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Hard Scattering versus Diffractive Scattering
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Hard Scattering Collisions γ

γ

energetic particles transverse

to the beam 

•

• probe physics at large energy Q2

• measure particles (H, W, top, …)

•
& interactions in standard model

search for new physics

4

• study dynamics of the proton
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Diffractive Scattering

HERA (1993)

LHC HI (2018)

forward scattering process •
(small momentum transfer)  = 2 t•
scattered particles may

remain intact (coherent)

or not (incoherent)

•

empty angular region  
(“rapidity gap”)

•

t
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e�

Diffractive Deep Inelastic Scattering (DIS)

• HERA (1993)

Focus today:  single gapped Diffractive DIS

        ,             &  systems separated by angular gape−p → e− X Y X Y

X

Y = p
coherent
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I will also briefly discuss the extension to pp scattering.
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Why study diffraction?

New probe of  
hadron structure



Why study Diffraction?

proton 

or jet

particle 

or “jet”
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P
➡ Nature of pomeron

➡ New hadron structure       (GPD-like structure + more?)

➡ Small-x and saturation physics         (BFKL and heavy-ion)

• Diffractive cross-sections give  
direct and leading  access  
to Regge physics!

See your YITP lectures by:  
   A.Stasto, Y.Hatta, Z.Kang, 
  and A.Deshpand

for studying the Regge limit at the cross-section level today

Phenomenological Motivation

• Regge limit ~ small-  limit in DIS 

Unknown coefficient functions at next-to-leading log (NLL) 

• Unknown NLL  : large uncertainties in approx. N LO PDF [McGowan et al, 2207.04739]  

Diffraction 

Saturation phenomena 

• Unitarization of cross-section 

• Heavy Ion physics 

SCET  , forward scattering with plasma

x

x Pgq
3

G
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Figure 8.1: The map of high energy QCD in the (&2, . = ln(1/G)) plane. (This plot is adopted from
Ref. [5]).

hybrid factorization ansatz [943, 944], and for 4� collisions [945, 946, 947], where the NLO
impact factor has been computed for di-jet and photon+di-jet final states. Finally, exclusive 4�

collisions have been studied for dĳet production [948] and for the production of a light vector
meson [949].

This general picture of interactions at small-G, in terms of the RG evolution of the shockwave
classical fields, does not depend on the type of scattering reaction. It should therefore be valid
for transverse momentum dependent (TMD) processes. The first step of TMD studies at small-
G would be the implementation of the available theoretical tools most effectively represented by
the CGC formalism to a variety of TMD observables. In particular, there have been important
developments that have brought to the fore the connections between the TMD formalism
and the small-G CGC formalism in various contexts [950, 951, 952, 953, 954, 955, 956]. It was
realized for instance that TMD-like hard processes which involve a hard scale & in addition to
the transverse momenta of the observables offer unique possibilities to probe the saturation
regime.

The most important point of convergence is the fact that unintegrated gluon distributions
are important ingredients in both the TMD and CGC frameworks. In the latter, there is a
classification of scatterings into dilute-dilute, dilute-dense and dense-dense depending on the
field strengths of the color sources in the projectile and target and the transverse momenta
of interest [957, 896]. Unintegrated distributions appear at small-G in dilute-dilute (? + ?

scattering for instance) and dilute-dense (? + � scattering being a natural example). In the

Figure from [Accardi et al, 1212.1701]
[Ovanesyan, Vitev, `1103.1074]
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x ∼
−t
s

≪ 1



Why Diffraction?

proton 

or jet

particle 

or “jet”
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P

• Ample existing data and 
bright experimental outlook!

‣10% of HERA 

‣20% of EIC (flagship of program!)

‣30% of inelastic LHC events
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➡ Nature of pomeron

➡ New hadron structure       (GPD-like structure + more?)

➡ Small-x and saturation physics         (BFKL and heavy-ion)

• Diffractive cross-sections give  
direct and leading  access  
to Regge physics!

x ∼
−t
s

≪ 1



Inspiration: cross section in proton-proton scattering

Figure from review by Pancheri and Srivastava.  
Data and model compilation 


by D. Fagundes, A. Grau and O. Shekhovtsova


•  The total cross section (measured in cosmic  

 rays and colliders) rises with energy  

• : the (forward) amplitude is  

growing as a power of the energy for . 

• Despite the large energy ,  receives  

contributions of small momentum exchange   

• Elastic and inelastic (jet)  
cross sections can be computed  

perturbatively if . 

• We consider  

We shall study  perturatively, but will not be able to address the growth of  

 

s

σtot ≃ Imℳ
s

s ≫ − t

s σtot
t

−t ≫ Λ2
QCD

s ≫ − t ≫ Λ2
QCD

ℳ σtot
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P

from review by 

Pancheri and Srivastavea

(fig by Fagundes, Grau, Shekhovtsova)

Motivation: to understand the “Pomeron”

• Regge theory

σtot ∝ sαℙ(0)−1
s ≫ | t |

10

Example:  Total pp cross section

s = (p1 + p2)2

p1

p2 p3

t = (p2 − p3)2

Regge models: 

  fit using sum of power law terms

“Pomeron Regge Exponent”

σtot =
1
s

Im Tel(s, t = 0)

(optical theorem)
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1950s Pomeron & Reggeon description of high-energy scattering 
  (Regge, Pomeranchuk, Chew, Frautschi…)
1973 Development of QCD 
  (Gross, Politzer, Wilczek)

1977 BFKL equation for small-! evolution  
  (Balitsky, Fadin, Kuraev, Lipatov)
1983 Discussion of saturation 
  (Gribov, Levin, Ryskin)

1986 Nonlinear corrections to DGLAP 
  (Mueller & Qiu)
1994 Color Glass Condensate formalism
  (McLerran & Venugopalan)

1999 BK/JIMWLK equations, smaller-! evolution 
  (Balitsky, Kochegov, Jalilian-Marian, Iancu, McLerran, Weigert, Leonidov, Kovner)

2016 Effective field theory: Glauber SCET
  (Rothstein & IS)

Tools for forward physics

11
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• Single hard interaction

• Low momentum physics described  
by QCD operators

• Scale separation  Factorization→
What principles make hard scattering simpler?
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• Single hard interaction

• Low momentum physics described  
by QCD operators

eg. Deep Inelastic Scattering (DIS):    e−p → e−X

p

Q2

dω = Hi(Q,µ)→ fi(x, µ)

Q2 → !2
QCD

• Scale separation  Factorization→

fi(x, µ) = →p|Oi(x, µ)|p↑
parton distribution function

(probability to find parton  

 with momentum fraction ) 

i
x

The NNPDF4.0 global 
analysis of proton structure

Juan Rojo, VU Amsterdam & Nikhef

ATLAS Standard Model Plenary Meeting

7th October 2021

x fi(x,Q)

x fi(x,Q)

What principles make hard scattering simpler?
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Deep Inelastic Scattering (DIS)
dω = Hi(Q,µ)→ fi(x, µ)

29 18. Structure Functions

Figure 18.10: The proton structure function F p
2 measured in electromagnetic scattering of electrons

and positrons on protons, and for electrons/positrons (SLAC,HERMES,JLAB) and muons (BCDMS, E665,
NMC) on a fixed target. Statistical and systematic errors added in quadrature are shown. The H1+ZEUS
combined values are obtained from the measured reduced cross section and converted to F p

2 with a HERAPDF
NLO fit, for all measured points where the predicted ratio of F p

2 to reduced cross-section was within 10% of
unity. The data are plotted as a function of Q2 in bins of fixed x. Some points have been slightly o�set in
Q2 for clarity. The H1+ZEUS combined binning in x is used in this plot; all other data are rebinned to the
x values of these data. For the purpose of plotting, F p

2 has been multiplied by 2ix , where ix is the number
of the x bin, ranging from ix = 1 (x = 0.85) to ix = 26 (x = 0.0000085). Only data with W 2 > 3.5 GeV2 is
included. Plot from CJ collaboration (Shujie Li – private communication).
References: H1 and ZEUS—H. Abramowicz et al., Eur. Phys. J. C75, 580 (2015) (for both data and
HERAPDF parameterization); BCDMS—A.C. Benvenuti et al., Phys. Lett. B223, 485 (1989) (as given
in [260]); E665—M.R. Adams et al., Phys. Rev. D54, 3006 (1996); NMC—M. Arneodo et al., Nucl. Phys.
B483, 3 (1997); SLAC—L.W. Whitlow et al., Phys. Lett. B282, 475 (1992); HERMES—A. Airapetian
et al., JHEP 1105, 126 (2011);JLAB—Y. Liang et al., Je�erson Lab Hall C E94-110 collaboration, nucl-
ex/0410027, M.E. Christy et al., Je�erson Lab Hall C E94-110 Collaboration, Phys. Rev. C70, 015206
(2004), S. Malace et al., Je�erson Lab Hall C E00-116 Collaboration, Phys. Rev. C80, 035207 (2009), V.
Tvaskis et al., Je�erson Lab Hall C E99-118 Collaboration, Phys. Rev. C81, 055207 (2010), M. Osipenko
et al., Je�erson Lab Hall B CLAS6 Collaboration, Phys. Rev. D67, 092001 (2003).

1st December, 2023

• excellent description of data

• Q dependence calculable (DGLAP), 

logarithmic “scaling violation’’

• higher order QCD calculations  

improve agreement with data 

• universal   , useful for many  
observables

fi

pp → Xμ+μ−

pp → XH
pp → H + 2-jets
… (+ many many more)
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Diffractive  Scatteringep

e−p → e− X Y

(a) (b)

Figure 2: ep scattering producing a central jet X with momentum pX and forward particles
Y with momentum p→, with a rapidity gap separating p→ and pX . (a) Partonic diagrams
for the forward scattering case, where we have either incoherent di!raction with a multi-
particle state Y or coherent di!raction with a proton Y . (b) Leading diagram for the hard
scattering case for moderate x. This is a subleading contribution to incoherent di!raction
in the small-x region.

components in the Breit frame. In section 2.2, we give the Lorentz-invariant decompo-
sition for the ten leading-power di!ractive structure functions (leaving the description of
the full basis of 18 structure functions to appendix A.1.1). In section 2.3, we describe
the additional kinematic constraints di!raction places on the Lorentz-invariant kinematic
variables through requirements like a rapidity gap and forward scattering. Finally, we dis-
cuss prospects for measuring the largely-unexplored unpolarized structure functions FD

3,4 at
HERA and the EIC in section 2.4.

2.1 Kinematic variables and bounds

Consider the di!ractive (or hard scattering) process in figure 2. We give the initial and
final electrons momenta k and k→ respectively, and let them transfer momentum q = k → k→

to the hadronic system via a photon. The initial proton carries momentum p, and the final
hadronic states consist of central radiation X with momentum pX (which could be a single
particle, central jet, or uncollimated spray of particles confined to a well-defined region of
phase space), and a forward final state Y with momentum p→ (which is a proton in the case
of coherent di!raction, and a multi-particle system that is jet-like in the case of incoherent
di!raction). Thus, momentum conservation for the hadronic system is q+p = pX +p→. The
t-channel momentum transfer is then defined as ω = p → p→ = pX → q. We also define the
initial lepton helicity and proton spin vectors as εω and S, respectively.

In di!ractive ep scattering, we measure four external momenta (k, k→, p, and p→), three
of which have vanishing invariant mass:

k2 = k→2 = m2
e ↑ 0 , p2 = m2

p ↑ 0 . (2.1)

Note that we include hadron mass corrections in appendix A.1.2. From the four external
momenta, we can form exactly seven linearly independent Lorentz invariants. In this paper,

– 7 –

e−

e−

X = one or more  
       hadrons

Y = Forward

      proton or jet

gapP ?
p
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• Scale separation  Factorization ?→
• Multiple forward interactions

• Description of      and rest of process with operators? 

Diffractive  Scatteringep

P ?
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f D
i (ζ,
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, t, m2
Y, μ) Depends on more kinematic variables 

Does not address Regge Factorization or nature of 

Ingelman-Schlein model is quite popular:  

fD
i/p(ω, ε, t,m

2
Y , µ) = fi/P(ω, µ) fP/p(ε, t,m

2
Y )
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P ?

Treatments of diffractive Regge physics usually rely on models
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Figure 5. The Q2 dependence of the reduced di↵ractive cross section, multiplied
by xIP , at di↵erent fixed values of xIP =0.0003 (a), 0.001 (b), 0.003 (c) and 0.01
(d). The reduced cross section values are multiplied by a scaling factor, 4l for
xIP =0.0003 and 3l for xIP =0.003, 0.001 and 0.01, with l values as indicated in
parentheses. Solid lines fit H1 B, dashed line indicates an extrapolation. Figure from
[39], https://doi.org/10.1140/epjc/s10052-012-2074-2.

constrained by the di↵ractive dijet data. The quark distribution is similar to the NLO

extraction, whereas the gluon density, which is more sensitive to higher order e↵ects is

reduced by about 30%. Overall, the NNLO calculation fits the data very well, above

Q
2

> 8.5 GeV2, where the e↵ects from higher twists can be neglected.

In Fig. 5, the calculations using the H1 Fit B [26] are compared with the more

recent analysis of the HERA data [39] on the reduced di↵ractive cross section. The

results are shown as a function of Q
2 in several bins of � and four bins bins of ⇠ = xIP .

One observes reasonable description of the experimental data by the fits, with a certain

deterioration at low values of Q
2. Indeed, it was noted by both ZEUS and H1 that

DGLAP fits fail in the low Q
2 region, the breakdown point was about 8.5 GeV2 as

DGLAP evolution

describes 

dependence

Q2

Ingelman-Schlein 

as boundary 

condition 
for HERA fits
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Figure: ATLAS, 1911.00453. 

How well do we understand diffraction? 13

$ = 8	()*,    0.016 < |t| < 0.43 GeV2,    -4.0 < log!" .	< -1.6

Today: Apply Effective Field Theory (EFT) tools to 
better understand diffraction

Figure: ATLAS, 1911.00453. 

How well do we understand diffraction? 13

$ = 8	()*,    0.016 < |t| < 0.43 GeV2,    -4.0 < log!" .	< -1.6

Today: Apply Effective Field Theory (EFT) tools to 
better understand diffraction

The dPDF description of Diffraction fails for pp collisions

Factorization Violation?Non-universal dPDF? …
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• Scale separation  Factorization ?→
• Multiple forward interactions

• Description of      and rest of process with operators? 

Diffractive  Scatteringep

P ?

Regge Factorization Theorem for ep

Yes

Lee, Schindler, IS  arXiv:2508.10231 (JHEP)

Tool:   Soft Collinear Effective Field Theory



Outline

• Introduction:  Diffraction

• Power Counting and Regge Factorization

Kinematics and Structure Functions•

• Applications and Phenomenology

2121

• Introduction:  Soft Collinear Effective Theory (SCET)
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Particle Physics: Physics at Shortest Distances
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m 110510101015 10−5 10−10 10−15

LHC

Frank Tackmann (MIT) Better Theory Predictions for the LHC 2010-11-22 1 / 34

Soft Collinear Effective Theory 

EFT for hard interactions which produce 
  energetic (collinear) and soft particles. 

Jet Physics
Jet Substructure

Higgs, W, Z, top, … production

Quarkonia Production

B-Decays and CP violation

Infrared Structure of Gauge Theory 

Forward Scattering and Regge Limit

Gauge theory at Subleading Power

Subtractions for Fixed Order QCD

TMDs / Nuclear Physics

(Heavy Ion collisions)

Higher order Resummation

“EFT for Collider Physics”

22

builds on extensive past literature 
(CSS factorization, exclusive fact, pQCD…)

For guide to SCET literature see my 
review in 50 yrs of QCD, 2212.11107 

22

Bauer, Fleming, Luke, Pirjol, IS `00, `01

Detailed description in my YITP lectures next week!
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Relevant Momentum Regions:

Collinear Splittings•

Soft Emission• Hard Propagators (short dist.)•

Glauber Exchange•
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Figure 4. Tree level matching for the nnn̄n̄ Glauber operators. In a) we show the four full QCD graphs

with t-channel singularities. In b) we show the corresponding Glauber operators for the four operators in

SCET with two equivalent notations. The notation with the dotted line in c) emphasizes the factorized

nature of the n and n̄ sectors in the SCET Glauber operators, which have a 1/P2
? between them denoted

by the dashed line.

For simplicity we will carry out most of our calculations using the back-to-back choice with ni = n,

nj = n̄, and ij = (n · n̄)/2 = 1. Here we have

pµ =
nµ

2
n̄ · p+

n̄µ

2
n · p+ pµ

?
, (5.4)

and the variables in Eq. (5.3) reduce to the true energy and longitudinal momentum

d4p =
1

2
d(n · p) d(n̄ · p) d2p? = dp0 dpz d2p? . (5.5)

We will often use the shorthand p+ = n · p and p� = n̄ · p. All of our calculations, including our

final results, will apply equally well to the more general case in Eq. (5.1). For this more general

case factors of ij must be inserted, but can be inferred by using the invariance to simultaneous

rescaling ni ! ⇢ini and n̄i ! n̄i/⇢i for each i, which follows from the allowed values for these

collinear basis vectors in constructing SCET. This symmetry is called RPI-III invariance [84, 85].

When we refer to the longitudinal momentum, for this more general case we always mean pz
ij
.

We use a common convention for the collinear momenta of the external lines in the 2–

2 scattering graphs in Fig. 4a, so q(pn2 ) + q̄(pn̄1 ) ! q(pn3 ) + q̄(pn̄4 ), where the superscripts are

included to indicate the type of collinear momentum, and we have the same labeling for the

gluon scattering cases. This is illustrated in Fig. 1. When we need to provide further labels to

an external particle we will use the same subscript as the momenta, such as for color indices A1,

A2, etc, and for vector indices µ1, µ2, etc. Momentum conservation implies p1 + p2 = p3 + p4.

– 22 –

p� � p� � p+p�

p�

soft

n-collinear

n-collinear-

“n-collinear”

forward scattering

onshell: p+p� = �p 2
�

p� p�

Soft Collinear EFT (SCET)



SCET Fields for various Modes

�S , Aµ
S

dominant contributions from specific 
regions of momentum space

•

�na , Aµ
na

�nb , A
µ
nb

�n3 , A
µ
n3

�n2 , A
µ
n2

�n1 , A
µ
n1

24



Hard-collinear factorization

C �O

µS

µH : Wilson coe�cients for SCET Hard Scattering Operators

25



Hard-collinear factorization

Operators are built of building block fields:
O = (Bna�)(Bnb�)(Bn1�)(�̄n2)(�n3)

µS

“quark jet”
“gluon jet”

Wn = P exp
�
ig

� 0

��
ds n̄ · An(x + n̄s)

�
Wilson lines

ωn = (W †
nεn)

Bµ
n→ =

1

g
[W †

niD
µ
→Wn]

26



Soft-collinear factorization

Soft radiation knows only about bulk properties 
of radiation in the jets

(SnaSnbSn1Sn2Sn3) Soft Wilson Lines

µS

27



Glauber gluon exchange 
(only factorization 

violating term)

Dynamics of infrared 
modes

Hard Scattering 
operators 

(typically once)

L
(0)
hard =

X

i

C(0)
i O

(0)
i

L(0)
dyn =

X

n

L(0)
n + L(0)

soft

•

•

Leading operators for a hard process

Collinear and Soft dynamics
decoupled

           Factorization for hard process!L(0)
G

28

L = L(0)
dyn + L(0)

hard + L(0)
G

SCET Lagrangian at leading power

C � (Bna�)(Bnb�)(Bn1�)(�̄n2)(�n3)(SnaSnbSn1Sn2Sn3)

•



Glauber gluon exchange 
(only factorization 

violating term)

Dynamics of infrared 
modes

Hard Scattering 
operators 

(typically once)

L
(0)
hard =

X

i

C(0)
i O

(0)
i

L(0)
dyn =

X

n

L(0)
n + L(0)

soft

•

•

Leading operators for a given process

Collinear and Soft dynamics
(Factorizes after soft-collinear decoupling)

29

L = L(0)
dyn + L(0)

hard + L(0)
G

SCET Lagrangian at leading power

�̂fact = IaIb �H �
�

iJi � S

d� = fafb � �̂ � FFactorization 
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Glauber Lagrangian:

Operators involve quark & gluon fields, and gluon Wilson lines•

n-collinear components of SCET operators for QCD (other than the leading power kinetic term)

contain three terms [83]

�n , B
µ

n?
, P

µ

n?
. (4.8)

The full expressions for �n and B
µ

n?
are given below in Eqs. (4.10) and (4.15) and carry global

fundamental and adjoint color indices (also discussed below), but are gauge invariant under local

collinear gauge transformations due to the presence of collinear Wilson lines. When expanded

these quark and gluon building block fields contain the physical quark and gluon components,

�n = ⇠n + . . . and B
µ

n?
= Aµ

n?
� (Pµ

?
/P̄)n̄ · An + . . .. To reduce operators down to the three

objects in Eq. (4.8) we rewrite all n̄ ·An’s as Wn Wilson lines, and absorb dependence on n̄ ·P into

Wilson coe�cients. We also use the equations of motion to remove in · @ �n, in · @ Bn?, P̄ n · B
µ
n,

in · @ n · Bn, and use operator identities to remove [iDµ

n?
, iD⌫

n?
] and [iDµ

n?
, in · Dn] [83]. Here

g n · Bn =
⇥
W †

nin ·DnWn

⇤
. Using the scaling of the fields deduced from their kinetic terms, the

power counting for these collinear building blocks is �n ⇠ �, Bµ

n?
⇠ �, and P

µ

n?
⇠ �.

