,
see [64–66]. Detailed analysis (see [62]) showed that all versions are generating the same
leading 1/�3 poles in the Mellin space at NLL, 1/�5 poles in NNLL level (for supersym-
metric case) and they do not generate any double poles, and with the difference starting
to appear in the single pole level.

The second contribution in (13) is
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It is the sum of the collinear and anticollinear parts with the non-singular part of the
splitting function

P̃ (0)
gg = P (0)

gg � 1

z
, (17)

where the P (0)
gg is the DGLAP gluon-gluon splitting function in LO.
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CCSS evolution: ctd.
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Finally, the last term in Eq.(13) is the NLL part of the BFKL with appropriate
subtractions (corresponding to expression in Eq. (12)) transformed into momentum space

Z 1

x

dz

z
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dk02 ↵̄2
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x
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x

z
, k) . (18)

The above construction for the resummed kernel needs to be supplemented by ad-
ditional subtractions. It turns out, [40] that there are terms which are giving spurious
DGLAP anomalous dimension at NLO. This needs to be canceled by appropriate subtrac-
tion and it was achieved by adding extra terms to the kernel. Obviously, there is some
ambiguity in this procedure, since one is working with the information up to a fixed order
in perturbation theory. Therefore two different schemes were proposed A,B in [40]. In
the following, we shall utilize scheme B from that work.

3 Contributions to structure function
The structure function F2 can be evaluated by the kT factorization theorem, which involves
an off-shell matrix element and the unintegrated gluon density. The structure function F2

receives however large contributions from the non-perturbative, or soft, regime. This is
parametrized in our description as the contribution coming from the low momenta of the
gluon k2 and with the addition of the soft Pomeron contribution. The setup is similar to
the one presented in [66], without however the matrix formulation which would involve
the evolution of quarks.

3.1 Perturbative contribution
The perturbative contribution to the structure function is based on the kT factorization
theorem, together with the unintegrated gluon density obtained from the CCSS resummed
evolution equation discussed in the previous section. The expression for the structure

8

NLLx BFKL with subtractions included

+ additional subtractions to guarantee consistency with NLO DGLAP and momentum sum rule

subtractions
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Resummation at small x
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Figure 1: ωs as a function of αs for different subtraction schemes together with the original
result for the ω-expansion. The calculation is done in the fixed coupling case.

All resummed results for the intercept are significantly reduced in comparison with the LL
result and they all give stable predictions even for large values of ᾱs. As we see from the
plot, the changes of resummation procedure as well as subtraction scheme do not significantly
influence the values of ωs. They give at most 20% change at the highest αs ≃ 0.35. In Fig. 2
we show the effective kernel eigenvalue as a function of γ. We have considered here the
asymmetric ω-shift, which corresponds to the upper energy scale choice ν0 = k2. In this case
it is easy to show that close to γ = 0 the effective eigenvalues from scheme B and the original
ω-expansion [11] satisfy the momentum sum rule. This is illustrated in Fig. 2 by the fact that
ᾱsχeff(γ = 0, ᾱs) = 1 for all values of ᾱs in these schemes. This can be seen by expanding
around γ = 0, where we have

χω(γ, ᾱs) ∝
1 + ωA1(ω)

γ
(69)

which for γ = 0 gives ωA1(ω) = −1, which has the solution ω = 1. Note that a second fixed
intersection point of curves with different αs occurs at γ = 2. This is expected from energy-
momentum conservation3 in the collinear regime Q2

0 ≫ Q2, because of a behavior similar to
Eq. (69) around the shifted pole 1 + ω − γ = 0. This intersection has no counterpart in the
approach of Ref. [12].

We also examine the second derivative χ′′
eff(γ, ᾱs) which controls the diffusion properties

of the small-x equation, Fig. 3. As we see from the plot, the second derivative is more model-
dependent than the intercept ωs, though the two models A and B presented in this paper

3Such an intersection occurs in scheme A also (where momentum conservation is not satisfied) as an artefact
of the collision of the shifted pole at γ = 1 + ω with the unshifted one at γ = 2.
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resummed}

Resummation stabilizes the BFKL expansion  
Intercept, and therefore the resulting growth with 1/x is slowed down 
More consistent with phenomenology

Ciafaloni, Colferai, Salam, AS

• Include kinematical constraint: 
limits on transverse momenta 

• Include DGLAP splitting function 
and running coupling in the 
leading part 

• Subtractions to avoid double 
counting, guarantee momentum 
sum rule 

• The integro-differential equation 
becomes double integral equation 

• Transverse and longitudinal 
momenta no longer factorized
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Figure 5: Gluon Green’s function G(Y ; k0+ ϵ, k0) as a function of rapidity Y : (a) for LL and
the two RGI schemes A and B; (b) for scheme B and two variants of pure NLL evolution.
The parameters are k0 = 20 GeV and ϵ ≃ 0.2k0.

the perturbative aspects of the problem (non-perturbative effects are formally suppressed by
powers of Λ2/k20). Such a scale has been used for BFKL dijet studies at the Tevatron [46].

A number of features of fig. 5a are worth commenting. Most noticeable is the significant
reduction in the high-energy growth of the Green’s function when going from LL evolution
to our resummed schemes A and B. This is as expected from the discussion of high-energy
exponents, fig. 1. Also important is the fact that for the RGI schemes the high-energy growth
does not start until a rapidity of about 4. Both of these observations are relevant to the
problem of trying to reconcile theoretical predictions with the lack of experimental evidence
for a strong high-energy growth of cross sections at today’s energies. The small difference
between the two RGI resummation schemes, A and B, is in accord with their slightly different
ωs values (cf. fig. 1).

As regards the transverse momentum dependence of the Green’s function, fig. 6a there
are a number of further differences between the LL and RGI results. The higher overall
normalization for LL evolution is just a consequence of a larger ωs value. But one also sees
that the large-k tails in k for the resummed models are substantially steeper than in the LL
case. This can be understood by comparing the diffusion coefficients in these models: the
RGI models are characterized by a smaller χ′′

eff and, as a consequence, they have less diffusion
than in the LL case. As was the case for the Y dependence, the two RGI schemes give very
similar results, here differing essentially only in the normalization.

Some comments are due concerning the structure at low k: there, there is a component
of the evolution that is sensitive to the larger coupling, αs(1 GeV2) ≃ 0.4. For the LL case
the resulting stronger evolution (than at k20) over-compensates the suppression due to the
large ratio of scales k0/k, leading to the absence of a decreasing low-k tail. For the RGI
schemes the difference between ωs values at 1 GeV and k0 is not sufficient to bring about
this overcompensation for Y = 10, so there still is a decreasing tail for small k. However
the results are sensitive to the fact that at large αs the difference between ωs values for the
two schemes becomes non-negligible. This is what causes the low-k Green’s function to be
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Figure 6: Gluon Green’s function 2πkk0G(Y ; k, k0) at rapidity Y = 10 as a function of the
transverse scale k. The sets of kernels used in plots (a) and (b) are the same as in figure 5.

almost three times larger for scheme A than scheme B. It should of course be kept in mind
that all the properties at low k are strongly dependent on the particular choice of infrared
regularization of the coupling.

Let us now examine the right-hand plots of figures 5 and 6, which show results with pure
NLL evolution. We recall that the original motivation for introducing RGI resummation
schemes was the large size of the NLL corrections, and in particular the fact that for moderate
values of the coupling the NLL terms change the sign of χ(γ) and its second derivative around
γ = 1/2, with the situation being even worse in the collinear region. Nevertheless, as was
pointed out by Ross [7], because of the change of sign of χ′′(12), the usual saddle point at
γ = 1

2 is replaced by two saddle points off the real axis, at γ = 1/2 + iν0 and 1/2− iν∗0 , and
it is the value of χ at these new saddle points that determines the high-energy behavior of
the (fixed-coupling) NLL Green’s function:

πkk0G(Y ; k, k0) =

∫
dγ

2πi
eᾱsY χ(γ)

(
k2

k20

)γ− 1
2

∼ eᾱsY χ( 12+iν0)

(
k2

k20

)iν0

+eᾱsY χ( 12−iν∗0 )

(
k2

k20

)−iν∗0

.

