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Parton saturation
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 Saturation scale

Saturation in perturbative QCD2316

The original approach to implement unitarity and rescattering e↵ects in high-energy hadron scattering was2317

developed by Gribov [56,192,215]. Models based on this non-perturbative Regge-Gribov framework are quite2318

successful in describing existing data on inclusive and di↵ractive ep and eA scattering (see e.g. [216,217] and2319

references therein). However, they lack solid theoretical foundations within QCD.2320

On the other hand, attempts have been going on for the last 30 years to implement parton rescattering2321

or recombination2 in perturbative QCD in order to describe its high-energy behaviour. In the pioneering2322

work in [195,218], a non-linear evolution equation in lnQ2 was proposed to provide the first correction to the2323

linear equations. A non-linear term appeared, which was proportional to the local density of color charges2324

seen by the probe (the virtual photon).2325

An alternative, independent approach was developed in [219], where the amplitudes for di↵ractive pro-2326

cesses in the triple Regge limit were calculated. This resulted in the extraction of the triple Pomeron vertex2327

in QCD at small x, which is responsible for the non-linear term in the evolution equations.2328

Later on these ideas were further developed to include all corrections enhanced by the local parton density,2329

to constitute what is called the Color Glass Condensate (CGC) [196–199,220–227] (see also the most recent2330

developments in [228–231]). The CGC provides a non-perturbative, but weak-coupling, realization of parton2331

saturation ideas within QCD. The linear limit of the basic CGC equation is the BFKL equation, which is2332

the linear evolution equation derived in the high-energy limit. As illustrated in Fig. 5.1, the evolution in the2333

lnQ2
� ln 1/x plane is driven by both linear equations: along lnQ2 for DGLAP and along ln 1/x for BFKL.2334

The basic framework in which saturation ideas are discussed is illustrated in Fig. 5.2. One is considering2335

the hadron wave function at high energy. Its partonic components can be separated into those partons with2336

a large momentum fraction x and those with small x. The large-x components form dilute systems and2337

provide color sources for the corresponding small-x components. Due to multiple splittings of the small-x2338

gluons, a dense system is eventually formed. One can then construct within this formalism an evolution2339

equation for the gluon correlators in the hadron wave function which is a renormalization group equation2340

with respect to the rapidity separating large- and small-x partons. This renormalization procedure assumes2341

perturbative gluon emissions from the large-x partons which imply a redefinition of the source at each step2342

in rapidity.2343

The mean field version of the CGC evolution equations, the Balitsky-Kovchegov (BK) equation [198,199],2344

provides a non-linear evolution equation for the so-called unintegrated gluon densities. These distributions,2345

unlike the standard integrated densities, contain the information about the transverse momenta of the2346

partons. They naturally appear in the theoretical formulations of small-x physics. A detailed description of2347

these distributions as well as the prospects of their precise determination at the LHeC through a variety of2348

processes are discussed in Subsec. 5.2.5.2349

It turns out that the BK approach results in a gluon density which, for a fixed resolution of the probe,2350

is saturated for small longitudinal momentum fractions x, whereas at large values of x, the non-linear2351

term is negligible. The separation between these two limits is given by a dynamically generated saturation2352

momentum Qs(x) which increases with decreasing x (c.f. Fig. 5.1), and therefore saturation is determined2353

by the condition Q < Qs(x). Then, for large energies or small x, the system is in a dense regime of high2354

gluon fields (thus non-perturbative) but the typical gluon momentum, ⇠ Qs, is large (thus the coupling2355

constant which determines gluon interactions is weak). The qualitative behaviour of the saturation scale2356

with energy and nuclear size can be argued as follows. The transition from a dilute to a dense regime occurs2357

when the packing factor (in this case, the product of the density of gluons per unit transverse area times the2358

gluon-gluon cross section) becomes of order unity i.e.2359

A⇥ xg(x,Q2
s)

⇡A2/3
⇥

↵s(Q2
s)

Q2
s

⇠ 1 =) Q2
s ⇠ A1/3Q2

0

✓
1
x

◆�

, (5.2)

where the growth of the gluon density at small x in the dilute system has been approximated by a power2360

law, xg(x,Q2) ⇠ x��, logarithms are neglected and the nucleus is considered a simple superposition of2361

2Note that the rescattering and recombination concepts correspond to the same physical mechanism viewed in the rest frame
and the infinite momentum frame of the hadron, respectively.
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Gribov,Levin,Ryskin

QCD evolution leads to the strong growth of the gluon density 
Parton saturation: additional modification due to the gluon recombination 
Evolution will include nonlinear terms in density 
Saturation scale: divide between dilute and dense region
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Figure 25: The parton distribution functions xuv, xdv, xS = 2x(Ū+ D̄) and xg of HERAPDF2.0
NLO at µ2f = 10GeV

2 compared to those of HERAPDF2.0 NNLO on logarithmic (top) and
linear (bottom) scales. The bands represent the total uncertainties.
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Theoretical frameworks for describing parton saturation

4

•Gribov-Levin-Ryskin nonlinear  equation 

•Mueller-Qiu equation 

•Kovchegov nonlinear equation for dipoles 

•Balitsky hierarchy for correlators of Wilson lines. 

•Color Glass Condensate (McLerran-Venugopalan) with JIMWLK (Jalilian-
Marian,Iancu,McLerran,Weigert,Leonidov,Kovner) renormalization group equation for high 
density QCD.

Nonlinear evolution equations in QCD:

Models implementing saturation: 

•Golec-Biernat and Wusthoff saturation model 

•McLerran-Venugopalan 

•…many others
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Dipole representation
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DIS at small x / high energy: dipole representation

The virtual photon fluctuates into quark-antiquark pair 

The quark-antiquark pair interacts with the target 

In the proton rest frame the Ioffe time
<latexit sha1_base64="0Bz+JUzHAQGN78gVBecxqjz5yw4="></latexit>

⌧qq̄ ⇠ 1

�E
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�E ' xMpwith

The transverse momentum of the quark  is traded for the Fourier conjugate variable , the 
transverse separation of the  pair

κ r
qq̄

Recall: DIS cross section at small x for transverse polarized photons (kT factorization):

transverse momentum of quark

fraction of the momentum of the 
photon carried by the quark

transverse momentum of the gluon
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Dipole representation
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Using the Fourier transforms

DIS cross section (kT factorization transformed into coordinate space)
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dipole representation for DIS
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Model with saturation
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Golec-Biernat and Wusthoff  (GBW) model

x dependent saturation scale
<latexit sha1_base64="jMdPwJXZATnATA+IRgO39HxPAkU="></latexit>
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GBW model and HERA data
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Successful description of the inclusive 
HERA data 

Good description of the diffraction 

γ*p σT + σL
Q2

mq = 140 MeV

Q2

Golec-Biernat, Wusthoff
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Parton saturation and nonlinear evolution
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DGLAP

BFKL

BK/JIMWLK

DILUTE
REGION

DENSE
REGION

sa
tu

rat
ion sc

ale
 Q s

(x)

ln Q

ln
 1

/x

ln ΛQCD

st
ro

n
g
 c

o
u
p
lin

g
 r

eg
io

n

GBW model  incorporates the saturation scale which divides dense and dilute regime 

How such corrections can be included within the parton evolution ?
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Nonlinear evolution for the gluon density

10

Additional diagrams

Linear evolution ’Fan’ diagram structure

γ

N

 
*

G

γ

N

G

V

G G

*

is a 2→ 4 gluon transition vertex.
’Fan’ diagrams are contained in GLR equation

Many more diagrams possible (loops).
Nonlinear evolution equations in QCD – p.14/50

Gribov, Levin, Ryskin

Nonlinear evolution equation

Need to include gluon recombination:

Production Recombination
Correct the evolution equations by term nonlinear in density

dρ

dt
= P1 ⊗ ρ + P2 ⊗ ρ⊗ ρ

Higher order terms also possible: P3 ⊗ ρ⊗ ρ⊗ ρ + . . .
First eqn. in DLLA limit: lnQ2/Q2

0 ln 1/x≫ 1 ( L.V. Gribov, E.M. Levin, M.G. Ryskin 83’):

∂2xg(x, t)
dt d ln 1/x

=
αsNc

π
xg(x, t) − 4α2

sNc

3CF R2

1
Q2

[xg(x, t)]2

with t = lnQ2/Q2
0. R target radius.

Nonlinear evolution equations in QCD – p.13/50

<latexit sha1_base64="9PUywmwQZqJQArx+hw9QaYJCWF8="></latexit>

@2xg(x, t)

dt d ln 1/x
=

↵sNc

⇡
xg(x, t) � 81↵2

s

16

1

R2Q2
[xg(x, t)]2
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Solution to the nonlinear GLR equation

11

100

50

20

10

5

2

1 I
. 0001 . 0002

J. Co l l i ns , J. Kw i ec i nsk i / Shadow i ng

�

97

Us i ng eq . (18) we see t ha t t h i s l eads t o t he f i n i t e l i m i t zsa l (T) f or z ( y , - r ) as y - oc
g i ven by eq . (24) .

I n pr ac t i ce i t i s conven i en t t o use t he f o l l ow i ng sys t em o f equa t i ons wh i ch i s
equ i va l en t t o (20) ,

d t ( Y)

�

q (Y)

�

dz ( y )_

�

- 2q (Y) ,
dY

�

P (Y) '

�

dY

dq (Y) = - À
P( Y)
q (Y)

dY

�

exp [ - t (Y) - e t (Y)+z (Y) ] ,

P( y )q (Y) =c - Àexp [ - t (Y) - e t (Y)+z (Y)1 ,

�

(33)

w i t h bounda r y cond i t i ons f or t ( y ) , z ( y ) , q ( y ) and p ( y ) as i n eqs . (22) and (23) .
The f i na l so l u t i on i s g i ven by eqs . (18) and (19) . We have so l ved t he equa t i ons
nume r i ca l l y by adap t i ng t he s t anda rd Runge - Ku t t a me t hod f or so l v i ng a sys t em o f
ord i na r y d i f f e r en t i a l equa t i ons and changed t he pa r ame t e r v i n orde r t o ob t a i n t he

M05 . 001 . 002
x

005
u - u

01

F i g . 2 . P l o t o f t he f unc t i on xg ( x , Q 2 ) , whe r e g ( x , Q 2 ) i s t he g l uon d i s t r i bu t i on i n a pro t on . The
pa r ame t e r s a r e g i ven i n eq . (34) , and Q2 = 4 GeV2 . The f u l l l i ne cor r esponds t o a g l uon d i s t r i bu -
t i on w i t hou t shadow i ng , t he dashed - do t t ed l i ne - - -

�

t o t he shadowed d i s t r i bu t i on when t he hadron
r ad i us pa r ame t e r R i s 5 GeV - 1 , and t he dashed l i ne - - - t o t he shadowed d i s t r i bu t i on when

R = 5 / v~2 GeV - 1 .

Collins, Kwiecinski
Solution to the nonlinear evolution 
(with saturation corrections) 

Compared to the pure DGLAP 
(linear evolution) 

Reduction at smallest x 

The reduction depends on the 
parameter R 

Smaller R : stronger reduction 
( ) 5 GeV−1, 5/ 2 GeV−1

linear

nonlinear (saturation)

gluon density

DLLA approximation<latexit sha1_base64="9PUywmwQZqJQArx+hw9QaYJCWF8="></latexit>

@2xg(x, t)

dt d ln 1/x
=

↵sNc

⇡
xg(x, t) � 81↵2

s

16

1

R2Q2
[xg(x, t)]2
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Nonlinear  equation at small x: BK equation and CGC
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Soft gluons in the infinite-momentum wave function
and the BFKL pomeron *

A.H. Mueller
Stanford LinearAccelerator Center, Stanford, CA 94309, USA

and

Department of Physics, Columbia University ‘,New York, NY 10027, USA
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We construct the infinite-momentum wave function for arbitrary numbers of soft gluons in a
heavy quark—antiquark, onium, state. The soft gluon part of the wave function is constructed
exactly within the leading logarithmic and large-Ne limits. The BFKL pomeron emerges when
gluon number densities are evaluated.

1. Introduction

Our object in this paper is to construct the small-x infinite-momentum wave
function of a hadron in QCD for those soft gluons reasonably well localized in a
small transverse area. To make the problem of transverse spatial localization
simple we choose the large-x part of our hadron to be a heavy quark—antiquark
state, an “onium” state. (This device has previously been used by Balitsky and
Lipatov [1] in their work on the Balitsky, Fadin, Kuraev, Lipatov (BFKL) [1—3]
pomeron.) The radius of the onium state then naturally furnishes an infrared
cutoff, and if this cutoff is sufficiently large perturbation theory applies. The
accuracy of our approximation is leading logarithmic. That is, for the component of
the wave function having n soft gluons, with momentum between z0p and p,
where p is the onium momentum, we calculate only the (a ln 1/z0Y~contribution
to the square of the infinite-momentum onium wave function.
In our construction of the square of the onium wave function having n soft

gluons, we find it convenient to label the gluons by a longitudinal momentum z,p
and a transverse coordinate x1 with i = 2, 3, . . . , n + 1. The transverse coordinate
representation is especially useful because one can view the ith gluon as being

* This research is supported in part by the Department of Energy.
1 Permanent address.

0550-3213/94/$07.OO © 1994 — Elsevier Science B.V. All rights reserved
SSDI 0550-3213(93)E0563-F

EL~E-VIER Nuclear Physics B 463 (1996) 99-157 
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Operator expansion for high-energy scattering 
I. B a l i t s k y  l 

Center fi, r Theoretical Physics, Laboratory for Nuclear Science, Department of Physics, 
MIT, Cambridge, MA 02139, USA 

Received 11 October 1995; accepted 30 November 1995 

Abstract 

I demonstrate that the leading logarithms for high-energy scattering can be obtained as a result 
of evolution of the non-local operators--straight-line ordered gauge factors--with respect to the 
slope of the straight line. 

I'ACS: 13.60.Hb; 12.38.Bx; 12.38.Cy 
Keywords." small-x; pomeron; BFKL 

1. Introduct ion 

The rapid increase of  the structure function F2(x,Q 2) at small x that is observed 
in DESY at HERA (see e.g. Ref. [1 ] )  has revived interest in the problem of the 
high-energy behavior of  QCD amplitudes. In the leading logarithmic approximation it is 
governed by BFKL equation [2-4]  leading to a ,~ x -°'5 behavior of  F2(x) which is not 
far from the experimental curve. Unfortunately, there are theoretical problems with the 
BFKL answer which make it difficult, if not impossible, to use these leading logarithmic 
as a description of  real high-energy processes. First and foremost, the BFKL answer 
violates unitarity and therefore it is at best some kind of preasymptotic behavior which 
can be reliable only at some intermediate energies. (The true high-energy asymptotics 
would correspond to the unitarization of the leading logarithmic results but this is a 
problem where nobody has succeeded in 20 years and not because of  lack of effort.) 

Moreover, even at those moderately high energies where unitarization is not important, 
the BFKL results in QCD are not completely rigorous. Even if we start from the 

I On leave of absence from St. Petersburg Nuclear Physics Institute, 188350 Gatchina, Russia. 
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Small–x F2 Structure Function of a Nucleus Including Multiple
Pomeron Exchanges

Yuri V. Kovchegov

School of Physics and Astronomy, University of Minnesota,
Minneapolis, MN 55455

We derive an equation determining the small-x evolution of the F2 structure function of
a large nucleus which includes all multiple pomeron exchanges in the leading logarithmic
approximation using Mueller’s dipole model [1–4]. We show that in the double leading
logarithmic limit this evolution equation reduces to the GLR equation [5,6].

I. INTRODUCTION

The problem of understanding the large gluon density regime in high energy scattering has always been
one of the challenges of perturbative QCD (PQCD). Unitarity of the total cross–section and saturation of the
gluon distribution are among the most important issues related to the problem. The BFKL equation [7,8]
is the only well–established tool of PQCD which allows us to explore this high density region by resumming
the leading longitudinal logarithmic contribution to the scattering process. In BFKL evolution the small–
x partons are produced overlapping each other in the transverse coordinate space [9], therefore creating
high density regions in the hadron’s wave function (hot spots). The next–to–leading order correction to
BFKL equation has been calculated recently [10,11]. Although the final conclusion one should draw from
the calculation of [10,11] is still to be understood, there are some serious problems associated with the
interpretation of the result [12–14]. However, we are not going to address these issues in this paper for the
following reason. As was shown in [12,13] the effects of the second order BFKL kernel become important
in hadron–hadron scattering at the rapidities of the order of YNLO ∼ 1/α5/3, with α the strong coupling
constant. At the same time the unitarity constraints, associated with the multiple (leading order) hard
pomeron exchanges are expected to be reached at YU ∼ (1/α) ln(1/α) [15], which is parametrically smaller
than YNLO for small coupling constant. Therefore multiple pomeron exchanges become important at lower
center of mass energies than the effects of subleading corrections, possibly leading to unitarization of the
total hadron–hadron cross–section. Hence the problem of resummation of the multiple pomeron exchanges
seems to be more important for describing the recent experimental results, such as ZEUS 1995 data [16],
which probably shows evidence of saturation of the F2 structure function at low Q2.
In this paper we are going to consider deep inelastic scattering (DIS) of a virtual photon on a large nucleus

and will resum all multiple pomeron exchanges contributing to the F2 structure function of the nucleus in
the leading longitudinal logarithmic approximation in the large Nc limit. The first step in that direction
in PQCD was the derivation by Gribov, Levin and Ryskin (GLR) of an equation describing the fusion of
two pomeron ladders into one in the double logarithmic approximation [5]. The resulting equation with the
coefficient in front of the quadratic term calculated by Mueller and Qiu [6] for a low density picture of a
spherical proton of radius R reads

∂2xG(x,Q2)

∂ ln(1/x) ∂ ln(Q2/Λ2
QCD)

=
αNc

π
xG(x,Q2)−

4α2Nc

3CFR2

1

Q2
[xG(x,Q2)]2. (1)

1

Kovchegov approach based on the Mueller dipole 
framework to BFKL 

Balitsky: Wilson line operators, arrives at hierarchy of 
equations, the first of which can be recast into 
Balitsky- Kovchegov (BK) equation  

Color Glass Condensate (McLerran-Venugopalan) 
with corresponding JIMWLK equation (Jalilian-
Marian, Iancu, McLerran, Weigert, Leonidov, Kovner) 
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Dipole picture: onium wavefunction

13

Dipole picture: onium wavefunction

A.H.Mueller 94:
Heavy quark-antiquark (onium) wavefunction (without any gluons):

ψ(0)
αβ (x0,x1, z1) =

∫
d2k1

(2π)2
eix01·k1ψ(0)

αβ (k1, z1)

Φ(0)(x0,x1, z1) =
∑

α,β

|ψ(0)
αβ (x0,x1, z1)|2

x01 = x0 − x1 is a transverse size of the qq̄ - onium pair, z1 = k1+
p+

(p
photon momentum), k1 transverse momentum.

z1

1−z1

k

p−k 1

1

p

,

,
x 1

x 01

x 0

 

Nonlinear evolution equations in QCD – p.16/50
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Dipole picture: onium wavefunction with one gluon
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Dipole picture: onium wavefunction

Onium wavefunction with one soft gluon. Soft means z2/z1 ≪ 1 :

1−z1

z1

k2

2x

p−k 1

p

1x

0x

k1

z2

,

,

,

2xk2

z1

1−z1 p−k 1

p

1x

0x

k1

z

,

,

,2

k2
2x

1z

1−z1

2

p−k 1

p

1x

0x

k1

,

,

,

z

Φ(1)(x0,x1, z1) =
αsCF

π2

∫ z1

z0

dz2

z2

∫
d2x2

x2
01

x2
20x

2
12

Φ(0)(x0,x1, z1)

Branching of a single dipole x01 into two x20, x12

Nonlinear evolution equations in QCD – p.17/50
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Generating functional for dipoles

15

Generating functional for dipoles

Wavefunction with
n dipoles:

z1

1−z1

k

p−k 1

1

p

,

,

Φ(n)(x0,x1,x2, . . . ,xn+1) = Φ(0) δ

δu(x2)
δ

δu(x3)
. . .

