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HAL QCDによるハドロン間力

物理的クォーク質量における計算

　　  : 京コンピュータ (2011-2019) 


　　  : 富岳 (2020-)

mπ = 146 MeV
mπ = 137 MeV

Ishii, Aoki, Hatsuda, PRL99 (2007) 022001

HAL Col., PLB712 (2012) 437

Review: Aoki, Doi, Front. Phys. 8 (2020) 307
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FIG. 3: The lattice QCD result of the central (effective cen-
tral) part of the NN potential VC(r) (V eff

C (r)) in the 1S0 (3S1)
channel for mπ/mρ = 0.595. The inset shows its enlargement.
The solid lines correspond to the one-pion exchange potential
(OPEP) given in Eq.(5).

determined from the ρ meson mass in the chiral limit is
a−1 = 1.44(2) GeV (a ! 0.137 fm) [15], which leads to
the lattice size (4.4 fm)4. The hopping parameter is cho-
sen to be κ = 0.1665, which corresponds to mπ ! 0.53
GeV, mρ ! 0.89 GeV and mN ! 1.34 GeV. We use the
global heat-bath algorithm with overrelaxations to gener-
ate the gauge configurations. After skipping 3000 sweeps
for thermalization, 500 gauge configurations are collected
with the interval of 200 sweeps. Results for lighter and
heavier quark masses with higher statistics will be re-
ported in [13]. The Dirichlet (periodic) boundary con-
dition for quarks is imposed in the temporal (spatial)
direction. To avoid the boundary effect, the wall source
is placed at t = t0 = 5 at which the Coulomb gauge fixing
is made. The ground state saturation for t − t0 ≥ 6 is
checked by the effective mass of the two-nucleon system.

Fig. 2 shows the lattice QCD result of the wave func-
tion at the time-slice t − t0 = 6. They are normalized
at the spatial boundary #r = (32/2 = 16, 0, 0). All the
data including the off-axis ones are plotted for r ! 0.7
fm, beyond which we plot only the data locating on the
coordinate axes and their nearest neighbors. As is clear
from Fig. 2, the wave function is suppressed at short dis-
tance and have a slight enhancement at medium distance,
which suggests that the NN system has a repulsion (at-
traction) at short (medium) distance.

Fig. 3 shows the central (effective central) NN poten-
tial in the 1S0 (3S1) channel at t − t0 = 6. As for ∇2

in Eq. (2), we take the discrete form of the Laplacian
with the nearest-neighbor points. E is obtained from
the Green’s function G(#r; E) which is a solution of the
Helmholtz equation on the lattice [12]. By fitting the
wave function φ(#r) at the points #r = (10 − 16, 0, 0) and
(10− 16, 1, 0) by G(#r; E), we obtain E(1S0) = −0.49(15)
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FIG. 4: t − t0 dependence of VC(r) in the 1S0 channel for
several different values of the distance r.

MeV and E(3S1) = −0.67(18) MeV. Namely, there is
a slight attraction between the two nucleons in a finite
box. To make an independent check of the ground state
saturation, we plot the t dependence of VC(r) in the 1S0

channel at several distances r = 0, 0.14, 0.19, 0.69, 1.37
and 2.19 fm in Fig. 4. The saturation indeed holds for
t − t0 ≥ 6 within errors.

As anticipated from Fig. 2, VC(r) and V eff
C (r) have

repulsive core at r ! 0.5 fm with the height of about
a few hundred MeV. Also, they have an attraction of
about −(20−30) MeV at the distance 0.5 ! r ! 1.0
fm. The solid lines in Fig. 3 show the one pion exchange
contribution to the central potential calculated from

V π
C (r) =

g2
πN

4π

(#τ1 · #τ2)(#σ1 · #σ2)

3

(

mπ

2mN

)2 e−mπr

r
, (5)

where we have used mπ ! 0.53 GeV and mN ! 1.34 GeV
to be consistent with our data, while the physical value
of the πN coupling constant is used, g2

πN/(4π) ! 14.0.
Even in the quenched approximation, the one pion ex-
change is possible as the connected quark exchange be-
tween the two nucleons. In addition, there is in principle
a quenched artifact to the NN potential from the flavor-
singlet hairpin diagram (the ghost exchange) between the
nucleons [16]. Its contribution to the central potential

reads [18]: V η
C (r) =

g2

ηN

4π
$σ1·$σ2

3

(

mπ

2mN

)2 (

1
r
− m2

0

2mπ

)

e−mπr.