We will find it useful to also use the following building blocks for soft fields

 n

s , B
nµ

S?
. (4.9)

Here the n superscript denotes the soft gauge field component n ·As appearing in the soft Wilson

lines in these operators. For an analysis involving back-to-back n-collinear and n̄-collinear sectors

we will see that  n
s ,  

n̄
s , B

nµ

S?
, and B

n̄µ

S?
all appear. Using the scaling of the fields deduced from

their kinetic terms, the power counting for these soft building block fields is  n
s ⇠  n̄

s ⇠ �3/2 and

B
nµ

S?
⇠ B

n̄µ

S?
⇠ �.

The collinear and soft building blocks that have a single quark field at lowest order in the

coupling are

�n = W †

n⇠n , Wn = FT Wn[n̄ ·An] = FT P exp

✓
ig

Z 0

�1

ds n̄ ·An(x+ n̄s)

◆
,

�n̄ = W †

n̄⇠n̄ , Wn̄ = FT Wn̄[n ·An̄] = FT P exp

✓
ig

Z 0

�1

ds n ·An̄(x+ ns)

◆
,

 n

s = S†

n s ,  n̄

s = S†

n̄ s , Sn = FT Sn[n ·AS ] = FT P exp

✓
ig

Z 0

�1

ds n ·AS(x+ ns)

◆
,

(4.10)

where FT is for Fourier transform, and P stands for path ordering. The Fourier transform

is often written out in momentum space which enables making explicit the notation for the

multipole expansion (the lines remain local in the coordinate corresponding to residual momenta,

even though they are extended for the larger momentum associated with the s coordinate shown

here). Under a collinear gauge transformation ⇠n ! Un⇠n, Wn ! UnWn, so �n is invariant,

– 17 –

The collinear and soft building blocks that involve a single gluon field at lowest order in the

coupling are

B
µ

n?
=

1

g

⇥
W †

niD
µ

n?
Wn

⇤
=

1

g

1

n̄ · P
W †

n

⇥
in̄ ·Dn , iD

µ

n?

⇤
Wn ,

B
µ

n̄?
=

1

g

⇥
W †

n̄iD
µ

n̄?
Wn̄

⇤
=

1

g

1

n · P
W †

n̄

⇥
in ·Dn̄ , iD

µ

n̄?

⇤
Wn̄ ,

B
nµ

S?
=

1

g

⇥
S†

niD
µ

S?
Sn

⇤
=

1

g

1

n̄ · P
S†

n

⇥
in̄ ·DS , iDµ

S?

⇤
Sn ,

B
n̄µ

S?
=

1

g

⇥
S†

n̄iD
µ

S?
Sn̄

⇤
=

1

g

1

n · P
S†

n̄

⇥
in ·DS , iDµ

S?

⇤
Sn̄ , (4.15)

where the Wilson lines here are the same as those in the quark building blocks, again with a

direction determined by matching. These gluon operators are in an adjoint representation so we

can write B
µ

n?
= B

µA

n?
TA etc. The Wilson lines appearing here can be combined into a single

Wilson line in the adjoint representation, for example we have

B
Aµ

n?
=

1

n̄ · P
n̄⌫iG

B⌫µ?
n W

BA

n , B
Aµ

n̄?
=

1

n · P
n⌫iG

B⌫µ?
n̄ W

BA

n̄ , (4.16)

with the adjoint collinear Wilson lines W
BA
n = W

BA
n [n̄ · An] and W

BA
n̄ = W

BA
n̄ [n · An̄], and

collinear field strengths igGAµ⌫
n TA = [iDµ

n, iD⌫
n]. A useful relation is

W †

niD
µ

n?
Wn = P

µ

?
+ gBµ

n?
. (4.17)

To lowest order in the coupling expansion

B
µ

n?
= Aµ

n?
�

kµ
?

n̄ · k
n̄ ·An,k + . . . . (4.18)

There are analogous expressions for operators in other sectors, including the soft operators. The

B
µ

n?
operator is gauge invariant under n-collinear transformations since iDµ

n?
Wn ! UniD

µ

n?
Wn

and W †
n ! W †

nU
†
n. Again a similar statement holds for the other gluon building block fields with

gauge transformations that have support in each of their respective sectors.

We also will make use of fields that are matrices in the color octet space, which we denote

with a tilde, such as

eBAB

n? = �ifABC
B
C

n? , eBnAB

S? = �ifABC
B
nC

S? , eGµ⌫ AB

s = �ifABCGµ⌫ A

s , (4.19)

where the soft field strength igGAµ⌫
s TA = [iDµ

s , iD⌫
s ]. We also have the adjoint relation

W
T

n iD
µ

n?
Wn = P

µ

?
+ g eBn? . (4.20)

In the hard scattering operators in both SCETI and SCETII we often need to specify the

large momenta for the collinear gauge invariant building blocks, �n and Bn?, for which we use
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L
(0)
G =

X

n,n̄

X

i,j=q,g

O
iB
n

1

P2
?
O

BC
s

1

P2
?
O

jC
n̄ +

X

n

X

i,j=q,g

O
iB
n

1

P2
?
O

jnB
s
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O
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2
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†)BDµ
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O
qB
n̄ = �n̄T

B n/

2
�n̄ O

gB
n̄ =

i

2
fBCD

B
C
n̄?µ

n

2
· (P+P

†)BDµ
n̄?

O
BC
s = 8⇡↵s

⇢
P

µ
?S

T
n Sn̄P?µ � P

?
µ g eBnµ

S?S
T
n Sn̄ � S

T
n Sn̄g eBn̄µ

S?P
?
µ � g eBnµ

S?S
T
n Sn̄g eBn̄

S?µ �
nµn̄⌫

2
S
T
n ig eGµ⌫

s Sn̄

�BC

O
qnB
s = 8⇡↵s

⇣
 ̄n
S TB n/

2
 n
S

⌘
O

gnB
s = 8⇡↵s

⇣ i

2
fBCD

B
nC
S?µ

n

2
· (P+P
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⌘

O
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⇣
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S TB n̄/

2
 n̄
S

⌘
O
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⇣ i

2
fBCD

B
n̄C
S?µ

n̄

2
· (P+P

†)Bn̄Dµ
S?

⌘

TABLE II. Summary of operators appearing in the leading power Glauber exchange Lagrangian in Eq. (41).

towards the n̄-collinear particles. This type of time ordered product will play an important role in

our calculations later on.

Considering all terms which cause scattering between either colllinear or soft fields we can write

the full Glauber Lagrangian for SCETII as

L
II(0)
G

= e�ix·P
X

n,n̄

X

i,j=q,g

Oij

nsn̄ + e�ix·P
X

n

X

i,j=q,g

Oij

ns

⌘ e�ix·P
X

n,n̄

X

i,j=q,g

O
iB

n

1

P2
?

O
BC

s

1

P2
?

O
jC

n̄ + e�ix·P
X

n

X

i,j=q,g

O
iB

n

1

P2
?

O
jnB

s . (41)

Thus we see that the Glauber Lagrangian consists of operators connecting 3 rapidity sectors

{n, s, n̄} and operators connecting 2 rapidity sectors {n, s} (and {n̄, s}). For future reference

we summarize the operators appearing in Eq. (41) in Table II.

If consider the interactions of soft and collinear particles in SCETI then none of the tree level

calculations that we have done in SCETII change, and hence the Glauber operators are precisely

the same as in SCETII. In this case we are considering SCETI prior to making the ultrasoft field

redefinition, so

L
I(0)
G

= L
II(0)
G

. (42)

However due to the appearance of couplings between the collinear and ultrasoft fields in L
(0)
ni

for

SCETI, and the di↵erences between how momentum sectors are separated (via subtraction terms)

the precise behavior of these operators in loop diagrams will in general be di↵erent. We will see

this explicitly when comparing our one-loop matching calculations in Secs. VIIA and VIIC for

SCETII and SCETI respectively.

3. Matching for All Polarizations

For completeness, we can also repeat the matching calculations involving external gluons with

arbitrary external polarizations. This amounts to not specifying a specific basis for the physical

ωn = (W †
nεn)

Bµ
n→ =

1

g
[W †

niD
µ
→Wn]

ωn = (W †
nεn)

Bµ
n→ =

1

g
[W †

niD
µ
→Wn]qn

gn

qs

gs

n̄

n̄

n

n

= + (3 sector terms)
 
1
k2

⊥
=

1
k2

x + k2
y

potentialacts as 
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(a) (b)

Figure 2: ep scattering producing a central jet X with momentum pX and forward particles
Y with momentum p→, with a rapidity gap separating p→ and pX . (a) Partonic diagrams
for the forward scattering case, where we have either incoherent di!raction with a multi-
particle state Y or coherent di!raction with a proton Y . (b) Leading diagram for the hard
scattering case for moderate x. This is a subleading contribution to incoherent di!raction
in the small-x region.

components in the Breit frame. In section 2.2, we give the Lorentz-invariant decompo-
sition for the ten leading-power di!ractive structure functions (leaving the description of
the full basis of 18 structure functions to appendix A.1.1). In section 2.3, we describe
the additional kinematic constraints di!raction places on the Lorentz-invariant kinematic
variables through requirements like a rapidity gap and forward scattering. Finally, we dis-
cuss prospects for measuring the largely-unexplored unpolarized structure functions FD

3,4 at
HERA and the EIC in section 2.4.

2.1 Kinematic variables and bounds

Consider the di!ractive (or hard scattering) process in figure 2. We give the initial and
final electrons momenta k and k→ respectively, and let them transfer momentum q = k → k→

to the hadronic system via a photon. The initial proton carries momentum p, and the final
hadronic states consist of central radiation X with momentum pX (which could be a single
particle, central jet, or uncollimated spray of particles confined to a well-defined region of
phase space), and a forward final state Y with momentum p→ (which is a proton in the case
of coherent di!raction, and a multi-particle system that is jet-like in the case of incoherent
di!raction). Thus, momentum conservation for the hadronic system is q+p = pX +p→. The
t-channel momentum transfer is then defined as ω = p → p→ = pX → q. We also define the
initial lepton helicity and proton spin vectors as εω and S, respectively.

In di!ractive ep scattering, we measure four external momenta (k, k→, p, and p→), three
of which have vanishing invariant mass:

k2 = k→2 = m2
e ↑ 0 , p2 = m2

p ↑ 0 . (2.1)

Note that we include hadron mass corrections in appendix A.1.2. From the four external
momenta, we can form exactly seven linearly independent Lorentz invariants. In this paper,

– 7 –
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4 structure functions for unpolarized:

In the limit relevant for diffraction we can expand to leading order in 4x
2
m

2
Y ⌧ Q

2, giving

x
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2
Y . �t  1 � �

�
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2
. (2.16)

Note that the hierarchies m
2
Y  �t and m

2
Y � �t are both allowed. The condition ~p 2

X? � 0

gives an upper bound on the hadronic jet mass m
2
Y for fixed t. The lower bound comes

from coherent diffraction, m
2
Y ' m

2
p ⇠ ⇤2

QCD, where the proton remains intact:

m
2
p  m

2
Y  Q

2

2x�
+ t � Q

2

x

r
1

4�2
+

t

Q2
. (2.17)

In the limit most often studied in diffraction we can expand in 4�2(�t) ⌧ Q
2 to give

m
2
p  m

2
Y . (� � x)(�t)

x
. (2.18)

We reiterate that here, we have only used positivity and basic physical properties of p
0 and

pX . A detailed discussion of conditions specific to diffraction is taken up in section 2.3.

2.2 Diffractive structure functions

Now, we decompose the diffractive cross-section in terms of structure functions. By doing
so in a frame-independent manner, we facilitate connecting experimental measurements and
theoretical computations by allowing convenient frame choices for each. The cross-section
for diffraction is given by

d� =
↵

2

(k · p) Q4

d3
k
0

2Ek0

d3
p
0

2Ep0
dm

2
Y Lµ⌫

�
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q, p, p

0�
, (2.19)

where we have suppressed dependence on hadronic and leptonic spins for brevity. Making
the cross-section fully differential in our chosen six Lorentz invariant variables, we have
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q, p, p
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, (2.20)

where here we define

N� = x

p
(1 � y)(z2 � z/� � t/Q2) � (x̄/x � 1/� + (2 � y)z)2/4 . (2.21)

This arises from x̄ dependence and
R

dx̄ 1/N� = ⇡ as we discuss further below.
The diffractive hadronic and leptonic tensors appearing in eqs. (2.19) and (2.20) are

W
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p
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⌦
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⇥
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k
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0
g
µ⌫ + i�e✏

µ⌫⇢�
k⇢k�

⇤
. (2.22)

Here, we have currents J
µ =

P
q eq ̄q�

µ
 q for quark flavors q with electric charge eq, and

J
µ
e = � ̄e�

µ
 e for the electron. �e = ±1 is the longitudinal spin polarization of the
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In the limit most often studied in diffraction we can expand in 4�2(�t) ⌧ Q
2 to give
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x
. (2.18)

We reiterate that here, we have only used positivity and basic physical properties of p
0 and

pX . A detailed discussion of conditions specific to diffraction is taken up in section 2.3.
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Now, we decompose the diffractive cross-section in terms of structure functions. By doing
so in a frame-independent manner, we facilitate connecting experimental measurements and
theoretical computations by allowing convenient frame choices for each. The cross-section
for diffraction is given by
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where we have suppressed dependence on hadronic and leptonic spins for brevity. Making
the cross-section fully differential in our chosen six Lorentz invariant variables, we have
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R

dx̄ 1/N� = ⇡ as we discuss further below.
The diffractive hadronic and leptonic tensors appearing in eqs. (2.19) and (2.20) are

W
µ⌫
D (q, p, p

0) =
XZ

X

XZ

Y

�
4(q + p � p

0 � pX)
⌦
p
��J†µ(0)

��Y X
↵⌦

Y X
��J⌫(0)

��p
↵
�(m2

Y � p
0 2),

L
µ⌫(k, k

0) =
⌦
k
��J†µ

e (0)
��k0↵⌦

k
0��J⌫

e (0)
��k
↵

= 2
⇥
k
µ
k
0⌫ + k

⌫
k
0µ � k · k

0
g
µ⌫ + i�e✏

µ⌫⇢�
k⇢k�

⇤
. (2.22)

Here, we have currents J
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P
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 q for quark flavors q with electric charge eq, and

J
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µ
 e for the electron. �e = ±1 is the longitudinal spin polarization of the
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We reiterate that here, we have only used positivity and basic physical properties of p
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2.2 Diffractive structure functions

Now, we decompose the diffractive cross-section in terms of structure functions. By doing
so in a frame-independent manner, we facilitate connecting experimental measurements and
theoretical computations by allowing convenient frame choices for each. The cross-section
for diffraction is given by

d� =
↵

2

(k · p) Q4

d3
k
0

2Ek0

d3
p
0

2Ep0
dm

2
Y Lµ⌫

�
k, k

0�
W

µ⌫
D

�
q, p, p

0�
, (2.19)

where we have suppressed dependence on hadronic and leptonic spins for brevity. Making
the cross-section fully differential in our chosen six Lorentz invariant variables, we have

d
6
�

dx dQ2 d� dt dx̄ dm
2
Y

=
⇡↵

2
xy

2

4Q6�2 N�
Lµ⌫

�
k, k

0�
W

µ⌫
D

�
q, p, p

0�
, (2.20)

where here we define

N� = x

p
(1 � y)(z2 � z/� � t/Q2) � (x̄/x � 1/� + (2 � y)z)2/4 . (2.21)

This arises from x̄ dependence and
R

dx̄ 1/N� = ⇡ as we discuss further below.
The diffractive hadronic and leptonic tensors appearing in eqs. (2.19) and (2.20) are

W
µ⌫
D (q, p, p

0) =
XZ

X

XZ

Y

�
4(q + p � p

0 � pX)
⌦
p
��J†µ(0)

��Y X
↵⌦

Y X
��J⌫(0)

��p
↵
�(m2

Y � p
0 2),

L
µ⌫(k, k

0) =
⌦
k
��J†µ

e (0)
��k0↵⌦

k
0��J⌫

e (0)
��k
↵

= 2
⇥
k
µ
k
0⌫ + k

⌫
k
0µ � k · k

0
g
µ⌫ + i�e✏

µ⌫⇢�
k⇢k�

⇤
. (2.22)

Here, we have currents J
µ =

P
q eq ̄q�

µ
 q for quark flavors q with electric charge eq, and

J
µ
e = � ̄e�

µ
 e for the electron. �e = ±1 is the longitudinal spin polarization of the
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trivial:

non-trivial 
QCD:

incoming electron. For the leptonic tensor, we have hk0|J⌫
e |ki = he0(k0)|J⌫

e |e(k)i. The PR
X

includes a sum over states with different numbers of final-state particles j 2 X as well
as an integration over their individual phase space,

Q
j d

3
pj/(2Ej(2⇡)3). The PR

Y includes
the sum over particles j 2 Y as well as analogous integrals over their phase space, after
having extracted the overall p

0 phase space integral shown in eq. (2.20). The meaning of
the hadronic tensor depends on the process: for incoherent diffraction, Y is a forward jet of
momentum p

0, so hY X|J⌫ |pi = hY (p0)X|J⌫ |P (p)i. The PR
X is taken over all possible final

states that pX could represent for particles outside Y (as seen in figure 2 and its higher
order generalizations). Definitions for Y and X are discussed in section 2.3. For coherent
diffraction, p

0 is a forward proton and hY X|J⌫ |pi = hP (p0)X|J⌫ |P (p)i; the PR
X is taken over

all other hadronic particles, and PR
Y ! 1. Further restrictions on X due to the rapidity

gap are discussed in section 2.3.
The diffractive hadronic tensor depends on three measured momenta {p, q, p

0}, just
as in SIDIS. Thus, these two processes share the same number of structure functions: 4
unpolarized and 14 that are S- and �`-dependent [82]. In ref. [83] the four structure
functions for unpolarized protons were constructed using a photon helicity basis. Here
we favor an approach starting with Lorentz four-vectors. This approach has been used
in refs. [84, 85], but with a non-orthogonal basis of tensor structures, whereas we find it
advantageous to use an orthogonal basis in the style of the SIDIS analysis of ref. [89].3 Let
us start with the unpolarized structures. We use orthogonal vectors {q, U, X} defined as

U
µ =

2x

Q

✓
p
µ � p · q

q2
q
µ

◆
, X

µ =
1

NX

✓
V

µ � U · V

U2
U

µ

◆
, (2.23)

where we define an auxiliary vector V
µ = p

0µ � q
µ (p0 · q)/q

2 to simplify the expressions.
These momenta are normalized as X

2 = �1 and U
2 = +1, so that

N
2
X = (U · V )2 � V

2 =
Q

2�2

1 � y
, (2.24)

for � in eq. (2.14). Combining these formula yields

X
µ =

1p
�t

1p
1 � x/� � tx2/Q2


x

�Q2
(2�tx � Q

2)pµ +
tx

Q2
q
µ + ⌧

µ

�
. (2.25)

Generally, we decompose the hadronic tensor into a sum of independent tensors w
µ⌫
i built

out of these vectors times structure functions F
D
i :

W
µ⌫
D =

X

i

w
µ⌫
i (q, U, X, S) F

D
i (x, Q

2
, �, t, m

2
Y ) . (2.26)

For the unpolarized case with a virtual photon, the w
µ⌫
i are symmetric tensors satisfying

qµw
µ⌫
i = 0 = q⌫w

µ⌫
i , which can be built from (gµ⌫ � q

µ
q
⌫
/q

2), U
µ
U

⌫ , X
µ
X

⌫ and U
µ
X

⌫ +

3Ref. [84] obtains four unpolarized structure functions, but then restricts to the collinear limit p0µ =

(1 � ⇠)pµ, which makes NXXµ
/ Uµ and negates the need for FD

3 and FD
4 . We argue later in section 4

that the allowed kinematics away from this strict limit provide important information on diffraction.
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X
µ
U

⌫ . We choose w
µ⌫
L and w

µ⌫
2 to be the standard tensors used in DIS, and choose the

form of w
µ⌫
3,4 to make clear their underlying differences from DIS,

w
µ⌫
L =

1

2x

⇣
g
µ⌫ � q

µ
q
⌫

q2

⌘
, w

µ⌫
2 =

1

2x

⇣
U

µ
U

⌫ � g
µ⌫ +

q
µ
q
⌫

q2

⌘
,

w
µ⌫
3 =

1

2x

⇣
2X

µ
X

⌫ � U
µ
U

⌫ + g
µ⌫ � q

µ
q
⌫

q2

⌘
, w

µ⌫
4 =

1

2x
(Uµ

X
⌫ + X

µ
U

⌫) . (2.27)

Note that we work with the structure function F
D
L = F

D
2 � 2xF

D
1 instead of F

D
1 , which

is the same combination used to define FL for inclusive DIS. The generalization of these
results to the full polarized case are given in appendix A.1. The basis in eq. (2.27) has a
simple correspondence with the photon helicity basis, which we provide in appendix A.2.