δ

δu(xn+1)
Z(x0,x1, z1, u)|u=0

probability of finding n dipoles at positions xk, k = 2, . . . , n.
Generating functional: Z(b01,x01, z1, u = 1) = 1

dZ(b01,x01, y, u)
dy

=
∫

d2x2x2
01

x2
20x2

12

[
Z(b01 +

x12

2
,x20, y, u)Z(b01 −

x20

2
,x12, y, u) − Z(b01,x01, y, u)

]

b01 ≡ x0+x1
2 , x01 ≡ x0 − x1 Nonlinear evolution equations in QCD – p.18/50
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Dipole scattering amplitude
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Multiple scattering

Need to construct the amplitude for scattering of dipoles on target.
One scattering

pp

Linear evolution

Multiple scatterings

pp

Nonlinear evolution

Dipole number densities:

n1(x01,x,b− b0, Y ) =
δ

δu(b,x)
Z(b01,x01, Y, u)|u=1

Generally for k dipoles:

nk = Πk
i=1

δ

δu(bi,xi)
Z|u=1

Nonlinear evolution equations in QCD – p.19/50
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Amplitude for dipole target scattering
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Amplitude for dipole-target scattering

One scattering:

N1(x01,b01, Y ) =
∫

d[P1]n1 γ1

Multiple scatterings:

N(x01,b01, Y ) =
∞∑

k=1

∫
d[Pk] nk γ1 . . . γk

d[P]k = Πi=k
i=1

d2xi

2πx2
i
d2bi phase space measure

γk ≡ γk(xk,bk) propagator of single dipole in the nucleus.

Equation for generating functional Z

Set of equations for densities nk

Closed equation for amplitude N

Nonlinear evolution equations in QCD – p.20/50

Dipole cross section vs dipole scattering amplitude: 
<latexit sha1_base64="mMMTHcLBaDDQWsagJMim6yoZEKM="></latexit>

�̂(x, r) = 2

Z
d2bN(r,b, Y = ln 1/x)
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Equations for the dipole amplitude
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Equations for amplitude

Linear equation for ’one-scattering’ amplitude N1 (A.H.Mueller 94):

dN1(b01,x01, Y )
dY

= ᾱs

∫
d2x2 x2

01

x2
20 x2

12

[
N1(b01+

x12

2
,x20, Y )+N1(b01−

x20

2
,x12, Y )

− N1(b01,x01, Y )
]

Non-linear equation for ’mutliple-scattering’ amplitude N (Yu.Kovchegov 99):

dN(b01,x01, Y )
dY

= ᾱs

∫
d2x2 x2

01

x2
20 x2

12

[
N(b01+

x12

2
,x20, Y )+N(b01−

x20

2
,x12, Y )

− N(b01,x01, Y ) − N(b01 +
x12

2
,x20, Y )N(b01 −

x20

2
,x12, Y )

]

Nonlinear evolution equations in QCD – p.21/50

Equations for amplitude

Linear equation for ’one-scattering’ amplitude N1 (A.H.Mueller 94):

dN1(b01,x01, Y )
dY

= ᾱs

∫
d2x2 x2

01

x2
20 x2

12

[
N1(b01+

x12

2
,x20, Y )+N1(b01−

x20

2
,x12, Y )

− N1(b01,x01, Y )
]

Non-linear equation for ’mutliple-scattering’ amplitude N (Yu.Kovchegov 99):

dN(b01,x01, Y )
dY

= ᾱs

∫
d2x2 x2

01

x2
20 x2

12

[
N(b01+

x12

2
,x20, Y )+N(b01−

x20

2
,x12, Y )

− N(b01,x01, Y ) − N(b01 +
x12

2
,x20, Y )N(b01 −

x20

2
,x12, Y )

]

Nonlinear evolution equations in QCD – p.21/50

Dipole version of the BFKL equation
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Solution to BK
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Balitsky-Kovchegov equation

dN(b01,x01, Y )
dY

= ᾱs

∫
d2x2 x2

01

x2
20 x2

12

[
N(b01+

x12

2
,x20, Y )+N(b01−

x20

2
,x12, Y )

− N(b01,x01, Y ) − N(b01 +
x12

2
,x20, Y )N(b01 −

x20

2
,x12, Y )

]

N(b01,x01, Y ) - amplitude for dipole-hadron scattering
Evolution in Y = ln 1/x rapidity
Need to specify initial conditions
N (0)(b01,x01, Y = 0) which depend on
the target.
αs fixed −→ LLx approximation
b01 impact parameter of dipole, x01

size of the dipole
→ (4 + 1) dimensions

x0

x

x

b
1

01

01

 

Nonlinear evolution equations in QCD – p.22/50

<latexit sha1_base64="kIRt+9F/PYCB2vbFukAC5Q54tLQ="></latexit>r01 ⌘ x01
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Solution to BK
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Searching for solutions

dN(b01,x01, Y )
dY

= ᾱs

∫
d2x2 x2

01

x2
20 x2

12

[
N(b01+

x12

2
,x20, Y )+N(b01−

x20

2
,x12, Y )

− N(b01,x01, Y ) − N(b01 +
x12

2
,x20, Y )N(b01 −

x20

2
,x12, Y )

]

Search for fixed points:

dN(b01,x01, Y )
dY

= 0

N = 0

N = 1

Toy model in (0 + 1) dimensions, N ≡ N(Y ):

dN

dY
= ω (N −N2), ω > 0

Verhulst or logistic equation used as a model for population growth

Nonlinear evolution equations in QCD – p.23/50
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Toy model: 0 transverse dimensions
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Toy model - Verhulst (logistic) equation

Solution to linear
part:

N1 = CeωY

Solution to
nonlinear eqn.:

N =
CeωY

1 + CeωY
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

0 1 2 3 4 5 6 7 8 9 10

C=0.01

Y

N
(Y
)

Nonlinear solution saturates to 1 at large Y

∀C ̸=0 N(Y ) Y →∞−→ 1

Nonlinear evolution equations in QCD – p.24/50

ω = 1

0 2 4 6 8 10

0.5

1.0

1.5

2.0

Y

N(Y ) linear

nonlinear

C = 0.01, ω = 1
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Solution to BK: 1 transverse dimension
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Balitsky-Kovchegov in (1 + 1) dimensions

dN(b01,x01, Y )
dY

= ᾱs

∫
d2x2 x2

01

x2
20 x2

12

[
N(b01 +

x12

2
,x20, Y )+N(b01 −

x20

2
,x12, Y )

− N(b01,x01, Y ) − N(b01 +
x12

2
,x20, Y )N(b01 −

x20

2
,x12, Y )

]

Kernel depends only on sizes x01, x02, x12.
Assume solution has translational invariance:

N(b01,x01, Y )→ N(|x01|, Y )

No impact parameter b01 dependence
Physically corresponds to uniform and infinite nucleus.

Nonlinear evolution equations in QCD – p.25/50
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Solution to BK: 1 transverse dimension
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Solution to BK equation in (1 + 1) case

Rapidity dependence of N(Y, r = |x01|):

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

2 4 6 8 10 12 14 16 18

r=0.48

Y

N
(Y
,r)

System saturates earlier (i.e. at smaller Y ′s ) for larger dipole sizes.

Nonlinear evolution equations in QCD – p.26/50

Solution to BK equation in (1 + 1) case

Rapidity dependence of N(Y, r = |x01|):

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

2 4 6 8 10 12 14 16 18

r=0.48

r=4.8

Y

N
(Y
,r)

System saturates earlier (i.e. at smaller Y ′s ) for larger dipole sizes.

Nonlinear evolution equations in QCD – p.26/50

Solution to BK equation in (1 + 1) case

Rapidity dependence of N(Y, r = |x01|):

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

2 4 6 8 10 12 14 16 18

r=0.48

r=4.8

Y

N
(Y
,r)

System saturates earlier (i.e. at smaller Y ′s ) for larger dipole sizes.

Nonlinear evolution equations in QCD – p.26/50

Solution to BK equation in (1 + 1) case

Rapidity dependence of N(Y, r = |x01|):

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

2 4 6 8 10 12 14 16 18

r=0.48

Y

N
(Y
,r)

System saturates earlier (i.e. at smaller Y ′s ) for larger dipole sizes.

Nonlinear evolution equations in QCD – p.26/50

linear

non-linear

linear

non-linear
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Solution to BK: 1 transverse dimension

24

Solution to BK equation in (1 + 1) case

Dipole size dependence at different Y : 0, 1.95, . . . , 15.6

Linear scale
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N becomes O(1) for smaller dipoles as Y increases.
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Solution to BK: 1 transverse dimension

25

Solution to BK equation in (1 + 1) case

Dependence on initial conditions

Linear scale
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Solution to BK: 1 transverse dimension

26

Solution to BK equation in (1 + 1) case

Dependence on initial conditions

Linear scale
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Universal behaviour of solution for different initial condition.
N = 0 unstable fixed point
N = 1 stable fixed point
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Saturation scale
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Saturation scale

Introduce saturation scale Qs(Y ) such that:

r < 1
Qs(Y ) −→ N ≪ 1 −→ dilute system

r > 1
Qs(Y ) −→ N ∼ 1 −→ dense system

Saturation scale is rapidity dependent:

Qs(Y ) = Q0 exp(ᾱs λY )Y −β , λ ≃ 2.4

Properties of BK solution are similar to the dipole cross section from
Golec-Biernat & Wüsthoff saturation model (K.Golec-Biernat,M.Wusthoff 98):

σ(Y, r) ≡
∫

d2bN(b, r, Y ) = σ0

[
1− exp(−r2Q2

s(Y )
4

)
]

, Q2
s(Y ) = e0.28(Y −Y0)

r < 1
Qs(Y ) −→ σ(Y, r)/σ0 ≃ r2 Q2

s(Y )/4
r > 1

Qs(Y ) −→ σ(Y, r)/σ0 ≃ 1

Nonlinear evolution equations in QCD – p.28/50
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Scaling properties of BK solution

28

Universality: geometrical scaling
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r=|x01|

N
(Y
,r) Universal shape of solution.

Solution has property of
(geometrical) scaling

N(r, Y ) = N(r Qs(Y ))

Qs(Y ) = Q0 exp(ᾱs λY )Y −β

ln r + lnQs(Y ) = ln r + ᾱsλY + O(lnY )

Travelling wave solution
Soliton ( M. Braun 00)

Scaling region r >∼ 1/Qs(Y ). For small r, scaling violations.

GBW model also has scaling property.

Nonlinear evolution equations in QCD – p.29/50



Small x physics, International School on EIC Physics, Kyoto University, 2-13 March 2026

Geometrical scaling

29
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Figure 1: Experimental data on σγ∗p from the region x < 0.01 plotted versus the scaling
variable τ = Q2R2

0(x).

9

Interestingly if the dipole cross section 
approximately has geometrical scaling, i.e. 
depends on the combination of dipole size 
and saturation scale

The cross section should also depend on one 
combined variable in the small x region
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Interestingly, data seem to support this trend

Many questions: the same data can be 
described by DGLAP linear evolution 

Further analysis showed that DGLAP could 
preserve scaling in the evolution if there is 
scaling in the initial conditions : extended 
geometrical scaling

Small x<0.01 data for DIS
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BK in momentum space

30

BK solutions in momentum space

Fourier transform to momentum space:

φ(k, Y ) :=
∫ ∞

0

dr

r
J0(k r)N(r, Y )

BK equation ((1 + 1) dim.) in momentum space:

dφ(k, Y )
dY

= ᾱs

∫
dk′

k′ K(k, k′)φ(k′, Y ) − ᾱsφ
2(k, Y )

where K is usual BFKL kernel in momentum space.
Solution of the linear equation in saddle point approximation:

kφ(k, Y ) =
1√

πᾱsχ
′′(0)Y

exp(ᾱsχ(0)Y ) exp
(
− ln2(k2/k2

0)
2ᾱsχ

′′(0)Y

)

Diffusion into infrared region of momenta k
Nonlinear evolution equations in QCD – p.31/50

Balitsky-Kovchegov in (1 + 1) dimensions

dN(b01,x01, Y )
dY

= ᾱs

∫
d2x2 x2

01

x2
20 x2

12

[
N(b01 +

x12

2
,x20, Y )+N(b01 −

x20

2
,x12, Y )

− N(b01,x01, Y ) − N(b01 +
x12

2
,x20, Y )N(b01 −

x20

2
,x12, Y )

]

Kernel depends only on sizes x01, x02, x12.
Assume solution has translational invariance:

N(b01,x01, Y )→ N(|x01|, Y )

No impact parameter b01 dependence
Physically corresponds to uniform and infinite nucleus.

Nonlinear evolution equations in QCD – p.25/50
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BFKL vs BK solution

31

Diffusion properties of BFKL and BK

Distribution in momentum ln k for increasing rapidities
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k 
φ(

k,
y)

kφ(lin)(k, Y ) ∼ eᾱsχ(0)Y e

(
− ln2(k2/k2

0)

2ᾱsχ
′′ (0)Y

)

Suppresion of diffusion
into infrared for nonlinear
solution ( K.Golec-Biernat,

L.Motyka, A.S., 01)

Peak moves from k0

towards larger k for
increasing Y

Define saturation scale as
position of maximum

Qs(Y ) ≡ kmax(Y )

Nonlinear evolution equations in QCD – p.32/50
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Diffusion properties of BK

32

Diffusion properties of BFKL and BK

Renormalised distribution:

Ψ(k, Y ) =
kφ(k, Y )

kmax(Y )φ(kmax(Y ), Y )

Linear
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Nonlinear
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Suppression of diffusion and scaling

33

Absorptive boundary and scaling

Nonlinear: different cuts
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ln(k/k0)

Y

Stright lines
ξ = ln k/k0 − λY

Scaling since solution
depends only on ξ (when
ξ < ξs)
Saturation scale Qs(Y )
defined by critical line ξs
Diffusion to the right of the
critical line

Nonlinear equation might be replaced by the linear diffusion equation with
the absorptive boundary (A.H. Mueller, D. Triantafyllopoulos, 02)

Nonlinear evolution equations in QCD – p.34/50
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Relation of BK to diffusion equation with nonlinear term

34

Nonlinear diffusion equation

BK equation can be approximated as a diffusion equation with nonlinear
term (S. Munier, R. Peschanski 03,04):

dφ(k, Y )
dY

= ᾱs

∫
dk′

k′ K(k, k′)φ(k′, Y ) − ᾱsφ
2(k, Y )

Fisher and Kolmogorov-Petrovsky-Piscounov (FKPP) equation:

∂tu(t, x) = ∂2
x(t, x) + u(t, x)[1− u(t, x)]

change of variables (Y, ln k) −→ (t, x) and φ −→ u
FKPP equation has travelling wave solutions at large t:

u(t, x) t→+∞∼ w[x−mβ(t)],

where initial condition satisfies u(t0, x) x→+∞∼ exp(−βx).

Travelling wave↔ Geometrical Scaling
Nonlinear evolution equations in QCD – p.35/50
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Running coupling

35

Running coupling

LLx approximation→ ᾱs fixed
Phenomenological way of introducing NLLx effect→ ᾱs running:

dφ(k, Y )
dY

= ᾱs(k)
∫

dk′

k′ K(k, k′)φ(k′, Y ) − ᾱs(k)φ2(k, Y )

It is well known that linear equation becomes very unstable→ large
sensitivity to the regularisation of ᾱs(k) in the infrared.
Fixed ᾱs:
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Running coupling in BK with 1 spatial dimension

36

Running coupling in the BK equation

Nonlinear equation has much more stable behaviour:
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Nonlinear term damps
diffusion into infrared
Saturation scale Qs(Y )
provides a natural cutoff
for momenta
No dependence on the
regularisation of ᾱs(k) in
the infrared
Geometrical scaling still
holds

Different rapidity dependence of saturation scale:

Qs(Y ) = Λ exp
(√

24
b0

(Y − Y0) + ln2 Q0/Λ
)

Nonlinear evolution equations in QCD – p.37/50
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Spatial distribution: impact parameter dependence

37

Spatial distribution

Q
1
r= −

Y

Non−perturbative

Saturation scale

Dense system

region

Dilute system
Linear evolution

Nonlinear evolution

Approximated picture, densities
are averaged
BK equation only in (1 + 1)
dimension, infinite size of target.
What about spatial distribution?

 
 

    

r

Total size of system

Size of dense system

Nonlinear evolution equations in QCD – p.38/50
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Spatial distribution: impact parameter dependence

38

Spatial distribution

Y1

 
 

    

r

Total size of system

Size of dense system

Y2

 
 

    

r

Total size of system

Size of dense system

Impact parameter profile:

Y1

Y2

Y2 Y1

b

ρ

>

System expands in space as energy grows.
What is the spatial distribution generated from full (4+1) BK equation?

Nonlinear evolution equations in QCD – p.39/50
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BK with impact parameter dependence

39

BK equation with impact parameter

dN(b01,x01, Y )
dY

= ᾱs

∫
d2x2 x2

01

x2
20 x2

12

[
N(b01 +

x12

2
,x20, Y )+N(b01 −

x20

2
,x12, Y )

− N(b01,x01, Y ) − N(b01 +
x12

2
,x20, Y )N(b01 −

x20

2
,x12, Y )

]

Difficult problem→ (4 + 1) dimensions.
Integral measure

d2x2 x2
01

x2
20 x2

12

is invariant under rotations in transverse
space

x0,x1,x2 −→ O(φ)x0,O(φ)x1,O(φ)x2

Assume that N(|b|, |r|, θ;Y ) cyllindricaly
symmetric→ (3 + 1).

φ

θ

b

r   
   

Nonlinear evolution equations in QCD – p.40/50c
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Solving BK with impact parameter

40

BK equation with impact parameter

Initial conditions: Glauber-Mueller form

N (0)(r, b, θ;Y = 0) = 1− exp[−r2S(b)]

where S(b) is impact parameter profile

S(b) = S0 exp
(
− b2

R2
0

)

Dipole size profile:
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BK with impact parameter

41

Impact parameter profile
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Input
Y=0.1

Y=2.0

Y=5.0
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b

N
(r,

b,
θ;

Y)

Saturation for small b’s,
fast growth at larger b’s
Expansion of satured
region with increasing
rapidity
Initial impact parameter
profile is not preserved

Power tail ∼ 1/b4 is
immediately generated
( K. Golec-Biernat, A.S. 03)

Nonlinear evolution equations in QCD – p.42/50
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Short vs long range contribution

42

Short vs long range interaction
⎡

⎢⎢⎢⎣

short︷ ︸︸ ︷∫
Θ(r0 − |x2 − b|) +

long︷ ︸︸ ︷∫
Θ(|x2 − b|− r0)

⎤

⎥⎥⎥⎦
d2x2(x0 − x1)2

(x0 − x2)2(x1 − x2)2

·
(
N (0)

02 + N (0)
12 −N (0)

01 −N (0)
02 N (0)

12

)

r=10-1

b

|R
H
S|

short

long

short

long

short

long

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

1 10

short→ exponential
behaviour, factorisation of
initial profile at small b
long → power behaviour,
∼ 1/b4 at large b

Nonlinear evolution equations in QCD – p.43/50
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Violation of Froissart bound

43

Violation of Froissart bound

Power tails in b← long range interaction

At large b there are contributions from large dipoles

d2x2 x2
01

x2
20 x2

12

≃ d2x2
r2

b4

Fast expansion of the system leads of the violation of Froissart bound.
Instead of :

σ ≤ π

m2
π

(ln 1/x)2

we have :

σ =
∫

d2bN(r,b;Y = ln 1/x) ∼ x−λ

Evolution equation is conformally invariant, there is no mass scale.Nonlinear evolution equations in QCD – p.44/50

Equation is conformally invariant at LLx: no mass scale
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Dipole size dependence

44

Dipole size dependence

Without b dependence:
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With b dependence:
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At small values of r shape similar to previous analysis.
Fall-off at large values of r.
Dipole is larger than the target→ it misses the target.