Here gηN and m0 are the ηN coupling constant and a
mass parameter of the ghost, respectively. The ghost
potential has an exponential tail which dominates over
the Yukawa potential at large distances. Its significance
can be estimated by comparing the sign and the mag-
nitude of emπrVC(r) and emπrV eff

C (r) at large distances,
because V η

C (r) has an opposite sign between 1S0 and 3S1.
Our present data shows no evidence of the ghost at large
distances within errors, which may indicate gηN % gπN .

Several comments are in order here:

HAL

Lüscher

ポテンシャル

位相差

arXiv:2406.16665 [hep-lat], under review
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これまでのバリオン間力研究　→　主にS波が対象

　・ハドロン多体系ではP波相互作用を無視できない

　・LS力は原子核の魔法数や高密度核物質の物性に深い関わり


　現状は片手落ちの状態である！

何が難しいのか？

　→ 素朴にやる(all-to-all)と膨大な計算量が必要

　→ HAL法でよく用いられるwallソースだと正パリティ状態しか作れない

本研究の目的

　・P波状態に強く結合する演算子を用いてP波相互作用（LS力）を計算

　・フレーバーSU(3)対称な配位を用いた計算により、

　　クォーク質量依存性を系統的に理解する

<latexit sha1_base64="hOr4brKWO2EvNHcZd1Q8DWyjWfw="></latexit>
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↑ 今回はNNだけ

Introduction
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核力の一般形：Okubo-Marshak分解


V = V0(r) + (σ1 ⋅ σ2)Vσ(r) + S12VT(r) + (L ⋅ S)VLS(r) + 𝒪(p2)

LS力は原子核の魔法数や中性子星の物性において重要である

特に中性子星内部の高密度領域において, 3P2状態が引力的になり超流動を
引き起こすと考えられている

このような機構を第一原理から理解するために, 格子QCDによるLS力の　
導出が重要
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Nambu-Bethe-Salpeter (NBS) 波動関数

NBS波動関数は遠距離( )で位相差の情報を含む|r | → ∞

Method: HAL QCD法(1/3)

N. Ishii, S. Aoki and T. Hatsuda, PRL99 (2007).

S.Aoki, T.Hatsuda, and N.Ishii, PTP123,89 (2010).

 l,s(r;W ) ⇠ sin (kr � l⇡/2 + �ls(k))

kr
ei�ls(k)

<latexit sha1_base64="G5NQ26sh5qkvOIMn79RjlTuSDDY="></latexit>

 がシュレディンガー方程式の解になるようにポテンシャルを定義ψn(r)

<latexit sha1_base64="VIGWP41anlDrsZXXW0VGDNCzL1I="></latexit>⌦
0
��N(r + x, t)N(x, t)J̄NN (t0)

�� 0
↵

=
X

n

⌦
n
�� J̄NN

�� 0
↵
h0 |N(r + x)N(x) |ni e�Wn(t�t0)
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 n(r)
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Wn = 2
p
k2n +m2

<latexit sha1_base64="nRHzwIe48QU9HVG8+JhAPyIR1zA="></latexit>

1

m

�
k2n +r2

�
 n(r) =

Z
d3r0U(r, r0) n(r

0)
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格子QCDで計算できるのは4点関数 

Method: HAL QCD法(2/3)

時間依存型HAL QCD法 (通称, 時間依存法)


　4点関数に  のみが寄与するとき, HAL QCDポテンシャルは


　以下を満たす
Wn < Wth

<latexit sha1_base64="4yX7UQN447gm47iTF3crwg6xO1Y="></latexit>

CNN (r, t) =
X

n

An n(r)e
�Wnt

各エネルギー固有状態  を取り出すためには


・時間間隔  を大きく → 


・ソース演算子  を複数用意 ( が変化)して一般化固有値問題を解く


どちらも計算コストが大きく容易ではない

ψn(r)
t CNN(t) ∼ A0ψ0(r)e−W0t

J̄(t0) An

<latexit sha1_base64="N4dXi6z7LsizHhTwFK3c2+o/g5w="></latexit>

R(r, t) ⌘ CNN (r, t)⇥ e2m(t�t0)