(75)
Since χ(γ) = χ∗(γ∗) this gives

πkk0G(Y ; k, k0) ∼ e
ᾱsYℜ[χ( 12+iν0)]−ℑ[ν0] log

k2

k20 cos

(
ℜ[ν0] log

k2

k20
+ ᾱsY ℑ[χ(

1

2
+ iν0)]

)
. (76)

When χ1(γ) is symmetric in γ ↔ 1− γ, as is the case if we use αs(q2) in the LL term (or as
can be achieved with the modified Mellin transform suggested in [4] and used in [7]), then
ᾱsχ(

1
2 + ν0) is real, having a value of about 0.2. One therefore expects to find a high-energy

growth of the Green’s function that numerically is not so different from that with out RGI
resummed schemes. This is precisely what is observed in fig. 5b for the ‘NLL αs(q2)’ result.

On the other hand if χ1(γ) is not symmetric in γ ↔ 1 − γ then χ will be complex at
the saddle points. This is the case for the ‘NLL αs(k2)’ kernel and the change in sign of
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The parameters are k0 = 20 GeV and ϵ ≃ 0.2k0.

the perturbative aspects of the problem (non-perturbative effects are formally suppressed by
powers of Λ2/k20). Such a scale has been used for BFKL dijet studies at the Tevatron [46].

A number of features of fig. 5a are worth commenting. Most noticeable is the significant
reduction in the high-energy growth of the Green’s function when going from LL evolution
to our resummed schemes A and B. This is as expected from the discussion of high-energy
exponents, fig. 1. Also important is the fact that for the RGI schemes the high-energy growth
does not start until a rapidity of about 4. Both of these observations are relevant to the
problem of trying to reconcile theoretical predictions with the lack of experimental evidence
for a strong high-energy growth of cross sections at today’s energies. The small difference
between the two RGI resummation schemes, A and B, is in accord with their slightly different
ωs values (cf. fig. 1).

As regards the transverse momentum dependence of the Green’s function, fig. 6a there
are a number of further differences between the LL and RGI results. The higher overall
normalization for LL evolution is just a consequence of a larger ωs value. But one also sees
that the large-k tails in k for the resummed models are substantially steeper than in the LL
case. This can be understood by comparing the diffusion coefficients in these models: the
RGI models are characterized by a smaller χ′′

eff and, as a consequence, they have less diffusion
than in the LL case. As was the case for the Y dependence, the two RGI schemes give very
similar results, here differing essentially only in the normalization.

Some comments are due concerning the structure at low k: there, there is a component
of the evolution that is sensitive to the larger coupling, αs(1 GeV2) ≃ 0.4. For the LL case
the resulting stronger evolution (than at k20) over-compensates the suppression due to the
large ratio of scales k0/k, leading to the absence of a decreasing low-k tail. For the RGI
schemes the difference between ωs values at 1 GeV and k0 is not sufficient to bring about
this overcompensation for Y = 10, so there still is a decreasing tail for small k. However
the results are sensitive to the fact that at large αs the difference between ωs values for the
two schemes becomes non-negligible. This is what causes the low-k Green’s function to be
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almost three times larger for scheme A than scheme B. It should of course be kept in mind
that all the properties at low k are strongly dependent on the particular choice of infrared
regularization of the coupling.

Let us now examine the right-hand plots of figures 5 and 6, which show results with pure
NLL evolution. We recall that the original motivation for introducing RGI resummation
schemes was the large size of the NLL corrections, and in particular the fact that for moderate
values of the coupling the NLL terms change the sign of χ(γ) and its second derivative around
γ = 1/2, with the situation being even worse in the collinear region. Nevertheless, as was
pointed out by Ross [7], because of the change of sign of χ′′(12), the usual saddle point at
γ = 1

2 is replaced by two saddle points off the real axis, at γ = 1/2 + iν0 and 1/2− iν∗0 , and
it is the value of χ at these new saddle points that determines the high-energy behavior of
the (fixed-coupling) NLL Green’s function:

πkk0G(Y ; k, k0) =

∫
dγ

2πi
eᾱsY χ(γ)

(
k2

k20

)γ− 1
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∼ eᾱsY χ( 12+iν0)

(
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(
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(75)
Since χ(γ) = χ∗(γ∗) this gives

πkk0G(Y ; k, k0) ∼ e
ᾱsYℜ[χ( 12+iν0)]−ℑ[ν0] log
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k20 cos
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When χ1(γ) is symmetric in γ ↔ 1− γ, as is the case if we use αs(q2) in the LL term (or as
can be achieved with the modified Mellin transform suggested in [4] and used in [7]), then
ᾱsχ(

1
2 + ν0) is real, having a value of about 0.2. One therefore expects to find a high-energy

growth of the Green’s function that numerically is not so different from that with out RGI
resummed schemes. This is precisely what is observed in fig. 5b for the ‘NLL αs(q2)’ result.

On the other hand if χ1(γ) is not symmetric in γ ↔ 1 − γ then χ will be complex at
the saddle points. This is the case for the ‘NLL αs(k2)’ kernel and the change in sign of
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• Resummed GGF compared 
with pure NLL and LL(with 
running coupling) 

• Significant reduction of the 
high energy growth with 
respect to LL 

• Large preasymptotic effects: 
growth is delayed to higher 
rapidities 

• Large k behavior substantially 
steeper in resummed 
calculation than in the LL one 

• This is an effect of the reduced 
diffusion (smaller ) 

• Resummed result more stable 
than NLL

χ′￼′￼eff
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Features of resummed gluon Green’s function
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Effects of resummation: Lowering effective power
Onset of small x rise delayed
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 = 30 GeV1k
 = 100 GeV1k

Figure 2: Gluon Green’s function G(y; k1, k2) as a function of rapidity y for fixed transverse
momenta k1 = 5, 10, 30, 100GeV and running strong coupling constant.

In Fig. 2 we plot the gluon Green’s function as a function of rapidity for the running coupling
case. We observe similar feature in the case of the calculation with the running coupling included.
In this case the position of the dip or a preasymptotic plateau and the onset of the increase
depends on the value of the scales for which the gluon Green’s function is evaluated. In general
for larger scales, the onset of the increase is delayed to larger rapidities.

The preasymtotic plateau can be better illustrated in the two dimensional plot Fig. 3 where
we show G(y; k1, k1 + �k) as a two-dimensional surface, as well as contour plot in (y, log(k1))
space. The ‘dip’ in rapidity is most prominent in the low k2 region, and it is clear that for
several units of rapidity the growth is very slow.

In order to quantify the dependence of the preasymptotic region on the external scales, we
take the solution with equal scales and evaluate the minimum of this function. As can be seen
from Fig. 4 the position of the minimum in this case gives a good estimate of the onset of the
rise in rapidity.

The position of the minimum in rapidity as a function of the scale in the gluon Green’s
function is shown in Fig. 4. We performed two calculations, where we measure the position of
the minimum in G(y, k, k) and in G(y, k, k+ �k). Calculations in Fig. 4 were done with running
strong coupling. We see that to a very good approximation the dependence on the transverse
momentum is logarithmic. In fact the linear fit shown in this figure describes the extracted
points very well. This suggests, that the dependence on the value of the strong coupling is like
⇠ 1/↵̄s(k). In fact the linear fit works very well for the case of the dip in G(y; k, k) and slightly
worse for the G(y; k, k + �k). In the latter case there is some curvature, visible especially when
going to higher values of k. In any case, the position of the dip varies from about 3 units of
rapidity for k = 2GeV to about 7 � 9 for k = 300GeV. This indicates that the preasymptotic
e↵ects are rather large and significantly delay the onset of the BFKL regime with Pomeron-
like growth. The approximately linear dependence on ⇠ 1/↵̄s(k) is demonstrated in the plot
shown in Fig. 4, which shows straight line in the double logarithmic axis for the dip in the
function G(y; k, k). The slight curvature in the case of G(y; k, k + �k) is also visible. Such
simple dependence on the value of the coupling constant suggests that the minimum occurs for

10

Dip or plateau
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Figure 3: Gluon Green’s function as a two-dimensional function of log k and y. The scale is set
to be k0 = 1GeV.
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Figure 4: Dip position in rapidity of the resummed gluon Green’s function G(y; k, k) (squares)
and G(y; k, k + �k) (triangles) as a function of the value of the scale k. Strong coupling is
running. The lines correspond to the fits.

particular values of the product ydip↵s. The value of this parameter ydip↵s is approximately
equal to 0.7� 0.8 and it is almost constant when varying value of k.

The inverse relation of the position of the minimum as a function of the strong coupling
could be expected from the analytic form of the solution to the gluon Green’s function. It is
well known that the saddle point approximation leads to the form

G(Y, k?, k
0
?) ⇠

1
p
Y
e!Y exp(�

log(k?k0?/k
2
0)

DY
) , (31)

11

Strong preasymptotic effects, which delay the onset of 
growth towards small x / large y 

Plateau in rapidity
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Resummed splitting function
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• Deconvolution of the integral equation. 