Nonlinear evolution equations in QCD – p.45/50
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Dipole size dependence

45

Dipole size dependence

Study different b:
Small b
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Large b
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Peak around b = r
2

At large values of r ≫ b amplitude independent of b.

These properties come from conformal invariance of the equation.
Nonlinear evolution equations in QCD – p.46/50
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Conformal invariance at LLx

46

Conformal invariance

Integral kernel:
d2z (x− y)2

(y − z)2 (x− z)2

is invariant under Möbius transformation:

x → a x + b

c x + d

where x = x1 + ix2, x = (x1, x2) (the same for y, z).
In the linear case it was shown that the solution depends on one variable
anharmonic ratio L.N. Lipatov 86.
This means that:

N

(
r2r2

0

b4

)
when r, r0 ≪ b

N

(
r2
0

r2

)
when r ≫ b, r0

r0 is given by initial conditions Nonlinear evolution equations in QCD – p.47/50
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Saturation scale

47

Saturation scale and geometrical scaling
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Saturation scale: ⟨N(r = 1/Qs, b, θ;Y )⟩θ = κ, κ ∼ 0.5
Two solutions. Saturation, N ∼ 1 when:

1
Qs(b, Y )

< r < RH(b, Y ), RH(b, Y ) ∼ RH(Y )

Qs(b, Y )→ b-dependent saturation scale

Nonlinear evolution equations in QCD – p.48/50
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Saturation scale and geometrical scaling
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Saturation scale and geometrical scaling

Q2
s(b, Y ) ≃ g(b) exp(ᾱs2λsY ), λs ≃ 2

where

g(b) = exp(−b2/2) ← b small,

g(b) = 1/b4 ← b large

Saturation scale:
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angles. The initial condition is the same in all graphs and it is near zero, each curve represents an increase in ten units of
rapidity to a maximum of fifty. The LO kernel (solid lines) and the Bessel kernel (dotted lines) are plotted on the same graph.
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C. Saturation Scales

The saturation scale in the impact parameter dependent scenario is again defined by the following equation

⟨N(r = 1/Qs, b, θ, Y )⟩ = κ , (15)

where κ is a constant. In all the following analysis we have set κ = 0.5. It is important to note that, in this case
the form of the amplitude admits two solutions to the above equation. As is evident from Fig. 2 one solution for the
saturation scale is for a larger dipole size and one for a smaller dipole size. The saturation scale Qs always refers
to the solution where the dipole size is smaller. We have found that the slope in rapidity of the saturation scale
Qs increases for low values of rapidities, then reaches an approximately constant value and for ultrahigh rapidities it
starts to decrease. The first effect is caused by the preasymptotic contributions, the latter effect is caused by the finite
size of the grid. We have found that the effects of the grid can be neglected below the rapidities of order ∼ 60. The
saturation scale as a function of the rapidity is shown in left plot in Fig. 10. The solid line shows the calculation in
the case of the LO kernel and the dashed line is for the Bessel kernel. It is clear that, the dependence on the rapidity

Where is impact parameter?
BK equation with impact parameter

dN(b01,x01, Y )
dY

= ᾱs

∫
d2x2 x2

01

x2
20 x2

12
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2
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2
,x12, Y )

− N(b01,x01, Y ) − N(b01 +
x12

2
,x20, Y )N(b01 −

x20

2
,x12, Y )

]

Difficult problem→ (4 + 1) dimensions.
Integral measure

d2x2 x2
01

x2
20 x2

12

is invariant under rotations in transverse
space

x0,x1,x2 −→ O(φ)x0,O(φ)x1,O(φ)x2

Assume that N(|b|, |r|, θ;Y ) cyllindricaly
symmetric→ (3 + 1).

!

"

b

r   
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Kernel does not depend on b, it is in the amplitude (initial conditions)

So far impact parameter in MC: 
Salam;

 Avsar,Gustafson,Lonnblad (DIPSY)

b01 =
x0 + x1

2
x01 = x0 � x1

Amplitude at large b
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C. Saturation Scales

The saturation scale in the impact parameter dependent scenario is again defined by the following equation

⟨N(r = 1/Qs, b, θ, Y )⟩ = κ , (15)

where κ is a constant. In all the following analysis we have set κ = 0.5. It is important to note that, in this case
the form of the amplitude admits two solutions to the above equation. As is evident from Fig. 2 one solution for the
saturation scale is for a larger dipole size and one for a smaller dipole size. The saturation scale Qs always refers
to the solution where the dipole size is smaller. We have found that the slope in rapidity of the saturation scale
Qs increases for low values of rapidities, then reaches an approximately constant value and for ultrahigh rapidities it
starts to decrease. The first effect is caused by the preasymptotic contributions, the latter effect is caused by the finite
size of the grid. We have found that the effects of the grid can be neglected below the rapidities of order ∼ 60. The
saturation scale as a function of the rapidity is shown in left plot in Fig. 10. The solid line shows the calculation in
the case of the LO kernel and the dashed line is for the Bessel kernel. It is clear that, the dependence on the rapidity

Amplitude peaked for r=2b.
Amplitude large for aligned dipole configurations

Angular correlations present in the 
solution 

Amplitude larger for aligned 
configurations of the dipole 

Could be relevant for the angular 
sensitive observables 

Possible sensitivity through diffractive 
dijet in photoproduction/DIS

 Hatta,Xiao,Yuan;
Altinoluk,Armesto,Beuf,Rezaeian;

Berger,AS
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Impressive progress has been achieved in 
calculations of  hard factors at NLO e.g.:

Photon-gluon impact factors: Balitsky-Chirilli; 

Total DIS cross section in dipole 
framework: Beuf; Hanninen et al 
Heavy quarks in DIS: Beuf, Lappi, Paateleinen 
Vector mesons in DIS: Boussarie et al, 
Mantysaari,Penttala 
Dihadrons/jets in DIS: Caucal et al, Bergabo, 
Jalilian-Marian, Taels et al

Diffractive DIS: Beuf et al 
Diffractive dijet: Boussarie et al, Iancu et al 
Photon+dijet in DIS: Roy, Venugopalan 
inclusive hadron production in pA : Chirilli et 
al; 

single jet production in pA: Liu et al 
… 

NLL calculation for the nonlinear evolution

NLL calculation of BK equation: Balitsky-Chirilli 

NLL calculation of JIMWLK equation: 
Kovner, Lublinsky, Mulian

First NLL calculations in small x 

NLL BFKL equation: Fadin,Lipatov; 
Camici,Ciafaloni



Small x physics, International School on EIC Physics, Kyoto University, 2-13 March 2026

Fits to DIS structure function from rcBK

51

Successful fits to DIS structure functions.  Example running coupling(rc) LL BK (no b dependence)
Albacete, Armesto, Guilherme Milhano, Salgado

Initial conditions:

GBW-like :

McLerran-Venugopalan  
(MV)-like

<latexit sha1_base64="7TdioGvAT+1M0QA4zeNboYSZcps="></latexit>
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<latexit sha1_base64="ahWYFK0qt+ZLNkJhWVJzt7xTHL4="></latexit>

�̂(r, Y ) = �0 N(r, Y )

Impact parameter is integrated out 
and enters as a parameter
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fit parameters: 
•  : total normalization 
•  saturation scale at the initial scale 
•  : anomalous dimension in the initial condition 
• C: parameter relating running coupling in 

coordinate space to momentum space 
• Additionally: freezing parameter for the coupling at 

large dipoles

σ0
Q2

s0
γ
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Figure 2: Comparison between a selection of experimental data [1–16] and the results

from the fit for F2(x,Q2). Solid red lines correspond to GBW i.c., and dotted blue ones to

MV i.c. The error bars correspond to statistical and systematic errors added in quadrature.

As remarked in the previous Section the main difference between the two initial

conditions is their behavior at small r. In principle this difference is large, but the
fact that the values of γ resulting from the fit are different for the different initial

conditions, should compensate it in a limited region of r. We thus conclude that the
kinematical coverage of the existing experimental data on F2 (and FL) is too small
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Figure 3: Comparison between experimental data from the H1 [17] (upper plot) and

ZEUS [18] (lower plot) Collaborations and the predictions of our model for FL(x,Q2). Red

solid lines and open squares correspond to GBW i.c., and blue dotted lines and open circles

to MV i.c. The theoretical results have been computed at the same ⟨x⟩ as the experimental

data, and then joined by straight lines. The error bars correspond to statistical and sys-

tematic errors added in quadrature for those data coming from [17], while they correspond

to the error quoted for the unconstrained fit for those data coming from [18].

to allow a discrimination of the different UV behaviors of the two employed i.c.

Second, the fits using GBW i.c. and obtained by letting γ vary as a free pa-
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ZEUS [18] (lower plot) Collaborations and the predictions of our model for FL(x,Q2). Red

solid lines and open squares correspond to GBW i.c., and blue dotted lines and open circles

to MV i.c. The theoretical results have been computed at the same ⟨x⟩ as the experimental

data, and then joined by straight lines. The error bars correspond to statistical and sys-

tematic errors added in quadrature for those data coming from [17], while they correspond

to the error quoted for the unconstrained fit for those data coming from [18].

to allow a discrimination of the different UV behaviors of the two employed i.c.

Second, the fits using GBW i.c. and obtained by letting γ vary as a free pa-
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The only published direct measurements of the longitudinal structure function

FL(x,Q2) were obtained recently by the H1 [17] and ZEUS [18] Collaborations, and
they are not included in the fit.

All in all, 847 data points are included. Statistical and systematic uncertain-

ties were added in quadrature, and normalization uncertainties not considered. [A
more involved treatment separating uncorrelated and correlated/normalization er-

rors could be done only at the expense of adding one more fitting parameter for
each of the 17 data sets used, thus making the minimization task impossible due to

CPU-time requirements.] Since the minimization algorithms require a large number
of calls to the function we have implemented a parallelization of the numeric code.
Finally, the BK evolution equation including running coupling corrections is solved

using a Runge-Kutta method of second order with rapidity step ∆hy = 0.05, see
further details in [49].

In order to smoothly go to photoproduction, we follow [28] and use the redefini-
tion of the Bjorken variable

x̃ = x

(

1 +
4m2

f

Q2

)

, (3.1)

with mf = 0.14 GeV for the three light flavors we consider in Eq. (2.4).

4. Results

4.1 Fits to F2 and description of FL

The values of the free parameters obtained from the fits to data for the two different
initial conditions, GBW and MV, are presented in Table 1. A partial comparison

between the experimental data [1–16] and the results of the fit for F2(x,Q2) is shown
in Fig. 2.

Initial condition σ0 (mb) Q2
s0 (GeV2) C2 γ χ2/d.o.f.

GBW 31.59 0.24 5.3 1 (fixed) 916.3/844=1.086

MV 32.77 0.15 6.5 1.13 906.0/843=1.075

Table 1: Values of the fitting parameters from the fit to F2(x,Q2) data from [1–16] with

x ≤ 10−2 and for all available values of Q2, 0.045 GeV2 ≤ Q2 ≤ 800 GeV2.

On the other hand, FL(x,Q2) offers an additional constrain on the gluon distri-
bution and is expected to have more discriminating power on different approaches,

particularly in the low-Q2 region [70]. In Fig. 3 we show a comparison between
experimental data [17, 18] and our predictions for FL(x,Q2).

Several comments are in order. First, the two different initial conditions yield
very good fits to F2-data, with χ2/d.o.f. ∼ 1, and almost identical results for FL.
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Figure 5: Dipole scattering amplitude obtained from the fits for the two different initial

conditions, MV (dashed blue) and GBW (solid red) at x = 10−2, 5 ·10−6 and 5 ·10−9 (from

right to left).

and considering just three active flavors. The main novelty of this work with respect
to previous phenomenological analyses is the direct use of the running coupling BK
equation to describe the small-x dependence of the structure functions. We find a

very good agreement with experimental data with only three (four) free parameters
using GBW (MV) initial conditions for the evolution. Available data on FL, not

included in the fit, are also well described. We present predictions for both F2 and
FL in the kinematic regime relevant for future accelerators and ultra high-energy

cosmic rays. We also provide the evolved proton-dipole scattering amplitude down
to values of x = 10−12 through a simple computer code for public use [61]. Further
extension of this work to nuclear targets and hadronic and nuclear collisions is under

way.

In conclusion, we find that the recent progress in our knowledge of non-linear
small-x evolution brings us to an unprecedented level of precision allowing for a direct

comparison with experimental data. This provides a solid theoretical extrapolation
of parton densities towards yet empirically unexplored kinematic regions.
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fit χ2

d.o.f Q2
s0 σ0 γ Q2

s0c σ0c γc C m2
l

GBW

a αfr=0.7 1.269 0.2294 36.953 1.259 0.2289 18.962 0.881 4.363 fixed

a’ αfr=0.7 (Λmτ ) 1.302 0.2341 36.362 1.241 0.2249 20.380 0.919 7.858 fixed

b αfr=0.7 1.231 0.2386 35.465 1.263 0.2329 18.430 0.883 3.902 1.458E-2

c αfr=1 1.356 0.2373 35.861 1.270 0.2360 13.717 0.789 2.442 fixed

d αfr=1 1.221 0.2295 35.037 1.195 0.2274 20.262 0.924 3.725 1.351E-2

MV

e αfr=0.7 1.395 0.1673 36.032 1.355 0.1650 18.740 1.099 3.813 fixed

f αfr=0.7 1.244 0.1687 35.449 1.369 0.1417 19.066 1.035 4.079 1.445E-2

g αfr=1 1.325 0.1481 40.216 1.362 0.1378 13.577 0.914 4.850 fixed

h αfr=1 1.298 0.156 37.003 1.319 0.147 19.774 1.074 4.355 1.692E-2

Table 2: Parameters from fits including charm and beauty contributions to data with x ≤ 10−2

and and Q2 ≤ 50 GeV2 for different initial conditions and fixed values of the coupling in the infrared
αfr = 0.7 and 0.1. Light quark masses are fixed to ml = 0.14 GeV in some fits and left as a free
parameter in others. The fit a’ corresponds to taking the τ mass as reference scale for the running
of the coupling. The units: Q2

s0(c) and m2
l are GeV2, while those of σ0(c) are mb.

parameters associated to the beauty quark prevents us of carrying out a more detailed

characterization of its contribution to the data included in the fit. Thus, we assume that

the free parameters associated to heavy quarks, including the overall normalization, is the

same for charm and beauty. We have checked that such assumption has a very little effect

on the fit output by completely removing the beauty contribution to F2 and σr. However,

we finally decided to include it in the fits in order to be consistent with the variable flavor

scheme used for the running of the coupling, which allows the contribution of dynamical b

quarks to the QCD beta function.

Our fit results are shown in Table 2, and a comparison with data for σr is shown in

the right plot Fig 1. We obtain an equally good description of data as with fits with only

light quarks, as can be seen comparing the left and right plots in Fig 1. However, the

χ2/d.o.f. ! 1.4 are slightly larger than for the fits with only light quarks. This is maybe

due to what seems to be a systematic deviation between different data sets on F2c and the

charm contribution to the reduced cross section σrc, as can be observed in Fig 2, where

we compare our results with experimental data. The arguments presented before on the

stability of the fits with respect to variations in the infrared regulation of the coupling

or the reference scale to determine ΛQCD also hold in the case of fits with heavy quarks.

On the other hand, when left as a free parameter the mass of the light quark tends to

acquire a smaller value than it did in the fits with only light quarks. Concerning the

initial conditions for the evolution, they are very similar for light and heavy quarks. In

particular, the corresponding initial saturation scales, Qs0 and Qs0c take on very similar

values in all fits. However, the steepness of the initial condition encoded in the parameter

γ(c) is systematically larger for light than for heavy quarks for both GBW and MV initial
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to the default one, ml = 140 MeV. This gives us confidence that the good agreement with

data is indeed driven by the small-x dynamics encoded in the rcBK equation rather than

being due to a fine tuning of the remaining parameters. Importantly, the fits parameters

are similar, in all cases, to those obtained in our previous work [25].
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Figure 1: Comparison of experimental data for the reduced cross sections (black squares) in
different Q2 bins with our results (red circles). The results in the left plot correspond to a fit with
only light flavors and GBW initial condition, entry (a) in Table 1. The results in the right plot
include the contribution of charm and beauty quarks and correspond to fit (a’) in Table 2.

4.2 Inclusion of heavy quarks in the fits.

In this section we present the fits performed including the contribution of charm and

beauty quarks into Eq. (2.4). As discussed earlier, we find that in order to obtain a good

description of data while keeping the stability of the fit parameters for light quarks it

is necessary to assume that the overall normalization of the heavy quark contribution to

the reduced cross section is different to the one for light quarks. This translates into the

introduction of a new free parameter, σheavy
0 , which turns out to be smaller than σ0, the

corresponding normalization for light quarks. This can be interpreted as the average radius

of the heavy quark distribution being smaller than the one for light quarks. In principle,

there is no reason a priori why such average radius should be the same for charm and

beauty quarks. On the contrary, one may expect a smaller size of the effective beauty

distribution on account of its larger mass. This would suggest the introduction of two

different normalization parameters for charm and beauty σ0c and σ0b, as well as, maybe,

different initial conditions for the evolution for each heavy quark flavor. However, the

paucity of data on F2b or related observables able to independently constrain the free
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Figure 2: Comparison of experimental data for F2c (black squares) and σrc (red squares) in
different Q2 bins with our results (cyan circles), corresponding to fit (a’) in Table 2.

conditions.

4.3 Comparison with FL

In Fig 3. we present a comparison of our results for the longitudinal structure function

FL with the available data at small-x and for different Q2 bins. The theoretical results

were obtained using the dipole parametrizations corresponding to fits (e) and (a) in Tables

1 and 2 respectively, although we have checked that all the others provide equally good

comparisons with data. The agreement with data is good, provided the relatively large

error bars in experimental data.

5. Conclusions

In this paper we have presented an analysis of the available data on the several inclusive

structure functions and reduced cross section measured in e+p collisions at small-x. This

proves the ability of the rcBK equation, the main dynamical ingredient in our approach,

to account for the x-dependence of the available data, including the high quality data on

reduced cross sections provided by the combined analysis of the H1 and ZEUS Collabora-

tions. We thus offer additional indications for the presence of non-linear saturation effects

in present data and, thereby, sharpen the CGC approach to high-energy QCD scattering as

– 13 –
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Data ↵s Y0,BK �2/N Q2
s,0 C2 � �0/2 Q2

s(Y = ln 1
0.01 )

[GeV2] [mb] [GeV2]
HERA parent ln 1

0.01 1.85 0.0833 3.49 0.98 9.74 0.11
light-q parent ln 1

0.01 1.58 0.0753 37.7 1.25 18.41 0.11
HERA parent 0 1.24 0.0680 79.9 1.21 18.39 0.20
light-q parent 0 1.18 0.0664 1340 1.47 27.12 0.14
HERA Bal + SD ln 1

0.01 1.89 0.0905 0.846 1.21 8.68 0.13
light-q Bal + SD ln 1

0.01 2.63 0.0720 1.91 1.55 12.44 0.11
HERA Bal + SD 0 1.49 0.1114 0.846 1.94 8.53 0.26
light-q Bal + SD 0 1.69 0.1040 2.87 7.70 12.09 0.14

TABLE I: Fits to HERA and light quark data with the Kinematically Constrained BK evolution (KCBK).

Data ↵s Y0,BK �2/N Q2
s,0 C2 � �0/2 Q2

s(Y = ln 1
0.01 )

[GeV2] [mb] [GeV2]
HERA parent ln 1

0.01 2.24 0.0964 1.21 0.98 7.66 0.13
light-q parent ln 1

0.01 1.62 0.0755 11.7 1.24 16.53 0.11
HERA parent 0 1.12 0.0721 89.5 1.37 19.68 0.21
light-q parent 0 1.18 0.0794 1480 1.92 26.69 0.18
HERA Bal + SD ln 1

0.01 2.37 0.0950 0.313 1.24 7.85 0.14
light-q Bal + SD ln 1

0.01 2.21 0.0796 0.684 1.81 11.34 0.13
HERA Bal + SD 0 2.35 0.0530 0.486 1.56 10.10 0.23
light-q Bal + SD 0 3.19 0.0566 1.27 9.35 14.27 0.13

TABLE II: Fits to HERA and light quark data with local projectile momentum fraction evolution (ResumBK).