<latexit sha1_base64="U1cV7B8zFh9wWwAbWdITz5bWm74="></latexit>⇢
r2

2µ
� @

@t
+

1

8µ

@2

@t2

�
R(~r, t) =

Z
d3~r 0 U(~r,~r 0)R(~r 0, t)

Ishii et al., PLB712 (2012) 437



7Method: HAL QCD法(3/3)

時間依存法ではエネルギー固有状態を分離する必要がない


　→  を満たす状態全てをシグナルとして利用できる


・基底状態を取り出す場合, 


　 


・弾性散乱状態を取り出す場合, 





→ 現実的コストで計算が可能

Wn < Wth

t − t0 ≫ (W1 − W0)−1 ≃ ((2π/L)2/m)−1 ≃ 5 − 10 fm

t − t0 ≫ (Wth − 2m)−1 ≃ Λ−1
QCD ≃ 1 fm



8Method: fLapH法 (1/4)

これまでのHAL QCDでは, ゼロ運動量射影に相当するウォールソース演算子
が主に使われてきた

　→ ハドロン中の全てのクォークが静止; 直感的には非物理的だが, なぜか(?)

　とても性質の良い結果を与える

しかしLS力を導出するためには 奇パリティ状態=非ゼロ運動量 を持つ

ソース演算子が必要


一般には任意の点 から別の任意の点 へのプロパゲータ; all-to-all propagator

が必要だが, 素朴にやると計算コストが莫大になり実行不可能

　→ 効率よくall-to-all propagator (の近似値)を計算する手法が不可欠

y x



9Method: fLapH法 (2/4)

アイデア: all-to-all propagatorのうち, 核子の低エネルギー状態に効く成分だ
けをうまく取り出す（distillation; 蒸留）

平面波の集合は, 格子上の座標空間の完全基底をなす
<latexit sha1_base64="JwEoHJurrjIZPCCtxAz+809DSRY="></latexit>

�x,y =
L3X

l=1

vl(x)v
⇤
l (y)
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vl(x) = L�3/2eipl·x

運動量カットオフ ⇔ レベルの和の打ち切り ... Laplacian Heaviside (LapH)
<latexit sha1_base64="BSNeXVs0vQW1o9o9V6FPOkvcktw="></latexit>

S(x,y) ⌘
NlX

l=1

vl(x)v
⇤
l (y) = ⇥(�2

s +�x,y)

<latexit sha1_base64="nNby0e32uyYjFyuXW04x9p6x2Fg="></latexit>

q̄(flapH)(x, t) ⌘
X

y

S(x,y)q̄(y, t) =
NlX

l=1

vl(x)q̃l(t)

fLapH法による場の演算子

<latexit sha1_base64="oqlPOOJkVIaZA9JskUdPaEgkfrU="></latexit>

N̄(p) =
X

l1,l2,l3

�3(pl1 + pl2 + pl3 � p)⇥ ✏abcū
a
l1

�
ūb
l2C�5d̄

c
l3

�



10Method: fLapH法 (3/4)

<latexit sha1_base64="Xx6tt7CHlCqk/E1/MeGOa963MlU="></latexit>

J̄(t) = P N

<latexit sha1_base64="xiFIvSEP/lzYAdP77Wkae+OrxvI="></latexit>

+q <latexit sha1_base64="AoXMlzOthcosMiVjoR2t27VUiig="></latexit>�q

P
<latexit sha1_base64="Xx6tt7CHlCqk/E1/MeGOa963MlU="></latexit>

J̄(t) =
u

u
d

u

u
d

u

u
d

<latexit sha1_base64="W9PeC0PqwaRL/uQmfEIO3cY2vPg="></latexit>

+

<latexit sha1_base64="W9PeC0PqwaRL/uQmfEIO3cY2vPg="></latexit>

+
<latexit sha1_base64="2TUobAU4PxP9zR6Bm5HJ883qyEY="></latexit>

+ · · ·

<latexit sha1_base64="cxm7ZhDGvIi6e8SlVuC1eB1GF40="></latexit>q
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J̄(t) = P N

<latexit sha1_base64="xiFIvSEP/lzYAdP77Wkae+OrxvI="></latexit>
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P
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J̄(t) =
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u
d
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u
d

u

u
d

<latexit sha1_base64="W9PeC0PqwaRL/uQmfEIO3cY2vPg="></latexit>

+
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+
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q = (0,0,0),