• Calculate the integrated density: 

• Solve numerically for the splitting function:

xg(x,Q2) =
� Q2

dk2
T G(s0=k2

T )(x; kT , k0T )

dg(x,Q2)
d log Q2

=
�

dz

z
Pe�(z, Q2) g(

x

z
, Q2)

At large values of          the results should be independent of the 
regularization of the coupling and the choice of        .

Q2

k0

Factorization in        of the non-perturbative 
and perturbative contributions.

Q2
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Recall: gluon-gluon splitting function has logarithmic enhancements at small x

First small x logarithmic term which belongs to NLLx hierarchy recovered at NNLO DGLAP
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First small x logarithmic term which belongs to LLx hierarchy should appear at N3LO 
DGLAP
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Higher-order corrections at small x (34/46)

Splitting functions

Dip
Phenomenology: dip dominates Pgg

! Rapid rise in Pgg is not for
today’s energies!

! Main feature is a dip at x ∼ 10−3

Questions:

! Various ‘dips’ have been seen
Thorne ’99, ’01 (running αs, NLLx)

ABF ’99–’03 (fits, running αs)

CCSS ’01,’03 (running αs, NLLB)

Is it always the same dip?

! Is the dip a rigorous prediction?

! What is its origin?
Running αs, mom. sum rule. . . ?

NNLO DGLAP gives a clue. . .

−1.54 ᾱ3
s ln 1

x

z P
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z
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LO DGLAP

NNLO DGLAP
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Initial decrease is consistent with the 
small x NNLO term.

Dip in the resummed splitting function 

Is this a universal feature ?
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Understanding the features of the splitting function
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Higher-order corrections at small x (35/46)

Splitting functions
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Reorganise perturbative series
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In general: dip comes from the interplay 
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Bonvini,Frixione,Stagnitto

Dip in the splitting function visible in other resummation approaches
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Figure 6. The fixed-order and resummed splitting functions as a function of x. Each row corresponds to
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function F2 from the kT factorization is given by

F2(x,Q
2) =

X

q

e2q Sq(x,Q
2) , (19)

where the sum is over the quark flavors and general expression for Sq(x,Q2) is
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The explicit expression for the convolution of the matrix element with the unintegrated
gluon density is given by [58,68]
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In the above,  and k are quark and gluon transverse momenta respectively, and � is
the variable defined in the Sudakov decomposition of the quark momentum (longitudinal
momentum fraction of the photon carried by the quark, for details see Ref. [68]). In
addition it is useful to defined the shifted quark transverse momentum is 0 = �(1��)k.
The energy denominators are

D1q = 2 + �(1� �)Q2 +m2
q , (22)

D2q = (� k)2 + �(1� �)Q2 +m2
q . (23)

The argument of the unintegrated gluon density is equal to x/z with

z =


1 +

02 +m2
q

�(1� �)Q2
+

k2

Q2

��1

. (24)

This stems from the exact kinematics in the photon-gluon fusion process, see [68]. As
analyzed in detail in [69, 70] the exact kinematics in the impact factor, goes beyond the
leading order approximation in high energy. It has been demonstrated that it leads to
large effect numerically and is important for phenomenology [71].

The argument of the strong coupling ↵s is taken to be (k2 + 2 +m2
q) in this analysis.

The masses of quarks are taken to be mu = md = ms = 0 and mc = 1.4 GeV. The
integration over the transverse momenta in the kT factorization formula formally extends
down to zero into the non-perturbative region. We assume the validity of the formula
(20) and (21) only for the transverse momenta k2,2 > k2

0 where cutoff k2
0 parametrizes

the boundary between the perturbative and non-perturbative regions of the transverse
momentum. We took the value of k2

0 = 1.GeV2 for the cutoff.
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Argument of the gluon density 
incorporating exact kinematics

Higher order terms in impact factor Bialas, Peschanski, Navelet
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Inclusive Charm structure function Figure 1: Structure function F2(x,Q2) as a function of x for fixed values of Q2 =
2, 15, 35, 90, 150, 250GeV2, indicated next to the curves. Solid red lines correspond to
a fit with the CCSS resummed scheme. Experimental data are from Ref. [77].

20

Figure 2: Charm structure function F c
2 (x,Q

2) as a function of x for fixed values of
Q2 = 6.5, 12, 20, 35, 60GeV2, indicated next to the curves. Solid blue curves indicates
a fit using the CCSS resummed scheme. The experimental data using different phase
space extrapolations based on theoretical calculations CASCADE and HVQDIS are from
Ref. [78].

21

Excellent description of the data on structure functions F2    and F2c 
Li, AS
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Fig.6
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Four scenarios (same input distributions): 

•  Resummed BFKL in the gluon sector 
(includes non-singular part of LO DGLAP 
splitting function and kinematical 
constraint) +and kT factorization (solid) 

• BFKL in the gluon sector (includes LO 
DGLAP splitting function but no 
kinematical constraint) +  and kT 
factorization (dashed) 

• Pure DGLAP in the gluon sector  and kT 
factorization (dotted) 

• LO DGLAP evolution in the gluon and 
quark sector (dotted-dashed) 

Large effects from kinematical 
constraint : terms beyond LLx 
important.  

Also Shows that resummation in the 
 function is very importantPqg
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9

In order to assess the impact of small-x resummation for the description of the small-x and Q2 HERA data, 
compute the χ2 removing data points in the region where resummation effects are expected

Small-x resummation effects 
could be important here

Fixed-order theory
should work fine here

PDFs with small-x resummation 

Dcut=1.5

Dcut=2

Dcut=2.5

Juan Rojo                                                                                                               LHeC small-x WG, CERN, 15/11/2017

move the cutoff to 
include more data

Ball,Bertoni,Bonvini,Marzani,Rojo,Rottoli

10

Using NNLO+NLLx theory, the NNLO instability of the χ2  disappears

Excellent fit quality to inclusive and charm HERA data achieved in the entire (x,Q2) region 

PDFs with small-x resummation 

NNLO worsens as we include 
more small-x data

NNLO+NLLx best description everywhere

Juan Rojo                                                                                                               LHeC small-x WG, CERN, 15/11/2017

• χ2 changes for DGLAP at NNLO when 
more small x data are included


• NNLO+NNLLx  gives best description


• Interestingly NLO and NLO+NLLx do not 
differ by a lot (flat splitting function at 
NLO?)

• Perform fits to data with the cut on 
small x/small Q2 region


• Observe the variation or lack of 
variation in  χ2
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Future colliders like FCC-hh or LHeC have the potential to open up new kinematic 
regime of small x. 

 Example: LHeC and FCC-eh

LHeC, PERLE and FCC-eh

50 x 7000 GeV2: 1.2 TeV ep collider

Operation: 2035+, Cost: O(1) BCHF

CDR: 1206.2913 J.Phys.G (550 citations)

Upgrade to 1034 cm-2s-1, for Higgs, BSM

CERN-ACC-Note-2018-0084 (ESSP)

arXiv:2007.14491, subm J.Phys.G

Powerful ERL for Experiments @ Orsay
CDR: 1705.08783 J.Phys.G
CERN-ACC-Note-2018-0086 (ESSP)

Operation: 2025+, Cost: O(20) MEuro

LHeC ERL Parameters and Configuration
Ie=20mA, 802 MHz SRF, 3 turns à
Ee=500 MeV à first 10 MW ERL facility

BINP, CERN, Daresbury, Jlab, Liverpool, Orsay (IJC), +
60 x 50000 GeV2: 3.5 TeV ep collider

Operation: 2050+, Cost (of ep) O(1-2) BCHF

Concurrent Operation with FCC-hh

FCC CDR: 
Eur.Phys.J.ST 228 (2019) 6, 474 Physics
Eur.Phys.J.ST 228 (2019) 4, 755 FCC-hh/eh

Future CERN Colliders: 1810.13022 Bordry+
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Figure 6.7. Predictions for the F2 and FL structure functions using the NNPDF3.1sx NNLO and
NNLO+NLLx fits at Q2 = 5 GeV2 for the simulated kinematics of the LHeC and FCC-eh. In the case
of F2, we also show the expected total experimental uncertainties based on the simulated pseudo-data,
assuming the NNLO+NLLx values as central prediction. A small o↵set has been applied to the LHeC
pseudo-data as some of the values of x overlap with the FCC-eh pseudo-data points. The inset in the left
plot shows a magnified view in the kinematic region x > 3⇥ 10�5, corresponding to the reach of HERA
data.

kinematic region covered by HERA are already comparable or larger than the size of the simu-
lated pseudo-data uncertainties. This suggests that the inclusion of the LHeC/FCC-eh data for
F2 into a global fit would also provide discrimination power between the two theories, even if
restricted to the HERA kinematic range. Finally, we see that di↵erences are more marked for
FL, with central values di↵ering by several sigma (in units of the PDF uncertainty) in a good
part of the accessible kinematic range. This is yet another illustration of the crucial relevance
of measurements of FL to probe QCD in the small-x region (as highlighted also by Fig. 5.2).