Just like in DIS, it is useful here to define projectors Pi µ⌫ that extract F
D
i from W

µ⌫
D :

Pi µ⌫W
µ⌫
D = F

D
i . (2.28)

We form unpolarized projectors using a basis comprised of the symmetric tensors g
µ⌫ ,

U
µ
U

⌫ , X
µ
X

⌫ , and (Uµ
X

⌫ + U
⌫
X

µ). For d = 4, we find

Pµ⌫
L = 2x U

µ
U

⌫
, Pµ⌫

2 = �x (gµ⌫ � 3U
µ
U

⌫) ,

Pµ⌫
3 = x (gµ⌫ � U

µ
U

⌫ + 2X
µ
X

⌫) , Pµ⌫
4 = �x (Uµ

X
⌫ + X

µ
U

⌫) , (2.29)

which satisfy Piµ⌫w
µ⌫
j = �ij .

Next, we contract eq. (2.26) with L
µ⌫ in eq. (2.22). For the unpolarized case, we have

Lµ⌫W
µ⌫
D =

2s

y


�y

2

2
F

D
L +

✓
1 � y +

y
2

2

◆
F

D
2 +


2(k · X)2y2

Q2
� 1 + y

�
F

D
3

+
2y

2(k · U)(k · X)

Q2
F

D
4

�
. (2.30)

We can write these coefficients in terms of Lorentz invariants:

k · U = Q
2 � y

2y
, k · X = Q

2 x/� � x̄ � (2 � y)xz

2NXxy
. (2.31)

Here, note that we employ the invariant z instead of the m
2
Y for simplicity. Putting these

ingredients together we have

d
6
�

dx dQ2 d� dt dx̄ dm
2
Y

=
↵

2
⇡

2Q4�2 N�

(
�y

2

2
F

D
L +

✓
1 � y +

y
2

2

◆
F

D
2 (2.32)

+


2(k · X)2y2

Q2
� 1 + y

�
F

D
3 +

2y
2(k · U)(k · X)

Q2
F

D
4

)
.

If we integrate this expression over x̄, with the limits in eq. (2.13), we find that

d
5
�

dx dQ2 d� dt dm
2
Y

=
↵

2
⇡

2

2Q4�2


�y

2

2
F

D
L +

✓
1 � y +

y
2

2

◆
F

D
2

�
, (2.33)
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We can write these coefficients in terms of Lorentz invariants:
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We can write these coefficients in terms of Lorentz invariants:

k · U = Q
2 � y

2y
, k · X = Q

2 x/� � x̄ � (2 � y)xz

2NXxy
. (2.31)

Here, note that we employ the invariant z instead of the m
2
Y for simplicity. Putting these

ingredients together we have
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If we integrate this expression over x̄, with the limits in eq. (2.13), we find that
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X
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µ⌫
L and w
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2 to be the standard tensors used in DIS, and choose the

form of w
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Note that we work with the structure function F
D
L = F

D
2 � 2xF

D
1 instead of F

D
1 , which

is the same combination used to define FL for inclusive DIS. The generalization of these
results to the full polarized case are given in appendix A.1. The basis in eq. (2.27) has a
simple correspondence with the photon helicity basis, which we provide in appendix A.2.
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incoming electron. For the leptonic tensor, we have hk0|J⌫
e |ki = he0(k0)|J⌫

e |e(k)i. The PR
X

includes a sum over states with different numbers of final-state particles j 2 X as well
as an integration over their individual phase space,

Q
j d

3
pj/(2Ej(2⇡)3). The PR

Y includes
the sum over particles j 2 Y as well as analogous integrals over their phase space, after
having extracted the overall p

0 phase space integral shown in eq. (2.20). The meaning of
the hadronic tensor depends on the process: for incoherent diffraction, Y is a forward jet of
momentum p

0, so hY X|J⌫ |pi = hY (p0)X|J⌫ |P (p)i. The PR
X is taken over all possible final

states that pX could represent for particles outside Y (as seen in figure 2 and its higher
order generalizations). Definitions for Y and X are discussed in section 2.3. For coherent
diffraction, p

0 is a forward proton and hY X|J⌫ |pi = hP (p0)X|J⌫ |P (p)i; the PR
X is taken over

all other hadronic particles, and PR
Y ! 1. Further restrictions on X due to the rapidity

gap are discussed in section 2.3.
The diffractive hadronic tensor depends on three measured momenta {p, q, p

0}, just
as in SIDIS. Thus, these two processes share the same number of structure functions: 4
unpolarized and 14 that are S- and �`-dependent [82]. In ref. [83] the four structure
functions for unpolarized protons were constructed using a photon helicity basis. Here
we favor an approach starting with Lorentz four-vectors. This approach has been used
in refs. [84, 85], but with a non-orthogonal basis of tensor structures, whereas we find it
advantageous to use an orthogonal basis in the style of the SIDIS analysis of ref. [89].3 Let
us start with the unpolarized structures. We use orthogonal vectors {q, U, X} defined as

U
µ =

2x

Q

✓
p
µ � p · q

q2
q
µ

◆
, X

µ =
1

NX

✓
V

µ � U · V

U2
U

µ

◆
, (2.23)

where we define an auxiliary vector V
µ = p

0µ � q
µ (p0 · q)/q

2 to simplify the expressions.
These momenta are normalized as X

2 = �1 and U
2 = +1, so that

N
2
X = (U · V )2 � V

2 =
Q

2�2

1 � y
, (2.24)

for � in eq. (2.14). Combining these formula yields

X
µ =

1p
�t

1p
1 � x/� � tx2/Q2


x

�Q2
(2�tx � Q

2)pµ +
tx

Q2
q
µ + ⌧

µ

�
. (2.25)

Generally, we decompose the hadronic tensor into a sum of independent tensors w
µ⌫
i built

out of these vectors times structure functions F
D
i :

W
µ⌫
D =

X

i

w
µ⌫
i (q, U, X, S) F

D
i (x, Q

2
, �, t, m

2
Y ) . (2.26)

For the unpolarized case with a virtual photon, the w
µ⌫
i are symmetric tensors satisfying

qµw
µ⌫
i = 0 = q⌫w

µ⌫
i , which can be built from (gµ⌫ � q

µ
q
⌫
/q

2), U
µ
U

⌫ , X
µ
X

⌫ and U
µ
X

⌫ +

3Ref. [84] obtains four unpolarized structure functions, but then restricts to the collinear limit p0µ =

(1 � ⇠)pµ, which makes NXXµ
/ Uµ and negates the need for FD

3 and FD
4 . We argue later in section 4

that the allowed kinematics away from this strict limit provide important information on diffraction.
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where the superscript U indicates an unpolarized hadron beam. That is, F
D
L involves the

longitudinal polarization of the exchanged photon, whereas F
D
2 is a linear combination

of transverse and longitudinal polarization terms. In contrast, F
D
3 involves interference

between transverse polarizations and F
D
4 involves interference between longitudinal and

transverse polarizations. Polarized hadron and lepton beams give access to five more photon
helicity configurations W��0 and 14 more structure functions, which are reviewed in detail
in appendix A.2.

With the photon helicity decomposition, the coefficients of the structure functions F
D
3,4

have characteristic dependence on the azimuthal angle � of p
0
? with respect to the lepton

plane. From appendix A.2 we have
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The generalization of this result to include hadron mass corrections is provided in ap-
pendix A.2. Comparing with eqs. (2.30) and (2.39), we can express cos � in terms of the
Lorentz invariants defined in section 2.1 as:

cos � =
x̄ � x/� + (2 � y)xz

2x

p
(1 � y) (z2 � z/� � t/Q2)

= � yp
1 � y

k · X

Q
, (2.40)

We can determine the bound on x̄, given above in eq. (2.13), from the bounds on cos �

�1  cos �  1 . (2.41)

As explained in appendix A.2, sin � can also be expressed in a Lorentz invariant form, which
is relevant for the full spin polarized cross section.

The limits in eq. (2.41) reveal why integrating over x̄ causes F
D
3,4 to drop out of the cross-

section: integrating over x̄ is equivalent to integrating over �, which removes the cos(2�)

and cos(�) terms in eq. (2.39). Note that the variable change from � to x̄ is responsible for
the Jacobian factor N� in eq. (2.20), as d/d� = 2(1 � cos2 �)�1/2

d/d cos � = N� d/dx̄.

2.3 Kinematic constraints on diffraction

In section 2.1.3, we placed bounds on our Lorentz invariants solely by considering positivity
conditions. Next, we describe the kinematic constraints we must impose for a process to
be (quasi-)diffractive. One condition is that the central jet and hadronic system must have
small invariant mass (m2

X and m
2
Y , respectively), when compared to the invariant mass of

the entire hadronic system (W 2). This is required to define X and Y as distinct sets of
particles in well-separated regions. Note that X and Y can each consist of a single hadron,
collimated jets, or simply sprays of radiation confined to a particular angular region. We
refer to this as the small invariant mass (or collimated jet) condition. Additionally, we must
impose a rapidity gap between X and Y . Finally, we must add further constraints that
enable us to distinguish between diffraction and gapped hard scattering.
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where the superscript U indicates an unpolarized hadron beam. That is, F
D
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longitudinal polarization of the exchanged photon, whereas F
D
2 is a linear combination

of transverse and longitudinal polarization terms. In contrast, F
D
3 involves interference

between transverse polarizations and F
D
4 involves interference between longitudinal and

transverse polarizations. Polarized hadron and lepton beams give access to five more photon
helicity configurations W��0 and 14 more structure functions, which are reviewed in detail
in appendix A.2.
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The generalization of this result to include hadron mass corrections is provided in ap-
pendix A.2. Comparing with eqs. (2.30) and (2.39), we can express cos � in terms of the
Lorentz invariants defined in section 2.1 as:

cos � =
x̄ � x/� + (2 � y)xz
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We can determine the bound on x̄, given above in eq. (2.13), from the bounds on cos �

�1  cos �  1 . (2.41)

As explained in appendix A.2, sin � can also be expressed in a Lorentz invariant form, which
is relevant for the full spin polarized cross section.

The limits in eq. (2.41) reveal why integrating over x̄ causes F
D
3,4 to drop out of the cross-

section: integrating over x̄ is equivalent to integrating over �, which removes the cos(2�)

and cos(�) terms in eq. (2.39). Note that the variable change from � to x̄ is responsible for
the Jacobian factor N� in eq. (2.20), as d/d� = 2(1 � cos2 �)�1/2

d/d cos � = N� d/dx̄.

2.3 Kinematic constraints on diffraction

In section 2.1.3, we placed bounds on our Lorentz invariants solely by considering positivity
conditions. Next, we describe the kinematic constraints we must impose for a process to
be (quasi-)diffractive. One condition is that the central jet and hadronic system must have
small invariant mass (m2

X and m
2
Y , respectively), when compared to the invariant mass of

the entire hadronic system (W 2). This is required to define X and Y as distinct sets of
particles in well-separated regions. Note that X and Y can each consist of a single hadron,
collimated jets, or simply sprays of radiation confined to a particular angular region. We
refer to this as the small invariant mass (or collimated jet) condition. Additionally, we must
impose a rapidity gap between X and Y . Finally, we must add further constraints that
enable us to distinguish between diffraction and gapped hard scattering.
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Scales Diffractive Limit

(a) (b)

Figure 2: ep scattering producing a central jet X with momentum pX and forward particles
Y with momentum p→, with a rapidity gap separating p→ and pX . (a) Partonic diagrams
for the forward scattering case, where we have either incoherent di!raction with a multi-
particle state Y or coherent di!raction with a proton Y . (b) Leading diagram for the hard
scattering case for moderate x. This is a subleading contribution to incoherent di!raction
in the small-x region.

components in the Breit frame. In section 2.2, we give the Lorentz-invariant decompo-
sition for the ten leading-power di!ractive structure functions (leaving the description of
the full basis of 18 structure functions to appendix A.1.1). In section 2.3, we describe
the additional kinematic constraints di!raction places on the Lorentz-invariant kinematic
variables through requirements like a rapidity gap and forward scattering. Finally, we dis-
cuss prospects for measuring the largely-unexplored unpolarized structure functions FD

3,4 at
HERA and the EIC in section 2.4.

2.1 Kinematic variables and bounds

Consider the di!ractive (or hard scattering) process in figure 2. We give the initial and
final electrons momenta k and k→ respectively, and let them transfer momentum q = k → k→

to the hadronic system via a photon. The initial proton carries momentum p, and the final
hadronic states consist of central radiation X with momentum pX (which could be a single
particle, central jet, or uncollimated spray of particles confined to a well-defined region of
phase space), and a forward final state Y with momentum p→ (which is a proton in the case
of coherent di!raction, and a multi-particle system that is jet-like in the case of incoherent
di!raction). Thus, momentum conservation for the hadronic system is q+p = pX +p→. The
t-channel momentum transfer is then defined as ω = p → p→ = pX → q. We also define the
initial lepton helicity and proton spin vectors as εω and S, respectively.

In di!ractive ep scattering, we measure four external momenta (k, k→, p, and p→), three
of which have vanishing invariant mass:

k2 = k→2 = m2
e ↑ 0 , p2 = m2

p ↑ 0 . (2.1)

Note that we include hadron mass corrections in appendix A.1.2. From the four external
momenta, we can form exactly seven linearly independent Lorentz invariants. In this paper,
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3.2 Power counting for di!raction

To construct the EFT that describes a given physical process, one must first enumerate what
scales can come into play and determine their relative magnitudes. This reveals what power
expansions one can carry out, and in turn how to treat the process. In (quasi-)di!raction,
there are a large number of scales, and correspondingly a significant number of relevant
power counting parameters:

ω =
Q→
s

, ωt =

→
↑t

Q
, ε =

mY→
↑t

, ωg =
ϑ

eω
lab
cut

, ω! =
!QCD→

↑t
. (3.17)

In this section, we will see that the di!ractive constraints in eq. (2.43), eq. (2.45), and
eq. (2.46) always impose that ω ↓ 1. The other parameters in eq. (3.17) have far more
freedom to vary, leaving us with numerous cases to examine. The parameter ωg arises from
having asymmetric beam energies, ϑ2 = Elab

p /Elab
e , and a lab frame rapidity cut ϖlab

0 that
distinguishes the regions X and Y , which are discussed in detail in section 3.3.

Let us derive the scaling of the ωi’s (and in turn the scaling of the Lorentz invariants
in section 2.1) from the ground up. Our first step is to note that we do not need to assign
a scaling to the invariants y and x̄, as they only appear in cross-section coe"cients ci but
not in the structure functions FD

i
that contain the QCD dynamics we will factorize. To

prevent superfluous factors of x̄ and y from appearing in our analysis, we work in the Breit
frame.9

Next, we impose the forward scattering constraint x ↓ 1 in eq. (2.46). Using xy =

Q2/s = ω2, and the fact that we do not assign a scaling to y (e!ectively y ↔ 1), we have

x ↔ ω2 ↓ 1 . (3.18)

Combining this with Q =
→

sxy ↔ ω
→

s and using eq. (2.3) implies

W 2 ↔ s , (3.19)

indicating that both s and W 2 correspond to the hardest scale in (quasi-)di!raction. The
other forward scattering condition ↑t ↓ W 2 in eq. (2.46) implies that

(↑t)

W 2
↔ (↑t)

s
= ω2ω2

t ↓ 1 , (3.20)

which is trivially satisfied when ωt ↭ 1, but is a nontrivial constraint in di!ractive events
with ωt ↗ 1 (see e.g. the HERA measurements refs. [178–184]).

Next, we examine the implications of the small invariant mass conditions in eq. (2.43),
m2

X
, m2

Y
↓ W 2 ↔ s. Comparing the Lorentz invariants from eqs. (2.2) and (2.3) with the

definition of our power counting parameters we find that

m2
Y

s
= ω2ω2

tε
2 ↓ 1 , z ↔ ω2ω2

t (1 + ε2) ↓ 1 , (3.21)

9This can be contrasted with the analysis of small-x inclusive DIS in ref. [177], which was carried out in
the ep CM frame. There it was convenient to assign a scaling y → x → ω because of the appearance of y in
the components (q+, q→, q↑) in this frame, even though final results are independent of this choice.
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Figure 1: Scheme for classifying rapidity-gapped processes in lepton-hadron colliders.

experimental cuts used to identify di!ractive events. Therefore, quasi-di!raction serves as a
irreducible experimental background, whose size must be computed to determine the extent
of this contamination.

Often, the phrases “di!raction” and “hard scattering” are used in alternative ways to
what we have described above. For example, Refs. [82, 88] use the terminology “di!ractive
hard scattering” for events with forward hadronic interactions combined with a hard pho-
ton vertex, which leads to factorization involving di!ractive structure functions. This is a
subset of what we refer to as di!raction. Despite one of the vertices being hard, it is not
a subset of the processes we refer to as gapped hard scattering, because the initial hadron
primarily undergoes forward scattering interactions. A second example is the terminology
“di!ractive hard exclusive scattering” used in Refs. [89, 90]; this term is used to describe ex-
clusive processes exhibiting a rapidity gap and at least one hard scattering vertex. However,
no stringent kinematic requirement is enforced to determine whether the initial hadron un-
dergoes a hard or forward scattering interaction. Thus, in our terminology, these processes
include contributions from both gapped hard scattering and di!raction. These processes
bear resemblance to a well-studied class of gapped hard scattering processes involving jets,
which are referred to as exclusive jet production or jet production with a jet veto [91–102].
The reasoning behind our terminology is that gapped hard scattering events have a di!erent
factorization structure than di!ractive events; specifically, gapped hard scattering is insen-
sitive to Regge- and Pomeron-type physics at leading power and low orders in perturbation
theory.