　   (1,0,0), (0,1,0), (0,0,1), (-1,0,0), (0,-1,0), (0,0,-1),

　   (1,1,0), (0,1,1), (1,0,1), (1,-1,0), (0,1,-1), (-1,0,1), (-1,1,0), (0,-1,1), (1,0,-1), 

　   (-1,-1,0), (0,-1,-1), (-1,0,-1), 

高運動量モードをカット

→  ... wall sourceNl = 1 ( |q |2 = 0)
→ Nl = 7 ( |q |2 ≤ 1)

→ Nl = 19 ( |q |2 ≤ 2)

Method: fLapH法 (3/4)



低エネルギー散乱には低運動量モードが主に効くはず

　→ all-to-all propagatorの精度良い近似を与える

HAL QCD法ではソース演算子はなんでも良い

　→ ゲージ共変性を破るスメアリングでも, ゲージ固定すればOK

　→ 運動量保存則を厳密に適用できるので, 計算量が削減できる

12Method: fLapH法 (4/4)

gauge-covariant LapH (cLapH) Peardon et al., PRD80 (2009) 054506

�̃ab
x,y(t) =

3X

i=1

h
Ũab
i (x, t)�x+î,y + Ũab†

i (x, t)�x�î,y � 2�ab�x,y
i

<latexit sha1_base64="UqwhxuUZjDFRltv3OYiR13APhbs="></latexit>

ゲージ共変なラプラシアンの固有状態を使う

物理的モチベーションはfLapHと同等だが, 運動量保存則は統計的にしか成り
立たない → 計算コストは 


fLapHは  で実行可能で, 我々のセットアップでは100倍超の効率改善

𝒪(N4
l )

𝒪(N3
l )



13先行研究

"Spin-orbit force from lattice QCD"
Murano, Ishii et al., PLB 735 (2014) 19-24

・CP-PACS配位 @  lattice ( ), 


・momentum wallソース演算子
163 × 32 a = 0.1555 fm mπ = 1133 MeV

<latexit sha1_base64="Xx6tt7CHlCqk/E1/MeGOa963MlU="></latexit>

J̄(t) =

<latexit sha1_base64="xiFIvSEP/lzYAdP77Wkae+OrxvI="></latexit>

+q
<latexit sha1_base64="AoXMlzOthcosMiVjoR2t27VUiig="></latexit>�q

u

ud u

d
d

：物理的状態との

オーバーラップが小さい？

K. Murano et al. / Physics Letters B 735 (2014) 19–24 23

Table 1
Fit parameters and χ2/d.o.f.

Channel a1 [MeV] a2 [MeV] a3 [MeV] ν1 ν2 ν3 χ2/d.o.f.

V I=0
C;S=0 2173 (268) 762 (62) 236 (65) 11 (2) 2.1 (0.3) 0.6 (0.1) 1.7 (0.8)

V I=1
C;S=1 421 (122) 233 (74) 397 (16) 11.5 (0.4) 1.3 (0.2) 3.9 (0.1) 1.1 (1.0)

V I=1
T 711 (11) 16 (5) – 2.6 (0.2) 0.5 (0.1) – 0.8 (0.5)

V I=1
L S −45 (17) −181 (5) −315 (12) 0.4 (0.1) 1.4 (0.2) 5.3 (0.3) 3.6 (0.7)

Fig. 2. The scattering phase shifts from Schrödinger equations by using the poten-
tials obtained at mπ " 1133 MeV from lattice QCD. (a) Phase shifts in 1 P1, 3 P0
and 3 P1 together with the experimental ones for comparison. (b) The phase shifts 
and mixing parameter in the 3 P2–3 F2 channel together with the experimental ones. 
(Stapp’s convention is adopted [30].) The inner error is statistical, while the outer 
one is statistical and systematic combined in quadrature.

that the latter dominates in the 3 F2 channel. Although the magni-
tude of the phase shifts obtained from our potentials are smaller 
than the experimental ones, general trends are well reproduced ex-
cept for the 3 P0 case at low energies. The missing attraction in the
3 P0 channel is likely due to the weak tensor force V T caused by 
the large pion mass. Among others, the most interesting feature in 
Fig. 2 is the attraction in the 3 P2 channel, which is directly related 
to the paring correlation of the neutrons inside the neutron stars.