The comparisons of Fig. 6.7 do not do justice to the immense potential of future high-energy
lepton-proton colliders to probe QCD in a new dynamical regime. A more detailed analysis,
along the lines of Ref. [216], involves including various combinations of LHeC/FCC-eh pseudo-
data (�red

NC, FL, F
c

2 , etc.) into the PDF global analysis, allowing one to use the pseudo-data to
reduce the PDF uncertainties and to quantify more precisely the discriminating power for small-
x resummation e↵ects with various statistical estimators, generalizing the analysis of the HERA
data presented in Sect. 5. Such a program would illustrate the unique role of the LHeC/FCC-eh
in the characterization of small-x QCD dynamics, and would provide an important input to
strengthen the physics case of future high-energy lepton-proton colliders.

As a first step in this direction, we have performed variants of the NNPDF3.1sx fits including
various combinations of the LHeC and FCC-eh pseudo-data of �red

NC. Specifically, we have used
the LHeC (FCC-eh) pseudo-data on Ep = 7 (50) TeV + Ee = 60 GeV collisions, where the
central value of the pseudo-data has been assumed to correspond to the NNLO+NLLx predic-
tion computed with the corresponding resummed PDFs. All experimental uncertainties of the
pseudo-data have been added in quadrature. The fits have been performed at the DIS-only level,
since we have demonstrated in Sect. 5 that the small-x results are independent of the treatment
of the hadronic data. Here we will show results of the fits including both LHeC and FCC-eh
pseudo-data, other combinations lead to similar qualitative results.

First of all we discuss the fit results at the �
2
/Ndat level. For simplicity, we show only the

results of the HERA inclusive cross-sections as well as that of the LHeC and FCC-eh pseudo-
data: for all other experiments, the values presented in Table 4.1 are essentially unchanged. As

53

F2 FL

Important consequences for LHeC and FCC-eh 

20-40% difference of central  values for F2 

Factor 2  to  4 for FL 

DGLAP fit will likely fail at the LHeC/FCC range 

Resummation mandatory for LHeC and FCC-eh
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Impact on Higgs prodcution at hadron colliders
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small-x resummation may change at low energies in the region of x relevant for hadronic data,
thereby giving an e↵ect also at higher energies after evolving to those scales. A consistent
inclusion of resummation e↵ects on hadronic observables is thus crucial for achieving precision.
The di�culty for implementing resummation on di↵erent observables lies in the fact that not only
evolution equations should include it but also the computation of the relevant matrix elements
for the observable must be performed with matching accuracy.

Until present, the only observable that has been examined in detail is Higgs production cross
section through gluon fusion [765]. Other observables like Drell-Yan [766] or heavy quark [767]
production are under study and they will become available in the near future.

For gg ! H, the LL resummation of the matrix elements matched to fixed order at N3LO was
done in Refs. [273, 765] and the results are shown in Figs. 9.13 and 9.14. Fig. 9.13 shows the
increasing impact of resummation on the cross section with increasing energy. It also illustrates
the fact that the main e↵ect of resummation comes through the modification of the extraction
of parton densities and their extrapolation, not through the modification of the matrix elements
or the details of the matching.

0.98

1

1.02

1.04

1.06

1.08

1.1

1.12

1.14

2 7 8 13 14 2710 10
0

f.o. PDFs: NNPDF31sx_nnlo_as_0118
res PDFs: NNPDF31sx_nnlonllx_as_0118

band: PDF uncertainty

mH = 125 GeV
µF = µR = mH/2

ra
tio

to
N
3 L
O

�s [TeV]

ggH production cross section --- effect of small-x resummation

N3LO using f.o. PDFs
N3LO using res PDFs

N3LO+LL using res PDFs
N3LO+LL(LL') using res PDFs

Figure 9.13: Ratio of the N3LO Higgs cross section with and without resummation to the N3LO fixed-
order cross section, as a function of the collider centre-of-mass energy. “f.o.” denotes fixed order, “res”
denotes resummed and “LL0” a di↵erent anomalous dimension matching at leading logarithmic accuracy,
see the legend on the plot and Ref. [765] for details. The PDFs used are from the global dataset of
Ref. [252]. Figure taken from Ref. [765].

Fig. 9.14 indicates the size of the di↵erent uncertainties on the absolute values of the cross section
with increasing accuracy of the perturbative expansion, at HL-LHC and FCC-hh energies. For
N3LO(+LL) it can be seen that while at the HL-LHC, the e↵ect of resummation is of the same
order as other uncertainties like those coming scale variations, PDFs and subleading logarithms,
this is not the case for the FCC where it can be clearly seen that it will be the dominant one.
Resummation should also strongly a↵ect the rapidity distributions, a key need for extrapolation
of observed to total cross sections. In particular, rapidity distributions are more directly sensitive
to PDFs at given values of momentum fraction x, and therefore in regions where this momentum
fraction is small (large rapidities) the e↵ect of resummation may be sizeable also at lower collider
energies. These facts underline the need of understanding the dynamics at small x for any kind
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Small x resummation will have an impact on the many observables at hadron colliders at high energy 

Example: Higgs production cross section in pp as a function of energy 

Ratio of resummed  to fixed order N3LO of precision physics measurements at future hadronic colliders, with increasing importance for
increasing energies.
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Figure 9.14: Perturbative progression of the Higgs cross section for two collider energies
p

s =
{14, 100} TeV. In each plot the NLO, NLO+LL, NNLO, NNLO+LL, N3LO and N3LO+LL results are
shown. The results are supplemented by uncertainty bands from PDF, subleading logarithms and scale
uncertainties. Figure taken from Ref. [765].

Finally, it should be mentioned that a di↵erent kind of factorisation, called transverse momentum
(TMD) factorisation [38,510,768–771], may have an e↵ect on large scale observables in hadronic
colliders. The extension of the TMD evolution equations towards small x [772] and the relation of
such factorisation with new dynamics at small x, either through high-energy factorisation [773–
776] or with the CGC [506,507], is under development [777].

9.7 Heavy Ion Physics with eA Input

The study of hadronic collisions at RHIC and the LHC, proton-proton, proton-nucleus and
nucleus-nucleus, has produced several observations of crucial importance for our understanding
of QCD in complex systems where a large number of partons is involved [778,779]. The di↵erent
stages of a heavy ion collision, as we presently picture it, are schematically drawn in Fig 9.15.

Figure 9.15: Sketch of a heavy ion collision with time running left to right, going from the approach
of two ultrarelativistic Lorentz-contracted nuclei, the collision and parton creation in the central ra-
pidity region, the beginning of expansion and formation of the QGP, the expansion of the QGP until
hadronisation, and, finally, the expansion of the hadronic gas.
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Size of different uncertainties: PDFs, 
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At FCC-hh the resummation will play 
important role
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EUROPEAN ORGANIZATION FOR NUCLEAR RESEARCH

CERN-EP/2001-075
October 31, 2001

Double-Tag Events in Two-Photon Collisions at LEP

The L3 Collaboration

Abstract

Double-tag events in two-photon collisions are studied using the L3 detector at
LEP centre-of-mass energies from

√
s = 189 GeV to 209 GeV. The cross sections

of the e+e− → e+e−hadrons and γ∗γ∗ → hadrons processes are measured as a
function of the product of the photon virtualities, Q2 =

√

Q2
1Q

2
2, of the two-photon

mass, Wγγ , and of the variable Y = ln(W 2
γγ/Q

2). The average photon virtuality is
⟨Q2

1⟩ = ⟨Q2
2⟩ = 16 GeV2. The results are in agreement with next-to-leading order

calculations for the process γ∗γ∗ → qq̄ in the interval 2 ≤ Y ≤ 5. An excess is
observed in the interval 5 < Y ≤ 7, corresponding to Wγγ greater than 40 GeV.
This may be interpreted as a contribution of resolved photon QCD processes or the
onset of BFKL phenomena.