Our focus here will be on inclusive di!raction at ep colliders in the DIS region which
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FIG. 1: Two-jet like event in center-of-momentum frame, in
which one jet is produced by initial state radiation from the
proton, and the other by the hard collision with the electron.
Particles are grouped into two regions HJ,B with total mo-
menta pJ,B in each region. Different choices of “1-jettiness”
observables will give different boundaries for the two regions.

direction to be the −z direction. In the CM frame the
initial electron and proton momenta are

kµ =
√
s
nµ
z

2
, Pµ =

√
s
n̄µ
z

2
, (11)

where the light cone vectors are

nz = (1 , 0 , 0 , 1) , n̄z = (1 , 0 , 0 ,−1). (12)

They satisfy nz · n̄z = 2 and nz ·nz = n̄z · n̄z = 0. An
arbitrary four vector V µ can be written as

V µ = V + n̄µ
z

2
+ V −nµ

z

2
+ V µ

T , (13)

where V + ≡ V ·nz and V − ≡ V ·n̄z and V 2
T = −V2

T < 0.
In this frame x, y take the values

x =
Q2

√
s n̄z ·q

, y =
n̄z ·q√

s
. (14)

and so q is given by

qµ = y
√
s
nµ
z

2
− x

√
s

(
1−

q2
T

Q2

)
n̄µ
z

2
+ qµT , (15)

which satisfies Q2 = −q2 = xys. Here qT is a four-vector
transverse to nz, n̄z and satisfies q2T = −q2

T < 0.

C. Target rest frame

The same two-jet like event in Fig. 1 is illustrated as
it would appear in the target rest frame in Fig. 2. The
proton is at rest. The regions in Fig. 2 are transformed
from those in Fig. 1 because of the boost along the proton

FIG. 2: Two-jet like event in target rest frame. The regions
HJ,B and directions of the total momenta pJ,B in these re-
gions are boosted from the CM frame in Fig. 1. Both jets go
forward, but those in HJ are more highly collimated.

direction. In this frame, the initial electron and proton
momenta are

kµ =
s

M

nµ
z

2
, Pµ = M

nµ
z + n̄µ

z

2
, (16)

satisfying 2k ·P = s. Here M is the proton mass. We
reach this frame by a boost of momenta pµ in the CM
frame along the z direction,

nz ·p →
M√
s
nz ·p , n̄z ·p →

√
s

M
n̄z ·p . (17)

Therefore, in this frame, qµ in Eq. (15) is boosted to
become

qµ =
Q2

xM

nµ
z

2
− xM

(
1−

q2
T

Q2

)
n̄µ
z

2
+ qµT , (18)

and x, y are given by

x =
Q2

2M(E − E′)
, y =

E − E′

E
. (19)

Here E and E′ are the energies of the incoming and out-
going electron, respectively, measured in the target rest
frame. Here y is the fractional electron energy loss.

D. Breit Frame

In the Breit frame, the virtual boson with momentum
qµ and proton with momentum Pµ collide along the z
direction. This frame is useful because the proton initial
state radiation moving along the proton direction can be
relatively well separated from other scattering products.
One might worry that an ISR jet, which we want to mea-
sure in this paper, could be contaminated by the proton
remnants which are difficult to separate from ISR. How-
ever, the 1-jettiness observable in Sec. III A that we use
to measure the jets in the final state is actually insensitive
to this contamination since contributions from the region
of the beam remnant give exponentially suppressed con-
tributions to the variable. The contributions from the

Backgrounds?

3

 DVCS (non-small-x)

 exclusive jets (eg. 1-jettiness, 
 gaps between jets, … )

p

p

irreducible 

background
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(a) (b)

Figure 2: ep scattering producing a central jet X with momentum pX and forward particles
Y with momentum p→, with a rapidity gap separating p→ and pX . (a) Partonic diagrams
for the forward scattering case, where we have either incoherent di!raction with a multi-
particle state Y or coherent di!raction with a proton Y . (b) Leading diagram for the hard
scattering case for moderate x. This is a subleading contribution to incoherent di!raction
in the small-x region.

components in the Breit frame. In section 2.2, we give the Lorentz-invariant decompo-
sition for the ten leading-power di!ractive structure functions (leaving the description of
the full basis of 18 structure functions to appendix A.1.1). In section 2.3, we describe
the additional kinematic constraints di!raction places on the Lorentz-invariant kinematic
variables through requirements like a rapidity gap and forward scattering. Finally, we dis-
cuss prospects for measuring the largely-unexplored unpolarized structure functions FD

3,4 at
HERA and the EIC in section 2.4.

2.1 Kinematic variables and bounds

Consider the di!ractive (or hard scattering) process in figure 2. We give the initial and
final electrons momenta k and k→ respectively, and let them transfer momentum q = k → k→

to the hadronic system via a photon. The initial proton carries momentum p, and the final
hadronic states consist of central radiation X with momentum pX (which could be a single
particle, central jet, or uncollimated spray of particles confined to a well-defined region of
phase space), and a forward final state Y with momentum p→ (which is a proton in the case
of coherent di!raction, and a multi-particle system that is jet-like in the case of incoherent
di!raction). Thus, momentum conservation for the hadronic system is q+p = pX +p→. The
t-channel momentum transfer is then defined as ω = p → p→ = pX → q. We also define the
initial lepton helicity and proton spin vectors as εω and S, respectively.

In di!ractive ep scattering, we measure four external momenta (k, k→, p, and p→), three
of which have vanishing invariant mass:

k2 = k→2 = m2
e ↑ 0 , p2 = m2

p ↑ 0 . (2.1)

Note that we include hadron mass corrections in appendix A.1.2. From the four external
momenta, we can form exactly seven linearly independent Lorentz invariants. In this paper,
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In this section, we will see that the diffractive constraints in eq. (2.42), eq. (2.44), and
eq. (2.45) always impose that � ⌧ 1. The other parameters in eq. (3.17) have far more
freedom to vary, leaving us with numerous cases to examine.

Let us derive the scaling of the �i’s (and in turn the scaling of the Lorentz invariants
in section 2.1) from the ground up. Our first step is to note that we do not need to assign
a scaling to the invariants y and x̄, as they only appear in cross-section coefficients ci but
not in the structure functions F

D
i that contain the QCD dynamics we will factorize. To

prevent superfluous factors of x̄ and y from appearing in our analysis, we work in the Breit
frame.8

Next, we impose the forward scattering constraint x ⌧ 1 in eq. (2.45). Using xy =

Q
2
/s = �

2, and the fact that we do not assign a scaling to y (effectively y ⇠ 1), we have

x ⇠ �
2 ⌧ 1 . (3.18)

Combining this with Q =
p

sxy ⇠ �
p

s and using eq. (2.3) implies

W
2 ⇠ s , (3.19)

indicating that both s and W
2 correspond to the hardest scale in (quasi-)diffraction. The

other forward scattering condition �t ⌧ W
2 in eq. (2.45) implies that

(�t)

W 2
⇠ (�t)

s
= �

2
�

2
t ⌧ 1 , (3.20)

which is trivially satisfied when �t . 1, but is a nontrivial constraint in diffractive events
with �t � 1 (see e.g. the HERA measurements refs. [145–151]).

Next, we examine the implications of the small invariant mass conditions in eq. (2.42),
m

2
X , m

2
Y ⌧ W

2 ⇠ s. Comparing the Lorentz invariants from eqs. (2.2) and (2.3) with the
definition of our power counting parameters we find that

m
2
Y

s
= �

2
�

2
t⇢

2 ⌧ 1 , z ⇠ �
2
�

2
t (1 + ⇢

2) ⌧ 1 , (3.21)

where we have used eq. (3.20). Finally, we use that m
2
X/W

2 = x(1��)
�(1�x) + t/W

2 ⌧ 1 implies
that x ⌧ �/(1 � �) and thus that

�
2 ⇠ x ⌧ � , (3.22)

which holds for both � ⇠ � and � ⇠ 1. (We do not consider more exotic scalings for �, like
� ⇠ �

3/2.) The kinematic restriction m
2
X � 0 implies an upper bound on �t given by

�
2
t  (1 � �)/� . (3.23)

For � ⇠ 1 this bounds �t . 1, implying that the first forward scattering constraint in
eq. (3.18) implies the second one in eq. (3.20). For a small � ⇠ � ⌧ 1 we could (for

8This can be contrasted with the analysis of small-x inclusive DIS in ref. [144], which was carried out in
the ep CM frame. There it was convenient to assign a scaling y ⇠ x ⇠ � because of the appearance of y in
the components (q+, q�, q?) in this frame, even though final results are independent of this choice.
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3.2 Power counting for di!raction

To construct the EFT that describes a given physical process, one must first enumerate what
scales can come into play and determine their relative magnitudes. This reveals what power
expansions one can carry out, and in turn how to treat the process. In (quasi-)di!raction,
there are a large number of scales, and correspondingly a significant number of relevant
power counting parameters:

ω =
Q→
s

, ωt =

→
↑t

Q
, ε =

mY→
↑t

, ωg =
ϑ

eω
lab
cut

, ω! =
!QCD→

↑t
. (3.17)

In this section, we will see that the di!ractive constraints in eq. (2.43), eq. (2.45), and
eq. (2.46) always impose that ω ↓ 1. The other parameters in eq. (3.17) have far more
freedom to vary, leaving us with numerous cases to examine. The parameter ωg arises from
having asymmetric beam energies, ϑ2 = Elab

p /Elab
e , and a lab frame rapidity cut ϖlab

0 that
distinguishes the regions X and Y , which are discussed in detail in section 3.3.

Let us derive the scaling of the ωi’s (and in turn the scaling of the Lorentz invariants
in section 2.1) from the ground up. Our first step is to note that we do not need to assign
a scaling to the invariants y and x̄, as they only appear in cross-section coe"cients ci but
not in the structure functions FD

i
that contain the QCD dynamics we will factorize. To

prevent superfluous factors of x̄ and y from appearing in our analysis, we work in the Breit
frame.9

Next, we impose the forward scattering constraint x ↓ 1 in eq. (2.46). Using xy =

Q2/s = ω2, and the fact that we do not assign a scaling to y (e!ectively y ↔ 1), we have

x ↔ ω2 ↓ 1 . (3.18)

Combining this with Q =
→

sxy ↔ ω
→

s and using eq. (2.3) implies

W 2 ↔ s , (3.19)

indicating that both s and W 2 correspond to the hardest scale in (quasi-)di!raction. The
other forward scattering condition ↑t ↓ W 2 in eq. (2.46) implies that

(↑t)

W 2
↔ (↑t)

s
= ω2ω2

t ↓ 1 , (3.20)

which is trivially satisfied when ωt ↭ 1, but is a nontrivial constraint in di!ractive events
with ωt ↗ 1 (see e.g. the HERA measurements refs. [178–184]).

Next, we examine the implications of the small invariant mass conditions in eq. (2.43),
m2

X
, m2

Y
↓ W 2 ↔ s. Comparing the Lorentz invariants from eqs. (2.2) and (2.3) with the

definition of our power counting parameters we find that

m2
Y

s
= ω2ω2

tε
2 ↓ 1 , z ↔ ω2ω2

t (1 + ε2) ↓ 1 , (3.21)

9This can be contrasted with the analysis of small-x inclusive DIS in ref. [177], which was carried out in
the ep CM frame. There it was convenient to assign a scaling y → x → ω because of the appearance of y in
the components (q+, q→, q↑) in this frame, even though final results are independent of this choice.
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Figure 10: Factorization of di!ractive and quasi-di!ractive ep scattering for ω → 1. Here,
we see the convolution of a soft function describing the central jet, a beam function de-
scribing the hadronic system, and an ultrasoft-collinear (UC) function describing radiation
penetrating the gap. Red dashed lines indicate Glauber (G) modes.

Using these results, we further tidy up eq. (4.16) by defining bare beam, soft, and uc
functions containing the associated factorized matrix elements

FD

i =
Q2ε2

x

→∑

N,N →=1

∑

{RX}

∫∫
↑

(N,N →)

∫
dk+

n dk↓

s dp+
g dp↓

g ϑ
(
p↔+ ↑ k+

n ↑ p+
g

)
ϑ
(
ϖ↓ ↑ k↓

s ↑ p↓

g

)

↓ B
R

NN→
A

(N,N →)

(
k+
n p↓, {ϖi↑, ϖ ↔

j↑
}, t

)
U

R
NN→
A R

NN→
B

(N,N →)

( 1

h
↔

x
p+
g , h

↔
x p↓

g , µ
)

↓ S
R

NN→
B

i(N,N →)

(
k↓

s q+, {ϖi↑, ϖ ↔

j↑
}, Q, t

)
, (4.21)

Here, ε = x (n̄ ·p)(n ·q)/Q2 enables us to define B and S in a manner that is boost invariant
with respect to the n-n̄ axis; in the Breit frame, ε = 1. More succinctly, carrying out the
k↓
s and k+

n integrals,

FD

i =
Q2ε2

x

→∑

N,N →=1

∑

{RX}

∫∫
↑

(N,N →)

∫
dp+

g dp↓

g B
R

NN→
A

(N,N →)

(
p↓(p↔+ ↑ p+

g ), {ϖi↑, ϖ ↔

j↑
}, t

)

↓ U
R

NN→
A R

NN→
B

(N,N →)

( 1

h
↔

x
p+
g , h

↔
x p↓

g , µ
)

S
R

NN→
B

i(N,N →)

(
q+(ϖ↓ ↑ p↓

g ), {ϖi↑, ϖ ↔

j↑
}, Q, t

)
. (4.22)

For later convenience, we define the shorthand notation

FD

i ↗
∑

N,N →

∑

R

B
R

NN→
A

(N,N →) ↘↑ S
R

NN→
B

i(N,N →) ↘± U
R

NN→
A R

NN→
B

(N,N →)

↗
∑

N,N →

∑

R

(↑i)N (+i)N
→
B

R
NN→
A

(N,N →)↘̃↑S
R

NN→
B

i(N,N →) ↘± U
R

NN→
A R

NN→
B

(N,N →) . (4.23)

In the second line we explicitly factored out (↑i)N (+i)N
→ from the ↘↑ perpendicular-

momentum convolution, which will be used in a discussion below. The soft function S
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dσ = ∑
i=2,L,3,4

ci FD
i

kinematics

structure 
functions 
(observables)

Projectors

scale µ, and rapidity renormalization that leaves dependence on a (mass dimension-1) ra-
pidity scale ω. For our treatment of rapidity renormalization we follow refs. [188, 189]. U

exhibits no rapidity divergences, so the renormalized U is only µ dependent. Renormaliza-
tion group (RG) consistency in SCET implies relations between the renormalization and
anomalous dimensions for the three functions; specifically, the rapidity anomalous dimen-
sions of B and S are equal and opposite, while the µ anomalous dimensions of B, S, and
U sum to zero when combined with suitable integrations. These considerations allow us to
obtain the renormalized factorization formula,

FD

i =
→∑

N,N→=1
N+N→=even

εN+N
→ ∑

{RX}

∫∫
↑

(N,N →)

∫
dp+

g dp↓

g B
R

NN→
A

(N,N →)

(
m2

Y → t → p↓p+
g , {ϑi↑, ϑ ↔

j↑
}, t, µ,

ω

Q/x

)

↑ U
R

NN→
A R

NN→
B

(N,N →)

( 1

h
↓

x
p+
g , h

↓
x p↓

g , µ
)

S
R

NN→
B

i(N,N →)

(Q2

ϖ
→ q+p↓

g , {ϑi↑, ϑ ↔

j↑
}, Q, t, µ,

ω

Q/ϖ

)
.

(4.26)

Here we have substituted the Breit frame variables for Lorentz invariants, p↓p↔+ = Q2z/x =

m2
Y

→ t and q+ϑ↓ = Q2/ϖ. Note that the beam function gains dependence on the proton
momentum p↓ = Q/x due to the breaking of boost invariance by the rapidity regulator in
the argument ω

Q/x
.

Eq. (4.26) allows us to clarify the distinction between di!raction (color-singlet R = 1)
and quasi-di!raction (all R ↔= 1). Singlet channels occur for all N, N ↔ ↗ 2, and can
occur with multiple copies for larger N or N ↔. The experimental cross section is a sum of
contributions from both di!raction and quasi-di!raction, specifically

FD

i = FD di!
i + FD quasi

i
. (4.27)

Note that even with the cuts, quasi-di!raction is an irreducible background to di!raction.
We can simplify the factorization formula in eq. (4.21) for di!raction, as the uc function

becomes trivial for color-singlet exchange

U1 1
(N,N →)

(
p̄+
g , p̄↓

g

)
= ϱ(p̄+

g )ϱ(p̄↓

g ) . (4.28)

This result is true irrespective of the value of N and N ↔ and to all orders in ςs. It implies
that at leading power there is automatically no ultrasoft-collinear radiation into the gap
for the color singlet case. This occurs because the color singlet projection cancels out all
Wilson lines Un and separately all Wilson lines Un̄. For example, for N = 2, we have

P2 1UA1C1
n UC1B1

n̄ UA2C2
n UC2B2

n̄ ↘ ϱA1A2UA1C1
n UA2C2

n UC1B1
n̄ UC2B2

n̄ = ϱB1B2 . (4.29)

Similar algebra eliminates the Wilson lines for any (N, N ↔) for the color singlet case. Thus,
for di!raction we have a much simpler renormalized factorization formula

FD di!
i =

→∑

N,N→=1
N+N→=even

εN+N
→ ∑

RNN→=1

∫∫
↑

(N,N →)
BR

NN→

(N,N →)

(
m2

Y → t, {ϑi↑, ϑ ↔

j↑
}, t,

ω

Q/x

)
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Figure 10: Factorization of di!ractive and quasi-di!ractive ep scattering for ω → 1. Here,
we see the convolution of a soft function describing the central jet, a beam function de-
scribing the hadronic system, and an ultrasoft-collinear (UC) function describing radiation
penetrating the gap. Red dashed lines indicate Glauber (G) modes.

Using these results, we further tidy up eq. (4.16) by defining bare beam, soft, and uc
functions containing the associated factorized matrix elements

FD

i =
Q2ε2

x

→∑

N,N →=1

∑

{RX}

∫∫
↑

(N,N →)

∫
dk+

n dk↓

s dp+
g dp↓

g ϑ
(
p↔+ ↑ k+

n ↑ p+
g

)
ϑ
(
ϖ↓ ↑ k↓

s ↑ p↓

g

)

↓ B
R

NN→
A

(N,N →)

(
k+
n p↓, {ϖi↑, ϖ ↔

j↑
}, t

)
U

R
NN→
A R

NN→
B

(N,N →)

( 1

h
↔

x
p+
g , h

↔
x p↓

g , µ
)

↓ S
R

NN→
B

i(N,N →)

(
k↓

s q+, {ϖi↑, ϖ ↔

j↑
}, Q, t

)
, (4.21)

Here, ε = x (n̄ ·p)(n ·q)/Q2 enables us to define B and S in a manner that is boost invariant
with respect to the n-n̄ axis; in the Breit frame, ε = 1. More succinctly, carrying out the
k↓
s and k+

n integrals,

FD

i =
Q2ε2

x

→∑

N,N →=1

∑

{RX}

∫∫
↑

(N,N →)

∫
dp+

g dp↓

g B
R

NN→
A

(N,N →)

(
p↓(p↔+ ↑ p+

g ), {ϖi↑, ϖ ↔

j↑
}, t

)

↓ U
R

NN→
A R

NN→
B

(N,N →)

( 1

h
↔

x
p+
g , h

↔
x p↓

g , µ
)

S
R

NN→
B

i(N,N →)

(
q+(ϖ↓ ↑ p↓

g ), {ϖi↑, ϖ ↔

j↑
}, Q, t

)
. (4.22)

For later convenience, we define the shorthand notation

FD

i ↗
∑

N,N →

∑

R

B
R

NN→
A

(N,N →) ↘↑ S
R

NN→
B

i(N,N →) ↘± U
R

NN→
A R

NN→
B

(N,N →)

↗
∑

N,N →

∑

R

(↑i)N (+i)N
→
B

R
NN→
A

(N,N →)↘̃↑S
R

NN→
B

i(N,N →) ↘± U
R

NN→
A R

NN→
B

(N,N →) . (4.23)

In the second line we explicitly factored out (↑i)N (+i)N
→ from the ↘↑ perpendicular-

momentum convolution, which will be used in a discussion below. The soft function S
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ci FD
i

kinematics

structure 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(observables)

∑

N,N →

Diffraction  (singlet):RX = 1
∑

N,N →

Quasi-diffraction :RX ≠ 1

∑

{RX=1}

∑

{RX →=1}
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where � ⇠ Qp
s
⇠

p
x
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scale µ, and rapidity renormalization that leaves dependence on a (mass dimension-1) ra-
pidity scale ω. For our treatment of rapidity renormalization we follow refs. [188, 189]. U

exhibits no rapidity divergences, so the renormalized U is only µ dependent. Renormaliza-
tion group (RG) consistency in SCET implies relations between the renormalization and
anomalous dimensions for the three functions; specifically, the rapidity anomalous dimen-
sions of B and S are equal and opposite, while the µ anomalous dimensions of B, S, and
U sum to zero when combined with suitable integrations. These considerations allow us to
obtain the renormalized factorization formula,
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Here we have substituted the Breit frame variables for Lorentz invariants, p↓p↔+ = Q2z/x =

m2
Y

→ t and q+ϑ↓ = Q2/ϖ. Note that the beam function gains dependence on the proton
momentum p↓ = Q/x due to the breaking of boost invariance by the rapidity regulator in
the argument ω

Q/x
.