To obtain an intuitive understanding of the behavior of these 
phase shifts, we plot the potentials of the 1 P1, 3 P0, 3 P1 and 3 P2
channels in Fig. 3, as defined in Eqs. (1)–(3) and below. Indeed, one 
can see that V (r; 3 P2) has a weak repulsive core surrounded by an 
attractive well; the attraction is driven by the strongly attractive 
LS force, V I=1

L S (r) in Fig. 1.
We give a comment on the reliable energy region of these 

phase shifts. Through the time-dependent method, these phase 

Fig. 3. The potentials for the 1 P1, 3 P0, 3 P1 and 3 P2 channels given in Eqs. (1)–(3)
and below.

shift are obtained based on the NBS wave functions at the en-
ergy points E lab " 2(2π/L)2#n2/mN " 230, 460, 690, · · · MeV with 
#n ∈ Z3. Except for these energy points and the point for E lab = 0
where the value of the phase shift vanishes by definition, the 
phase shifts are obtained by assuming that the derivative ex-
pansion is converged so that the truncated potentials in Eq. (6)
do not depend on the energy. Because the contribution from 
E lab " 230 MeV gradually dominates the intermediate states in 
R(#r, t; J ) as t increases, the most reliable energy region of 
the phase shift is around E lab " 230 MeV. Reliability for E lab <

230 MeV can be explicitly examined by enlarging the spatial vol-
ume. Reliability for E lab > 230 MeV can be examined by changing 
relative weight of excited states, which can be done either by 
studying the t dependence of the truncated potentials or by chang-
ing the two-nucleon source operator. Note that these arguments 
apply to any choices of interpolating fields.

5. Conclusion

We have made a first attempt to determine NN potentials up 
to NLO in the parity-odd sector, which appears in the 1 P1, 3 P0, 
3 P1, 3 P2–3 F2 channels. Using N f = 2 CP-PACS gauge configura-
tions on a 163 × 32 lattice (a " 0.16 fm and mπ " 1100 MeV), not 
only the central and the tensor potentials but also the spin–orbit 
potential have been derived for the first time. These potentials are 
constructed from NBS wave functions for J P = 0−, 1−, 2− , which 
are generated by using the momentum wall sources with projec-
tions based on the representation theory of the cubic group.

We have observed that the qualitative behavior of the resultant 
potentials agree with those of phenomenological potentials: For 
the spin-singlet sector, the central potential V I=0

C;S=0(r) is repulsive 
with a strong repulsive core at short distance. For the spin-triplet 
sector, (i) the central potential V I=1

C;S=1(r) is also repulsive with a 
repulsive core at short distance, (ii) the tensor potential V I=1

T (r) is 
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Table 1
Fit parameters and χ2/d.o.f.

Channel a1 [MeV] a2 [MeV] a3 [MeV] ν1 ν2 ν3 χ2/d.o.f.

V I=0
C;S=0 2173 (268) 762 (62) 236 (65) 11 (2) 2.1 (0.3) 0.6 (0.1) 1.7 (0.8)

V I=1
C;S=1 421 (122) 233 (74) 397 (16) 11.5 (0.4) 1.3 (0.2) 3.9 (0.1) 1.1 (1.0)

V I=1
T 711 (11) 16 (5) – 2.6 (0.2) 0.5 (0.1) – 0.8 (0.5)

V I=1
L S −45 (17) −181 (5) −315 (12) 0.4 (0.1) 1.4 (0.2) 5.3 (0.3) 3.6 (0.7)

Fig. 2. The scattering phase shifts from Schrödinger equations by using the poten-
tials obtained at mπ " 1133 MeV from lattice QCD. (a) Phase shifts in 1 P1, 3 P0
and 3 P1 together with the experimental ones for comparison. (b) The phase shifts 
and mixing parameter in the 3 P2–3 F2 channel together with the experimental ones. 
(Stapp’s convention is adopted [30].) The inner error is statistical, while the outer 
one is statistical and systematic combined in quadrature.

that the latter dominates in the 3 F2 channel. Although the magni-
tude of the phase shifts obtained from our potentials are smaller 
than the experimental ones, general trends are well reproduced ex-
cept for the 3 P0 case at low energies. The missing attraction in the
3 P0 channel is likely due to the weak tensor force V T caused by 
the large pion mass. Among others, the most interesting feature in 
Fig. 2 is the attraction in the 3 P2 channel, which is directly related 
to the paring correlation of the neutrons inside the neutron stars.