Submitted to Phys. Lett. B
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EUROPEAN ORGANIZATION FOR NUCLEAR RESEARCH

CERN-EP-2001-064
31 August 2001

Measurement of the Hadronic

Cross-Section for the Scattering of

Two Virtual Photons at LEP

The OPAL Collaboration

Abstract

The interaction of virtual photons is investigated using the reaction e+e− → e+e− hadrons
based on data taken by the OPAL experiment at e+e− centre-of-mass energies

√
see = 189−

209 GeV, for W > 5 GeV and at an average Q2 of 17.9 GeV2. The measured cross-sections
are compared to predictions of the Quark Parton Model (QPM), to the Leading Order QCD
Monte Carlo model PHOJET to the NLO prediction for the reaction e+e− → e+e− qq̄,
and to BFKL calculations. PHOJET, NLO e+e− → e+e− qq̄, and QPM describe the data
reasonably well, whereas the cross-section predicted by a Leading Order BFKL calculation
is too large.

(Submitted to European Physical Journal C)



Small x physics, International School on EIC Physics, Kyoto University, 2-13 March 2026

Example: application of  LL BFKL to γ*γ* scattering
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Process:  e+e− ⟶ e+e− + hadrons

e+(p1) ✦
✦

✦
✦✦

e+(p
′

1)

θ1

✡
✡
✟

✟
γ⋆(q1)

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

hadrons
❳❳❳❳❳

✘✘✘✘✘

✠
✠
☛

☛ γ⋆(q2)e
−(p2)

❛
❛

❛
❛❛
θ2

e−(p
′

2)

Figure 1: The diagram corresponding to the process e+e− → e+e− hadrons.

cross-sections are compared to the prediction of the Quark Parton Model (QPM), to a NLO
calculation [7] of the process e+e− → e+e− qq̄, to the PHOJET Monte Carlo model [8]
and to BFKL [9] calculations [10–12]. A similar analysis has been published by the L3
Collaboration [13] using data taken at

√
see = 91 GeV and

√
see = 183 GeV.

2 Theoretical framework

In this paper double-tagged events are studied, i.e. both final state electrons are scattered
at sufficiently large polar angles2 θi to be observed in the detector. This corresponds to the
situation where both radiated photons which take part in the hard scattering process, are
highly virtual. Throughout the paper, i = 1, 2 denotes quantities which are connected with
the upper and lower vertex in Fig. 1, respectively.

The virtualities of the radiated photons are given by Q2
i = −(pi − p

′

i)
2 > 0. The usual

dimensionless variables of deep inelastic scattering are defined as:

y1 =
q1q2
p1q2

, y2 =
q1q2
p2q1

, (2)

2The right-handed OPAL coordinate system is defined with the z axis pointing in the direction of the e−

beam and the x axis pointing towards the centre of the LEP ring. The polar angle θ, the azimuthal angle φ
and the radius r are the usual spherical coordinates.

4

a)

QPM

b)

NLO γ∗γ∗→qq––

c)

NLO γ∗γ∗→qq––

d)

γ-gluon
fusion

e)

one-gluon
exchange

f)

multigluon
exchange

Figure 1: Examples of diagrams contributing to the process γ∗γ∗ → hadrons : a) QPM, b) and
c) O(αs) QCD corrections to the QPM diagram, d) photon-gluon fusion, e) one-gluon exchange
and f) multigluon ladder exchange.

14

Sample diagrams which contribute

doubly-tagged events

Dominant at large energy (rapidity)
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Example: application of  LL BFKL to γ*γ* scattering
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BFKL at LLx order overestimates the data and  gives too steep growth of the cross section 

Introduction BFKL approach RGI approach RGI Impact factors Results Conclusions

γ
∗
γ

∗ at lowest orders

At LO, interaction is
mediated by fermion lines
(quark box + cross)

Spin j = 1/2 exchange
=⇒ σbox

0 ∼ s2(j−1) = 1/s

Dominates at low energies

q

q

1

2

Small x resummation of photon impact factors and the γ∗γ∗ high energy scattering Dimitri Colferai

• lowest order process 
• quark box (+crossed) 
• spin j=1/2 exchange  
• falling cross section with s 
• Perturbative log corrections 

Introduction BFKL approach RGI approach RGI Impact factors Results Conclusions

BFKL approach to γ
∗
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∗ scattering

A constant cross section is
obtained by exchanging a gluon,
which couples to photons via
quark lines.

Spin j = 1 exchange
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s s2(j−1) = const
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Small x resummation of photon impact factors and the γ∗γ∗ high energy scattering Dimitri Colferai

• BFKL ladder: 
logarithmic 
corrections
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Small x resummation of photon impact factors and the γ∗γ∗ high energy scattering Dimitri Colferai
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mediated by fermion lines
(quark box + cross)

Spin j = 1/2 exchange
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Perturbative corrections to this diagram
provide logarithmic corrections

σ = σbox
0 [1+αs log s +(αs log s)2+· · · ]
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Small x resummation of photon impact factors and the γ∗γ∗ high energy scattering Dimitri Colferai

• constant cross 
section: 
exchange of 
gluon in t 
channel
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LO impact factor with exact kinematics: shift of poles
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Bialas, Navelet, Peschanski
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Figure 6: The value of the �⇤�⇤ cross section contri-

bution from the BFKL exchange for Q2 = 17 GeV2

as a function of rapidity Y . All five schemes (see ta-

bles 1 and 2) for the NLL RGI calculation are shown

together with the pure LL calculation (black solid and

rescaled with a factor 0.5) and pure NLL calculation

(green dot-dashed).

Figure 7: The value of the �⇤�⇤ cross section contri-

bution from the BFKL exchange for Q2 = 17 GeV2

as a function of rapidity Y . The scheme average band

(blue-solid) represents the average value and standard

deviation of the five resummed schemes. The µR band

(yellow-dashed) is computed from average values of

the five resummed schemes with half or double µ2
R

respectively.

ambiguity band size. It is worth noting that besides the dependence on µR of the NLO impact factor and the

running coupling argument, the NLO BFKL eigenfunction would also rely on µR when µ2
R 6= Q1Q2,

X̃1(!, �) = X1(!, �) + b̄ X0(!, �) ln
µ2
R

Q1Q2
. (118)

and the resummed e↵ective ! after the NLO subtraction with µR dependency is then the solution of

! = ↵̄s(µ
2
R)X0(!, �) + ↵̄2

s(µ
2
R)


X1(!, �) + b̄ X0(!, �) ln

µ2
R

Q1Q2

�
. (119)

In fig. 8, we compare the pure LL and NLL results (the latter computed using expressions from refs. [56,

69]), with the improved LL and NLL cross sections. Note the logarithmic vertical scale, which makes the

characteristic exponential dependence of the cross section on the rapidity clearly visible. The NLL improved

curve is given as the average of di↵erent schemes as explained above.

The improved LL and NLL calculations both tame the quick growth of the pure LL cross section with

rapidity. It is worth noting that the improvement at LL alone — consisting in the ! shifted LO eigenfunction

and LO impact factors — brings the curve down significantly. We also observe that, the improved NLL is

higher than the improved LL calculation, mostly because the improved NLO corrections bring a positive O(↵2
s)

term to the impact factors. Finally we observe that improved calculations (both at LL and NLL) are above

the pure NLL cross section.

In fig. 9, we compare NLL RGI cross sections for Q2 = 5, 17, 100 GeV2. The cross section is strongly

dependent on Q2. The growth with rapidity is slowed down with increasing Q2 due to the smaller value of the

coupling constant, which a↵ects the value of the leading exponent in the gluon Greens’s function.
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Figure 8: The value of the �⇤�⇤ cross section contri-

bution from the BFKL exchange for Q2 = 17 GeV2

as a function of rapidity in the logarithmic vertical

scale. Pure LL is shown in black-solid, NLL in green

dashed-dotted, LL improved in red-dotted and NLL

improved in blue-dashed. The NLL improved curve

is the average of our five resummed NLL schemes (see

text).

Figure 9: The value of the �⇤�⇤ cross section contri-

bution from the BFKL exchange from NLL RGI cal-

culation for Q2 = 5 (blue-dashed), 17 (yellow-solid),

100 GeV2 (green-dotted) as a function of rapidity Y

in logarithmic vertical scale.