FIG. 3: Anomalous dimension evolution with KCBK,
Y0,BK = ln 1/0.01. Computed from fits to HERA data.

HERA data [8, 9]. The disadvantage of an initial con-
dition with � > 1 is that, as discussed in Sec. III G, it
results in the unintegrated gluon distribution not being
positive definite at large transverse momenta.

To understand why di↵erent running coupling pre-
scriptions result in di↵erent initial anomalous dimen-
sions, we study the slope of the dipole defined as

�(r) =
d ln N(r)

d ln r2
. (35)

For the KCBK fits this is shown in Fig. 3 as a function
of dimensionless dipole size rQs. The kinematically con-

strained BK equation is found to keep the anomalous
dimension (slope at small r) approximatively constant at
very small r, unlike the leading order BK equation. A
similar e↵ect was found in case of the ResumBK equation
in Ref. [25].

At intermediate r ⇠ 1/Qs which dominates the cross
section, there is clear evolution towards an asymptotic
shape. Let us first focus on results where the smallest
dipole Bal+SD coupling is used. Here, the anomalous di-
mension is large at the initial condition and the evolution
decreases the slope at intermediate rQs, which results in
the cross section growing more rapidly with Q2. If the
BK evolution is started at the rapidity scale from which
there is a long evolution before entering the data region
(i.e. Y0,BK = 0), a larger initial anomalous dimension is
required in order to obtain the shape dictated by the Q2

dependence of the HERA structure function data around
r ⇠ 1/Qs.

Let us then consider the evolution with the parent
dipole prescription. In this case, we start from a rel-
atively small � = 0.98, and the evolution increases the
slope at small (but not asymptotically small) r. This can
be seen to stem from the fact that in the parent dipole
prescription the coupling, and consequently the evolution
speed of the dipole amplitude N(r), grows more as a func-
tion of parent dipole size r in comparison to other running
coupling prescriptions. At larger r, the slope evolves only
slightly. After a few units of rapidity evolution, the dipole
amplitudes have the same shape in the r ⇠ 1/Qs region
independently of the running coupling prescription. This
is expected, as r ⇠ 1/Qs size dipoles dominate when cal-
culating the structure functions in HERA kinematics.

Next we move to the local projectile momentum frac-
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FIG. 8: NLO fit predictions of FL compared to averaged
H1 data [103]. Fits are to HERA data, with smallest dipole
coupling and Y0,BK = ⌘0,BK = ln 1

0.01 .

large Q2 when considering the Bjorken-xBj region not in-
cluded in the fits. The longitudinal structure function
FL is more sensitive to small dipole sizes, and as such it
can be expected to be more sensitive on the details of the
evolution. This is especially visible when the ResumBK
evolution is compared to other approaches: the Q2 de-
pendence is much weaker at large Q2. This is due to the
resummation of single transverse logarithms not included
in other evolution schemes, which has the largest e↵ect
at small parent dipole sizes probed at large Q2. How-
ever, in the realistic kinematical range considered here,
the di↵erence between the fits is moderate. This sug-
gests that our next-to-leading order predictions for the
structure functions in the future collider experiments are
robust. Future high energy DIS data from e.g. LHeC will
be extremely precise, with the expected uncertainties in
the structure function measurements being even at the
per mill level [106]. As such one could be sensitive to
details in NLO BK evolution, even though the e↵ects are
not large. Ultimately more di↵erential measurements in
addition to the reduced cross section will be needed.

The most precise measurement of the proton longitudi-
nal structure function FL up to date is performed by the
H1 collaboration at HERA [103] (with compatible results
obtained by the ZEUS collaboration [107]). In Fig. 8 we
compare the FL computed from our fits to the H1 data.
Due to the limited statistics, the most precise results are
not reported as a function of both x and Q2, but at fixed
x, Q2 combinations. Consequently, it is crucial to note
that the higher Q2 points are measured at higher x. All
three fit setups result in almost identical FL, as expected
as the FL is measured in the kinematical domain mostly
included in our reduced cross section fits. Even though
the future Electron Ion Collider [104] will not reach as
small Bjorken-x values as the LHeC, the FL measure-
ments it can perform will be very useful as the HERA
measurement has large uncertainties and it only covers a

small fraction of the phase space where the details of the
evolution can not be accessed.

VI. CONCLUSIONS

We have performed, for the first time, a fit to the
HERA structure function data in the Color Glass Con-
densate framework at next to leading order accuracy in
the case of massless quarks. As the full next to lead-
ing order BK equation is computationally demanding,
we approximate it by employing evolution equations that
resum higher order corrections enhanced by large trans-
verse logarithms. As a result of the fits, we obtain the ini-
tial condition for the perturbative BK evolution. The re-
sulting dipole-target scattering amplitude can be used in
other phenomenological applications, for example when
calculating particle production in proton-nucleus colli-
sions at next to leading order in ↵s.

Similarly as in the leading order fits previously stud-
ied in the literature, we find that it is possible to obtain
an excellent description of the precise combined HERA
structure function data. Equally good fits are obtained
when using both the BK equation formulated in terms of
the projectile momentum fraction, and the recently pro-
posed BK equation where the evolution rapidity is dic-
tated by the fraction of the target longitudinal momen-
tum. When extrapolated to LHeC energies, the di↵erent
BK evolution prescriptions are found to result in mod-
erate di↵erences in the Q2 dependence of the structure
functions. This suggests that the NLO calculation pre-
sented here is robust, and has a strong predictive power
for future DIS measurements in new experimental facili-
ties such as the EIC or LHeC.

As next-to-leading order impact factors for massive
quarks are not yet available, it is not possible to compute
charm and bottom contribution to the structure func-
tions. To perform consistent fits, we also generated an
interpolated light quark data set by subtracting the inter-
polated charm and bottom contribution from the HERA
reduced cross section data. Fits to this light quark data
require a much slower Bjorken-x evolution than we nat-
urally get from the perturbative evolution equations ap-
plied. Additionally, the apparent proton transverse size
obtained is significantly larger than seen when fitting the
full HERA data. These features we interpret to result
from a non-perturbative hadronic component in the light
quark production cross section. This component is large
(resulting in a large proton transverse area), and evolves
more slowly as a function of Bjorken-x, as expected for
a hadronic component.

Our results demonstrate the need for massive quark
impact factors at next-to-leading order accuracy in the
CGC framework, which would allow fits to fully pertur-
bative charm cross section separately. Precise measure-
ments of the charm structure function over a wide range
of x and Q2, in addition to the longitudinal structure
function, from future experiments will also be useful.
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FIG. 2. Charm reduced cross section predictions calculated
using the di↵erent NLO fits from [24] for the dipole amplitude
that result in a good description of the charm data. The
results are compared to the combined HERA data from [25].

ducing, for example, additional parameters that render
the proton probed by a charm quark dipole di↵erent from
the proton probed by a light quark dipole [12]. A similar
approximative NLO evolution equation as in this work
was used in [14] but coupled to the LO impact factor. In
that case, it was also found impossible to simultaneously
describe the inclusive and heavy quark production data.

When the computation is promoted to full NLO ac-
curacy the mass dependence is modified for two reasons.
First, after including higher-order corrections to the BK
equation (in projectile rapidity), the dipole amplitude
does not anymore evolve towards an asymptotic shape
with an anomalous dimension � < 1 (at small dipole sizes
r the amplitude behaves as N ⇠ r2�) [47]. Instead, the
anomalous dimension (which is � & 1 in the fits reported
in [24]) remains approximatively constant suppressing
the dipole amplitudes at small dipoles [24, 37]. Hence,
the heavy quark production cross section is suppressed
relative to light quark production. Second, adding the
NLO corrections to the massive impact factor enhances
the heavy quark production. With TBK evolution we
have opposite systematics: a small � is developed and the
impact factor suppresses heavy quark production. The
net e↵ect of these two competing NLO corrections is such
that the mass dependence of the cross section matches
that of the HERA data when the three fits identified in
this work are used.

Finally, we illustrate the remaining theory uncertainty
when performing NLO CGC calculations. We calculate
predictions for the the proton longitudinal structure func-
tion FL, and for the charm and bottom quark contribu-
tions to it, in the EIC kinematics. We take xBj = 2·10�3,
and show in Fig. 4 the structure functions as a function
of Q2 calculated using the three fits determined above.
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FIG. 3. Total reduced cross section calculated using the dipole
amplitude fits allowed by the heavy quark production data.
Note that as the �r depends on inelasticity y, the theory
curves connecting the calculated points are not smooth.
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FIG. 4. Total (solid lines), charm (dashed lines), and bottom
(dotted lines) longitudinal structure functions as a function of
photon virtuality in the EIC kinematics calculated using the
three dipole amplitude fits compatible with the heavy quark
data.

For the bottom structure function, the di↵erent fits re-
sult in almost identical predictions for the EIC, whereas
for charm production the predictions begin to di↵er at
Q2 & 20GeV2. On the other hand, in the total longitu-
dinal cross section a significant di↵erence up to 20% is
seen at all Q2. Therefore, an inclusion of the future FL

data in the global analysis will provide further constraints
for the initial condition of the small-xBj evolution. The
currently available FL data from HERA [48] is not able
to distinguish between the di↵erent fits.

Discussion —We have calculated heavy quark produc-
tion cross sections in DIS at NLO in the CGC framework.
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FIG. 4: Anomalous dimension evolution with TBK, using
the initial conditions parametrized at ⌘0,BK = ln 1

0.01 . The
evolved rapidity range from the initial condition is denoted
by �⌘.

� ⇠ 0.6 [23]. This behavior is similar to the leading or-
der BK equation, in which case it is already known that
the asymptotic shape can not be used to parametrize the
initial condition [8]5. Indeed the development of the ge-
ometric scaling regime independently of the initial con-
dition is a theoretically attractive feature of the TBK
formulation. However, HERA data seems to prefer to
lie in the preasymptotic regime in the fits. Thus, es-
pecially in the fits with more evolution before the data
region (smaller ⌘0,BK), one needs to slow down the evolu-
tion more and start with a significantly larger anomalous
dimension in order to still have a transient form of the
dipole amplitude in the data regime.

The evolution of the dipole slope in TBK evolution is
shown in Fig. 4 at di↵erent evolution rapidities ⌘. Un-
like in the case of KCBK equation discussed earlier and
shown in Fig. 3, the slope of the dipole from the TBK
evolution is decreasing with both running couplings in
the r ⇠ 1/Qs regime. As shown in Ref. [23], the asymp-
totic anomalous dimension � ⇠ 0.6 is obtained only at
very large rapidities, and at least the Bal+SD coupling
case can be seen to be evolving towards this asymptotic
value. In the rapidity range relevant in HERA or even
LHeC kinematics the asymptotic anomalous dimension
is not reached. With the parent dipole coupling, a sig-
nificantly longer evolution is needed before evolution to-
wards the asymptotic shape at small r becomes visible
in the best fit case with a small anomalous dimension
� = 0.9 in the initial condition.

The dipole amplitudes at di↵erent evolution rapidi-

5
In [96] an asymptotic form of the initial condition produces work-

ing results only when a significant additional “energy conserva-

tion” correction in the BK evolution is used.
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FIG. 5: Dipole amplitudes of the three BK equations at an
early and later stage in the evolution at constant evolution
rapidities Y = Y0,BK + �Y , with TBK solutions in ⌘ shifted
into Y . Balitsky + smallest dipole running coupling is used,
with the initial conditions from the fits with Y0,BK = ⌘0,BK =
ln 1

0.01 .

ties as a function of dipole size are shown in Fig. 5.
Here, results obtained using the all three considered evo-
lution equations are shown at fixed projectile rapidity
Y = Y0,BK + �Y . The solution to the TBK evolution
is shifted from the target rapidity ⌘ to the projectile ra-
pidity Y by performing the shift (29). The shifted TBK
solutions are shown in the region where ⌘ > ⌘0,BK. In the
region where the dipole amplitude is not small, all evo-
lution equations result in comparable dipole amplitudes.
This is expected, as all the shown dipoles result in a com-
patible description of the HERA structure function data.

At small dipole sizes that do not significantly con-
tribute to the structure functions some di↵erences ap-
pear. Despite the fact that KCBK and ResumBK equa-
tions have very similar initial conditions the resulting
amplitudes di↵er significantly for small dipoles. This is
mostly driven by the resummation of the single transverse
logarithms not included in the kinematically constrained
BK equation, as this resummation is more important at
small parent dipole size r. At very small dipoles the TBK
evolved dipole also di↵ers significantly from the other
dipoles when the shift from target rapidity, Eq. (28), re-
sults in the dipole being evaluated close to the initial
condition. If the parent dipole scheme for the running
coupling were used, the di↵erences between the dipoles
obtained from the di↵erent evolution equations would be
significantly reduced, as in that scheme the coupling con-
stant is generically smaller at small r and di↵erences be-
tween the evolution equations are suppressed by the small
↵s.

dipole amplitude longitudinal structure function charm structure function

Beuf, Hanninen, Lappi, Mantysaari; Hanninen, Mantysaari, Paatelainen, Penttala
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Saturation in perturbative QCD2316

The original approach to implement unitarity and rescattering e↵ects in high-energy hadron scattering was2317

developed by Gribov [56,192,215]. Models based on this non-perturbative Regge-Gribov framework are quite2318

successful in describing existing data on inclusive and di↵ractive ep and eA scattering (see e.g. [216,217] and2319

references therein). However, they lack solid theoretical foundations within QCD.2320

On the other hand, attempts have been going on for the last 30 years to implement parton rescattering2321

or recombination2 in perturbative QCD in order to describe its high-energy behaviour. In the pioneering2322

work in [195,218], a non-linear evolution equation in lnQ2 was proposed to provide the first correction to the2323

linear equations. A non-linear term appeared, which was proportional to the local density of color charges2324

seen by the probe (the virtual photon).2325

An alternative, independent approach was developed in [219], where the amplitudes for di↵ractive pro-2326

cesses in the triple Regge limit were calculated. This resulted in the extraction of the triple Pomeron vertex2327

in QCD at small x, which is responsible for the non-linear term in the evolution equations.2328

Later on these ideas were further developed to include all corrections enhanced by the local parton density,2329

to constitute what is called the Color Glass Condensate (CGC) [196–199,220–227] (see also the most recent2330

developments in [228–231]). The CGC provides a non-perturbative, but weak-coupling, realization of parton2331

saturation ideas within QCD. The linear limit of the basic CGC equation is the BFKL equation, which is2332

the linear evolution equation derived in the high-energy limit. As illustrated in Fig. 5.1, the evolution in the2333

lnQ2
� ln 1/x plane is driven by both linear equations: along lnQ2 for DGLAP and along ln 1/x for BFKL.2334

The basic framework in which saturation ideas are discussed is illustrated in Fig. 5.2. One is considering2335

the hadron wave function at high energy. Its partonic components can be separated into those partons with2336

a large momentum fraction x and those with small x. The large-x components form dilute systems and2337

provide color sources for the corresponding small-x components. Due to multiple splittings of the small-x2338

gluons, a dense system is eventually formed. One can then construct within this formalism an evolution2339

equation for the gluon correlators in the hadron wave function which is a renormalization group equation2340

with respect to the rapidity separating large- and small-x partons. This renormalization procedure assumes2341

perturbative gluon emissions from the large-x partons which imply a redefinition of the source at each step2342

in rapidity.2343

The mean field version of the CGC evolution equations, the Balitsky-Kovchegov (BK) equation [198,199],2344

provides a non-linear evolution equation for the so-called unintegrated gluon densities. These distributions,2345

unlike the standard integrated densities, contain the information about the transverse momenta of the2346

partons. They naturally appear in the theoretical formulations of small-x physics. A detailed description of2347

these distributions as well as the prospects of their precise determination at the LHeC through a variety of2348

processes are discussed in Subsec. 5.2.5.2349

It turns out that the BK approach results in a gluon density which, for a fixed resolution of the probe,2350

is saturated for small longitudinal momentum fractions x, whereas at large values of x, the non-linear2351

term is negligible. The separation between these two limits is given by a dynamically generated saturation2352

momentum Qs(x) which increases with decreasing x (c.f. Fig. 5.1), and therefore saturation is determined2353

by the condition Q < Qs(x). Then, for large energies or small x, the system is in a dense regime of high2354

gluon fields (thus non-perturbative) but the typical gluon momentum, ⇠ Qs, is large (thus the coupling2355

constant which determines gluon interactions is weak). The qualitative behaviour of the saturation scale2356

with energy and nuclear size can be argued as follows. The transition from a dilute to a dense regime occurs2357

when the packing factor (in this case, the product of the density of gluons per unit transverse area times the2358

gluon-gluon cross section) becomes of order unity i.e.2359

A⇥ xg(x,Q2
s)

⇡A2/3
⇥

↵s(Q2
s)

Q2
s

⇠ 1 =) Q2
s ⇠ A1/3Q2

0

✓
1
x

◆�

, (5.2)

where the growth of the gluon density at small x in the dilute system has been approximated by a power2360

law, xg(x,Q2) ⇠ x��, logarithms are neglected and the nucleus is considered a simple superposition of2361

2Note that the rescattering and recombination concepts correspond to the same physical mechanism viewed in the rest frame
and the infinite momentum frame of the hadron, respectively.
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where the growth of the gluon density at small x in the dilute system has been approximated by a power2360

law, xg(x,Q2) ⇠ x��, logarithms are neglected and the nucleus is considered a simple superposition of2361

2Note that the rescattering and recombination concepts correspond to the same physical mechanism viewed in the rest frame
and the infinite momentum frame of the hadron, respectively.
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Figure 3.14: The kinematic reach in x and Q
2 of the EIC for di↵erent electron beam energies,

given by the regions to the right of the diagonal black lines, compared with predictions of the
saturation scale, Qs, in p, Ca, and Au from Model-I (see Sec. 3.2.1 and note that x < 0.01 in
the figure).

(pQCD) based on the linear DGLAP evolu-
tion equation is strictly only applicable at
large Q

2. In the range Q
2

< Q
2
s, solely

non-linear theories such as the CGC can pro-
vide quantitative calculations. It is only in a
small window of approximately 1 . Q

2 . 4
GeV2 where a comparison between the two
approaches can be made (see Fig. 3.14). Due
to the complexity of high energy nuclear
physics, at the end, the final insight will
come from the thorough comparison of mod-
els calculations with a multitude of measure-
ments, each investigating di↵erent aspects of
the low-x regime. We will learn from varying
the ion species, A, from light to heavy nuclei,
studying the Q

2, x, and t dependence of the
cross-section in inclusive, semi-inclusive, and
exclusive measurements in DIS and di↵rac-
tive events.