Eq. (4.26) allows us to clarify the distinction between di!raction (color-singlet R = 1)
and quasi-di!raction (all R ↔= 1). Singlet channels occur for all N, N ↔ ↗ 2, and can
occur with multiple copies for larger N or N ↔. The experimental cross section is a sum of
contributions from both di!raction and quasi-di!raction, specifically

FD

i = FD di!
i + FD quasi

i
. (4.27)

Note that even with the cuts, quasi-di!raction is an irreducible background to di!raction.
We can simplify the factorization formula in eq. (4.21) for di!raction, as the uc function

becomes trivial for color-singlet exchange
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g ) . (4.28)

This result is true irrespective of the value of N and N ↔ and to all orders in ςs. It implies
that at leading power there is automatically no ultrasoft-collinear radiation into the gap
for the color singlet case. This occurs because the color singlet projection cancels out all
Wilson lines Un and separately all Wilson lines Un̄. For example, for N = 2, we have

P2 1UA1C1
n UC1B1

n̄ UA2C2
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Similar algebra eliminates the Wilson lines for any (N, N ↔) for the color singlet case. Thus,
for di!raction we have a much simpler renormalized factorization formula
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Note that even with the cuts, quasi-di!raction is an irreducible background to di!raction.
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This result is true irrespective of the value of N and N ↔ and to all orders in ςs. It implies
that at leading power there is automatically no ultrasoft-collinear radiation into the gap
for the color singlet case. This occurs because the color singlet projection cancels out all
Wilson lines Un and separately all Wilson lines Un̄. For example, for N = 2, we have
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is a matrix element describing the production of the central jet from the electromagnetic
current and soft Glauber operators. S is the only term in the factorization that depends on
the choice of structure function i. The beam function B describes the hadronic system: it
is either a matrix element representing the transition of a proton into a multi-particle state
through Glauber exchanges (incoherent), or a proton that remains intact in the presence
of the Glauber exchanges (coherent). The gap function U describes ultrasoft-collinear
radiation that enters the rapidity gap and passes any imposed experimental restrictions.
These functions are tied together by transverse momenta from the Glauber exchanges and
by the fact that while collinear radiation only contributes to Y and soft radiation only
contributes to X, the uc radiation can contribute to both.

The collinear beam function in eq. (4.21) projected onto the color representation RA is

B
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NN→
A

(N,N →)
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→
N→

n (0)
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〉
.

Here the 1/(n̄ · p) factors make B boost invariant along the n-n̄ axis. We use this boost
invariance and power counting to determine the form of the first argument of B. Due to
the presence of the state Yn, B also depends implicitly on h, despite the fact that it is
not shown as one of its arguments. Note that while this beam function encodes the funda-
mental hadronic dynamics, eq. (4.24) is not identical to any known PDF or related object
like transverse momentum distributions (TMDs) [199] or generalized parton distributions
(GPDs) [200–202].12 In particular, even for the color singlet RNN

→
A

= 1, there are still an
infinite number of functions indexed by N, N ↓ ↑ 2. The soft function with projection onto
color representation RB is

S
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〉
.

Here the factors of Q/n ·q make S boost invariant along the n-n̄ axis, and Q/n ·q = 1 in the
Breit frame. We use boost invariance and power counting to determine the first argument
of S. The presence of the state Xs implies that S depends implicitly on h. Finally, we have
the ultrasoft-collinear function, which allows a transition between color representations RA

and RB, and uses hemispheres to define momenta p̄X→
uc and p̄Y +

uc in the regions X and Y :

U
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.

12Since our B is di!erential in t, it gives more direct information about the dynamics of the initial-state
hadron and struck parton than the analogous beam function in small-x inclusive DIS [189].
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invariance and power counting to determine the form of the first argument of B. Due to
the presence of the state Yn, B also depends implicitly on h, despite the fact that it is
not shown as one of its arguments. Note that while this beam function encodes the funda-
mental hadronic dynamics, eq. (4.24) is not identical to any known PDF or related object
like transverse momentum distributions (TMDs) [199] or generalized parton distributions
(GPDs) [200–202].12 In particular, even for the color singlet RNN

→
A

= 1, there are still an
infinite number of functions indexed by N, N ↓ ↑ 2. The soft function with projection onto
color representation RB is

S
R

NN→
B

i(N,N →)

(
q+k→

s , {ωi↑, ω ↓

j↑
}, Q, t

)
=

( Q

n · q

)2
P ↓

i µω

∫
[dỹ] [dỹ↓] d→

d
z e

i
2 (y+→y

→+)k↑s eiz·q (4.25)

→
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〈
0
∣∣T̄ Jµ
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}}
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Xs

∣∣PN →RB→T Jω

s (0)
{{N→∏

j=1

OB
→
j

s (ỹ↓, ↓ω ↓
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)
}}∣∣0

〉
.

Here the factors of Q/n ·q make S boost invariant along the n-n̄ axis, and Q/n ·q = 1 in the
Breit frame. We use boost invariance and power counting to determine the first argument
of S. The presence of the state Xs implies that S depends implicitly on h. Finally, we have
the ultrasoft-collinear function, which allows a transition between color representations RA

and RB, and uses hemispheres to define momenta p̄X→
uc and p̄Y +

uc in the regions X and Y :

U
R

NN→
A R

NN→
B

(N,N →)

(
p+
H

, p→

H

)
=

∑∫

Zuc

ε
(
p+
H

↓ pHY +
uc

)
ε
(
p→

H
↓ pHX→

uc

)
(4.26)

→
〈
0
∣∣PNRA T̄

N∏

i=1

UAiBi
nn̄ (0) PNRB

∣∣Zuc

〉〈
Zuc

∣∣PN →RA→T
N→∏

j=1

UA
→
jB

→
j

nn̄ (0)PN →RB→

∣∣0
〉
.

12Since our B is di!erential in t, it gives more direct information about the dynamics of the initial-state
hadron and struck parton than the analogous beam function in small-x inclusive DIS [189].
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(as promised)

scale µ, and rapidity renormalization that leaves dependence on a (mass dimension-1) ra-
pidity scale ω. For our treatment of rapidity renormalization we follow refs. [188, 189]. U

exhibits no rapidity divergences, so the renormalized U is only µ dependent. Renormaliza-
tion group (RG) consistency in SCET implies relations between the renormalization and
anomalous dimensions for the three functions; specifically, the rapidity anomalous dimen-
sions of B and S are equal and opposite, while the µ anomalous dimensions of B, S, and
U sum to zero when combined with suitable integrations. These considerations allow us to
obtain the renormalized factorization formula,

FD

i =
→∑

N,N→=1
N+N→=even

εN+N
→ ∑

{RX}

∫∫
↑

(N,N →)

∫
dp+

g dp↓

g B
R

NN→
A

(N,N →)

(
m2

Y → t → p↓p+
g , {ϑi↑, ϑ ↔

j↑
}, t, µ,

ω

Q/x

)

↑ U
R

NN→
A R

NN→
B

(N,N →)

( 1

h
↓

x
p+
g , h

↓
x p↓

g , µ
)

S
R

NN→
B

i(N,N →)

(Q2

ϖ
→ q+p↓

g , {ϑi↑, ϑ ↔

j↑
}, Q, t, µ,

ω

Q/ϖ

)
.

(4.26)

Here we have substituted the Breit frame variables for Lorentz invariants, p↓p↔+ = Q2z/x =

m2
Y

→ t and q+ϑ↓ = Q2/ϖ. Note that the beam function gains dependence on the proton
momentum p↓ = Q/x due to the breaking of boost invariance by the rapidity regulator in
the argument ω

Q/x
.

Eq. (4.26) allows us to clarify the distinction between di!raction (color-singlet R = 1)
and quasi-di!raction (all R ↔= 1). Singlet channels occur for all N, N ↔ ↗ 2, and can
occur with multiple copies for larger N or N ↔. The experimental cross section is a sum of
contributions from both di!raction and quasi-di!raction, specifically

FD

i = FD di!
i + FD quasi

i
. (4.27)

Note that even with the cuts, quasi-di!raction is an irreducible background to di!raction.
We can simplify the factorization formula in eq. (4.21) for di!raction, as the uc function

becomes trivial for color-singlet exchange

U1 1
(N,N →)

(
p̄+
g , p̄↓

g

)
= ϱ(p̄+

g )ϱ(p̄↓

g ) . (4.28)

This result is true irrespective of the value of N and N ↔ and to all orders in ςs. It implies
that at leading power there is automatically no ultrasoft-collinear radiation into the gap
for the color singlet case. This occurs because the color singlet projection cancels out all
Wilson lines Un and separately all Wilson lines Un̄. For example, for N = 2, we have

P2 1UA1C1
n UC1B1

n̄ UA2C2
n UC2B2

n̄ ↘ ϱA1A2UA1C1
n UA2C2

n UC1B1
n̄ UC2B2

n̄ = ϱB1B2 . (4.29)

Similar algebra eliminates the Wilson lines for any (N, N ↔) for the color singlet case. Thus,
for di!raction we have a much simpler renormalized factorization formula

FD di!
i =

→∑

N,N→=1
N+N→=even

εN+N
→ ∑

RNN→=1

∫∫
↑

(N,N →)
BR

NN→

(N,N →)

(
m2

Y → t, {ϑi↑, ϑ ↔

j↑
}, t,

ω

Q/x

)
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Regge Factorization

BeamBeam

Soft mode (X):

Collinear mode (p,Y):
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SCET (Breit frame)
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Usoft-collinear mode 
(radiation in gap):
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p
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Convolutions between momentum components that are of the same size

This gives
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Here, we follow ref. [33] and use a compact notation for the transverse momentum integrals

ZZ ?

(N,N 0)
⌘ (�i)N (i)N

0

N ! N 0!

Z NY
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d
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⌘
, (4.10)

where �
�d0(⌧?) = (2⇡)d

0
�
d0(⌧?). The factors of (�i)N and (+i)N

0 are induced by the Glauber
loops to the left and the right of the cut, respectively. Note that to the order we work in
the � ⌧ 1 expansion, we have q

+ � p
+
Xs

� p
+
X0

uc
= Qz, ⌧

� = Q/�, and ⌧
2
? = �~⌧

2
? = t.

Next we decompose the octet color indices by introducing sums over irreducible color
representations (irreps), again following the notation of ref. [33]. Letting ↵ = A1 · · · Am be
the indices for m gluons, the decomposition into irreps is given by a sum over projectors
P

↵↵0
mR, which project a m-gluon color state onto a subspace R, and whose explicit expressions

can be found in [137]. These projectors satisfy completeness and orthogonality relations

�
↵↵0
m =

X

R

P
↵↵0
mR =

X

R

P
↵↵00
mR P

↵00↵0
mR , P

↵1↵2
mR P

↵2↵3
mR0 = �RR0P

↵1↵3
mR . (4.11)

In eq. (4.9) we utilize two copies of �
↵↵0
N and two copies of �

↵↵0
N 0 to project the {Ai}, {Bi},

{A
0
i}, and {B

0
i} color indices. For example, the matrix elements on the RHS of the cut give

(On · · · On)↵(U · · · U)↵�(Os · · · Os)
�

=
X

R,R0

(On · · · OnPN R)↵
00
(PN R U · · · UPN R0)↵

00�00
(PN R0Os · · · Os)

�00
. (4.12)

Note that the vacuum state |0i, proton state |pi, and currents J
µ are all color singlets,

but the states |Yp0 ni and |Xsi will inherit the color representation of the operator in their
corresponding matrix elements. Since these same states appear once in each of the n-
collinear and soft matrix elements, the color representations R and R

0 must have the same
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47

scale µ, and rapidity renormalization that leaves dependence on a (mass dimension-1) ra-
pidity scale ω. For our treatment of rapidity renormalization we follow refs. [188, 189]. U

exhibits no rapidity divergences, so the renormalized U is only µ dependent. Renormaliza-
tion group (RG) consistency in SCET implies relations between the renormalization and
anomalous dimensions for the three functions; specifically, the rapidity anomalous dimen-
sions of B and S are equal and opposite, while the µ anomalous dimensions of B, S, and
U sum to zero when combined with suitable integrations. These considerations allow us to
obtain the renormalized factorization formula,

FD

i =
→∑

N,N→=1
N+N→=even

εN+N
→ ∑
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∫∫
↑

(N,N →)
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ω
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)

↑ U
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NN→
B
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( 1

h
↓

x
p+
g , h

↓
x p↓

g , µ
)

S
R

NN→
B

i(N,N →)

(Q2

ϖ
→ q+p↓

g , {ϑi↑, ϑ ↔

j↑
}, Q, t, µ,

ω

Q/ϖ

)
.

(4.26)

Here we have substituted the Breit frame variables for Lorentz invariants, p↓p↔+ = Q2z/x =

m2
Y

→ t and q+ϑ↓ = Q2/ϖ. Note that the beam function gains dependence on the proton
momentum p↓ = Q/x due to the breaking of boost invariance by the rapidity regulator in
the argument ω

Q/x
.

Eq. (4.26) allows us to clarify the distinction between di!raction (color-singlet R = 1)
and quasi-di!raction (all R ↔= 1). Singlet channels occur for all N, N ↔ ↗ 2, and can
occur with multiple copies for larger N or N ↔. The experimental cross section is a sum of
contributions from both di!raction and quasi-di!raction, specifically

FD

i = FD di!
i + FD quasi

i
. (4.27)

Note that even with the cuts, quasi-di!raction is an irreducible background to di!raction.
We can simplify the factorization formula in eq. (4.21) for di!raction, as the uc function

becomes trivial for color-singlet exchange

U1 1
(N,N →)

(
p̄+
g , p̄↓

g

)
= ϱ(p̄+

g )ϱ(p̄↓

g ) . (4.28)

This result is true irrespective of the value of N and N ↔ and to all orders in ςs. It implies
that at leading power there is automatically no ultrasoft-collinear radiation into the gap
for the color singlet case. This occurs because the color singlet projection cancels out all
Wilson lines Un and separately all Wilson lines Un̄. For example, for N = 2, we have

P2 1UA1C1
n UC1B1

n̄ UA2C2
n UC2B2

n̄ ↘ ϱA1A2UA1C1
n UA2C2

n UC1B1
n̄ UC2B2

n̄ = ϱB1B2 . (4.29)

Similar algebra eliminates the Wilson lines for any (N, N ↔) for the color singlet case. Thus,
for di!raction we have a much simpler renormalized factorization formula
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)
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scale µ, and rapidity renormalization that leaves dependence on a (mass dimension-1) ra-
pidity scale ω. For our treatment of rapidity renormalization we follow refs. [188, 189]. U

exhibits no rapidity divergences, so the renormalized U is only µ dependent. Renormaliza-
tion group (RG) consistency in SCET implies relations between the renormalization and
anomalous dimensions for the three functions; specifically, the rapidity anomalous dimen-
sions of B and S are equal and opposite, while the µ anomalous dimensions of B, S, and
U sum to zero when combined with suitable integrations. These considerations allow us to
obtain the renormalized factorization formula,

FD

i =
→∑

N,N→=1
N+N→=even

εN+N
→ ∑

{RX}

∫∫
↑

(N,N →)

∫
dp+

g dp↓

g B
R

NN→
A

(N,N →)

(
m2

Y → t → p↓p+
g , {ϑi↑, ϑ ↔

j↑
}, t, µ,

ω

Q/x

)

↑ U
R

NN→
A R

NN→
B

(N,N →)

( 1

h
↓

x
p+
g , h

↓
x p↓

g , µ
)

S
R

NN→
B

i(N,N →)

(Q2

ϖ
→ q+p↓

g , {ϑi↑, ϑ ↔

j↑
}, Q, t, µ,

ω

Q/ϖ

)
.

(4.26)

Here we have substituted the Breit frame variables for Lorentz invariants, p↓p↔+ = Q2z/x =

m2
Y

→ t and q+ϑ↓ = Q2/ϖ. Note that the beam function gains dependence on the proton
momentum p↓ = Q/x due to the breaking of boost invariance by the rapidity regulator in
the argument ω

Q/x
.

Eq. (4.26) allows us to clarify the distinction between di!raction (color-singlet R = 1)
and quasi-di!raction (all R ↔= 1). Singlet channels occur for all N, N ↔ ↗ 2, and can
occur with multiple copies for larger N or N ↔. The experimental cross section is a sum of
contributions from both di!raction and quasi-di!raction, specifically

FD

i = FD di!
i + FD quasi

i
. (4.27)

Note that even with the cuts, quasi-di!raction is an irreducible background to di!raction.
We can simplify the factorization formula in eq. (4.21) for di!raction, as the uc function

becomes trivial for color-singlet exchange

U1 1
(N,N →)

(
p̄+
g , p̄↓

g

)
= ϱ(p̄+

g )ϱ(p̄↓

g ) . (4.28)

This result is true irrespective of the value of N and N ↔ and to all orders in ςs. It implies
that at leading power there is automatically no ultrasoft-collinear radiation into the gap
for the color singlet case. This occurs because the color singlet projection cancels out all
Wilson lines Un and separately all Wilson lines Un̄. For example, for N = 2, we have

P2 1UA1C1
n UC1B1

n̄ UA2C2
n UC2B2

n̄ ↘ ϱA1A2UA1C1
n UA2C2

n UC1B1
n̄ UC2B2

n̄ = ϱB1B2 . (4.29)

Similar algebra eliminates the Wilson lines for any (N, N ↔) for the color singlet case. Thus,
for di!raction we have a much simpler renormalized factorization formula
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scale µ, and rapidity renormalization that leaves dependence on a (mass dimension-1) ra-
pidity scale ω. For our treatment of rapidity renormalization we follow refs. [188, 189]. U

exhibits no rapidity divergences, so the renormalized U is only µ dependent. Renormaliza-
tion group (RG) consistency in SCET implies relations between the renormalization and
anomalous dimensions for the three functions; specifically, the rapidity anomalous dimen-
sions of B and S are equal and opposite, while the µ anomalous dimensions of B, S, and
U sum to zero when combined with suitable integrations. These considerations allow us to
obtain the renormalized factorization formula,
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(4.26)

Here we have substituted the Breit frame variables for Lorentz invariants, p↓p↔+ = Q2z/x =

m2
Y

→ t and q+ϑ↓ = Q2/ϖ. Note that the beam function gains dependence on the proton
momentum p↓ = Q/x due to the breaking of boost invariance by the rapidity regulator in
the argument ω

Q/x
.