So far we have shown the contribution to the �⇤�⇤ cross section stemming only from the gluon exchanges,

resummed by the BFKL evolution, which should be the dominant contribution at high energies. However,

at lower energies, another contribution is important, namely the one from the ‘quark box’ diagram. This

contribution decreases with the rapidity, however it becomes dominant at low rapidities and is important when

comparing with the experimental data. In the following, we evaluate the quark box in the lowest order [70,71].

The total �⇤�⇤ cross section presented in the following includes both the quark box and the BFKL contributions.

In fig. 10 we compare the results from NLL improved calculation with the experimental measurements of

L3 [54] at Q2 = 16 GeV2 and of OPAL [55] at Q2 = 17.9 GeV2, and also with previous calculations of the

same cross section from [57]. As mentioned before, since the values of Q2 in L3 and OPAL are very close,

and the errors on the data points are such that Q2 dependence is not visible, it is reasonable to compare the

data from both experiments with theoretical predictions at Q2 = 17 GeV2. We also show the LO quark box

contribution in this figure. We observe from fig. 10 that the RGI NLL improved calculation has a stronger

increase over rapidities than the pure NLL one. We also see that our result is significantly higher than the

calculation from [57], particularly at high rapidities. The RGI calculation is consistent with the experimental

data from LEP within the theoretical and experimental uncertainties.

In the calculations we assumed Nf = 4 and treated charm as massless. This is of course an approximation

as the mass of the charm is expected to have some impact and to reduce the theoretical calculations. This e↵ect

was for example studied in detail in [49] and it was shown to decrease the cross section somewhat. However,

this study was performed for the BFKL exchange at the leading order only. The full calculation would require

small-x resummation including the mass e↵ects. This is an interesting problem in itself but it is beyond the

scope of the current work.
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Logarithmic vertical scale

• Change in slope with respect to the LL is clearly visible 
• Already LL improved: which is shifted eigenfunction and impact factors, brings down the curves 

significantly with respect to pure LL 
• NLL improved above LL improved due to the positive corrections in the impact factors 
• Strong dependence of the cross section on scale  
• Change in slope due to the smaller value of the coupling which affects the value of the leading 

exponent in the gluon Green’s function

Q2
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Figure 10: Cross sections for Q2 = 17 GeV2, compared with L3 (Q2 = 16 GeV2) [54] and OPAL (Q2 =

17.9 GeV2) [55] data. The NLL improved curve is the sum of our averaged NLL BFKL resummed scheme and

LO quark box contribution. The band size represents a combination of the scheme uncertainty and the µR

band, i.e. �total =
q

�2scheme + �2µR
. The calculation is done for Nf = 4 massless flavours. The Ivanov-Murdaca-

Papa’s (IMP’s) PMS optimized curve (solid-cyan) is from [57]. Separately shown is the quark box contribution

(dashed red).

7 Conclusions

In this paper, we have applied the collinear resummation, based on the renormalization group improvement

(RGI) for high-energy processes, to the �⇤�⇤ cross section. The RGI formulation is based on a factorization

formula whose structure is similar to the one in the BFKL approach, but whose impact factors explicitly depend

on the Mellin variable !, conjugated to the center of mass energy squared s. Firstly, we have computed RGI

impact factors for transverse photons at LO and NLO, which are consistent with the BFKL one in the high-

energy limit and with LO DGLAP in the collinear limit. We then extended this procedure for the determination

of the RGI impact factor for longitudinal photons.

At LO, the RGI impact factors are consistent with the impact factors with exact kinematics computed

in [61]. This is a non-trivial check, since we reproduce the shifted position of the collinear poles in � — the

Mellin variable conjugated to the photon virtualities — and also the coe�cients of the leading �-poles (apart

from a subleading term which is out of control in the approximations adopted in [61]).

At NLO we predict, and thus resum, the spurious energy-scale dependent quartic (cubic) �-poles of the

transverse (longitudinal) BFKL impact factors. For the transverse impact factors we can predict the cubic

�-poles, which have both physical and spurious components. Having identified the physical component of such

poles, stemming from partonic anomalous dimensions and running of the coupling, we obtain an impact factor
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• Comparison with L3 and OPAL data from LEP 
• BFKL contribution is added to the quark box contribution which dominates at low rapidities 

(energies) 
• The resulting cross section is a combination of two terms: one decreasing with rapidity and one 

increasing with rapidity 
• Overall, good description of the experimental data, within the errors 
• Results are larger than the pure NLL results (Ivanov, Murdaca, Papa)
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1. Introduction

The large center of mass energy of hadron colliders like the Tevatron and the Large Hadron

Collider (LHC) is not only of interest for the production of possible new heavy particles,

but also allows to investigate the high energy regime of Quantum Chromodynamics (QCD).

An especially interesting situation appears if two different large scales enter the game. If

the two scales are ordered, large logarithms of the ratio of the two scales compensate the

smallness of the coupling and therefore have to be resummed to all orders. One famous

example is the case of high energy scattering with fixed momentum transfer. If the center

of mass energy s is much larger than the momentum transfer |t| – the so-called Regge

asymptotics of the process – the gluon exchange in the crossed channel dominates and

logarithms of the type [αs ln(s/|t|)]n have to be resummed. This is realized by the lead-

ing logarithmic (LL) Balitsky-Fadin-Kuraev-Lipatov (BFKL) [1–4] equation for the gluon

Green’s function describing the momentum exchange in the t-channel.
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m

ax
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Figure 1: Mueller Navelet jets, illustrated at lowest order.

One of the most famous testing ground for BFKL physics are the Mueller Navelet

jets [5], illustrated in Fig. 1. The predicted power like rise of the cross section with in-

creasing energy has been observed at the Tevatron pp̄-collider [6], but the measurements

revealed an even stronger rise than predicted by BFKL calculations. Beside the cross

section also a more exclusive observable within this process drew the attention, namely

the azimuthal correlation between these jets. Considering hadron-hadron scattering in the

common parton model to describe two jet production at LO, one deals with a back-to-back

reaction and expects the azimuthal angles of the two jets always to be π and hence com-

pletely correlated. This corresponds in Fig. 1 to φJ,1 = φJ,2−π . But when we increase the

rapidity difference between these jets, the phase space allows for more and more emissions

leading to an angular decorrelation between the jets. In the academical limit of infinite ra-

pidity, the angles should be completely uncorrelated. In the regime of large, but realizable

rapidity differences the resummation of large logarithms calls for a description within the

– 1 –

Mueller-Navelet jets: two jets separated by the large rapidity interval 

Can be a good test of the BFKL dynamics
Plots from Colferai, Schwenssen, Szymanowski, Wallon
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kJ,2, φJ,2, xJ,2

Figure 2: Schematical illustration of the kinematics as described in Sec. 2.1.

calls for a description of the partonic cross section in kT -factorization:

dσ̂ab
d|kJ,1|d|kJ,2|dyJ,1 dyJ,2

=

ˆ

dφJ,1 dφJ,2

ˆ

d2k1 d
2k2 Va(−k1, x1)G(k1,k2, ŝ)Vb(k2, x2),

(2.2)

where G is the BFKL Green’s function depending on ŝ = x1x2s, and the jet vertex V at

lowest order reads [13,14]:

V (0)
a (k, x) =h(0)a (k)S(2)

J (k;x), h(0)a (k) =
αs√
2

CA/F

k2
, (2.3)

S(2)
J (k;x) =δ

(
1− xJ

x

)
|kJ |δ(2)(k− kJ). (2.4)

In the definition of h(0)a , CA = Nc = 3 is to be used for initial gluon and CF = (N2
c −

1)/(2Nc) = 4/3 for initial quark. Following the notation of Ref. [13,14], the dependence of

V on the jet variables is implicit.

Combining the PDFs with the jet vertices we now write

dσ

d|kJ,1|d|kJ,2|dyJ,1 dyJ,2
=

=

ˆ

dφJ,1 dφJ,2

ˆ

d2k1 d
2k2 Φ(kJ,1, xJ,1,−k1)G(k1,k2, ŝ)Φ(kJ,2, xJ,2,k2), (2.5)
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calls for a description of the partonic cross section in kT -factorization:

dσ̂ab
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=
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ˆ

d2k1 d
2k2 Va(−k1, x1)G(k1,k2, ŝ)Vb(k2, x2),

(2.2)

where G is the BFKL Green’s function depending on ŝ = x1x2s, and the jet vertex V at

lowest order reads [13,14]:

V (0)
a (k, x) =h(0)a (k)S(2)

J (k;x), h(0)a (k) =
αs√
2

CA/F

k2
, (2.3)

S(2)
J (k;x) =δ

(
1− xJ

x

)
|kJ |δ(2)(k− kJ). (2.4)

In the definition of h(0)a , CA = Nc = 3 is to be used for initial gluon and CF = (N2
c −

1)/(2Nc) = 4/3 for initial quark. Following the notation of Ref. [13,14], the dependence of

V on the jet variables is implicit.