In what follows we discuss a small set
of key measurements whose ability to ex-
tract novel physics is beyond question. They

serve primarily to exemplify the very rich
physics program available at an EIC. These
“golden” measurements are summarized in
Tab. 3.1 with two EIC energy options. These
measurements are discussed in further detail
in the remainder of this section. It should
be stressed that the low-x physics program
will only reach its full potential when the
beam energies are large enough to reach suf-
ficiently deep into the saturation regime. Ul-
timately this will only be possible at an EIC
where x ⇠ 10�4 can be reached at Q

2 val-
ues of 1–2 GeV2 as indicated in Fig. 3.14.
Only the highest energies will give us enough
of a lever arm in Q

2 to study the cross-
ing into the saturation region allowing us
to, at the same time, make the comparison
with DGLAP-based pQCD and CGC predic-
tions. The statistical error bars depicted in
the figures described in this section are de-
rived by assuming an integrated luminosity
of

R
Ldt = 10 fb�1

/A for each species and in-
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these distributions as well as the prospects of their precise determination at the LHeC through a variety of2348
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It turns out that the BK approach results in a gluon density which, for a fixed resolution of the probe,2350

is saturated for small longitudinal momentum fractions x, whereas at large values of x, the non-linear2351

term is negligible. The separation between these two limits is given by a dynamically generated saturation2352
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gluon fields (thus non-perturbative) but the typical gluon momentum, ⇠ Qs, is large (thus the coupling2355

constant which determines gluon interactions is weak). The qualitative behaviour of the saturation scale2356

with energy and nuclear size can be argued as follows. The transition from a dilute to a dense regime occurs2357
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where the growth of the gluon density at small x in the dilute system has been approximated by a power2360

law, xg(x,Q2) ⇠ x��, logarithms are neglected and the nucleus is considered a simple superposition of2361

2Note that the rescattering and recombination concepts correspond to the same physical mechanism viewed in the rest frame
and the infinite momentum frame of the hadron, respectively.
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EIC sensitive to perturbative saturation region in scattering with heavy nuclei. 
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Exclusive processes can be sensitive to different b.
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BK for the nucleus
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One can apply the BK to the case of nucleus, simply by modifying the initial conditions
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�̂p(r) = �0N
p(r)

relation between the dipole cross section and the dipole 
amplitude for the proton (impact parameter integrated over in 
the prefactor)

In the dilute limit, small dipole sizes (corresponding to large scales) dipole nucleus cross section 
should go into incoherent sum of dipole-proton cross sections

<latexit sha1_base64="SrRDmcK3j5wrUNiuYSwQWUjEDxc=">AAACD3icdZDLSsNAFIYnXmu9RV26GSxK3ZSkaG0XQqsblxXsBZpYJtNJO3QmCTMToYS+gRtfxY0LRdy6defbOGkrWNEDAz/ffw5nzu9FjEplWZ/GwuLS8spqZi27vrG5tW3u7DZlGAtMGjhkoWh7SBJGA9JQVDHSjgRB3GOk5Q0vU791R4SkYXCjRhFxOeoH1KcYKY265pEzQCpxJO1zNL6t5cUxPK/NsShlXTNnFSxdpRJMhV22bC0qlXKxWIH2xLKsHJhVvWt+OL0Qx5wECjMkZce2IuUmSCiKGRlnnViSCOEh6pOOlgHiRLrJ5J4xPNSkB/1Q6BcoOKE/JxLEpRxxT3dypAbyt5fCv7xOrPyym9AgihUJ8HSRHzOoQpiGA3tUEKzYSAuEBdV/hXiABMJKR5jVIXxfCv8XzWLBLhVOr09y1YtZHBmwDw5AHtjgDFTBFaiDBsDgHjyCZ/BiPBhPxqvxNm1dMGYze2CujPcvIaGcGw==</latexit>

�̂A(r) = A�̂p(r) (impulse-approximation)
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NA(r, b)  1

On the other hand the dipole-nucleus amplitude should be limited

(b:impact parameter for nucleus)
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For example one can take the following model
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Z
d2bNA(r, b)

with 
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TA(b) nuclear profile 



Small x physics, International School on EIC Physics, Kyoto University, 2-13 March 2026

Testing saturation through inclusive structure functions at EIC
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Proton: difference between DGLAP and nonlinear  are small % for  and up to 10% for .Fp
2 Fp

L

Study differences in evolution between  linear DGLAP evolution and nonlinear evolution with saturation 
Matching of both approaches in the region where saturation effects expected to be small 
Bayesian reweighting method using NNPDF replicas. Matching in the region:  
Quantify differences away from the matching region: differences in evolution dynamics

Q2 ≃ 10 Qs(x)2

6

(a) F2 (b) FL

FIG. 3. The relative di↵erence (FBK
2,L � FRew

2,L )/FBK
2,L between the BK predictions and the matched PDF predictions for F2 (a)

and FL (b) for proton shown as a function of Q2
for four di↵erent x values.

III. RESULTS

A. Proton

The structure functions F2 and FL for the proton be-
fore and after the reweighting on the Q2 = 10Q2

s(x) line
are shown in Figs. 1a and 1b. The reweighting is done
separately for F2 and FL, as also in reality these two
quantities will be measured in di↵erent kinematical do-
mains and with a di↵erent experimental precision. The
structure functions obtained after the reweighting can be
seen to match very well to the BK results. This was to be
expected since the proton PDFs and the initial condition
for the BK evolution are fitted to the same precise HERA
data at x & 10�4, and the central NNPDF3.1 results are
already very close to the BK values to begin with in this
domain. However, a nearly perfect agreement with the
BK results is obtained also at x . 10�4. All in all, the
matching procedure is thus found to work extremely well
here.

Next we study how the di↵erences in the BK vs.
DGLAP dynamics become visible when we move away
from the Q2

⇡ 10Q2
s(x) line. In Figs. 2a and 2b we show

the relative di↵erence

FBK
2,L � FRew

2,L

FBK
2,L

(13)

as a function of both x and Q2, where FRew
2,L refers to

the corresponding structure function calculated using the
reweighted PDFs. The points used in the reweighting are
also indicated in these figures. One-dimensional projec-
tions of the same quantity are plotted at fixed values of
x in Fig. 3.

For the F2 structure function shown in Fig. 2a the dif-
ferences remain very small, at most at a few-percent level

almost everywhere in the studied x,Q2 range, except in
the high-x, high Q2 and low-x, low Q2 corners. This
is better visible in Fig. 3a where we show the relative
di↵erences as a function of virtuality Q2 at four di↵er-
ent x values from x = 5.6 ⇥ 10�3 (largest x for which
Q2 = 10Q2

s(x) � Q2
0, where Q2

0 is the initial scale in
the NNPDF3.1 PDF set) to x = 10�5. The smallest x
values in our plots are beyond reach for the EIC, which
will collide electrons with energies 5 � 18 GeV on pro-
tons and nuclei with energies 250 and 100 GeV/nucleon
respectively, resulting in a kinematic reach (at Q2 = 10
GeV2) down to x ⇠ 10�3 [33]. Smaller x values could
be probed at the LHeC (50 GeV electrons on Z/A ⇥ 7
TeV/nucleon protons and nuclei) whose kinematic reach
goes down to x ⇠ 10�5 [35] and at the FCC-he [14] (60
GeV electrons on Z/A⇥50 TeV/nucleon protons and nu-
clei) whose kinematic coverage extends to even lower x.
We see that around x ⇠ 10�4 the Q2 dependencies are
nearly equal in both frameworks. In the higher-x region
the BK equation predicts a stronger Q2 dependence than
the DGLAP equation, while in the x . 10�4 region the
BK dynamics results with a weaker Q2 dependence than
what the DGLAP equation predicts. As a result, at fixed
Q2

⇠ 10 GeV2 the relative di↵erence changes sign as a
function of x. Since the relative di↵erences remain at a
few-percent level, a very precise determination of the pro-
ton F2 is required in order to distinguish between the two
physical pictures in a statistically meaningful manner.

The di↵erences between the BK and DGLAP dynam-
ics are more clearly visible in the case of the structure
function FL. This can be seen from Fig. 2b and Fig. 3b
which show the analogous plots for FL that were above
discussed for F2. There are now larger di↵erences even
within the HERA kinematics as the FL data from HERA
are rather scarce. The DGLAP evolved FL shows gener-

5

(a) F2 (b) FL

FIG. 1. The F2 (a) and FL (b) structure functions for proton as a function of x at Q2
= 10Q2

s(x). The black dashed curve

shows the BK predictions, the red dashed-dotted curve with the red error band the original NNPDF3.1 PDF predictions, and

the blue solid curve with a light-blue errorband (too narrow to be visible) the PDF predictions after the matching.

(a) F2 (b) FL

FIG. 2. Relative di↵erence (FBK
2,L � FRew

2,L )/FBK
2,L between the BK structure functions and the matched F2 (a) and FL (b) for

proton as a function of x and Q2
. The color scale/axis goes in a linear scale from �10% to 10% and in a logarithmic scale

outside that range. The black dots indicate the matching points.

It is useful to define the so-called e↵ective number of
replicas Ne↵ , which serves as an proxy to the number of
replicas with a significant weight [71, 74],

Ne↵ = exp

8
<

:
1

Nrep

NrepX

k=1

!k ln

✓
Nrep

!k

◆9=

;. (12)

In the present analysis we use Ne↵ to choose an appro-
priate value for the error parameter �BK: If �BK is too
low, Ne↵ ⇡ 1 (for large Nrep) and the procedure picks up
only a single replica irrespectively of how well it fits with
the matching values. On the other hand, if Ne↵ ⇠ Nrep

all replicas have the equal weight and the reweighting
does nothing, i.e., �BK is too high. We have found that
iteratively adjusting �BK such that Ne↵ ⇡ 10 is a good
strategy for finding a set of PDFs that matches the given
boundary conditions, i.e., structure functions from the
BK framework. In order to obtain Ne↵ ⇡ 10 we have
fixed �BK = 4.5 for the proton F2, �BK = 11.5 for the
proton FL, �BK = 39.5 for the nuclear F2, and �BK = 46
for the nuclear FL. For the nuclear reweighting we use
Ndata = 138, and for the proton Ndata = 125.

Armesto, Lappi,Mantysaari,PaukkunenmTevio

Dark line indicates the matching between DGLAP and BK evolution
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(a) F2 (b) FL

FIG. 4. The F2 (a) and FL (b) structure functions for
197

Au as a function of x at Q2
= 10Q2

s(x). The black dashed curve

shows the BK predictions, the red dashed-dotted curve with the red error band the original NNPDF3.1 PDF predictions, and

the blue solid curve with a light-blue errorband the PDF predictions after the matching.

(a) F2 (b) FL

FIG. 5. Relative di↵erence (FBK
2,L � FRew

2,L )/FBK
2,L between the BK structure functions and the matched F2 (a) and FL (b) for

197
Au as a function of x and Q2

. The color scale/axis goes in a linear scale from �10% to 10% and in a logarithmic scale

outside that range. The black dots indicate the matching points.

PDFs are fitted to the same HERA data that is used to
constrain the BK boundary conditions. Whether F2 or
FL is used in reweighting has only a small e↵ect on the
determined reweighted PDFs. Thus, we do not expect
to see strong tensions when measurements from the EIC
or LHeC/FCC-he are eventually used to disentangle the
BK and DGLAP dynamics.

The reweighted nuclear up-quark and gluon distribu-
tions are shown in Figs. 8a and 8b. Comparing to the
proton results shown in Figs. 7a and 7b we see that nu-
clear PDFs are a↵ected much more by the reweighting
already in the x . 10�3 region, which is expected, as in

nNNPDF2.0 there are only few data constraints in this
region. The reweighted nuclear PDFs are suppressed by
a large factor compared to the central values from the
nNNPDF2.0 set. Again both F2 and FL pseudodata have
similar e↵ects and as such no strong tensions with al-
ready existing data included in the nuclear PDF fits are
expected in global analyses. In Fig. 8a the nuclear gluon
distribution, reweighted with F2 data, becomes negative
at small x . 2 · 10�5 and at Q2 = 3.1 GeV2. However,
the gluon distribution is not an observable, and structure
functions remain positive.

Heavy nucleus: difference between DGLAP and nonlinear  are few % for  and up to 20% for . 
Second observable will significantly help constrain the model(s) for the evolution 
Longitudinal structure function can provide good sensitivity at EIC

FA
2 FA

L
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(a) F2 (b) FL

FIG. 3. The relative di↵erence (FBK
2,L � FRew

2,L )/FBK
2,L between the BK predictions and the matched PDF predictions for F2 (a)

and FL (b) for proton shown as a function of Q2
for four di↵erent x values.

III. RESULTS

A. Proton

The structure functions F2 and FL for the proton be-
fore and after the reweighting on the Q2 = 10Q2

s(x) line
are shown in Figs. 1a and 1b. The reweighting is done
separately for F2 and FL, as also in reality these two
quantities will be measured in di↵erent kinematical do-
mains and with a di↵erent experimental precision. The
structure functions obtained after the reweighting can be
seen to match very well to the BK results. This was to be
expected since the proton PDFs and the initial condition
for the BK evolution are fitted to the same precise HERA
data at x & 10�4, and the central NNPDF3.1 results are
already very close to the BK values to begin with in this
domain. However, a nearly perfect agreement with the
BK results is obtained also at x . 10�4. All in all, the
matching procedure is thus found to work extremely well
here.

Next we study how the di↵erences in the BK vs.
DGLAP dynamics become visible when we move away
from the Q2

⇡ 10Q2
s(x) line. In Figs. 2a and 2b we show

the relative di↵erence

FBK
2,L � FRew

2,L

FBK
2,L

(13)

as a function of both x and Q2, where FRew
2,L refers to

the corresponding structure function calculated using the
reweighted PDFs. The points used in the reweighting are
also indicated in these figures. One-dimensional projec-
tions of the same quantity are plotted at fixed values of
x in Fig. 3.

For the F2 structure function shown in Fig. 2a the dif-
ferences remain very small, at most at a few-percent level

almost everywhere in the studied x,Q2 range, except in
the high-x, high Q2 and low-x, low Q2 corners. This
is better visible in Fig. 3a where we show the relative
di↵erences as a function of virtuality Q2 at four di↵er-
ent x values from x = 5.6 ⇥ 10�3 (largest x for which
Q2 = 10Q2

s(x) � Q2
0, where Q2

0 is the initial scale in
the NNPDF3.1 PDF set) to x = 10�5. The smallest x
values in our plots are beyond reach for the EIC, which
will collide electrons with energies 5 � 18 GeV on pro-
tons and nuclei with energies 250 and 100 GeV/nucleon
respectively, resulting in a kinematic reach (at Q2 = 10
GeV2) down to x ⇠ 10�3 [33]. Smaller x values could
be probed at the LHeC (50 GeV electrons on Z/A ⇥ 7
TeV/nucleon protons and nuclei) whose kinematic reach
goes down to x ⇠ 10�5 [35] and at the FCC-he [14] (60
GeV electrons on Z/A⇥50 TeV/nucleon protons and nu-
clei) whose kinematic coverage extends to even lower x.
We see that around x ⇠ 10�4 the Q2 dependencies are
nearly equal in both frameworks. In the higher-x region
the BK equation predicts a stronger Q2 dependence than
the DGLAP equation, while in the x . 10�4 region the
BK dynamics results with a weaker Q2 dependence than
what the DGLAP equation predicts. As a result, at fixed
Q2

⇠ 10 GeV2 the relative di↵erence changes sign as a
function of x. Since the relative di↵erences remain at a
few-percent level, a very precise determination of the pro-
ton F2 is required in order to distinguish between the two
physical pictures in a statistically meaningful manner.

The di↵erences between the BK and DGLAP dynam-
ics are more clearly visible in the case of the structure
function FL. This can be seen from Fig. 2b and Fig. 3b
which show the analogous plots for FL that were above
discussed for F2. There are now larger di↵erences even
within the HERA kinematics as the FL data from HERA
are rather scarce. The DGLAP evolved FL shows gener-
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Figure 2: The elastic scattering amplitude for inclusive DIS (left) and vector meson production
(right). For DVCS, the outgoing vector meson in the right-hand diagram is replaced by a real

photon.

where (Ψ∗
EΨ)T,L denotes the overlap of the photon and exclusive final state wave functions. For

DVCS, the amplitude involves a sum over quark flavours. This expression, used in the analysis
of exclusive J/ψ photoproduction by Kowalski and Teaney [1], is derived under the assumption
that the size of the quark–antiquark pair is much smaller than the size of the proton. The

explicit perturbative QCD calculation of Bartels, Golec-Biernat and Peters [40] shows that
the non-forward wave functions can be written as the usual forward wave functions multiplied

by exponential factors exp[±i(1 − z)r · ∆/2]. Effectively, the momentum transfer ∆ should
conjugate to b + (1 − z)r, the transverse distance from the centre of the proton to one of the

two quarks of the dipole, rather than to b, the transverse distance from the centre of the proton
to the centre-of-mass of the quark dipole; see the right-hand diagram of Fig. 2.

Assuming that the S-matrix element is predominantly real we may substitute 2[1−S(x, r, b)]
in (10) with dσqq̄/d2b.

These two changes lead to

Aγ∗p→Ep
T,L (x, Q, ∆) = i

∫

d2r

∫ 1

0

dz

4π

∫

d2b (Ψ∗
EΨ)T,L e−i[b−(1−z)r]·∆ dσqq̄

d2b
. (11)

The elastic diffractive cross section is then given by

dσγ∗p→Ep
T,L

dt
=

1

16π

∣

∣

∣
Aγ∗p→Ep

T,L

∣

∣

∣

2
=

1

16π

∣

∣

∣

∣

∫

d2r

∫ 1

0

dz

4π

∫

d2b (Ψ∗
EΨ)T,L e−i[b−(1−z)r]·∆ dσqq̄

d2b

∣

∣

∣

∣

2

. (12)

This is the basic equation for the simultaneous analysis of different exclusive processes per-

formed in this paper.

2.1 Forward photon wave functions

The forward photon wave functions were perturbatively calculated in QCD by many authors;

see, for example, Refs. [5,41]. The normalised photon wave function for the longitudinal photon
polarisation (λ = 0) is given by [9]

Ψhh̄,λ=0(r, z, Q) = efe
√

Nc δh,−h̄ 2Qz(1 − z)
K0(ϵr)

2π
, (13)
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Exclusive (photo)production of vector mesons 
Mass of the heavy vector meson provides a hard scale 
Process sensitive to square of gluon density 
Explored at HERA collider

gluon from the MRST NNLO analysis [6] receives sizeable corrections both in size and shape
compared to the NLO fit, signalling a large uncertainty of the gluon in this regime. In this
context it is also interesting to note that the gluon as obtained from global fits can significantly

change, both in normalisation and shape, if small x resummations are incorporated into the
analysis [7].

Data for the exclusive γ∗p → J/ψ p process offer an attractive opportunity to determine the
low x gluon density in this Q2 domain, since here the gluon couples directly to the charm quark

and the cross section is proportional to the gluon density squared [8]. Therefore the data are
much more sensitive to the behaviour of the gluon. The mass of the cc̄ vector meson introduces

a relatively large scale, amenable to the perturbative QCD (pQCD) description not only of
large Q2 diffractive electroproduction, but also photoproduction of J/ψ. The available J/ψ
data probe the gluon at a scale µ2 in the range 2−10 GeV2 for x in the range 10−4 ! x ! 10−2;

that is just the domain where other data do not constrain the gluon reliably, see Fig. 1. It
would be good to have comparable data on exclusive Υ production to determine the gluon at

larger scales, but here the available data are sparse, see Fig. 5 below.

2 Exclusive J/ψ production at LO

To lowest order the γ∗p → J/ψ p amplitude can be factored into the product of the γ → cc̄

transition, the scattering of the cc̄ system on the proton via (colourless) two-gluon exchange,
and finally the formation of the J/ψ from the outgoing cc̄ pair. The crucial observation is that

at high γp centre-of-mass energy, W , the scattering on the proton occurs over a much shorter
timescale than the γ → cc̄ fluctuation or the J/ψ formation times, see Fig. 2. Moreover, at
leading logarithmic accuracy, this two-gluon exchange amplitude can be shown to be directly

proportional to the gluon density xg(x, Q̄2) with

Q̄2 = (Q2 +M2
J/ψ)/4, x = (Q2 +M2

J/ψ)/(W
2 +M2

J/ψ). (1)

Q2 is the virtuality of the photon and MJ/ψ is the rest mass of the J/ψ. To be explicit, the
lowest-order formula is [8]

dσ

dt
(γ∗p → J/ψ p)

∣

∣

∣

t=0
=

ΓeeM3
J/ψπ

3

48α

[

αs(Q̄2)

Q̄4
xg(x, Q̄2)

]2
(

1 +
Q2

M2
J/ψ

)

, (2)

where Γee is the electronic width of the J/ψ.