Eq. (4.26) allows us to clarify the distinction between di!raction (color-singlet R = 1)
and quasi-di!raction (all R ↔= 1). Singlet channels occur for all N, N ↔ ↗ 2, and can
occur with multiple copies for larger N or N ↔. The experimental cross section is a sum of
contributions from both di!raction and quasi-di!raction, specifically

FD

i = FD di!
i + FD quasi

i
. (4.27)

Note that even with the cuts, quasi-di!raction is an irreducible background to di!raction.
We can simplify the factorization formula in eq. (4.21) for di!raction, as the uc function

becomes trivial for color-singlet exchange

U1 1
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g ) . (4.28)

This result is true irrespective of the value of N and N ↔ and to all orders in ςs. It implies
that at leading power there is automatically no ultrasoft-collinear radiation into the gap
for the color singlet case. This occurs because the color singlet projection cancels out all
Wilson lines Un and separately all Wilson lines Un̄. For example, for N = 2, we have

P2 1UA1C1
n UC1B1

n̄ UA2C2
n UC2B2

n̄ ↘ ϱA1A2UA1C1
n UA2C2

n UC1B1
n̄ UC2B2

n̄ = ϱB1B2 . (4.29)

Similar algebra eliminates the Wilson lines for any (N, N ↔) for the color singlet case. Thus,
for di!raction we have a much simpler renormalized factorization formula
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scale µ, and rapidity renormalization that leaves dependence on a (mass dimension-1) ra-
pidity scale ω. For our treatment of rapidity renormalization we follow refs. [188, 189]. U

exhibits no rapidity divergences, so the renormalized U is only µ dependent. Renormaliza-
tion group (RG) consistency in SCET implies relations between the renormalization and
anomalous dimensions for the three functions; specifically, the rapidity anomalous dimen-
sions of B and S are equal and opposite, while the µ anomalous dimensions of B, S, and
U sum to zero when combined with suitable integrations. These considerations allow us to
obtain the renormalized factorization formula,
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Here we have substituted the Breit frame variables for Lorentz invariants, p↓p↔+ = Q2z/x =

m2
Y

→ t and q+ϑ↓ = Q2/ϖ. Note that the beam function gains dependence on the proton
momentum p↓ = Q/x due to the breaking of boost invariance by the rapidity regulator in
the argument ω

Q/x
.

Eq. (4.26) allows us to clarify the distinction between di!raction (color-singlet R = 1)
and quasi-di!raction (all R ↔= 1). Singlet channels occur for all N, N ↔ ↗ 2, and can
occur with multiple copies for larger N or N ↔. The experimental cross section is a sum of
contributions from both di!raction and quasi-di!raction, specifically

FD

i = FD di!
i + FD quasi

i
. (4.27)

Note that even with the cuts, quasi-di!raction is an irreducible background to di!raction.
We can simplify the factorization formula in eq. (4.21) for di!raction, as the uc function

becomes trivial for color-singlet exchange
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(N,N →)
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g
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= ϱ(p̄+

g )ϱ(p̄↓

g ) . (4.28)

This result is true irrespective of the value of N and N ↔ and to all orders in ςs. It implies
that at leading power there is automatically no ultrasoft-collinear radiation into the gap
for the color singlet case. This occurs because the color singlet projection cancels out all
Wilson lines Un and separately all Wilson lines Un̄. For example, for N = 2, we have

P2 1UA1C1
n UC1B1

n̄ UA2C2
n UC2B2

n̄ ↘ ϱA1A2UA1C1
n UA2C2

n UC1B1
n̄ UC2B2

n̄ = ϱB1B2 . (4.29)

Similar algebra eliminates the Wilson lines for any (N, N ↔) for the color singlet case. Thus,
for di!raction we have a much simpler renormalized factorization formula
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scale µ, and rapidity renormalization that leaves dependence on a (mass dimension-1) ra-
pidity scale ω. For our treatment of rapidity renormalization we follow refs. [188, 189]. U

exhibits no rapidity divergences, so the renormalized U is only µ dependent. Renormaliza-
tion group (RG) consistency in SCET implies relations between the renormalization and
anomalous dimensions for the three functions; specifically, the rapidity anomalous dimen-
sions of B and S are equal and opposite, while the µ anomalous dimensions of B, S, and
U sum to zero when combined with suitable integrations. These considerations allow us to
obtain the renormalized factorization formula,
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i =
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N,N→=1
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→ ∑
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(4.26)

Here we have substituted the Breit frame variables for Lorentz invariants, p↓p↔+ = Q2z/x =

m2
Y

→ t and q+ϑ↓ = Q2/ϖ. Note that the beam function gains dependence on the proton
momentum p↓ = Q/x due to the breaking of boost invariance by the rapidity regulator in
the argument ω

Q/x
.

Eq. (4.26) allows us to clarify the distinction between di!raction (color-singlet R = 1)
and quasi-di!raction (all R ↔= 1). Singlet channels occur for all N, N ↔ ↗ 2, and can
occur with multiple copies for larger N or N ↔. The experimental cross section is a sum of
contributions from both di!raction and quasi-di!raction, specifically

FD

i = FD di!
i + FD quasi

i
. (4.27)

Note that even with the cuts, quasi-di!raction is an irreducible background to di!raction.
We can simplify the factorization formula in eq. (4.21) for di!raction, as the uc function

becomes trivial for color-singlet exchange

U1 1
(N,N →)

(
p̄+
g , p̄↓

g

)
= ϱ(p̄+

g )ϱ(p̄↓

g ) . (4.28)

This result is true irrespective of the value of N and N ↔ and to all orders in ςs. It implies
that at leading power there is automatically no ultrasoft-collinear radiation into the gap
for the color singlet case. This occurs because the color singlet projection cancels out all
Wilson lines Un and separately all Wilson lines Un̄. For example, for N = 2, we have

P2 1UA1C1
n UC1B1

n̄ UA2C2
n UC2B2

n̄ ↘ ϱA1A2UA1C1
n UA2C2

n UC1B1
n̄ UC2B2

n̄ = ϱB1B2 . (4.29)

Similar algebra eliminates the Wilson lines for any (N, N ↔) for the color singlet case. Thus,
for di!raction we have a much simpler renormalized factorization formula

FD di!
i =

→∑

N,N→=1
N+N→=even

∑

RNN→=1

∫∫
↑

(N,N →)
BR

NN→

(N,N →)

(
m2

Y → t, {ϑi↑, ϑ ↔

j↑
}, t,

ω

Q/x

)

↑ SR
NN→

i(N,N →)

(Q2

ϖ
, {ϑi↑, ϑ ↔

j↑
}, Q, t,

ω

Q/ϖ

)
. (4.30)

– 42 –

scale µ, and rapidity renormalization that leaves dependence on a (mass dimension-1) ra-
pidity scale ω. For our treatment of rapidity renormalization we follow refs. [188, 189]. U

exhibits no rapidity divergences, so the renormalized U is only µ dependent. Renormaliza-
tion group (RG) consistency in SCET implies relations between the renormalization and
anomalous dimensions for the three functions; specifically, the rapidity anomalous dimen-
sions of B and S are equal and opposite, while the µ anomalous dimensions of B, S, and
U sum to zero when combined with suitable integrations. These considerations allow us to
obtain the renormalized factorization formula,
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Here we have substituted the Breit frame variables for Lorentz invariants, p↓p↔+ = Q2z/x =

m2
Y

→ t and q+ϑ↓ = Q2/ϖ. Note that the beam function gains dependence on the proton
momentum p↓ = Q/x due to the breaking of boost invariance by the rapidity regulator in
the argument ω

Q/x
.

Eq. (4.26) allows us to clarify the distinction between di!raction (color-singlet R = 1)
and quasi-di!raction (all R ↔= 1). Singlet channels occur for all N, N ↔ ↗ 2, and can
occur with multiple copies for larger N or N ↔. The experimental cross section is a sum of
contributions from both di!raction and quasi-di!raction, specifically

FD

i = FD di!
i + FD quasi

i
. (4.27)

Note that even with the cuts, quasi-di!raction is an irreducible background to di!raction.
We can simplify the factorization formula in eq. (4.21) for di!raction, as the uc function

becomes trivial for color-singlet exchange
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(
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This result is true irrespective of the value of N and N ↔ and to all orders in ςs. It implies
that at leading power there is automatically no ultrasoft-collinear radiation into the gap
for the color singlet case. This occurs because the color singlet projection cancels out all
Wilson lines Un and separately all Wilson lines Un̄. For example, for N = 2, we have
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n UC1B1
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Similar algebra eliminates the Wilson lines for any (N, N ↔) for the color singlet case. Thus,
for di!raction we have a much simpler renormalized factorization formula
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Note that the absence of the uc function also implies that the singlet B and S are separately
µ-independent; i.e., there is no RG evolution in µ between them, since they exist at the
same invariant mass scale in our analysis so far. In the di!ractive factorization formula
the dependence on parameters like h drops out of the factorization formula and only enters
through the definition of the X and Y states. To describe quasi-di!raction we have the
same renormalized factorization formula as in eq. (4.26) but without the singlet channel,
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(4.31)
The results in eqs. (4.30) and (4.31) apply for the experimental mX -method and coherent
forward detector method, discussed in sections 2.3 and 3.3.

For the rapidity-gap method an additional energy scale Elab
gap is introduced, due to the

constraint Elab
i

< Elab
gap for ϖlab

min < ϖlab
i

< ϖlab
max, which modifies the allowed radiation in X.

Therefore, Elab
gap, ϖlab

min, and ϖlab
max will appear as additional arguments for the functions S

and U . Although it is tractable to analyze this additional constraint in our setup, we will
not do so here.

Finally, we note that our factorization in eq. (4.30) includes color singlets generated
by any number of Glauber gluon exchanges (Pomeron, odderon, etc.). It also includes
both perturbative and nonperturbative contributions. A non-perturbative Pomeron con-
tribution occurs when ωi↓ ↔ !QCD for one or more i, in which case there is no cou-
pling constant suppression from adding the corresponding Glauber exchange operator. The
(hard) perturbative Pomeron contribution occurs from restricting to the situation where
all ωi↓ ↔

↓
→t ↗ !QCD, which we can calculate with an expansion in ϱs(

↓
→t). Since we

integrate over the ωi↓ variables, both of these contributions are included. For the situation
where

↓
→t ↔ !QCD, all exchanged Glauber gluons are nonperturbative, corresponding to

the so-called soft Pomeron. We will explore this separation of perturbative and nonpertur-
bative contributions further in section 6.

Note that so far we have only carried out the factorization that arises from the ς ↘ 1

expansion. The results from an additional expansion in ςt ↘ 1 will further factorize Si and
will be considered below in section 4.2. If ς! ↘ 1 there will also be a further factorization
of B, whose exploration we leave to a future publication.

Spin-dependent structure functions. From our ς ↘ 1 factorization, we can now
understand why the four polarized structure functions in eq. (2.35) contribute to (quasi-
)di!raction at leading power, but the remaining ten spin-dependent structure functions in
appendix A.1 do not. Due to factorization, the proton spin S only enters the beam function.
The beam function is a scalar in Lorentz space because the Glauber exchanges have a fixed
structure and therefore do not transmit spin information. Accounting for proton spin, it
can be decomposed into two terms

B̂R

(N,N →) = BR

(N,N →) + S̃T BTR

(N,N →) , (4.32)
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Note that the absence of the uc function also implies that the singlet B and S are separately
µ-independent; i.e., there is no RG evolution in µ between them, since they exist at the
same invariant mass scale in our analysis so far. In the di!ractive factorization formula
the dependence on parameters like h drops out of the factorization formula and only enters
through the definition of the X and Y states. To describe quasi-di!raction we have the
same renormalized factorization formula as in eq. (4.26) but without the singlet channel,
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The results in eqs. (4.30) and (4.31) apply for the experimental mX -method and coherent
forward detector method, discussed in sections 2.3 and 3.3.

For the rapidity-gap method an additional energy scale Elab
gap is introduced, due to the

constraint Elab
i

< Elab
gap for ϖlab

min < ϖlab
i

< ϖlab
max, which modifies the allowed radiation in X.

Therefore, Elab
gap, ϖlab

min, and ϖlab
max will appear as additional arguments for the functions S

and U . Although it is tractable to analyze this additional constraint in our setup, we will
not do so here.

Finally, we note that our factorization in eq. (4.30) includes color singlets generated
by any number of Glauber gluon exchanges (Pomeron, odderon, etc.). It also includes
both perturbative and nonperturbative contributions. A non-perturbative Pomeron con-
tribution occurs when ωi↓ ↔ !QCD for one or more i, in which case there is no cou-
pling constant suppression from adding the corresponding Glauber exchange operator. The
(hard) perturbative Pomeron contribution occurs from restricting to the situation where
all ωi↓ ↔

↓
→t ↗ !QCD, which we can calculate with an expansion in ϱs(

↓
→t). Since we

integrate over the ωi↓ variables, both of these contributions are included. For the situation
where

↓
→t ↔ !QCD, all exchanged Glauber gluons are nonperturbative, corresponding to

the so-called soft Pomeron. We will explore this separation of perturbative and nonpertur-
bative contributions further in section 6.

Note that so far we have only carried out the factorization that arises from the ς ↘ 1

expansion. The results from an additional expansion in ςt ↘ 1 will further factorize Si and
will be considered below in section 4.2. If ς! ↘ 1 there will also be a further factorization
of B, whose exploration we leave to a future publication.

Spin-dependent structure functions. From our ς ↘ 1 factorization, we can now
understand why the four polarized structure functions in eq. (2.35) contribute to (quasi-
)di!raction at leading power, but the remaining ten spin-dependent structure functions in
appendix A.1 do not. Due to factorization, the proton spin S only enters the beam function.
The beam function is a scalar in Lorentz space because the Glauber exchanges have a fixed
structure and therefore do not transmit spin information. Accounting for proton spin, it
can be decomposed into two terms

B̂R

(N,N →) = BR

(N,N →) + S̃T BTR

(N,N →) , (4.32)
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MS scheme that leaves dependence on the invariant mass renormalization scale µ, as well as
rapidity renormalization that leaves dependence on a (mass-dimension-1) rapidity scale ω.
To treat rapidity renormalization, we follow refs. [204, 205]. U has no rapidity divergences,
so the renormalized U is only µ dependent. Renormalization group (RG) consistency in
SCET implies that the rapidity anomalous dimensions of B and S are equal and opposite,
while the µ anomalous dimensions of B, S, and U sum to zero when combined with suitable
integrations. These considerations lead to a renormalized factorization formula,

FD

i =
Q2ε2

x

→∑

N,N →=1

∑

{RX}

∫∫
↑

(N,N →)

∫
dp+

g dp↓

g B
R

NN→
A

(N,N →)

(
m2

Y → t → p↓p+
g , {ϑi↑, ϑ ↔

j↑
}, t, µ,

ω

Q/x

)

↑U
R

NN→
A R

NN→
B

(N,N →)

( 1

h
↓

x
p+
g , h

↓
x p↓

g , µ
)
S
R

NN→
B

i(N,N →)

(Q2

ϖ
→q+p↓

g , {ϑi↑, ϑ ↔

j↑
}, Q, t, µ,

ω

Q/ϖ

)
. (4.29)

Here, we substitute Breit frame variables with Lorentz invariants: p↓p↔+ = m2
Y

→ t and
q+ϑ↓ = Q2/ϖ. The beam function gains dependence on the proton momentum p↓ = Q/x

due to boost invariance breaking by the rapidity regulator in the argument ω

Q/x
.

Di!raction and quasi-di!raction. Experimental cross sections include contributions
from both di!raction (color-singlet R = 1) and quasi-di!raction (all R ↔= 1 channels), as
FD

i
= FD di!

i
+ FD quasi

i
. Eq. (4.29) allows us to clarify the distinction between these two

contributions.
Let us begin by discussing di!raction, which proceeds via a color-singlet channel. This

occurs for all N, N ↔ ↗ 2, and can occur with multiple copies for larger N and N ↔. The
factorization in eq. (4.21) simplifies significantly for di!raction: the uc function becomes
trivial for color-singlet exchange, irrespective of the value of N and N ↔, to all orders in ϱs:

U1 1
(N,N →)

(
p̄+
g , p̄↓

g

)
= ς(p̄+

g )ς(p̄↓

g ) . (4.30)

Simply put, at leading power there is automatically no ultrasoft-collinear radiation into the
gap for di!raction. This occurs because the color-singlet projection cancels out all Wilson
lines Un and separately all Wilson lines Un̄. For example, for N = 2, we have

P2 1UC1A1
n UC1B1

n̄ UC2A2
n UC2B2

n̄ ↘ ςA1A2UC1A1
n UC2A2

n UC1B1
n̄ UC2B2

n̄ = ςB1B2 . (4.31)

Similar algebra eliminates the Wilson lines for any (N, N ↔) for singlet exchange. Thus, for
di!raction we have a much simpler renormalized factorization formula

FD di!
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∫∫
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(Q2

ϖ
, {ϑi↑, ϑ ↔

j↑
}, Q, t,

ω

Q/ϖ

)
. (4.32)

Here, B and Si are separately µ-independent because there is no uc function; i.e., there is
no RG evolution in µ between them, as they exist at the same invariant mass scale in our
analysis so far. The dependence on parameters like h drops out and only enters through
the definition of the X and Y states.
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Here, B and Si are separately µ-independent because there is no uc function; i.e., there is
no RG evolution in µ between them, as they exist at the same invariant mass scale in our
analysis so far. The dependence on parameters like h drops out and only enters through
the definition of the X and Y states.
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This gives
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j?)ŌA0

N0
n (0)

��p
↵

⇥
Z
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0
1] e

� i
2y

0+
1 ⌧�

⌦
Xs

��T J
⌫
s (0)

N 0Y

j=1

OB0
j
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Here, we follow ref. [33] and use a compact notation for the transverse momentum integrals

ZZ ?

(N,N 0)
⌘ (�i)N (i)N

0

N ! N 0!

Z NY

i=1

d
-d0

⌧i?
~⌧
2
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⌘Z N 0Y
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⌧
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⌧
0
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⌘
, (4.10)

where �
�d0(⌧?) = (2⇡)d

0
�
d0(⌧?). The factors of (�i)N and (+i)N

0 are induced by the Glauber
loops to the left and the right of the cut, respectively. Note that to the order we work in
the � ⌧ 1 expansion, we have q

+ � p
+
Xs

� p
+
X0

uc
= Qz, ⌧

� = Q/�, and ⌧
2
? = �~⌧

2
? = t.

Next we decompose the octet color indices by introducing sums over irreducible color
representations (irreps), again following the notation of ref. [33]. Letting ↵ = A1 · · · Am be
the indices for m gluons, the decomposition into irreps is given by a sum over projectors
P

↵↵0
mR, which project a m-gluon color state onto a subspace R, and whose explicit expressions

can be found in [137]. These projectors satisfy completeness and orthogonality relations

�
↵↵0
m =

X

R

P
↵↵0
mR =

X

R

P
↵↵00
mR P

↵00↵0
mR , P

↵1↵2
mR P

↵2↵3
mR0 = �RR0P

↵1↵3
mR . (4.11)

In eq. (4.9) we utilize two copies of �
↵↵0
N and two copies of �

↵↵0
N 0 to project the {Ai}, {Bi},

{A
0
i}, and {B

0
i} color indices. For example, the matrix elements on the RHS of the cut give

(On · · · On)↵(U · · · U)↵�(Os · · · Os)
�

=
X

R,R0

(On · · · OnPN R)↵
00
(PN R U · · · UPN R0)↵

00�00
(PN R0Os · · · Os)

�00
. (4.12)

Note that the vacuum state |0i, proton state |pi, and currents J
µ are all color singlets,

but the states |Yp0 ni and |Xsi will inherit the color representation of the operator in their
corresponding matrix elements. Since these same states appear once in each of the n-
collinear and soft matrix elements, the color representations R and R

0 must have the same
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• Has contributions from an  number of Glauber exchanges∞

• Color singlet projection:  (8⊗)N = 1 ⊕ ⋯ ⊕ 1 ⊕ (others)

• Can distinguish nonperturbative   
and perturbative   contributions to the “Pomeron’’

τ⊥ ∼ ΛQCD
τ⊥ ≫ ΛQCD

many  
singlets

Differs from Ingelman-Schlein model•
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Lots of things still to explore, so I only provide some examples 
   of what we’ve done so far:

1)  Identify observables   that are leading order in  : 
        4 for spin independent scattering,  
        6 more for spin dependent  (not discussed here)

FD
i λ ≪ 1

[8 more at subleading orders in ]λ

2) More general kinematic regions of diffractive phase space (larger , 
       provide additional experimental targets

t)

Pomeron in the literature [245, 246]. For Q2 → ↑t ↓ !2
QCD, our soft function is no longer

entirely perturbative, but we can still carry out the ωt ↔ 1 hard-collinear factorization
in section 4.2 to decompose this soft function into a perturbative hard coe!cient and
a nonperturbative soft-collinear function. Unfortunately, there is no reason a priori to
suspect that this soft-collinear function will appear universally in other processes, like pp

di"ractive scattering. We will take up a dedicated analysis of the universality properties of
di"ractive cross sections in ep and pp scattering in a separate publication.