Combining the PDFs with the jet vertices we now write

dσ

d|kJ,1|d|kJ,2|dyJ,1 dyJ,2
=

=

ˆ

dφJ,1 dφJ,2

ˆ

d2k1 d
2k2 Φ(kJ,1, xJ,1,−k1)G(k1,k2, ŝ)Φ(kJ,2, xJ,2,k2), (2.5)
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FIG. 1: Di↵erent observables related to the MN dijet production. Several contributions are shown: HEF (solid line
with yellow band), BFKL(0) (red dotted line), LO BFKL (dashed line), and NLO BFKL (dot-dashed line with blue

band). The data are from CMS [59–61] and DØ [62] Collaborations.
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band). The data are from CMS [59–61] and DØ [62] Collaborations.
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Ratio of cross sections at different energies: BFKL grows signficantly faster
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calls for a description of the partonic cross section in kT -factorization:

dσ̂ab
d|kJ,1|d|kJ,2|dyJ,1 dyJ,2

=

ˆ

dφJ,1 dφJ,2

ˆ

d2k1 d
2k2 Va(−k1, x1)G(k1,k2, ŝ)Vb(k2, x2),

(2.2)

where G is the BFKL Green’s function depending on ŝ = x1x2s, and the jet vertex V at

lowest order reads [13,14]:

V (0)
a (k, x) =h(0)a (k)S(2)

J (k;x), h(0)a (k) =
αs√
2

CA/F

k2
, (2.3)

S(2)
J (k;x) =δ

(
1− xJ

x

)
|kJ |δ(2)(k− kJ). (2.4)

In the definition of h(0)a , CA = Nc = 3 is to be used for initial gluon and CF = (N2
c −

1)/(2Nc) = 4/3 for initial quark. Following the notation of Ref. [13,14], the dependence of

V on the jet variables is implicit.

Combining the PDFs with the jet vertices we now write

dσ

d|kJ,1|d|kJ,2|dyJ,1 dyJ,2
=

=

ˆ

dφJ,1 dφJ,2

ˆ

d2k1 d
2k2 Φ(kJ,1, xJ,1,−k1)G(k1,k2, ŝ)Φ(kJ,2, xJ,2,k2), (2.5)

– 3 –
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FIG. 1: Di↵erent observables related to the MN dijet production. Several contributions are shown: HEF (solid line
with yellow band), BFKL(0) (red dotted line), LO BFKL (dashed line), and NLO BFKL (dot-dashed line with blue

band). The data are from CMS [59–61] and DØ [62] Collaborations.

Azimuthal (de)correlations of jets: a good test of the BFKL dynamics between the jets 

Jets become more decorrelated with wider rapidity separation: good description with collinearly improved NLL BFKL

Chernyshev, Nefedov, Saleev
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Azimuthal decorrelations: tests of small x dynamics
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• Transverse momentum from the 
target can lead to the modification 
of angular correlation between 
the two produced hadrons/jets (at 
forward rapidities) 

• Broadening of angular correlation 
should be present even in linear 
BFKL due to the diffusion of the 
transverse momenta at low x

<latexit sha1_base64="7T30rIfqPWop/1SB14z7iruiZxc=">AAAB/nicbVBLSwMxGMzWV62vVfHkJVgET2VXRD0WvXisYB/QXZZsNm1Ds0lIskJZCv4VLx4U8erv8Oa/MdvuQVsHQoaZ7yOTiSWj2njet1NZWV1b36hu1ra2d3b33P2DjhaZwqSNBROqFyNNGOWkbahhpCcVQWnMSDce3xZ+95EoTQV/MBNJwhQNOR1QjIyVIvcoD2LBEj1J7QXH0yiQRMnIrXsNbwa4TPyS1EGJVuR+BYnAWUq4wQxp3fc9acIcKUMxI9NakGkiER6jIelbylFKdJjP4k/hqVUSOBDKHm7gTP29kaNUFwHtZIrMSC96hfif18/M4DrMKZeZIRzPHxpkDBoBiy5gQhXBhk0sQVhRmxXiEVIIG9tYzZbgL355mXTOG/5lw7+/qDdvyjqq4BicgDPggyvQBHegBdoAgxw8g1fw5jw5L8678zEfrTjlziH4A+fzB9MAlgs=</latexit>

k?

<latexit sha1_base64="iC6kEihgjL99iNnHL0+iOXKgc8U=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVERF0W3bisYGuhCWEymbRDJzNhZiKUEDf+ihsXirj1L9z5N07aLLT1wDCHc+7l3nvClFGlHefbqi0tr6yu1dcbG5tb2zv27l5PiUxi0sWCCdkPkSKMctLVVDPSTyVBScjIfTi+Lv37ByIVFfxOT1LiJ2jIaUwx0kYK7IPcCwWL1CQxHxwXQe56KZFpEdhNp+VMAReJW5EmqNAJ7C8vEjhLCNeYIaUGrpNqP0dSU8xI0fAyRVKEx2hIBoZylBDl59MLCnhslAjGQprHNZyqvztylKhyR1OZID1S814p/ucNMh1f+jnlaaYJx7NBccagFrCMA0ZUEqzZxBCEJTW7QjxCEmFtQmuYENz5kxdJ77Tlnrfc27Nm+6qKow4OwRE4AS64AG1wAzqgCzB4BM/gFbxZT9aL9W59zEprVtWzD/7A+vwBHs2XUg==</latexit>

k1?

<latexit sha1_base64="gRUbdvKY7VznSsbI3FNgRWGIpMc=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVERF0W3bisYGuhCWEymbRDJzNhZiKUEDf+ihsXirj1L9z5N07aLLT1wDCHc+7l3nvClFGlHefbqi0tr6yu1dcbG5tb2zv27l5PiUxi0sWCCdkPkSKMctLVVDPSTyVBScjIfTi+Lv37ByIVFfxOT1LiJ2jIaUwx0kYK7IPcCwWL1CQxHxwXQc69lMi0COym03KmgIvErUgTVOgE9pcXCZwlhGvMkFID10m1nyOpKWakaHiZIinCYzQkA0M5Sojy8+kFBTw2SgRjIc3jGk7V3x05SlS5o6lMkB6pea8U//MGmY4v/ZzyNNOE49mgOGNQC1jGASMqCdZsYgjCkppdIR4hibA2oTVMCO78yYukd9pyz1vu7VmzfVXFUQeH4AicABdcgDa4AR3QBRg8gmfwCt6sJ+vFerc+ZqU1q+rZB39gff4AfK+Xjw==</latexit>

kn?

Note: In the dense regime potential source of decorrelation due to multiple scatterings 
and the saturation scale being dependent on x and A : saturation (lecture 4)
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Dijets in DIS
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• Azimuthal distributions between two jets at HERA computed using the linear BFKL/DGLAP 
evolution (‘resummed BFKL’). 

• Transverse momentum due to BFKL diffusion should lead to broadening of the distribution. 
• Good description (parameter free). 
• However, the kinematics is not very small x, non-BFKL calculations described data too.

Fig.2
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Dijet production in high energy deep inelastic electron-proton scattering can expose proper-
ties of small x behaviour in QCD, as can be seen from Fig. 1. In the dominant γ∗g → qq̄ → dijet
subprocess, the incoming gluon can have sizeable transverse momentum accumulated from dif-

fusion in kT along the gluon chain [1, 2]. The value of the transverse momentum, and hence
the azimuthal decorrelation between the jets, increases with decreasing x. That is the jets are

no longer back-to-back since they must balance the appreciable transverse momentum kT of
the incoming virtual gluon. The azimuthal decorrelation from the back-to-back configuration

φ = π is therefore a measure of kT and may be expected to be an indicator of the diffusion along
the BFKL chain. Clearly to obtain a reliable measure we must avoid the infrared region kT ≃ 0
(that is φ ≃ π). However, as will be seen, we are able to make an essentially parameter-free

prediction of the integrated dijet production rate (at the parton level).