In the leading logarithmic approximation, the integral over the transverse momentum kT of

the t-channel gluons, see Fig. 2, gives rise to the integrated gluon density g(x, Q̄2). As usual in
collinear factorisation, the kT dependence of the integral is completely absorbed in the input

gluon distribution (of the global analyses), taken at the factorisation scale Q̄2. The integral
over the charm quark loop is expressed in terms of the electronic width, Γee, of J/ψ, and
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Photoproduction: gp collisions

• Rise in σ related 
to Pomeron 
intercept
o σ ~ Wδ

o δ=4(αP(t)-1)
o αP(t)=αP(0)+α’t

• Compare slopes 
ρ,ω,ϕ to J/ψ,ψ’,ϒ

• Extract g(x,Q2) arXiv: 1001.3241

e/

V

14Ronan McNulty, UPC Overview of LHCb, 9.6.25

Measurements in ep

Rise in the slope of the 
energy 
with the scale of the process
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Figure 2: Schematic representation of exclusive vector meson production in the dipole model at
small x. A virtual photon fluctuates into a qq̄ pair and interacts with the target(proton). After the
interaction the vector meson V is formed which is measured in the final state. The proton scatters
elastically with some momentum transfer t.

and

FL(Q2, x) =
Q2

4π2αem

∫

d2r

∫ 1

0
dz|ΨL(r, z,Q2)|2σdip(r, x) . (2.2)

The dipole-proton cross section σdip can be obtained from the scattering amplitude by

integrating over the impact parameter b

σdip(r, x) = 2

∫

d2bN(r,b;Y ) , Y = ln 1/x . (2.3)

Since the amplitude N is dimensionless and the integration is over the impact parameter,

the dipole cross section σdip has obviously a dimension of the area. We see therefore that

although the inclusive quantities are sensitive to the size of the interaction area, the details

of the impact parameter profile are not directly accessible through this process.

The quantities Ψ(r, Q2, Y )T/L are the photon wave functions. They describe the dis-

sociation of a photon into a qq̄ pair and can be calculated from perturbation theory. The

photon wave function has the following form for the case of transverse photon polarization

|ΨT (r, z,Q2)|2 =
3αem

2π2

∑

f

e2
f

([

z2 + (1 − z)2
]

Q̄2
fK2

1

(

Q̄fr
)

+ m2
fK2

0

(

Q̄fr
))

, (2.4)

and for longitudinal polarization

|ΨL(r, z,Q2)|2 =
3αem

2π2

∑

f

e2
f

(

4Q2z2(1 − z)2K2
0

(

Q̄fr
))

. (2.5)

In the above equations Q̄2
f = z(1 − z)Q2 + m2

f , where −Q2 is the photon virtuality and

z, (1 − z) are the fractions of the longitudinal momentum of the photon carried by the

quarks. In addition K0,1 are modified Bessel functions of the second kind. The summations

are over the active quark flavors f , of charge ef , and mass mf .

The dipole picture can be also used to compute diffractive processes. Here, we are

interested in the process of the exclusive, diffractive production of the vector-meson γ∗p →

– 4 –

V p′. The amplitude for this process is schematically illustrated in Fig. 2. The virtual

photon still fluctuates into qq̄ pair, which then interacts with the proton and a vector

meson is formed, which is measured in the final state. The proton scatters elastically,

its 4-momentum in the initial state is p and in the final state is p′. The formula for the

amplitude for this process reads

A(x,∆, Q) =
∑

h,h̄

∫

d2r

∫

dzΨh,h∗(r, z,Q2)N (x, r,∆)ΨV
h,h∗(r, z) , (2.6)

where h(h̄) is the helicity of quark (antiquark) and ΨV
h,h̄

is the vector meson wave function.

∆ is the 2-dimensional momentum transfer related to the Mandelstam variable t = −∆2.

The differential cross section for the process is given by

dσ

dt
=

1

16π
|A(x,∆, Q)|2 . (2.7)

The amplitude N (x, r,∆) can be related to the scattering amplitude N(x, r,b) introduced

earlier, the amplitude in the impact parameter representation through the appropriate

2-dimensional Fourier transform

N (x, r,∆) = 2

∫

d2bN(x, r,b) ei∆·b . (2.8)

In this notation the dipole cross section, (compare (2.3)), is

σdip(x, r) = Im iN (x, r,∆ = 0) , (2.9)

which is the expression for the optical theorem for scattering of dipoles.

This process, through its dependence on the momentum transfer t, offers a unique

possibility of constraining the impact parameter profile of the dipole scattering amplitude.

Formulae (2.6) and (2.8) were original expressions derived under the assumption that

the dipole size is much smaller than the proton. In Ref. [28], a correction due to the finite

size of the dipole was calculated. It was shown that in the non-forward case, ∆ ̸= 0, the

amplitude can be written in the similar form as above with the modification of the (2.8)

to include the exponential factor exp(−i(1 − z)r ·∆) in the following way

N (x, r,∆, z) = 2

∫

d2bN(x, r,b) ei∆·(b−(1−z)r) . (2.10)

This modification was included in the calculation [29] and it was shown that it has a non-

negligible effect on cross sections, especially on the values of the BD slope which controls

the t-dependence as a function of the scale Q2 + M2
V .

2.1 Dipole scattering amplitude from impact parameter dependent BK evolu-

tion

The dipole-proton scattering amplitude N(r,b;Y ) at high values of rapidity Y (or small

x) is found from the solution to the nonlinear integro-differential Balitsky-Kovchegov (BK)
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Figure 2: Schematic representation of exclusive vector meson production in the dipole model at
small x. A virtual photon fluctuates into a qq̄ pair and interacts with the target(proton). After the
interaction the vector meson V is formed which is measured in the final state. The proton scatters
elastically with some momentum transfer t.

its 4-momentum in the initial state is p and in the final state is p′. The formula for the

amplitude for this process reads

A(x,∆, Q) =
∑

h,h̄

∫

d2r

∫

dz Ψh,h∗(r, z,Q2)N (x, r,∆)ΨV
h,h∗(r, z) , (2.6)

where h(h̄) is the helicity of quark (antiquark) and ΨV
h,h̄

is the vector meson wave function.

∆ is the 2-dimensional momentum transfer related to the Mandelstam variable t = −∆2.

The differential cross section for the process is given by

dσ

dt
=

1

16π
|A(x,∆, Q)|2 . (2.7)

The amplitude N (x, r,∆) can be related to the scattering amplitude N(x, r,b) introduced

earlier, the amplitude in the impact parameter representation through the appropriate

2-dimensional Fourier transform

N (x, r,∆) = 2

∫

d2bN(x, r,b) ei∆·b . (2.8)

In this notation the dipole cross section, (compare (2.3)), is

σdip(x, r) = Im iN (x, r,∆ = 0) , (2.9)

which is the expression for the optical theorem for scattering of dipoles.

This process, through its dependence on the momentum transfer t, offers a unique

possibility of constraining the impact parameter profile of the dipole scattering amplitude.

Formulae (2.6) and (2.8) were original expressions derived under the assumption that

the dipole size is much smaller than the proton. In Ref. [29], a correction due to the finite

size of the dipole was calculated. It was shown that in the non-forward case, ∆ ̸= 0, the

amplitude can be written in the similar form as above with the modification of the (2.8)

to include the exponential factor exp(−i(1 − z)r · ∆) in the following way

N (x, r,∆, z) = 2

∫

d2bN(x, r,b) ei∆·(b−(1−z)r) . (2.10)

– 5 –

r

b

�

dipole size

impact parameter

momentum transfer

fraction of the longitudinal 
momentum of the photon 

carried by the quark(anti-quark)

cross section

amplitude

dipole cross section

γ∗

N

p p′

V

Figure 2: Schematic representation of exclusive vector meson production in the dipole model at
small x. A virtual photon fluctuates into a qq̄ pair and interacts with the target(proton). After the
interaction the vector meson V is formed which is measured in the final state. The proton scatters
elastically with some momentum transfer t.

its 4-momentum in the initial state is p and in the final state is p′. The formula for the

amplitude for this process reads

A(x,∆, Q) =
∑

h,h̄

∫

d2r

∫

dz Ψh,h∗(r, z,Q2)N (x, r,∆)ΨV
h,h∗(r, z) , (2.6)

where h(h̄) is the helicity of quark (antiquark) and ΨV
h,h̄

is the vector meson wave function.

∆ is the 2-dimensional momentum transfer related to the Mandelstam variable t = −∆2.

The differential cross section for the process is given by

dσ

dt
=

1

16π
|A(x,∆, Q)|2 . (2.7)

The amplitude N (x, r,∆) can be related to the scattering amplitude N(x, r,b) introduced

earlier, the amplitude in the impact parameter representation through the appropriate

2-dimensional Fourier transform

N (x, r,∆) = 2

∫

d2bN(x, r,b) ei∆·b . (2.8)

In this notation the dipole cross section, (compare (2.3)), is

σdip(x, r) = Im iN (x, r,∆ = 0) , (2.9)

which is the expression for the optical theorem for scattering of dipoles.

This process, through its dependence on the momentum transfer t, offers a unique

possibility of constraining the impact parameter profile of the dipole scattering amplitude.

Formulae (2.6) and (2.8) were original expressions derived under the assumption that

the dipole size is much smaller than the proton. In Ref. [29], a correction due to the finite

size of the dipole was calculated. It was shown that in the non-forward case, ∆ ̸= 0, the

amplitude can be written in the similar form as above with the modification of the (2.8)

to include the exponential factor exp(−i(1 − z)r · ∆) in the following way

N (x, r,∆, z) = 2

∫

d2bN(x, r,b) ei∆·(b−(1−z)r) . (2.10)

– 5 –

dipole amplitude z, (1� z)

ρ,Φ,J/ψ,Υ    production



Small x physics, International School on EIC Physics, Kyoto University, 2-13 March 2026

Exclusive photoproduction of  J/ψ

63

3

10�710�610�510�410�310�2
xP

102 103 104

W [GeV]

102

103

�
[n

b]

Q2 = 0 GeV2

� + p !J/� + p

BK

BFKL

BFKL (adjusted)

ZEUS

H1

ALICE

LHCb

(a) Proton.

10�710�610�510�410�310�2
xP

102 103 104

W [GeV]

104

105

106
�

[n
b]

Q2 = 0 GeV2

�+Pb!J/�+Pb

BK

BFKL

BFKL (adjusted)

ALICE

CMS

(b) Lead.

10�710�610�510�410�310�2
xP

102 103 104

W [GeV]

0.0

0.2

0.4

0.6

0.8

1.0

R
P

b
(J

/�
)

Q2 = 0 GeV2

BK

BFKL

BFKL (adjusted)

ALICE

CMS

(c) Nuclear suppression factor.

FIG. 1: Exclusive J/ photoproduction as a function of the center-of-mass energy W , using BFKL and BK
evolution for the dipole amplitude. For proton targets, we compare to the experimental data from ZEUS [51],
H1 [52, 53], ALICE [21, 22], and LHCb [23, 24]. For Pb targets and the nuclear suppression factor, the results are
compared to the experimental data from ALICE [25] and CMS [26].

computations done using the JIMWLK evolution, such
as [57], where many other running-coupling prescriptions,
e.g. [58], are not possible. We have also introduced the
infrared regulator mIR = 0.4GeV following [42, 59, 60]
to suppress nonperturbative e↵ects in the evolution [61–
63]. This is required in the impact-parameter-dependent
BK evolution to suppress so-called Coulomb tails, but it
also makes the BFKL evolution more stable and allows
for a more direct comparison of the two evolutions. The
coordinate-space running coupling constant in Eq. (8) is
given as [42]

↵s(r
2) =

4⇡

�0 log

"✓
µ
2
0

⇤
2
QCD

◆1/⇣

+

✓
4

r
2
⇤

2
QCD

◆1/⇣
#⇣

(10)

where �0 = (11Nc � 2Nf )/3, Nf = 3, and the pa-
rameters regulating the infrared region are chosen as
µ0 = 0.28GeV and ⇣ = 0.2 [42, 54, 57, 60]. Our
results are not sensitive to the infrared regulators µ0

and ⇣, but the parameter ⇤QCD controls the evolution
speed. As our standard setup, we follow [42] and choose
⇤QCD = 0.025GeV that has been found to match the
energy dependence of the data for BK evolution, and we
note that this choice e↵ectively takes into account the un-
certainty from evaluating the strong coupling constant in
the coordinate space instead of the momentum space [57].

To compare the e↵ects of saturation in the evolu-
tion, we use the same initial condition for both the BK
and BFKL equations. The initial condition for protons
and nuclear targets is chosen as the impact-parameter-
dependent McLerran–Venugopalan model from [42] that
already incorporates some saturation e↵ects in the sense
that the dipole amplitude in the initial condition can-
not exceed unity. The di↵erence between protons and
nuclei is in the thickness function describing the trans-
verse density of the color charge, and we choose the same
parametrizations as in [42]. The motivation for using this

initial condition is that the results from BK and BFKL
equations are expected to agree at large x, and using the
same initial condition allows us to focus on the e↵ects
arising from the evolution where the saturation e↵ects are
taken into account. Thus, any di↵erences in the results
for dipole amplitudes evolved with the BK and BFKL
evolutions can be taken as coming from gluon saturation.
Numerical results. In Fig 1, we show the predictions

for exclusive J/ photoproduction with proton and Pb
targets along with the nuclear suppression factor, com-
pared to the experimental data. The nuclear suppression

factor is defined as RA =
q
�A/�A

IA where �A is the t-
integrated cross section for � +A ! V +A and

�A
IA =

d��+p!V+p

dt

�����
t=0

⇥

Z
d|t| |FA(t)|

2 (11)

refers to the impulse approximation [40, 64]. The in-
tegrated form factor

R
d|t| |FA(t)|

2 has been calculated
following the CMS collaboration [26] (see [65] for the de-
tailed explanation of the calculation).
In addition to the BFKL results evolved with the

same parameters as the BK setup, we also show adjusted
BFKL results where the evolution speed has been tuned
to the J/ production data from proton targets by set-
ting ⇤QCD = 0.01GeV. This is done to give a more
fair comparison between the BK and BFKL results, as
although the nonlinear e↵ects in the evolution are not
strong enough to alter the linear behavior of the energy
dependence for proton targets, they slightly reduce the
evolution speed. This same value of ⇤QCD is then used
for all adjusted BFKL results to be consistent with the
results of J/ production. As studied in [42], when the
evolution speed is fixed to the proton data, the results
with nuclear targets are fairly robust under changes to
the evolution such as altering the value of the infrared
regulator mIR. Thus, the proton data gives strict con-

Penttala, Royon

Calculation of the processes γ + p → J/ψ + p

using linear BFKL and non-linear BK evolution

γ + Pb → J/ψ + Pband

Proton target: non-linear effects are negligible, linear evolution describes the data 

Lead target: non-linear evolution closer to the experimental data
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FIG. 2: Exclusive ⌥ photoproduction as a function of the center-of-mass energy W , using BFKL and BK evolution
for the dipole amplitude. For proton targets, we compare to the experimental data from ZEUS [66, 67], H1 [68],
CMS [69], and LHCb [70].

straints for our predictions for the nuclear data shown in
Fig. 1b. The data clearly disfavors the linear behavior
of the BFKL predictions and is much closer to the BK
results. The same linear behavior of the BFKL is ex-
pected for both nuclei and protons, which follows from
its linearity in terms of the dipole amplitude. The simi-
larity between the proton and nuclear results for BFKL
is better seen in Fig. 1c where we show the nuclear sup-
pression factor. This measures the di↵erences between
proton and nuclear results and, due to the linear evolu-
tion, the BFKL predictions are roughly independent of
the center-of-mass energy.

Predictions for exclusive ⌥ production are shown in
Fig. 2. Again, the BK and BFKL results agree quite well
for proton targets, and for nuclear targets they start to
disagree only at much higher energies (or smaller values
of xP) compared to J/ production. This is because the
relevant dipole sizes r ⇠ 1/MV are larger for J/ pro-
duction, and saturation e↵ects are generally more pro-
nounced for larger dipoles. Based on these results, we
do not expect to see considerable e↵ects of saturation
in future measurements of exclusive ⌥ production at the
LHC, and the measured data will be expected to agree
with both BK and BFKL approaches. This highlights
the importance of measuring both exclusive J/ and ⌥
production as the di↵erences in the energy dependence
would tell us about the onset of gluon saturation.

Discussion. We have computed the exclusive J/ and
⌥ photoproduction in the high-energy limit where the
interaction with the target nucleus can be described by
the dipole amplitude. The energy dependence of the
dipole amplitude has been computed using both the lin-
ear BFKL and nonlinear BK evolution equations which
allows us to estimate the importance of the gluon satu-
ration. Comparisons to the experimental data with nu-
clear targets indicate a strong preference for the results
with the BK evolution that include saturation e↵ects.
The linearity of the BFKL equation results in the energy

dependence of the cross section being close to a simple
power law, � / W �, where the constant � describes the
evolution speed and should be roughly independent of
the target. This agrees with our finding that the nuclear
suppression factor is roughly independent of the energy,
in clear disagreement with the experimental data.

While our results are calculated only at the leading
logarithmic accuracy for the evolution, the energy de-
pendence is expected to be similar also at higher or-
ders. Currently, neither the NLO BK nor BFKL have
been implemented with the full impact-parameter depen-
dence, which is the reason why we are working only at
the leading logarithmic accuracy for the evolution. We
have checked that using the NLO BFKL equation includ-
ing the collinear improvement [71–73], but without the
impact-parameter dependence, results in similar predic-
tions. However, we emphasize that to compute exclu-
sive vector meson production one needs the full impact-
parameter-dependent dipole amplitude [42], and for this
reason we choose to work at the leading logarithmic ac-
curacy that is also closer to the setup with the BK evo-
lution. While the LO BFKL equation generally su↵ers
from a strong dependence on the infrared region that
results in too rapid evolution, including the infrared reg-
ulator as in our BK evolution is enough to avoid this
problem. It would be preferable to solve this problem
with the collinear improvements to the evolution equa-
tions instead of an infrared cuto↵, but it is currently not
known how to implement this for the BK evolution in
exactly the same way as in the BFKL evolution: the
collinear improvement relies on the Mellin space formu-
lation of the BFKL evolution which cannot be done for
the BK evolution (although there are schemes mimicking
this behavior by resumming transverse logarithms in dif-
ferent ways [74–78]). However, once the evolution speed
is matched to the proton data, the nuclear results are
almost independent of the exact form of the BK evolu-
tion used [42]. This makes our predictions for the energy

Proton target: non-linear effects are negligible, linear evolution describes the data 

Lead target:  predictions from BFKL and BK are closer together, nonlinear effects small

Penttala, Royon

Calculation of the processes γ + p → Υ + p

using linear BFKL and non-linear BK evolution

and

Higher scale: smaller nonlinear effects

γ + Pb → Υ + Pb
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• Transverse momentum from the 
target can lead to the modification 
of angular correlation between 
the two produced hadrons/jets (at 
forward rapidities) 

• Broadening of angular correlation 
should be present even in linear 
BFKL due to the diffusion of the 
transverse momenta at low x 

• In the dense regime decorrelation 
due to multiple scatterings and the 
saturation scale being dependent 
on x and A
Marquet; Albacete, Marquet 
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QCD non-linear effects
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where two hadrons h1 and h2 with large momenta are produced.
The above process is sensitive to the gluon distributions at small-x
in the nuclear target. In order to correctly take into account the
multiple interaction effects, we follow the CGC framework to calcu-
late the two particle production [17]. An effective kt factorization
can be established for this process in the back-to-back correla-
tion limit, and the differential cross sections can be expressed in
terms of various UGDs, which can be related to two fundamen-
tal UGDs: the dipole gluon distribution xG(2)(x,q⊥), and the WW
gluon distribution xG(1)(x,q⊥). Only with this effective kt factor-
ization, one can describe all the features (including both broad-
ening and suppression) of the STAR [8] and PHENIX [9] data sys-
tematically. These results also agree with previous calculations for
two-particle production in p A collisions in the general kinematics
region [18,19].

In the RHIC experiments, the di-hadron correlations are mea-
sured by the coincidence probability C(!φ) = Npair(!φ)/Ntrig,
where Npair(!φ) is the yield of two forward π0 which includes

a trigger particle with a transverse momentum ptrig
1⊥ and an asso-

ciate particle with passo
2⊥ and the azimuthal angle between them

!φ. We calculate the single and two-particle cross sections and
obtain,

C(!φ) =
∫
|p1⊥|,|p2⊥|

dσ p A→h1h2

dy1 dy2 d2 p1⊥ d2 p2⊥∫
|p1⊥|

dσ p A→h1

dy1 d2 p1⊥

, (2)

where the dependence on the rapidities of the two particles is im-
plicit.