7 Theoretical Predictions and Experimental Targets

In this section, we provide some first predictions for di"ractive structure functions following
from our formalism, and we discuss targets for experimental measurements. In particular,
our Regge factorization derived in section 4 demonstrates that for incoherent di"raction,
there is both a color-singlet di"ractive signal and an irreducible nonsinglet quasi-di"ractive
background. We provide results for these components using our calculations of Sudakov
suppression and the soft function from sections 5 and 6.

In section 7.1 we discuss the expected size of various di"ractive structure functions,
including the common FD

2,L and oft-neglected FD

3,4, based on power counting considerations.
In section 7.2 we use our perturbative calculation of the soft function to make predictions
for the ε- and t-dependence of ratios of quasi-di"ractive structure functions. In section 7.3
we discuss prospects for studying non-traditional regions of di"ractive phase space, and in
section 7.4 we discuss the steps required to extract the coherent beam functions from exper-
imental data. Finally in section 7.5, we discuss the size of the quasi-di"ractive background
for incoherent di"raction, arguing that it may be much more significant in size than has
previously been assumed.

7.1 Size of structure functions: FD
3,4 are comparable to FD

2,L

In eq. (3.17), we provide a list of dimensionless parameters {ω, ωt, ϑ, ωg, ω!} that enable
us to distinguish di"erent regions of phase space, and to distinguish di"raction from non-
di"ractive processes. As discussed in section 3.2, a (quasi-)di"ractive process requires ω2 =

Q2/s ↔ 1; however, there is greater freedom for the remaining parameters. In particular,
they need only satisfy ω2ω2

t ↔ 1, ω2ω2
tϑ

2 ↔ 1, x ↔ ε, and ω2ω2
t ↔ ω2

g ↔ ω→2. For example,
this allows for various choices for the size of ω2

t = ↑t/Q2; e.g., ωt ↗ 1 or ωt ↔ 1.
By expanding in ω and considering all leading power contributions, we derived the

Regge factorizations in eqs. (4.32) and (4.33). These factorizations predict that the five
di"ractive structure functions for an unpolarized proton arise at the same order in the
power expansion for both incoherent di"raction and quasi-di"raction,

incoherent: FD

2 ↗ FD

L ↗ FD

3 ↗ FD

4 ↗ FD

4A ↗ ω→6 . (7.1)

All five structure functions are thus of interest for probing the dynamics of di"raction in
ep colliders, including the interference terms FD

3,4,4A, which are often neglected by analyses
in the literature. See section 2.4 for experimental prospects for FD

3,4,4A.
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3)  Can compute size of quasi-diffractive background with EFT 
       its suppressed by  U ∼ exp( − Sudakov)

Applications

Large  comes from , ,  

Factorization  

RG evolution: resum large (Sudakov) logs

ln τ ln μH

μs
ln μH

μJ
ln νS

νJ

Resummation of large logs through RGE with SCET

20

• Example: transverse energy-energy correlator (TEEC) in the back-to-back limit
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Figure 1: SCETII example. Relevant degrees of freedom for B ! D⇡ with an energetic pion in the B rest 
frame. 

1where � ⌧ 1 is a small parameter. This result is generic. For our B ! D⇡ example we have � = ⇤QCD/Q. 
This � will be the power counting parameter of SCET. With this notation we can also say how the soft 
momenta of constituents in the B and D meson scale, 

pµ ⇠ Q(�, �, �) . (2.12)s 

Thus we see that we need both soft and collinear degrees of freedom for the B ! D⇡ decay. 
It is convenient to represent the degrees of freedom with a picture, as in Fig. 1. This picture has some 

interesting features. Unlike simpler e↵ective theories SCET requires at least two variables to describe 
� + 2 + �the d.o.f. The choice of p and p as the axis here su�ces since the ?-momentum satisfies p

? ⇠ p p
and hence does not provide additional information. The hyperbolas in the figures are lines of constant 
p2 = p+p� . The labelled spots indicate the relevant momentum regions. We have included a hyperbola 
and a spot for the hard region where p2 ⇠ Q2, but these are the modes that are actually integrated out 
when constructing SCET. (For B ! D⇡ they are fluctuations of order the heavy quark masses.) On the 
p2 ⇠ ⇤

QCD

2 hyperbola in Fig. 1 we have two types of nonperturbative modes, collinear modes cn for the 
pion constituents, and soft modes s for the B and D meson constituents. Since these modes live at the 
same typical invariant mass p2 we need another variable, namely p�/p+, to distinguish them. This variable 

2Y +is related to the rapidity, Y , since e = p�/p+ . Put another way, we need both of the variables p and 
p� to define the modes for the EFT. 

The example in Fig. 1 is what is known as an SCETII type theory. Its defining characteristic is that 
the soft and collinear modes in the theory have the same scaling for p2, they live on the same hyperbola. 
This type of theory turns out to be appropriate for a wide variety of di↵erent processes and hence we give 
it the generic name SCETII. Essentially this version of SCET is the appropriate one for hard processes 
which produce energetic identified hadrons, what we earlier called exclusive hard scattering and exclusive 
B-decays. 

1Please do not be confused into thinking that you need to assign a precise definition to �. It is only used as a scaling 
parameter to decide what operators we keep and what terms we drop in the e↵ective field theory, so any definition which is 
equivalent by scaling is equally good. In the end any predictions we make for observables do not depend on the numerical 
value of �. The only time we need a number for � is when making a numerical estimate for the size of the terms that are 
higher order in the power expansion which we’ve dropped. 

9  

ν

μ

τ ≡ sin2 π − ϕab

2 → 0
[AG, Li, Moult, Zhu, `19, `23]

Two types of RGE  (μ, ν)
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Figure 8: Scale hierarchies which can produce large logarithms in diffraction for the case
� ⇠ 1, ⇢ ⇠ 1, and �t . 1, shown with the corresponding power counting parameters
�i. Here µ

2 indicates a separation in invariant-mass, while ⌫ indicates a separation in
longitudinal momentum which tracks a separation in rapidity.

Here, we focus on the summation of large logarithms for quasi-diffraction, which gives us
information about the degree to which quasi-diffractive backgrounds contaminate diffractive
measurements. In this case, we must work with the more complicated factorization formula
in eq. (4.17), with a non-trivial ultrasoft-collinear function U and dependence on µ. The
presence of U brings in sensitivity to the scales µ

2
u ⇠ {Q

4
/W

2
, t

2
/W

2
, E

2
gap} shown in

figure 8, and a RGE in µ sums logarithms between µ
2
u and the scale associated to the soft and

beam functions, µ
2
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2
, m

2
X , �t, m

2
Y }. The leading logarithmic (LL) µ-RGE resums

an infinite series of Sudakov double logarithms, ↵s ln2(µSB/µu). The result from summing
these large double logarithms is often referred to as the Sudakov form factor, and has the
physical interpretation of causing a suppression due to a restriction forbidding radiation
into a (gapped) region of phase space. For quasi-diffraction, there are also logarithms
associated to the rapidity scales ⌫c and ⌫s of the beam and soft functions. The corresponding
rapidity RGEs sum single-logarithmic series of ↵s ln x terms, which correspond to BFKL-
type equations for each contributing color channel.

Next, we consider additional logarithms introduced by the �t ⌧ 1 expansion. We
show explicitly in section 4.3 that this expansion re-factorizes the soft function into a
hard function that depends on Q

2 and a soft-collinear function that depends on t. This
diffractive hard function is related to the inclusive DIS hard function. In DIS, an additional
scale separation in µ produces a single logarithmic series, ↵s ln(�t/Q

2), whose resummation
is governed by the DGLAP equations, and (quasi-)diffraction exhibits the same logarithms.
Additionally, quasi-diffraction has so-called non-global logarithms (NGLs) [142], NGLs arise
when we constrain multiple different regions of phase space using hierarchically different
energy scales. These NGLs involve ratios of such scales, starting at ↵

2
s double-logarithmic

order, e.g. ↵
2
s ln2(�t/Q

2) or ↵
2
s ln2(m2

Y /m
2
X).
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both signal and bkgnd

have “rapidity logs”

∑
k

(αs ln x)k

BFKL-type logs

only the quasi-diffractive background has large virtuality (invariant mass) logs

∼ exp(−αs ln2 x)
~ probability for no emission into the gap from U

rapidityvirtuality
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3)  Can compute size of quasi-diffractive background 
       its suppressed by  U ∼ exp( − Sudakov)

Figure 12: Plot of the Sudakov factor that suppresses the quasi-di!ractive ultrasoft-
collinear function for representative phase space points and HERA kinematics for s and
ω. The left panel shows a smaller εlab

cut = 3 with a less stringent cut on the radiation in Y ,
allowing for larger values of →t. The right plot shows εlab

cut = 5, where only smaller values
of →t are allowed to ensure that the forward scattered proton or its remnants remain in Y .

shows that for x = 0.01, U damps quasi-di!raction by only ↑ 10%; indeed, it only drops
to the ↑ 5% level near x = xmin ↑ 0.004. The right panel of figure 12 shows the Sudakov
damping for a larger value of εlab

cut, which is more in line with those used at HERA. Here
we find more damping, but again, it plateaus at the 5-7% level for the smaller values of
x. This occurs because the scale µ2 hits the 1 GeV threshold, where ϑs(µ2) is frozen, and
there is no increase in the perturbative suppression from the (µS , µu2) hierarchy. Sudakov
exponentials are predictions based on perturbative QCD emission probabilities. In this
frozen coupling region there may be further suppression from nonperturbative e!ects (like
the shape functions, whose form is known for the hemisphere U).

Typically, perturbative uncertainties enter from higher-order resummation, which at
LL order may amount to as much as 30%, depending on the parameter choices. This
provides strong motivation for improving the perturbative accuracy of our results in the
future, along with considering shape function models for nonperturbative e!ects.

Of course, to determine the overall contamination of the color-singlet di!ractive signal
in a cross-section by the color-nonsinglet quasi-di!ractive background, we must consider
information about the soft and beam factors as well, since schematically

FD quasi
i

FD di!
i

=
Bquasi ↓ U ↓ Squasi

i

Bdi! ↓ Sdi!
i

, (5.11)

where exact expressions are given in eqs. (4.31) and (4.32). In section 7, we combine the
Sudakov suppression results from this section with perturbative soft function calculations in
section 6 to obtain a more accurate estimate contamination of the di!ractive cross-section
by quasi-di!raction.
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Figure 11: Scale hierarchies in di!raction (left and middle graphics) and quasi-di!raction
(middle and right graphics). The power counting parameters ωi characterize ratios of scales
indicated by the arrows and are shown for the case ε → 1, ϑ → 1, ωt ↭ 1 and ωωt ↭ ωg. Here
µ2 indicates a separation in invariant-mass, while ϖ indicates a separation in longitudinal
momentum, which tracks a separation in rapidity. Some of these hierarchies produce large
logarithms as discussed in the text.

in eq. (4.43). Our analysis in this section is based on the consistency of results obtained
separately in the ω ↑ 1 and ωt ↑ 1 limits, rather than a more rigorous derivation based
on an operator analysis, which we leave to future work.

5 Large logarithms in (quasi-)di!raction and Sudakov suppression

As discussed in sections 2.3 and 3.2, (quasi-)di!ractive processes depend on a significant
number of hierarchical momentum scales. Figure 11 depicts these (quasi-)di!ractive scales
and their associated power counting expansion parameters. Quantum fluctuations lead to
large logarithms of ratios of these physical scales, which can spoil a strict perturbative
expansion in ϱs(µ) ↑ 1 even when µ ↓ !QCD. To obtain convergence, we can sum up the
large logarithms to all orders in perturbation theory using RG techniques in the EFT. We
begin our discussion of the structure of large logarithms in the situation where ω ↑ 1 with
ωt → 1 (whose factorization was discussed in section 4.1), but also analyze the additional
large logarithms present when ωt ↑ 1 (whose factorization was discussed in section 4.2). We
also address the special role played by the rapidity-cut-induced parameter ωg. Throughout
this discussion we treat ω! → 1, and hence do not address additional logarithms that would
appear from a hierarchy !2

QCD ↑ ↔t. We also do not consider here the large logarithms
that would arise for the case where ωt ↓ 1 with ωωt ↑ 1.
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•  Quasi-Diffraction background 
    is not always negligible
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3)  Can compute size of quasi-diffractive background 
       its suppressed by  U ∼ exp( − Sudakov)

background
signal

=

2

2

Applications
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4)  For   can compute ratios of quasi-| t | ≫ Λ2
QCD FD

i
<latexit sha1_base64="EsAxErjTU9b+BZVm/8vj0Dn7va4="></latexit>

Fi(x,Q2,�, t)

F2(x,Q2,�, t)
|LO =

Si(x,Q2,�, t)

S2(x,Q2,�, t)
|LO ⌘ Ŝi

✓
�,

p
�t

Q

◆

(nontrivial:  requires demonstrating cancellation of infinite number 
   of nonperturbative Glauber exchanges in the ratios)

• Exploit to reduce quasi-background with linear combinations

Applications
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5)  universality between  and  diffraction?  
      (paper to appear soon)

ep pp

Applications

Philipp Aretz

Double: pp → XY

Single DoubleElastic

d3σ
dM2

1dM2
2dt

= ∑
{RX}

∑
N, N′￼

M, M′￼

SR̂A
NM ⊗⊥ BRA

NN′￼
⊗⊥ SR̂A

N′￼M′￼
⊗⊥ BRB

MM′￼
⊗± URARBR̂A

NN′￼MM′￼

Beam functions are universal (  & )ep pp•
Soft & Usoft functions are not universal•

Rapidity anom.dimensions are universal  (small-x resummation)•
(explains failure of using dPDFs)
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b)  EFT description of saturation (1st steps)

d)  generalization to multi-gap, exclusive, heavy meson, … processes

a)  ratio predictions    for signal?    
       (calculations in progress)

FD
i /FD

2

c)  hadron structure

…



Conclusion:  new tools & a bright future for Diffraction in QCD
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1 ... N 0 N ... 1

Soft

UC

Beam

2

Figure 10: Factorization of di!ractive and quasi-di!ractive ep scattering for ω → 1. Here,
we see the convolution of a soft function describing the central jet, a beam function de-
scribing the hadronic system, and an ultrasoft-collinear (UC) function describing radiation
penetrating the gap. Red dashed lines indicate Glauber (G) modes.

Using these results, we further tidy up eq. (4.16) by defining bare beam, soft, and uc
functions containing the associated factorized matrix elements

FD

i =
Q2ε2

x

→∑

N,N →=1

∑

{RX}

∫∫
↑

(N,N →)

∫
dk+

n dk↓

s dp+
g dp↓

g ϑ
(
p↔+ ↑ k+

n ↑ p+
g

)
ϑ
(
ϖ↓ ↑ k↓

s ↑ p↓

g

)

↓ B
R

NN→
A

(N,N →)

(
k+
n p↓, {ϖi↑, ϖ ↔

j↑
}, t

)
U

R
NN→
A R

NN→
B

(N,N →)

( 1

h
↔

x
p+
g , h

↔
x p↓

g , µ
)

↓ S
R

NN→
B

i(N,N →)

(
k↓

s q+, {ϖi↑, ϖ ↔

j↑
}, Q, t

)
, (4.21)

Here, ε = x (n̄ ·p)(n ·q)/Q2 enables us to define B and S in a manner that is boost invariant
with respect to the n-n̄ axis; in the Breit frame, ε = 1. More succinctly, carrying out the
k↓
s and k+

n integrals,

FD

i =
Q2ε2

x

→∑

N,N →=1

∑

{RX}

∫∫
↑

(N,N →)

∫
dp+

g dp↓

g B
R

NN→
A

(N,N →)

(
p↓(p↔+ ↑ p+

g ), {ϖi↑, ϖ ↔

j↑
}, t

)

↓ U
R

NN→
A R

NN→
B

(N,N →)

( 1

h
↔

x
p+
g , h

↔
x p↓

g , µ
)

S
R

NN→
B

i(N,N →)

(
q+(ϖ↓ ↑ p↓

g ), {ϖi↑, ϖ ↔

j↑
}, Q, t

)
. (4.22)

For later convenience, we define the shorthand notation

FD

i ↗
∑

N,N →

∑

R

B
R

NN→
A

(N,N →) ↘↑ S
R

NN→
B

i(N,N →) ↘± U
R

NN→
A R

NN→
B

(N,N →)

↗
∑

N,N →

∑

R

(↑i)N (+i)N
→
B

R
NN→
A

(N,N →)↘̃↑S
R

NN→
B

i(N,N →) ↘± U
R

NN→
A R

NN→
B

(N,N →) . (4.23)

In the second line we explicitly factored out (↑i)N (+i)N
→ from the ↘↑ perpendicular-

momentum convolution, which will be used in a discussion below. The soft function S

– 42 –
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Size of backgrounds? 18

Figure: ATLAS, 1201.2808.
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Fig. 5: Inelastic cross section differential in forward gap size ∆ηF for particles with pT > 200 MeV. The shaded
bands represent the total uncertainties. The full lines show the predictions of phojet and the default versions of
pythia6 and pythia8 Ṫhe dashed lines in (b-d) represent the contributions of the ND, SD and DD components
according to the models. The CD contribution according to phojet is also shown in (d).

bias events, even at LHC energies. All MC models are
able to reproduce the general trends of the data, though
none provides a full description.

It is interesting to investigate the extent to which
the alternative cluster-based approach to hadronisation
in the non-diffractive herwig++ model is able to de-
scribe the data at small gap sizes, where the contribu-
tion from ND processes is dominant. A comparison of
the data at each of the pcutT values with herwig++ is
shown in Figure 7. Four versions of the UE7-2 tune are
shown, with variations in the details of the model which
are expected to have the largest influence on rapidity
gap distributions. These are the default version (UE7-
2), a version in which the colour reconnection model

is switched off (UE7-2, No CR) and similar versions
which exclude events with no scatterings of either the
soft or semi-hard types (UE7-2, No Empty Evts and
UE7-2, No Empty Evts, No CR). At small gap sizes, all
versions of the model produce an exponential fall with
increasing gap size, though the dependence on ∆ηF is
not steep enough in the default model and is too steep
when colour recombination effects are switched off.

Despite not containing an explicit diffractive com-
ponent, the default herwig++ minimum bias model
produces a sizeable fraction of events with large gaps,
overshooting the measured cross section by up to factor
of four in the interval 2 < ∆ηF < 7 and producing an
enhancement centred around ∆ηF = 6. When colour



Regge Factorization

Soft mode (X):

Collinear mode (p,Y):
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Figure 7: Picture showing a typical quantum field theory amplitude with multiple Glauber
exchange, with soft, n-collinear, and ultra-collinear (uc) radiation into hadronic states X,
Y , and/or the gap, as explained in eq. (3.35).

