Lecture 3:
Electromagnetic and gravitational form factors



Proton electromagnetic form factors

Elastic ep scattering amplitude
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Proton in external EM fields and currents
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Breit (brick wall) frame
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Proton charge radius
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Caveat 1: In a relativistic system, interpretation of coordinates’ and radius’ should
be taken with care.
Caveat 2 : This is just one definition of radius. For the neutron, (r*) < 0



Charge radius from electron scattering (1950s~)

Rosenbluth formula
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Elastic scattering 70 years later
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Charge radius from hydrogen atom spectrum

Coulomb potential modified in a hydrogen atom T
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Energy shift
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Proton charge radius!

Part of the Lamb shift. Same order as fine structure, but suppressed by

m?(r?) ~ (0.5MeV - 1fm)? ~ (ﬁ)g

Enhanced in the muonic hydrogen! m, =~ 200m,



Proton radius puzzle?

PRad (2019)
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Both CODATA and PDG now recommend the smaller value ~0.84fm.



Radius zoo

Charge radius
Magnetic radius
Baryon number radius
Mass radius

Scalar radius

Tensor radius

Mechanical radius
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enerdgy momenium
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Quark and gluon components

Energy momentum tensor consists of quark and gluon parts
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Relation between(C,, and (P|F"F,,|P)

1 loop :
Scheme dependent! 2 loop } YH, Rajan, Tanaka (2018)

4-loop calculation in MSbar 3loop Tanaka(2019)
4 loop Ahmed, Chen, Czakon (2022)
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D-term—the last global unknown
(P'|T™|P) ~ (A'AF — 5 A?)D(t)

D(t =0) is a conserved charge of the nucleon, similar to the magnetic moment

Fourier transform A — 7 can be interpreted as pressure’ inside a nucleon
. Polyakov (2003)
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Conjecture: All stable hadrons must have D <0

Analogy with continuous medium should be taken with a grain of salt. 16



" Pressure’ inside nucleon and nuclei

r2p(r) (x102 GeV fm™)
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Pion GFFs
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Left hand side vanishes due to soft pion theorem
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Soft pion theorem: A quick derivation

Pion decay constant definition  (
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Ji decomposition (form factor version)
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Further decomposition in the quark part
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Can we measure GFFs in experiments?

* Introduced theoretically in the 60s.

* Received far less attention than EM form factors, not because they are
less interesting/important.

* The obvious reason: We cannot measure them directly!

. . 2
One-graviton exchange cross section do Gz S

dt N2

Newton constant GN Y ]_/M% Planck mass MP Y 1019 GeV

* There are, however, indirect ways to measure them.



Appendix 1: Gordon identities

_.H.i'

P
For any matrix I'in Dirac space @ (p’ )['u(p) = ({P I'}+ = [4& r]) u(p) 2

PrighA,
u(p' )y uwz—:m[—+’” }u(»)

T 21

_|_
2m m

_ﬁ H o~ 5 Lo Ky -Py 15
_!(‘U \J I—i,.\ “(f}} _ (p.f:l [ / :| 'H-(E-;')

A a(pu(p) = —a(p')io Pyu(p)

i A,
u(p") P*ysu(p) = —u(p) ——su(p)

i

Exercise: derive these



Appendix 2: PT transformation

Parity & time-reversal symmetry: powerful method to constrain the matrix element of local and nonlocal operators.
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PT transformation of nonlocal quark bilinear
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