2. Single inclusive cross section

Let us first discuss the single inclusive hadron production. The
leading-order single inclusive cross section [16] in p A collisions is
given by the product of the integrated parton distributions of the
projectile proton and the unintegrated gluon distributions of the
target nucleus:

dσ p A→h X

d2b d2 p⊥ dyh
=

1∫

zh

dz1

z2
1

[
Dh/q(z1)xpq f (xp)Fxg (k⊥)

+ xp g f (xp) F̃ xg (k⊥)Dh/g(z1)
]
, (3)

where the sum over quark flavor is implicit, b represents the im-
pact parameter in p A collisions, p⊥ and yh are transverse momen-
tum and rapidity of the hadron, q(xp) and g(xp) are integrated
quark and gluon distributions from the projectiles, D(z) the asso-
ciated fragmentation functions with p⊥ = z1k⊥ , xp = p⊥e yh /z1

√
s

and xg = p⊥e−yh /z1
√

s. The dipole gluon distributions Fxg (k⊥) and
F̃ xg (k⊥) are Fourier transform of the dipole scattering amplitude
in the fundamental and adjoint representations, respectively. In
particular, Fxg (k⊥) ∝ xg G(2)(xg,k⊥)/k2

⊥ . In terms of the numerical
study, we are able to describe the forward single hadron produc-
tion cross sections measured by both BRAHMS and STAR up to
p⊥ = 3.0 GeV with a K-factor about 0.8 for yh = 2.0 and 0.5 for
yh = 3.2 as well as 0.3 for yh = 4.0. In this numerical evaluation,
we follow the NLO sets of MSTW parameterizations [20] for the
parton distributions and DSS parameterizations [21] for the frag-
mentation functions.1

1 A recent next-to-leading order calculation for inclusive hadron production sug-
gests that the appropriate choice for the factorization scale to be around the satu-
ration scale [22]. We have followed this choice in our calculations.

3. Two-particle production in forward p A collisions

Two-particle production contains the correlated and un-corre-
lated contributions,

dσ (p A→h1h2) = dσ (p A→h1h2)
corr. + dσ (p A→h1h2)

uncorr. . (4)

The correlated hadron production comes from the partonic 2 → 2
processes, where these two particles are back-to-back correlated
and form the away side peak in the azimuthal angular distribution
(!φ = π ). The near side correlation comes from the particle decay
or the same jet fragmentation if they are at the same rapidity. In
this Letter, we will focus on the back-to-back correlation region,
namely the away side peaks. According to Ref. [17], we can write
down the differential cross section for the two-particle production
in the back-to-back correlation limit,

dσ (p A→h1h2)
corr.

dyh1dyh2d2 p1⊥d2 p2⊥

=
∫

dz1

z2
1

dz2

z2
2

α2
s

ŝ2

[
xpq(xp)F (i)

qg (q⊥)

× H (i)
qg

(
Dh1/q(z1)Dh2/g(z2) + Dh2/q(z2)Dh1/g(z1)

)

+ xp g(xp)F (i)
gg (q⊥)H (i)

gg Dh1/g(z1)Dh2/g(z2)
]
, (5)

where xg = x1e−y1 + x2e−y2 and xp = x1e y1 + x2e y2 with xi =
|ki⊥|/

√
ŝ and ki⊥ = pi⊥/zi , F (i) and H(i) are various UGDs and

the associated hard coefficients, respectively. Their expressions can
be found in Ref. [17]. The partonic center of mass energy squared
ŝ is defined as ŝ = P 2

⊥/z(1 − z) with P⊥ = (k1⊥ − k2⊥)/2 and z =
x1e y1/x2e y2 . In the CGC calculations [17], P̃⊥ = (1 − z)k1⊥ − zk2⊥
also enters in the hard coefficients, which equals to P⊥ in the
correlation limit (which requires q⊥ = |k1⊥ + k1⊥| ≪ P⊥, P̃⊥). The
difference between P⊥ and P̃⊥ will be used to estimate the the-
oretical uncertainties in the following calculations. In the typical
kinematics of the forward collisions at RHIC, we find that xp ∼ 0.1
and xg ! 10−3, where both the quark initiated processes (q → qg
channel) and gluon initiated processes (g → gg) contribute.

Comparing the above equation to Eq. (3) of Ref. [10], one imme-
diately finds notable differences between the results. In particular
in Ref. [10] the only channel calculated was q → qg . Moreover, in
this channel our results do not agree with results in Ref. [10] since
in the latter work the contributions from the WW gluon distribu-
tion were not taken into account. These contributions are essential
in order to reproduce correctly the collinear factorization results
for di-jet production in the dilute limit.

The unintegrated gluon distributions in Eq. (5) are largely un-
explored, in particular, for those related to the WW gluon distribu-
tion. The energy evolution is important to understand their behav-
ior depending on xg , of which for the dipole gluon distribution, the
Balitsky–Kovchegov (BK) evolution, has been well studied [15] and
demonstrated the so-called geometric scaling [23] in the solution.
The scaling was found to be related to the traveling wave solu-
tions [24,25] of the BK evolution. The energy evolution equation
for the WW gluon distribution has recently been systematically
investigated [26]. An important result from these studies is the
geometric scaling similar to the dipole gluon distribution. There-
fore, as a first step, we can parameterize these gluon distributions
from a model calculation, and include the energy dependence by
assuming the geometric scaling and xg -dependence of the satura-
tion scale. In the following, we adopt the Golec-Biernat–Wusthoff
model [27] for the dipole gluon distribution which successfully de-
scribes the low-x DIS structure functions at HERA, then extend it

distributions of the target nucleus:

dσpA→hX

d2b d2p⊥ dyh
=

∫ 1

zh

dz1
z21

[

Dh/q(z1)xpqf(xp)Fxg(k⊥)

+ xpgf (xp)F̃xg(k⊥)Dh/g(z1)
]

, (3)

where the sum over quark flavor is implicit, b represents the impact parameter in pA colli-

sions, p⊥ and yh are transverse momentum and rapidity of the hadron, q(xp) and g(xp) are

integrated quark and gluon distributions from the projectiles, D(z) the associated frag-

mentation functions with p⊥ = z1k⊥, xp = p⊥eyh/z1
√
s and xg = p⊥e−yh/z1

√
s. The

dipole gluon distributions Fxg(k⊥) and F̃xg(k⊥) are Fourier transform of the dipole scatter-
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⊥. In terms of the numerical study, we are able to describe the

forward single hadron production cross sections measured by both BRAHMS and STAR

up to p⊥ = 3.0GeV with a K-factor about 0.8 for yh = 2.0 and 0.5 for yh = 3.2. In this

numerical evaluation, we follow the NLO sets of MSTW parametrizations [20] for the parton

distributions and DSS parametrizations [21] for the fragmentation functions 1.

Two-particle production in forward pA collisions. Two-particle production contains the

correlated and uncorrelated contributions,

dσ(pA→h1h2) = dσ(pA→h1h2)
corr. + dσ(pA→h1h2)

uncorr. . (4)

The correlated hadron production comes from the partonic 2 → 2 processes, where these two
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distribution (∆φ = π). The near side correlation comes from the particle decay or the
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back-to-back correlation region, namely the away side peaks. According to Ref. [17], we can

write down the differential cross section for the two-particle production in the back-to-back

correlation limit,

dσ(pA→h1h2)
corr.

dyh1
dyh2

d2p1⊥d2p2⊥
=

∫

dz1
z21

dz2
z22

α2
s

ŝ2
[

xpq(xp)F (i)
qg

×H(i)
qg

(

Dh1/q(z1)Dh2/g(z2) +Dh2/q(z1)Dh1/g(z2)
)

+xpg(xp)F (i)
gg H

(i)
ggDh1/g(z1)Dh2/g(z2)

]

, (5)

1 A recent next-to-leading order calculation for inclusive hadron production suggests that the appropriate

choice for the factorization scale to be around the saturation scale [22]. We have followed this choice in

our calculations.
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up to p⊥ = 3.0GeV with a K-factor about 0.8 for yh = 2.0 and 0.5 for yh = 3.2. In this

numerical evaluation, we follow the NLO sets of MSTW parametrizations [20] for the parton

distributions and DSS parametrizations [21] for the fragmentation functions 1.

Two-particle production in forward pA collisions. Two-particle production contains the

correlated and uncorrelated contributions,

dσ(pA→h1h2) = dσ(pA→h1h2)
corr. + dσ(pA→h1h2)

uncorr. . (4)

The correlated hadron production comes from the partonic 2 → 2 processes, where these two

particles are back-to-back correlated and form the away side peak in the azimuthal angular

distribution (∆φ = π). The near side correlation comes from the particle decay or the

same jet fragmentation if they are at the same rapidity. In this letter, we will focus on the

back-to-back correlation region, namely the away side peaks. According to Ref. [17], we can

write down the differential cross section for the two-particle production in the back-to-back

correlation limit,

dσ(pA→h1h2)
corr.

dyh1
dyh2

d2p1⊥d2p2⊥
=

∫

dz1
z21

dz2
z22

α2
s

ŝ2
[

xpq(xp)F (i)
qg

×H(i)
qg

(

Dh1/q(z1)Dh2/g(z2) +Dh2/q(z1)Dh1/g(z2)
)

+xpg(xp)F (i)
gg H

(i)
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]

, (5)

1 A recent next-to-leading order calculation for inclusive hadron production suggests that the appropriate

choice for the factorization scale to be around the saturation scale [22]. We have followed this choice in
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4di-hadron correlation
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Fig. 1. Normalized forward dihadron angular correlation compared with the experimental data measure by STAR collaboration [13]. Both the leading and associate hadrons 
are in the forward rapidity region (2.5 < y < 4). The pedestal has not been taken into account in the theoretical curves for the dAu collisions. Here the curves are normalized 
in different !φ ranges in pp and dAu collisions, since the bin sizes of the experimental data are different.

As shown above, the dihadron production process in the dilute-
dense factorization involves several different types of gluon distri-
bution. These distributions are related to the gluon distributions 
defined in inclusive DIS, however, they are in fact different type of 
distributions with various forms of gauge links.

3. Numerical results

Previous experimental measurements [13–15] and theoretical 
calculations [7,10,11] studied the coincidence probability C(!φ), 
which is defined as the ratio of the dihadron yield to the sin-
gle trigger hadron yield. The trigger hadron yield (cross section) 
is used as the normalization. In this paper, we suggest to study 
the self-normalized angular correlation in the back-to-back region. 
The advantage of self-normalized correlation is that one can avoid 
the uncertainties and subtleties introduced by the single trigger 
hadron yield in the small-x formalism (see for example the dis-
cussion in Ref. [38–40]). As a matter of fact, this has become the 
common practice at the LHC for back-to-back dijet and photon-jet 
angular correlation measurements. Therefore, in the following, we 
adopt such idea and normalize the angular correlation in the back-
to-back region for both theoretical curves and experimental data.

With the Sudakov factor, now we can not only describe the 
dAu data in which the saturation effects are dominant, but also 
naturally explain width of the back-to-back correlation data mea-
sured in pp collisions with Q 2

sp = c(b)Q 2
s,GBW(x) and c(b) = 0.25. 

Here we use the profile parameter c(b) to take into account the 
fact that collisions are mostly peripheral in pp collisions. Simi-
lar parametrization has been also used in single forward hadron 
productions in pp collisions [41]. The GBW saturation momentum 
is defined as Q 2

s,GBW(x) ≡ (x/x0)
−λ GeV2 with x = 3.04 × 10−4

and λ = 0.288. In addition, as explained earlier, due to the non-
universality of dijet productions, we expect that the strength of the 
non-perturbative Sudakov factor could be different for this process. 
As shown in Fig. 1, we find that we can explain the forward di-
hadron back-to-back angular correlations in pp collisions with 3.3
times of the non-perturbative Sudakov factor fitted from deep in-
elastic scattering (DIS) and Drell–Yan process.

Using the same parametrizations, we further perform the nu-
merical calculation for the dihadron angular correlation in the for-
ward rapidity region in peripheral and central dAu collisions, and 
compare with the experimental data measured by the STAR collab-
oration [13] in Fig. 1. The saturation scale in the p A or dA colli-
sions is given by Q 2

sA = c(b)A1/3 Q 2
s,GBW [3,27], while c(b) = 0.85

and 0.45 for the central and peripheral collisions respectively [10]. 
For minimum bias events, we use c(b) = 0.56 which is roughly in 
between the peripheral and central collision events.

In pp collisions, we find that the Sudakov and saturation effects 
are equally important. Therefore, the addition of the Sudakov fac-

Fig. 2. Normalized forward and near-forward dihadron angular correlation compar-
ing with the experimental data measure by STAR collaboration [14]. The trigger π0

is in the forward rapidity region (2.5 < y < 4) and the associate π0 is in the near 
forward rapidity region (1.1 < y < 1.9).

tor is essential to describe the back-to-back angular correlation in 
forward dihadron productions in pp collisions in the dilute-dense 
factorization. In dAu(p A) collisions (especially the central colli-
sions), the saturation effects become the dominant mechanism for 
the broadening of the away side peak, since the saturation scale is 
enlarged by a factor of A1/3 for large nuclei. Nevertheless, in order 
to make more reliable predictions for various transverse momen-
tum ranges of dihadron productions, it is necessary to take into 
account the Sudakov effect.

We also perform the numerical calculation for the dihadron 
angular correlation in the forward and near-forward rapidity re-
gion and compare with the experimental data [14] in Fig. 2. As 
expected, the Sudakov effect is the dominant effect, while the 
small-x effect is negligible since xg is not sufficiently small in this 
kinematical region. We have also checked the dihadron correla-
tion between forward trigger hadron and middle rapidity associate 
hadron [14], and find the same conclusion.

Finally, we make predictions for several transverse momentum 
bins, both for trigger and associate particles, as shown in Fig. 3 for 
both pp and p Au collisions at RHIC. As we can see in the plots, 
by comparing solid (or dashed) curves with different colors, which 
correspond to different pT of trigger particle, we find that the cor-
relation curves become flatter when we decrease the transverse 
momentum. Despite the fact that the strength of the perturbative 
Sudakov factor increases with pT , partons with larger transverse 
momenta are less likely to be deflected. Therefore the resulting 
distribution in pT is also less likely to be broadened. This is the 
reason why we see the corresponding curve of the pT bin with 
large transverse momentum is more steep than that of the small 
pT bin. Furthermore, by comparing the solid and dashed curves 
with the same color, we see that the back-to-back dihadrons are 

Normalized forward dihadron angular correlation compared with the STAR data (also normalized)

In pp Sudakov effects are very important

Including Sudakov effects in CGC calculations:

Modify functions
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F (i)
↵�

distributions of the target nucleus:

dσpA→hX

d2b d2p⊥ dyh
=

∫ 1

zh

dz1
z21

[

Dh/q(z1)xpqf(xp)Fxg(k⊥)

+ xpgf (xp)F̃xg(k⊥)Dh/g(z1)
]

, (3)

where the sum over quark flavor is implicit, b represents the impact parameter in pA colli-

sions, p⊥ and yh are transverse momentum and rapidity of the hadron, q(xp) and g(xp) are

integrated quark and gluon distributions from the projectiles, D(z) the associated frag-

mentation functions with p⊥ = z1k⊥, xp = p⊥eyh/z1
√
s and xg = p⊥e−yh/z1

√
s. The

dipole gluon distributions Fxg(k⊥) and F̃xg(k⊥) are Fourier transform of the dipole scatter-

ing amplitude in the fundamental and adjoint representations, respectively. In particular,

Fxg(k⊥) ∝ xgG(2)(xg, k⊥)/k2
⊥. In terms of the numerical study, we are able to describe the

forward single hadron production cross sections measured by both BRAHMS and STAR

up to p⊥ = 3.0GeV with a K-factor about 0.8 for yh = 2.0 and 0.5 for yh = 3.2. In this

numerical evaluation, we follow the NLO sets of MSTW parametrizations [20] for the parton

distributions and DSS parametrizations [21] for the fragmentation functions 1.

Two-particle production in forward pA collisions. Two-particle production contains the

correlated and uncorrelated contributions,

dσ(pA→h1h2) = dσ(pA→h1h2)
corr. + dσ(pA→h1h2)

uncorr. . (4)

The correlated hadron production comes from the partonic 2 → 2 processes, where these two

particles are back-to-back correlated and form the away side peak in the azimuthal angular

distribution (∆φ = π). The near side correlation comes from the particle decay or the

same jet fragmentation if they are at the same rapidity. In this letter, we will focus on the

back-to-back correlation region, namely the away side peaks. According to Ref. [17], we can

write down the differential cross section for the two-particle production in the back-to-back

correlation limit,

dσ(pA→h1h2)
corr.

dyh1
dyh2

d2p1⊥d2p2⊥
=

∫

dz1
z21

dz2
z22

α2
s

ŝ2
[

xpq(xp)F (i)
qg

×H(i)
qg

(

Dh1/q(z1)Dh2/g(z2) +Dh2/q(z1)Dh1/g(z2)
)

+xpg(xp)F (i)
gg H

(i)
ggDh1/g(z1)Dh2/g(z2)

]

, (5)

1 A recent next-to-leading order calculation for inclusive hadron production suggests that the appropriate

choice for the factorization scale to be around the saturation scale [22]. We have followed this choice in

our calculations.
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1

2
|k1? � k2?|

Transverse mom. imbalance

Relative transverse mom.

Large logarithms:
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Fig. 3. Prediction for normalized forward dihadron (π0) angular correlation in the forward rapidity region (2.6 < y < 4.2) in pp and minimal bias pAu collisions at √s =
200 GeV. The first pT bin is for the trigger π0, while the second bin is for the associate π0. (For interpretation of the colors in the figure(s), the reader is referred to the 
web version of this article.)

always more decorrelated in p Au collisions than in pp collisions. 
This is understood as originating from the larger saturation effects 
in nucleus target.

4. Conclusions

In this paper, we have carried out a comprehensive study of for-
ward rapidity dihadron angular correlations in both pp and dAu
(p A) collisions at RHIC, by using the small-x formalism with par-
ton shower effects. This new framework allows to describe the 
forward dihadron angular correlation in pp collisions, where both 
the small-x effect and the Sudakov effect are important. By incor-
porating the parton shower effect, a very good agreement with 
all the available data is obtained, and further prediction for the 
upcoming data collected in the p Au collisions at RHIC is also 
provided. Using the results in pp collisions as the baseline, we 
can reliably study the saturation effect which accounts for the 
difference between angular correlations the pp and p Au colli-
sions, and therefore provide robust predictions. This would allow 
us to systematically study the signature of gluon saturation at 
RHIC.
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FIG. 1. (color online). Comparison of the correlation func-

tions (corrected for nonuniform detector e�ciency in �; not
corrected for the absolute detection e�ciency) vs. azimuthal

angle di↵erence between forward (2.6 < ⌘ < 4.0) ⇡0
s in p+p,

p+Al, and p+Au collisions at
p
sNN = 200 GeV. Upper panel:

the trigger ⇡0
’s pT (ptrigT ) = 2�2.5 GeV/c and the associ-

ated ⇡0
’s pT (passoT ) = 1�1.5 GeV/c; according to the fit de-

scribed in the text, the area⇥10
3
(width) of the correlation in

p+p, p+Al, and p+Au collisions are 5.67± 0.12 (0.68± 0.01),
4.15±0.24 (0.68±0.03), and 3.30±0.07 (0.64±0.01), respec-
tively. Bottom panel: ptrigT = 2.5�3 GeV/c and passoT = 2�2.5

GeV/c; the area⇥10
3
(width) of the correlation in p+p, p+Al,

and p+Au collisions are 0.18± 0.01 (0.47± 0.03), 0.13± 0.03
(0.51± 0.07), and 0.15± 0.01 (0.45± 0.03), respectively.