The description of dijet production is based on the unfolded kT factorization formula for

structure functions [3, 4], which exposes the unintegrated gluon distribution f(xg, k2
T ) more

locally than the structure functions themselves. The calculation goes beyond the conventional

(fixed order) QCD-improved parton model, which is known to underestimate the dijet rate
[5]. We will find that the approach driven by the unintegrated gluon distribution gives an

enhancement in the predicted rate and hence an improvement in comparison with the data.

The differential cross section for producing two jets of transverse momenta p1T and p2T in

deep inelastic scattering is

dσ

dxdQ2dφdp21Tdp
2
2T

=
4πα2

xQ2

[(

1− y −
y2

2

)

dFT

dφdp21Tdp
2
2T

+ (1− y)
dFL

dφdp21Tdp
2
2T

]

(1)

where, as usual, the deep inelastic variables Q2 = −q2, x = Q2/2p·q and y = p·q/p·pe where pe, p
and q are the four momenta of the incident electron, proton and virtual photon respectively, see

Fig. 1. The differential structure functions are obtained from the kT factorization prescription
by unfolding the integrations over p21T , p

2
2T and the azimuthal angle φ between the q and q̄ jets.

It is convenient to use a Sudakov decomposition of the jet four momenta

p1 = (1− β)q′ + α1p + p1T

(2)

p2 = βq′ + α2p + p2T

where q′ = q + xp and p are the basic lightlike momenta. Since the jets are on-mass-shell

α1 =

(

p21T +m2
q

(1− β)Q2

)

x, α2 =

(

p22T +m2
q

βQ2

)

x (3)

where mq is the mass of the quark. The kT factorization formula for the differential structure
functions is

dFi

dφdp21Tdp
2
2T

=
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q

∫ 1

0

dβ F
q
i (β, p

2
1T , p

2
2T ,φ, Q
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k4
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with i = T, L. The function f(xg, k2
T ) is the unintegrated gluon distribution describing the

gluon chain in Fig. 1. The variables xg and kT are the longitudinal momentum fraction and
the transverse momentum, relative to the proton, carried by the gluon which couples to the qq̄

jet pair. They are given by

xg = x + α1 + α2 ( >∼ [1 + 4p2iT/Q
2]x)

(5)

k2
T = p21T + p22T + 2p1Tp2T cosφ,

see Fig. 1. The functions Fi, which describe the virtual photon-gluon fusion subprocess γg →

qq̄, are

F
q
T = e2qαS(k

2
T )

Q2

8π2

{

[

β2 + (1− β)2
]

(

p21T
D2

1

+
p22T
D2

2

+
2p1Tp2T cosφ

D1D2

)

+m2
q

(

1

D1

−
1

D2

)2
}

(6)

F
q
L = e2q αS(k

2
T )

Q4

2π2
β2(1− β)2

(

1

D1

−
1

D2

)2

(7)

where eq is the charge of the quark and where the denominators

Di = p2iT + m2
q + β(1− β)Q2. (8)

The unintegrated gluon distribution f(xg, k2
T ) is obtained by using a unified BFKL/DGLAP

formalism, which includes sub-leading ln(1/xg) contributions1, to fit to the inclusive F2 structure
function data [9]. In this way f(xg, k2

T ) is determined for k2
T > k2

0 where k
2
0 = 1 GeV2. Formally

the integration limits for β in (4) are 0 and 1, but they are constrained by the condition xg < 1.
Moreover the lower limit on kT in the determination of the unintegrated gluon means that we
cannot predict the azimuthal decorrelation between the jets in the near back-to-back domain

φ ≃ π. Our decorrelation predictions are limited to the region

1 + cosφ > k20/2p
2
0 (9)

where p0 is the minimal value of the transverse momentum of an outgoing jet in the dijet

system.

Predictions for the azimuthal decorrelation are shown in Fig. 2. They are compared with
the measurements made using the ZEUS detector which so far have been presented in the thesis

of Przybycien [5]. We use the parton level data obtained with the kT jet-finding algorithm.
The predictions use the same cuts as the data; that is Q2 > 8 GeV2, outgoing electron energy

< 10 GeV, pT (jet) < 4 GeV, −2 < η(lab) < 2.2 and η(HCM) > 0, where the pseudorapidities
1Next-to-leading order (NLO) ln(1/x) corrections are known to be large [6, 7], and imply the need for

an all-order resummation. We are able to include a major part of the all-order resummation by imposing a
consistency constraint on the BFKL kernel [8]. The constraint requires the virtuality of the exchanged gluons
along the chain to be dominated by their transverse momentum squared. Although the constraint contributes
at all orders, its NLO contribution gives about 70% of the exact NLO result for the BFKL Pomeron intercept.

2
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Novel dynamics at small x : resummation

62

Large differences in the parton density at low x. 

Essential for LHeC and  FCC-eh

the projected error bar on the reduced cross section or structure function F2 which could be
measured at LHeC. For comparison, the simulated pseudodata for F2 are shown together with
the expected experimental uncertainties. The total uncertainties of the simulated pseudodata
are at the few percent level at most, and are therefore much smaller than the uncertainties
coming from the PDFs in most of the kinematic range.

It is evident that fits to the LHeC data will have power to discriminate between the di↵erent
frameworks. In the right plot in Fig. 4.7, the predictions for the longitudinal structure function
are shown. We see that in the case of the FL structure function, the di↵erences between the
fixed order and resummed predictions are even larger, consistently over the entire range of x.
This indicates the importance of the measurement of the longitudinal structure function FL

which can provide further vital constraints on the QCD dynamics in the low x region due to its
sensitivity to the gluon density in the proton.

To further illustrate the power of a high energy DIS collider like the LHeC in exploring the
dynamics at low x, fits which include the simulated data were performed. The NNLO+NLLx
resummed calculation was used to obtain the simulated pseudodata, both for the LHeC, in a
scenario of a 60 GeV electron beam on a 7 TeV proton beam as well as in the case of the FCC-eh
scenario with a 50 TeV proton beam. All the experimental uncertainties for the pseudodata have
been added in quadrature. Next, fits were performed to the DIS HERA as well as LHeC and
FCC-eh pseudodata using the theory with and without the resummation at low x. Hadronic
data like jet, Drell-Yan or top, were not included for this analysis but, as demonstrated in [246],
these data do not have much of the constraining power at low x, and therefore the results of
the analysis at low x are independent of the additional non-DIS data sets. The quality of the
fits characterised by the �

2 was markedly worse when the NNLO DGLAP framework was used
to fit the HERA data and the pseudodata from LHeC and/or FCC-eh than was the case with
resummation. To be precise, the �

2 per degree of freedom for the HERA data set was equal to
1.22 for the NNLO fit, and 1.07 for the resummed fit. For the case of the LHeC/FCC-eh the �

2

per degree of freedom was equal to 1.71/2.72 and 1.22/1.34 for NNLO and NNLO+resummation
fits, respectively. These results demonstrate the huge discriminatory power of the new DIS
machines between the DGLAP and resummed frameworks, and the large sensitivity to the low
x region while simultaneously probing low to moderate Q

2 values.

10�8 10�7 10�6 10�5 10�4 10�3 10�2 10�1 100

x

0.7

0.8

0.9

1.0

1.1

1.2

1.3

g
(x

,Q
2
)
/
g
(x

,Q
2
)[
re
f]

NNPDF31sx, Q = 100 GeV

NNLO+NLLx HERA only, global

NNLO+NLLx HERA+LHeC+FCC-eh, DIS-only

NNLO HERA+LHeC+FCC-eh, DIS-only

10�8 10�7 10�6 10�5 10�4 10�3 10�2 10�1 100

x

0.7

0.8

0.9

1.0

1.1

1.2

1.3

�
(x

,Q
2
)
/
�
(x

,Q
2
)[
re
f]

NNPDF31sx, Q = 100 GeV

NNLO+NLLx HERA only, global

NNLO+NLLx HERA+LHeC+FCC-eh, DIS-only

NNLO HERA+LHeC+FCC-eh, DIS-only

Figure 4.8: Comparison between the gluon (left plot) and the quark singlet (right plot) PDFs in the
NNPDF3.1sx NNLO+NNLx fits without (blue hatched band) and with the LHeC+FCC-eh pseudodata
(orange band) on inclusive structure functions. For completeness, we also show the results of the corre-
sponding NNPDF3.1sx NNLO fit with LHeC+FCC-eh pseudodata (green hatched band). Figure taken
from Ref. [246].

In Fig. 4.8 the comparison of the gluon and quark distributions from the NNLO + NLLx fits is
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