The internal fields in OB
n and OC

s exactly conserve the p
�
n ⇠ �

0 and p
+
s ⇠ � momenta, so the

locality of these operators at y
± in eq. (4.6) encodes momentum conservation for ⌧

� ⇠
p

s�

and ⌧
+ ⇠

p
s�

3. We remark that ⌧
� is a leading momentum for the soft operator, but

subleading to the n-collinear operator, as ⌧
� ⌧ p

0 �. Likewise, ⌧
+ is a leading momentum

for the n-collinear operator, but subleading for the soft operator, as ⌧
+ ⌧ p

+
X , q

+. For
now, we allow soft and n-collinear operators to fully conserve momentum in subleading
momentum components, but we will soon carry out multipole expansions of these operators.

Factorization A breadth of past literature on SCET informs our factorization procedure
for diffraction. Our ability to carry out a systematic factorization is enabled by ref. [29],
which points out in §8 that order by order in insertions of the Glauber Lagrangian, we
can factorize soft and collinear interactions to all orders in ↵s. A useful benchmark for our
factorization comes from the Glauber SCET factorization of small-x DIS in ref. [144], which
studied squared matrix elements of Glauber operators involving a single exchange on each
side of the cut, to sum logs of x at NLL order. (Compared to this small-x DIS analysis,
our diffractive case involves the additional Unn̄, and hence is in a SCETI type theory.
Additionally, for simplicity we treat the transverse coordinates in momentum space from the
start.) To inform the all-orders renormalization of our factorization, we use elements from
the forward 2 ! 2 scattering amplitudes analysis in ref. [33], which carried out an all-orders
factorization and renormalization using Glauber Lagrangians. We also note certain parallels
in techniques between our work and ref. [152], which carries out an all-orders factorization
for DIS off a heavy nucleus in the limit where Glaubers interact with color-uncorrelated
partons in different nucleons, in order to show how saturation arises in an top-down EFT
framework. Our factorization analysis in this section treats the Glauber Lagrangian to all
orders for diffractive scattering off a DIS proton target, with only a small-x expansion.

To start, we combine the structure functions in eq. (4.1), currents in eq. (4.4), states

– 31 –

p

γ*
+ − ⊥

= (0,0,0,Q)

61

X
Y

frame-

pn’ λ˜(  ,   ,  )λ3

ps λ˜(  λ puc λ˜(  ,  ,   )3 λ λ2

Breit

λ-1

λ ,  ,  )

η0 X
Y

γn frame-

pn’ λ˜ (  ,1,  )λ2ps λ˜(1,  ,  )λ2

puc λ˜(  ,  ,   )2 λ2 λ2

η0



Regge Factorization

Soft mode (X):

Collinear mode (p,Y):

<latexit sha1_base64="X9Vf4mnWP94okxObzK7jmFppSjk="></latexit>

where � ⇠ Qp
s
⇠

p
xSCET (Breit frame)

pX , q ⇠
p
s(�,�,�)

Glauber: ⌧ ⇠
p
s(�3,�,�)

p0 ⇠
p
s(�3,��1,�)

Usoft-collinear mode 
(radiation in gap):

p0g ⇠
p
s(�3,�,�2)

qµ = Q
n̄µ

2
→Q

nµ

2

n

s

uc

X

Y

Figure 7: Picture showing a typical quantum field theory amplitude with multiple Glauber
exchange, with soft, n-collinear, and ultra-collinear (uc) radiation into hadronic states X,
Y , and/or the gap, as explained in eq. (3.35).

The internal fields in OB
n and OC

s exactly conserve the p
�
n ⇠ �

0 and p
+
s ⇠ � momenta, so the

locality of these operators at y
± in eq. (4.6) encodes momentum conservation for ⌧

� ⇠
p

s�

and ⌧
+ ⇠

p
s�

3. We remark that ⌧
� is a leading momentum for the soft operator, but

subleading to the n-collinear operator, as ⌧
� ⌧ p

0 �. Likewise, ⌧
+ is a leading momentum

for the n-collinear operator, but subleading for the soft operator, as ⌧
+ ⌧ p

+
X , q

+. For
now, we allow soft and n-collinear operators to fully conserve momentum in subleading
momentum components, but we will soon carry out multipole expansions of these operators.
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for diffraction. Our ability to carry out a systematic factorization is enabled by ref. [29],
which points out in §8 that order by order in insertions of the Glauber Lagrangian, we
can factorize soft and collinear interactions to all orders in ↵s. A useful benchmark for our
factorization comes from the Glauber SCET factorization of small-x DIS in ref. [144], which
studied squared matrix elements of Glauber operators involving a single exchange on each
side of the cut, to sum logs of x at NLL order. (Compared to this small-x DIS analysis,
our diffractive case involves the additional Unn̄, and hence is in a SCETI type theory.
Additionally, for simplicity we treat the transverse coordinates in momentum space from the
start.) To inform the all-orders renormalization of our factorization, we use elements from
the forward 2 ! 2 scattering amplitudes analysis in ref. [33], which carried out an all-orders
factorization and renormalization using Glauber Lagrangians. We also note certain parallels
in techniques between our work and ref. [152], which carries out an all-orders factorization
for DIS off a heavy nucleus in the limit where Glaubers interact with color-uncorrelated
partons in different nucleons, in order to show how saturation arises in an top-down EFT
framework. Our factorization analysis in this section treats the Glauber Lagrangian to all
orders for diffractive scattering off a DIS proton target, with only a small-x expansion.
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Regge & Hard-collinear Factorization

Collins `97,  Berera, Soper `95

Diffractive PDF
• hard-collinear factorization

• Regge / forward scattering factorization (For singlet)
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• Simultaneous limits

Regge Factorization for Diffractive PDF

<latexit sha1_base64="dUB7n7kej3C72682H4beY8Q4sGU=">AAACSHicbVDLTgIxFO3gC/GFunTTSDSuyIwx6NLoxiUmoiRASKdzgYZ2ZtLeMZDJ/IFf41a/wD/wL9wZd5aBhYA3aXLuua/T48dSGHTdT6ewsrq2vlHcLG1t7+zulfcPHk2UaA4NHslIN31mQIoQGihQQjPWwJQv4ckf3k7qT8+gjYjCBxzH0FGsH4qe4Awt1S2fthFGmO9JNQRZmuepUUxKmtG2tKsClnXLFbfq5kGXgTcDFTKLenffKbWDiCcKQuSSGdPy3Bg7KdMouISs1E4MxIwPWR9aFoZMgemkuZCMnlgmoL1I2xcizdm/EylTxoyVbzsVw4FZrE3If2uj6YE5LjCTI/OcrxYUYu+qk4owThBCPhXYSyTFiE5cpYHQwFGOLWBcC/tHygdMM47W+5J1z1v0ahk8nle9WrV2f1G5vpn5WCRH5JicEY9ckmtyR+qkQTh5Ia/kjbw7H86X8+38TFsLzmzmkMxFofALSg2zfQ==</latexit>

small �

63

scale µ, and rapidity renormalization that leaves dependence on a (mass dimension-1) ra-
pidity scale ω. For our treatment of rapidity renormalization we follow refs. [188, 189]. U

exhibits no rapidity divergences, so the renormalized U is only µ dependent. Renormaliza-
tion group (RG) consistency in SCET implies relations between the renormalization and
anomalous dimensions for the three functions; specifically, the rapidity anomalous dimen-
sions of B and S are equal and opposite, while the µ anomalous dimensions of B, S, and
U sum to zero when combined with suitable integrations. These considerations allow us to
obtain the renormalized factorization formula,

FD

i =
→∑

N,N→=1
N+N→=even

εN+N
→ ∑
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∫∫
↑

(N,N →)
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( 1

h
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x
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g , h
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x p↓

g , µ
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S
R

NN→
B
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(Q2

ϖ
→ q+p↓

g , {ϑi↑, ϑ ↔

j↑
}, Q, t, µ,

ω

Q/ϖ

)
.

(4.26)

Here we have substituted the Breit frame variables for Lorentz invariants, p↓p↔+ = Q2z/x =

m2
Y

→ t and q+ϑ↓ = Q2/ϖ. Note that the beam function gains dependence on the proton
momentum p↓ = Q/x due to the breaking of boost invariance by the rapidity regulator in
the argument ω

Q/x
.

Eq. (4.26) allows us to clarify the distinction between di!raction (color-singlet R = 1)
and quasi-di!raction (all R ↔= 1). Singlet channels occur for all N, N ↔ ↗ 2, and can
occur with multiple copies for larger N or N ↔. The experimental cross section is a sum of
contributions from both di!raction and quasi-di!raction, specifically

FD

i = FD di!
i + FD quasi

i
. (4.27)

Note that even with the cuts, quasi-di!raction is an irreducible background to di!raction.
We can simplify the factorization formula in eq. (4.21) for di!raction, as the uc function

becomes trivial for color-singlet exchange

U1 1
(N,N →)

(
p̄+
g , p̄↓

g

)
= ϱ(p̄+

g )ϱ(p̄↓

g ) . (4.28)

This result is true irrespective of the value of N and N ↔ and to all orders in ςs. It implies
that at leading power there is automatically no ultrasoft-collinear radiation into the gap
for the color singlet case. This occurs because the color singlet projection cancels out all
Wilson lines Un and separately all Wilson lines Un̄. For example, for N = 2, we have

P2 1UA1C1
n UC1B1

n̄ UA2C2
n UC2B2

n̄ ↘ ϱA1A2UA1C1
n UA2C2

n UC1B1
n̄ UC2B2

n̄ = ϱB1B2 . (4.29)

Similar algebra eliminates the Wilson lines for any (N, N ↔) for the color singlet case. Thus,
for di!raction we have a much simpler renormalized factorization formula
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i =

→∑

N,N→=1
N+N→=even

∑

RNN→=1

∫∫
↑

(N,N →)
BR

NN→

(N,N →)

(
m2

Y → t, {ϑi↑, ϑ ↔

j↑
}, t,

ω

Q/x

)

↑ SR
NN→

i(N,N →)

(Q2

ϖ
, {ϑi↑, ϑ ↔

j↑
}, Q, t,

ω

Q/ϖ

)
. (4.30)
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Note that the absence of the uc function also implies that the singlet B and S are separately
µ-independent; i.e., there is no RG evolution in µ between them, since they exist at the
same invariant mass scale in our analysis so far. In the di!ractive factorization formula
the dependence on parameters like h drops out of the factorization formula and only enters
through the definition of the X and Y states. To describe quasi-di!raction we have the
same renormalized factorization formula as in eq. (4.26) but without the singlet channel,
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(4.31)
The results in eqs. (4.30) and (4.31) apply for the experimental mX -method and coherent
forward detector method, discussed in sections 2.3 and 3.3.

For the rapidity-gap method an additional energy scale Elab
gap is introduced, due to the

constraint Elab
i

< Elab
gap for ϱlab

min < ϱlab
i

< ϱlab
max, which modifies the allowed radiation in X.

Therefore, Elab
gap, ϱlab

min, and ϱlab
max will appear as additional arguments for the functions S

and U . Although it is tractable to analyze this additional constraint in our setup, we will
not do so here.

Finally, we note that our factorization in eq. (4.30) includes color singlets generated
by any number of Glauber gluon exchanges (Pomeron, odderon, etc.). It also includes
both perturbative and nonperturbative contributions. A non-perturbative Pomeron con-
tribution occurs when εi↓ ↔ !QCD for one or more i, in which case there is no cou-
pling constant suppression from adding the corresponding Glauber exchange operator. The
(hard) perturbative Pomeron contribution occurs from restricting to the situation where
all εi↓ ↔

↓
→t ↗ !QCD, which we can calculate with an expansion in ςs(

↓
→t). Since we

integrate over the εi↓ variables, both of these contributions are included. For the situation
where

↓
→t ↔ !QCD, all exchanged Glauber gluons are nonperturbative, corresponding to

the so-called soft Pomeron. We will explore this separation of perturbative and nonpertur-
bative contributions further in section 6.

Note that so far we have only carried out the factorization that arises from the φ ↘ 1

expansion. The results from an additional expansion in φt ↘ 1 will further factorize Si and
will be considered below in section 4.2. If φ! ↘ 1 there will also be a further factorization
of B, whose exploration we leave to a future publication.

Spin-dependent structure functions. From our φ ↘ 1 factorization, we can now
understand why the four polarized structure functions in eq. (2.35) contribute to (quasi-
)di!raction at leading power, but the remaining ten spin-dependent structure functions in
appendix A.1 do not. Due to factorization, the proton spin S only enters the beam function.
The beam function is a scalar in Lorentz space because the Glauber exchanges have a fixed
structure and therefore do not transmit spin information. Accounting for proton spin, it
can be decomposed into two terms

B̂R

(N,N →) = BR

(N,N →) + S̃T BTR

(N,N →) , (4.32)
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Si = Hκ
i ⊗ Sκ

cs
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where using a shorthand m2 = m2
Y

� t the diffractive PDF is
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and the quasi-diffractive PDF is
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[Consider overlap with  notation] Note that the x/� dependence in the (quasi-)diffractive
PDF is only induced by the sum of large rapidity logarithms between the collinear-soft and
beam functions. The total dPDF is given by the sum of these two contributions
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This signifies the first explicit Regge factorization for the diffractive parton distribution
functions given in eq. (4.42), as well as new ‘quasi-diffractive’ parton distribution functions
in eq. (4.43). Our analysis in this section is based on the consistency of results obtained
separately in the � ⌧ 1 and �t ⌧ 1 limits, rather than a more rigorous derivation based
on an operator analysis, which we leave to future work.

fD di↵


⇣
⇣,

x

�
, t, m2

Y , µ
⌘

=
1X

N,N0=1
N+N0=even

X

RNN0=1

ZZ
?

(N,N 0)
S;RNN0

cs(N,N0)

✓
⇣, {⌧k?, ⌧ 0

`?
}, t,

⌫

Q/�
, µ

◆

⇥ BR
NN0

(N,N 0)

⇣
m2

Y � t, {⌧k?, ⌧ 0

`?
}, t,

⌫

Q/x

⌘

ultra-collinear function as
Z

dp�
g U

RNN0
A RNN0

B
(N,N0)

⇣
h
p

x p�
g , · · ·

⌘
S

RNN0
B

i(N,N0)

⇣
Q(⌧�

� p�
g ), µ, · · ·

⌘
(4.40)
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where we suppress the arguments that do not involve the relevant minus components. Then we used the �t

factorization of the soft function according to Eq. (4.36) and then evaluated the delta function in ⌧ 0�.
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Collins `97,  Berera, Soper `95

Diffractive PDF
• hard-collinear factorization

• Regge / forward scattering factorization (For singlet)

• Simultaneous limits
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differ:  transverse vs longitudinal momenta,  dependence,  dependence,…t ξ

Compare:
(E↵ective Field Theory Factorization)
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scale µ, and rapidity renormalization that leaves dependence on a (mass dimension-1) ra-
pidity scale ω. For our treatment of rapidity renormalization we follow refs. [188, 189]. U

exhibits no rapidity divergences, so the renormalized U is only µ dependent. Renormaliza-
tion group (RG) consistency in SCET implies relations between the renormalization and
anomalous dimensions for the three functions; specifically, the rapidity anomalous dimen-
sions of B and S are equal and opposite, while the µ anomalous dimensions of B, S, and
U sum to zero when combined with suitable integrations. These considerations allow us to
obtain the renormalized factorization formula,
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(4.26)

Here we have substituted the Breit frame variables for Lorentz invariants, p↓p↔+ = Q2z/x =

m2
Y

→ t and q+ϑ↓ = Q2/ϖ. Note that the beam function gains dependence on the proton
momentum p↓ = Q/x due to the breaking of boost invariance by the rapidity regulator in
the argument ω

Q/x
.

Eq. (4.26) allows us to clarify the distinction between di!raction (color-singlet R = 1)
and quasi-di!raction (all R ↔= 1). Singlet channels occur for all N, N ↔ ↗ 2, and can
occur with multiple copies for larger N or N ↔. The experimental cross section is a sum of
contributions from both di!raction and quasi-di!raction, specifically

FD

i = FD di!
i + FD quasi

i
. (4.27)

Note that even with the cuts, quasi-di!raction is an irreducible background to di!raction.
We can simplify the factorization formula in eq. (4.21) for di!raction, as the uc function

becomes trivial for color-singlet exchange

U1 1
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g

)
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g )ϱ(p̄↓

g ) . (4.28)

This result is true irrespective of the value of N and N ↔ and to all orders in ςs. It implies
that at leading power there is automatically no ultrasoft-collinear radiation into the gap
for the color singlet case. This occurs because the color singlet projection cancels out all
Wilson lines Un and separately all Wilson lines Un̄. For example, for N = 2, we have

P2 1UA1C1
n UC1B1

n̄ UA2C2
n UC2B2

n̄ ↘ ϱA1A2UA1C1
n UA2C2

n UC1B1
n̄ UC2B2

n̄ = ϱB1B2 . (4.29)

Similar algebra eliminates the Wilson lines for any (N, N ↔) for the color singlet case. Thus,
for di!raction we have a much simpler renormalized factorization formula

FD di!
i =

→∑

N,N→=1
N+N→=even

∑

RNN→=1

∫∫
↑

(N,N →)
BR

NN→

(N,N →)

(
m2

Y → t, {ϑi↑, ϑ ↔

j↑
}, t,

ω

Q/x

)

↑ SR
NN→

i(N,N →)

(Q2

ϖ
, {ϑi↑, ϑ ↔

j↑
}, Q, t,

ω

Q/ϖ

)
. (4.30)
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exhibits no rapidity divergences, so the renormalized U is only µ dependent. Renormaliza-
tion group (RG) consistency in SCET implies relations between the renormalization and
anomalous dimensions for the three functions; specifically, the rapidity anomalous dimen-
sions of B and S are equal and opposite, while the µ anomalous dimensions of B, S, and
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Here we have substituted the Breit frame variables for Lorentz invariants, p↓p↔+ = Q2z/x =
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→ t and q+ϑ↓ = Q2/ϖ. Note that the beam function gains dependence on the proton
momentum p↓ = Q/x due to the breaking of boost invariance by the rapidity regulator in
the argument ω
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.

Eq. (4.26) allows us to clarify the distinction between di!raction (color-singlet R = 1)
and quasi-di!raction (all R ↔= 1). Singlet channels occur for all N, N ↔ ↗ 2, and can
occur with multiple copies for larger N or N ↔. The experimental cross section is a sum of
contributions from both di!raction and quasi-di!raction, specifically

FD
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Note that even with the cuts, quasi-di!raction is an irreducible background to di!raction.
We can simplify the factorization formula in eq. (4.21) for di!raction, as the uc function

becomes trivial for color-singlet exchange

U1 1
(N,N →)

(
p̄+
g , p̄↓

g

)
= ϱ(p̄+

g )ϱ(p̄↓

g ) . (4.28)

This result is true irrespective of the value of N and N ↔ and to all orders in ςs. It implies
that at leading power there is automatically no ultrasoft-collinear radiation into the gap
for the color singlet case. This occurs because the color singlet projection cancels out all
Wilson lines Un and separately all Wilson lines Un̄. For example, for N = 2, we have

P2 1UA1C1
n UC1B1

n̄ UA2C2
n UC2B2

n̄ ↘ ϱA1A2UA1C1
n UA2C2

n UC1B1
n̄ UC2B2

n̄ = ϱB1B2 . (4.29)

Similar algebra eliminates the Wilson lines for any (N, N ↔) for the color singlet case. Thus,
for di!raction we have a much simpler renormalized factorization formula

FD di!
i =

→∑

N,N→=1
N+N→=even

∑

RNN→=1

∫∫
↑

(N,N →)
BR

NN→

(N,N →)

(
m2

Y → t, {ϑi↑, ϑ ↔

j↑
}, t,

ω

Q/x

)

↑ SR
NN→

i(N,N →)

(Q2

ϖ
, {ϑi↑, ϑ ↔

j↑
}, Q, t,

ω

Q/ϖ

)
. (4.30)
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Q2

x

F2 →

∑

ω

∫ 1

ε

dω

ω
H

ω
2

(
ε

ω
, Q, µ

)
f
D
ω

(
ω, ϑ, t,m

2
J , µ

)
(1 +O (ϖt))