The collision events are triggered by the FMS itself,
based on the transverse energy. The FMS board sum trig-
gers [31], which demand that the energy sum in localized
overlapping areas is above particular thresholds, are used
in the analysis. To remove the beam background, the
multiplicity at the Time of Flight detector (|⌘| < 0.9) [32]
is required to be above 2 and the number of tiles firing at
the backward (aluminum and gold going direction) beam
beam counter [33] (BBC, �5.0 < ⌘ < �3.3) is above 0.
The energy and transverse momentum, pT , of the pho-
ton candidates are required to be above 1 GeV and 0.1
GeV/c, respectively. The energy asymmetry of ⇡0’s pho-
ton components |E1�E2

E1+E2
| is required to be under 0.7 to

reduce the combinatoric background which peaks near 1;

this selection is commonly utilized in reconstructing ⇡0s
with the FMS [34, 35]. The selected invariant mass range
of the ⇡0 candidates is between 0.07 and 0.2 GeV/c2.

The correlation function, C(��), is defined as

C(��) = Npair(��)
Ntrig⇥��bin

, where Npair is the yield of the cor-

related trigger and associated ⇡0 pairs, Ntrig is the trigger
⇡0 yield,�� is the azimuthal angle di↵erence between the
trigger ⇡0 and associated ⇡0, and ��bin is the bin width
of �� distribution. In each pair, the trigger ⇡0 is the one
with the higher pT value, ptrigT , and the associated ⇡0 is
the one with the lower pT value, passoT . To remove the
correlation induced by asymmetric detector e↵ects, the
measured correlation functions shown in this Letter are
corrected through dividing them by the correlation func-
tions computed for mixed events. �� distributions of two
⇡0s produced in di↵erent events are extracted from the
� distributions of the trigger ⇡0s and the associated ⇡0s.
The correlation for mixed events is the �� distribution
normalized by Nbin/Nmix

pair , where Nbin is the number of

bins in �� and Nmix
pair is the number of ⇡0 pairs for mixed

events. The correlations are not corrected for the abso-
lute detection e�ciency. The corrected correlation func-
tion is fitted from �� = �⇡/2 to �� = 3⇡/2 with two
individual Gaussians at the near- (�� = 0) and away-
side (�� = ⇡) peak, together with a constant for the
pedestal. The area of the away-side peak is the integral
of the correlation function from �� = ⇡/2 to �� = 3⇡/2
after pedestal subtraction, describing the back-to-back
⇡0 yields per trigger particle; the corresponding width is
defined as the � of the away-side peak according to the
fit.

Figure 1 shows the comparison of C(��) for forward
back-to-back ⇡0 pairs observed in p+p, p+Al, and p+Au
collisions at

p
sNN = 200 GeV. In the upper panel, in the

low-pT regime, a clear suppression is observed in p+A
compared to the p+p data. The back-to-back ⇡0 yields
per trigger in p+Au (p+Al) are suppressed by about a
factor of 1.7 (1.4) with respect to p+p collisions. Larger
suppression in p+Au relative to p+Al at the same colli-
sion energy supports an A dependence of Q2

s as predicted
in references [23, 29]. The suppression decreases with in-
creasing pT of the ⇡0s. From the bottom panel of Fig. 1,
the suppression is found to be weaker compared to the
low-pT range in p+Au collisions. The area, width, and
pedestal in p+p, p+Al, and p+Au collisions with full di-
⇡0 pT combinations can be found in the supplemental
material [37].

The parton momentum fraction x with respect to the
nucleon inside the nucleus is proportional to the pT of
the two ⇡0s; Q can be approximated as the average pT
of the two ⇡0s. Varying the gluon density in x and Q2

can be achieved by changing the pT of the two ⇡0s at for-
ward pseudorapidities. The low x and Q2 regime where
the gluon density is large and expected to be saturated,
can be accessed by probing low-pT ⇡0s; when pT is high,

6

In Fig. 2(b), the Gaussian widths of the di-⇡0 cor-
relation peaks remain the same between p+p and p+A
collisions for the di↵erent passoT ranges, i.e., the broaden-
ing predicted in the CGC framework in Refs. [29, 30] is
not observed. This observation is in agreement with a
similar measurement in d+Au collisions by the PHENIX
experiment [5] and p+Pb collisions by the ATLAS exper-
iment [43]. In Fig. 2(c), the pedestal in p+A is slightly
lower than in p+p collisions at low passoT . At high passoT ,
the pedestals from p+p and p+A collisions are virtually
identical. Note that the measured pedestal in d+Au is
2�3 times higher than in p+p collisions [5]. This obser-
vation can provide insight in the contribution of multiple
parton interactions to di-hadron correlation in d+Au col-
lisions [20, 39].
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FIG. 3. (color online). Relative area of back-to-back di-⇡0

correlations at forward pseudorapidities (2.6 < ⌘ < 4.0) in

p+Au and p+Al respect to p+p collisions for ptrigT = 1.5�2

GeV/c and passoT = 1�1.5 GeV/c. The vertical bars for the

Al and Au ratios indicate the statistical uncertainties and

the vertical bands indicate the point-to-point systematic un-

certainties. The horizontal width of the bands is chosen for

visual clarity and does not reflect the uncertainty. The data

points are fitted by a linear function, whose slope (P ) is found

to be �0.09 ± 0.01.

The STAR experiment performed a unique measure-
ment of the A-dependence in back-to-back di-⇡0 corre-
lations at forward pseudorapidities. The relative area in
p+Au and p+Al with respect to p+p collisions is shown
in Fig. 3 as a function of A1/3; the systematic uncertainty
is around 3% at ptrigT = 1.5�2 GeV/c and passoT = 1�1.5
GeV/c. Nonlinear e↵ects are found largest in the lowest
pT range and no strong ptrigT dependence is observed. The
ratio for A = 1 has no uncertainty since the numerator
and denominator are fully correlated. A specific pT range
probes the suppression in p+Au and p+Al collisions in

the same x-Q2 phase space. Therefore, the suppression
is dominantly influenced by A according to the GBW
model [27]. A linear dependence of the suppression as a
function of A1/3 is observed within the uncertainties in
Fig. 3, the slope (P ) is found to be �0.09 ± 0.01.

In summary, the measurements of azimuthal correla-
tions of di-⇡0s at forward pseudorapidities are performed
using 2015 STAR 200 GeV p+p, p+Al, and p+Au data.
Results of the back-to-back correlations are given as a
function of pT , with the trigger ⇡0 in the range of 1.5
< ptrigT < 5 GeV/c and the associated ⇡0 in the range of
1 < passoT < 2.5 GeV/c. A clear suppression of back-to-
back yields is observed in p+A compared to p+p data for
pairs probing small x (and Q2) with low pT . The present
results are the first measurements of the A-dependence
of this nuclear e↵ect; the suppression is enhanced with
higher A and scales with A1/3. No increase in the width
of the azimuthal angular correlation is seen within exper-
imental uncertainties. The stable pedestal in p+A and
p+p collisions provides opportunities to understand the
contributions from multiple parton scatterings in d+A
collisions.
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The STAR Collaboration reports measurements of back-to-back azimuthal correlations of di-π0s
produced at forward pseudorapidities (2.6 < η < 4.0) in pþ p, pþ Al, and pþ Au collisions at a center-
of-mass energy of 200 GeV. We observe a clear suppression of the correlated yields of back-to-back π0

pairs in pþ Al and pþ Au collisions compared to the pþ p data. The observed suppression of back-to-
back pairs as a function of transverse momentum suggests nonlinear gluon dynamics arising at high parton
densities. The larger suppression found in pþ Au relative to pþ Al collisions exhibits a dependence of the
saturation scale Q2

s on the mass number A. A linear scaling of the suppression with A1=3 is observed with a
slope of −0.09" 0.01.

DOI: 10.1103/PhysRevLett.129.092501

The quest to understand quantum chromodynamics
(QCD) processes in cold nuclear matter has in the last
years revolved around the following questions. Can we
experimentally find evidence for a novel universal regime
of nonlinear QCD dynamics in nuclei? What is the role of
saturated strong gluon fields? What are the degrees of
freedom in this high gluon density regime? These questions
have motivated and continue to motivate theoretical efforts
and experiments at facilities worldwide.
Collisions between hadronic systems, i.e., pþ A and

dþ A at the Relativistic Heavy Ion Collider (RHIC)
provide a window to the parton distributions of nuclei at
small momentum fraction x (down to 10−3). Several RHIC
measurements have shown that, at forward pseudorapidities
(deuteron going direction), the hadron yields are sup-
pressed in dþ Au collisions relative to pþ p collisions
in inclusive productions [1–4] and dihadron correlations
[4,5]. The mechanisms leading to the suppression are not
firmly established. The density of gluons in nucleons and
nuclei increases at low x due to gluon splitting. At a
sufficiently small value of x, yet to be determined by
experiments, the splitting is expected to be balanced by
gluon recombination [6,7]. The resulting gluon saturation
[8–15] is one of the possible explanations for the suppres-
sion of forward hadron (jet) production. Initial- and final-
state multiple scattering can determine the strength of the
nuclear-induced transverse momentum imbalance for back-
to-back particles [16–19]. Energy loss in the nuclear
medium is also predicted to result in a significant sup-
pression of forward hadron (jet) production. For dþ A
the contributions from double-parton interactions to the

dþ A → π0π0X cross section are suggested as an alter-
native explanation for the suppression [20]. Therefore, it is
important to make the same measurements in the theoreti-
cally and experimentally cleaner pþ A collisions.
Back-to-back dihadron azimuthal angle correlations have

been proposed to be one of the most sensitive probes to
directly access the underlying gluon dynamics involved in
hard scatterings [21,22]. At a given x, the density of gluons
per unit transverse area is expected to be larger in nuclei than
in nucleons; thus, nuclei provide a natural environment to
study nonlinear gluon evolution [8]. Under the color glass
condensate (CGC) framework [23–25], gluons from differ-
ent nucleons are predicted to amplify the total transverse
gluon density by a factor of A1=3 for a nucleus with mass
number A. Saturation is characterized by a transverse
momentum scale, referred to as Qs. Two modes can be
identified: one weakly coupled (transverse momentum
k⊥ ≫ Qs) and one strongly coupled (k⊥ ≤ Qs) [26]. Qs
of a nucleus is enhanced with respect to the nucleon at
fixed values of x and Q2. One can parametrize the gluon
distributions following the Golec-Biernat Wüsthoff (GBW)
model [27] with Q2

s ∝ A1=3Q2
s0ðx=x0Þ−λ, where Qs0 ¼

1 GeV, x0 ¼ 3.04 × 10−4, and λ ¼ 0.288. The CGC frame-
work predicts that at forward angles (large pseudorapidities)
high x quarks and gluons in the nucleon interact coherently
with gluons at low x in the nucleus [28]. As a result, the
probability to observe the associated hadrons is expected to
be suppressed in pðdÞ þ A collisions compared to pþ p,
and an angular broadening of the back-to-back correlation of
dihadrons is predicted [29,30].
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The rest of this article is organized as follows: in
Sec. II, we discuss the theoretical framework used for
the prediction of saturation effects in the dihadron cor-
relation measurement. A brief comparison of dihadron
correlations in e+A versus p+A is provided in Sec. III. In
Sec. IV, we give an overview of the planned EIC project
and present simulation results for dihadron correlations
at an EIC. Finally, we summarize and conclude in Sec. V.

II. DIHADRON CORRELATIONS IN THE
SATURATION FORMALISM

According to the effective small-x kt factorization es-
tablished in Ref. [29], which is briefly summarized above,
the back-to-back correlation limit of the dihadron pro-
duction cross section can be used to directly probe the
WW gluon distribution xG(1)(x, q⊥). As a comparison,
the hadron production in semi-inclusive deep inelastic
scattering (SIDIS), as shown in Ref. [31], is related to
the so-called dipole gluon distributions xG(2)(x, q⊥).

The coincidence probability C(∆φ) = Npair(∆φ)
Ntrig

is a

commonly exploited observable in dihadron correlation

studies, in which Npair(∆φ) is the yield of the correlated
trigger and associate particle pairs, while Ntrig is the
trigger particle yield. This correlation function C(∆φ)
depends on the azimuthal angle difference ∆φ between
the trigger and associate particles. In terms of theoretical
calculation, the correlation function is defined as

C(∆φ) = 1
dσ

γ∗+A→h1+X
SIDIS

dzh1

dσ
γ∗+A→h1+h2+X
tot

dzh1dzh2d∆φ . (1)

Let us consider a process of a virtual photon scatter-
ing on a dense nuclear target producing two final state
back-to-back qq̄ jets: γ∗ + A → q(k1) + q̄(k2) + X , in
which k1 and k2 are the four momenta of the two outgoing
quarks. This process is the dominant one in the low-x re-
gion, since the gluon distribution is much larger than the
quark distributions inside a hadron at high energy. The
back-to-back correlation limit indicates that the trans-
verse momentum imbalance is much smaller than each
individual momentum: q⊥ = |k1⊥ + k2⊥| ≪ P⊥, with
P⊥ defined as (k1⊥ − k2⊥)/2. At leading order (LO), the
dihadron total cross section, which includes both the lon-
gitudinal and transverse contributions, can be written as
follows [29]:

dσγ∗+A→h1+h2+X
tot

dzh1dzh2d2ph1⊥d2ph2⊥
=C

∫ 1−zh2

zh1
dzq

zq(1−zq)
z2
h2z

2
h1

d2p1⊥d2p2⊥F(xg, q⊥)Htot(zq, k1⊥, k2⊥) (2)

×
∑

q e
2
qDq(

zh1

zq
, p1⊥)Dq̄(

zh2

1−zq
, p2⊥),

where C = S⊥Ncαem

2π2 gives the normalization factor, with
S⊥ being the transverse area of the target, zq is the longi-
tudinal momentum fraction of the produced quark with
respect to the incoming virtual photon, Htot is the com-
bined hard factor, k1⊥ and k2⊥ are the transverse mo-
menta of the two quarks, while ph1⊥ and ph2⊥ are the
transverse momenta of the two corresponding produced
hadrons respectively. F(xg, q⊥) comes from the relevant
WW gluon distribution xG(1)(xg, q⊥) evaluated with the
gauge links for a large nucleus at small x by using the
McLerran-Venugopalan model [12],

F(xg, q⊥) =
1

2π2

∫

d2r⊥e
−iq⊥r⊥

1

r2⊥
[1− exp(−

1

4
r2⊥Q

2
s)],

(3)

in which xg = zqp
2
h1⊥

z2
h1s

+ (1−zq)p
2
h2⊥

z2
h2s

+ Q2

s is the longi-

tudinal momentum fraction of the small-x gluon with
respect to the target hadron and Qs is the gluon satura-
tion scale. Dq(

zh
zq
, p⊥) represents the transverse momen-

tum dependent fragmentation functions, where p⊥ shows
the additional transverse momentum introduced by frag-

mentation processes. There can be more sophisticated
model description of the WW gluon distribution, which
involves a numerical solution to the BK type evolution
for the WW gluon distribution [34, 35]. But studying the
impact of these PDFs is beyond the scope of this work
presented here.

In principle, the so-called linearly polarised gluon dis-
tribution [32, 33] also contributes to the dihadron cor-
relation and can be systematically taken into account.
This part of the contribution comes from an averaged
quantum interference between a scattering amplitude and
a complex conjugate amplitude with active gluons lin-
early polarized in two orthogonal directions in the az-
imuthal plane. Numerical calculation shows that this
contribution is negligible for dihadron back-to-back cor-
relations. Also, this type of contribution vanishes when
the dihadron correlation function is averaged over the
azimuthal angle of the trigger particle.

As to the single-inclusive-hadron production cross sec-
tion, which enters the denominator of the definition of the
correlation function C(∆φ), it can be calculated from the

➤ Clear differences between the ep and eA: suppression 
of the correlation peak in eA due to saturation effects 
(including the Sudakov resummation)

➤ Further observables:  azimuthal correlations of 
dihadrons/dijets in diffraction, photon+jet/dijet. 

➤ Possibility to test various CGC correlators

k2

PA

PB

k1

· · ·

FIG. 1. Schematic diagrams for two-particle production in a dilute system scattering on a dense
target with multiple scattering. The imbalance between the two-particle in transverse momentum

can be used to probe the unintegrated gluon distribution of the dense target.

widely used in the literature. The first gluon distribution, which is known as the Weizsäcker-
Williams (WW) gluon distribution, is calculated from the correlator of two classical gluon
fields of relativistic hadrons (non-abelian Weizsäcker-Williams fields) [10, 13]. The WW
gluon distribution has a clear physical interpretation as the number density of gluons inside
the hadron in light-cone gauge, but is not used to compute cross sections. On the other hand,
the second gluon distribution, which is defined as the Fourier transform of the color dipole
cross section, does not have a clear partonic interpretation, but it is the one appearing
in most of the kt-factorized formulae found in the literature for single-inclusive particle
production in pA collisions [11].

It was a long-standing question what is fundamentally different between these two gluon
distributions, and whether there is any observable sensitive to the WW distribution [14].
The objective of this paper is to answer these questions and show that these two gluon
distributions are the fundamental building blocks of all the TMD gluon distributions at
small x. Eventually, this leads us to an effective TMD-factorization for dijet production, in
the collision of a dilute probe with a dense target. We find that, in the small momentum
imbalance limit described below, the dijet production process in DIS can provide direct
measurements of the WW gluon distribution and the photon-jet correlations measurement
in pA collisions can access the dipole gluon distribution directly. In addition, other more
complicated dijet production processes in pA collisions will involve both of these gluon
distributions through convolution in transverse momentum space, when the large-Nc limit
is taken.

A short summary of our study has been published in Ref. [15]. Here we present the
detailed derivations, and the precise equivalence between the TMD and CGC approaches,
in the overlapping domain of validity, i.e. to leading power of the hard scale and in the
small x limit. In general, the TMD factorization is valid whatever x is but is a leading-twist
approach, while the CGC is applicable only at small x but contains all the power correc-
tions. Since the main objective of this paper is to understand dijet production processes
theoretically, we will put the phenomenological studies in a future work.

We focus on the two particle production (or dijet production at higher energy) in the
case of a dilute system scattering on a dense target, as illustrated in Fig. 1,

B + A → H1(k1) +H2(k2) +X , (1)
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Figure 7.63: Comparison between the dihadron azimuthal angle correlation in e+Au col-
lisions (labeled with filled red circles) and that in e + p collisions (labeled with filled teal
squares). The results with the detector smearing are shown in open markers. The solid lines
represent the results obtained from the theoretical model calculations in the CGC formalism.

link structure of the WW gluon distribution, and calculations within the CGC for-
malism, it has been proposed [537, 740] that the DIS back-to-back dijet/dihadron
production at the EIC can be used to directly probe the WW distribution, which
has not been measured before.

To directly probe the WW gluon distribution and gluon saturation effects at low
x, we can measure the azimuthal angle difference (Df) between two back-to-
back charged hadrons in e+A collisions (e+A ! e0h1h2X). This azimuthal angle
distribution can help us map the transverse momentum dependence of the in-
coming gluon distribution. The away-side peak of the dihadron azimuthal an-
gle correlation is dominated by the back-to-back dijets produced in hard scatter-
ings. Due to the saturation effect, the WW gluon TMD can provide additional
transverse momentum broadening to the back-to-back correlation and cause the
disappearance of the away-side peak when the saturation effect is overwhelm-
ing [537, 741]. A comparison of the heights and widths of the coincidence proba-
bilities C(Df) = Npair(Df)/Ntrig in e + p and e+A collisions will be a clear experi-
mental signature for the onset of the saturation effect.

Furthermore, following the prescriptions in Ref. [742], a Monte Carlo simulation
has been carried out for the azimuthal angle correlations of two charged hadrons
at

p
s = 90 GeV in e+pand e+Aucollisions. The results of the simulation are also

compared with the prediction from the saturation formalism. To focus on the low-x
region, the events within the range of the virtuality 1 < Q2 < 2 GeV2 and inelas-
ticity 0.6 < y < 0.8 are selected. Events in nearby Q2 and y bins are expected
to yield similar results. The hadron pairs are required to have an energy fraction
0.2 < ztrig, zassc < 0.4 within the pseudorapidity range |h| < 3.5 with ptrig

T > 2
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