To obtain an intuitive understanding of the behavior of these 
phase shifts, we plot the potentials of the 1 P1, 3 P0, 3 P1 and 3 P2
channels in Fig. 3, as defined in Eqs. (1)–(3) and below. Indeed, one 
can see that V (r; 3 P2) has a weak repulsive core surrounded by an 
attractive well; the attraction is driven by the strongly attractive 
LS force, V I=1

L S (r) in Fig. 1.
We give a comment on the reliable energy region of these 

phase shifts. Through the time-dependent method, these phase 

Fig. 3. The potentials for the 1 P1, 3 P0, 3 P1 and 3 P2 channels given in Eqs. (1)–(3)
and below.

shift are obtained based on the NBS wave functions at the en-
ergy points E lab " 2(2π/L)2#n2/mN " 230, 460, 690, · · · MeV with 
#n ∈ Z3. Except for these energy points and the point for E lab = 0
where the value of the phase shift vanishes by definition, the 
phase shifts are obtained by assuming that the derivative ex-
pansion is converged so that the truncated potentials in Eq. (6)
do not depend on the energy. Because the contribution from 
E lab " 230 MeV gradually dominates the intermediate states in 
R(#r, t; J ) as t increases, the most reliable energy region of 
the phase shift is around E lab " 230 MeV. Reliability for E lab <

230 MeV can be explicitly examined by enlarging the spatial vol-
ume. Reliability for E lab > 230 MeV can be examined by changing 
relative weight of excited states, which can be done either by 
studying the t dependence of the truncated potentials or by chang-
ing the two-nucleon source operator. Note that these arguments 
apply to any choices of interpolating fields.

5. Conclusion

We have made a first attempt to determine NN potentials up 
to NLO in the parity-odd sector, which appears in the 1 P1, 3 P0, 
3 P1, 3 P2–3 F2 channels. Using N f = 2 CP-PACS gauge configura-
tions on a 163 × 32 lattice (a " 0.16 fm and mπ " 1100 MeV), not 
only the central and the tensor potentials but also the spin–orbit 
potential have been derived for the first time. These potentials are 
constructed from NBS wave functions for J P = 0−, 1−, 2− , which 
are generated by using the momentum wall sources with projec-
tions based on the representation theory of the cubic group.

We have observed that the qualitative behavior of the resultant 
potentials agree with those of phenomenological potentials: For 
the spin-singlet sector, the central potential V I=0

C;S=0(r) is repulsive 
with a strong repulsive core at short distance. For the spin-triplet 
sector, (i) the central potential V I=1

C;S=1(r) is also repulsive with a 
repulsive core at short distance, (ii) the tensor potential V I=1

T (r) is 
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- 格子体積： 


- フレーバーSU(3)対称なゲージ配位


- 3種類のクォーク質量


(1) , 

(2) , 

(3) , 


- 統計数： 


- Nlevel=19

L3T = 324

mπ = 470 MeV mN = 1165 MeV
mπ = 670 MeV mN = 1480 MeV
mπ = 840 MeV mN = 1740 MeV

(480, 360, 756) confs × 4 rotations × 16 tsrc × 2 fwd/bwd

Lattice Setup

T.Inoue et al., PRL106 (2011) 162002.



15LS力の決定方法

格子上の回転対称性を利用して, 3P0, 3P1, 3P2 + 3F2 状態成分を取り出す
<latexit sha1_base64="BzJEDE1MlOU++F5e4PZq6f8m6As="></latexit>

Vc(r)R
J (r, t) + VT (r)S12R

J (r, t) + VLS(r)(L · S)RJ (r, t)

=

✓
r2

2m
� @

@t
+

1

4m

@2

@t2

◆
RJ (r, t)

 が のみの関数であることを要請：


以下の"内積"により動径成分を取り出す
Vc(r), VT(r), VLS(r) r = |r |

<latexit sha1_base64="u/f7xhuey6TyQqDluG5Zj21r5rI="></latexit>

hA(r), B(r)i ⌘
X

g2O

A⇤

�↵(gr)B↵�(gr)

解くべき方程式は
<latexit sha1_base64="B9j+ZljHQvLdOU0LlC6hQad6UQ8="></latexit>

Vc(r)F
J
c (r, t) + VT (r)F

J
T (r, t) + VLS(r)F

J
LS(r, t) = KJ (r, t)

<latexit sha1_base64="4UOPH0OVXK64Txk2pgc4t+q7ZeQ="></latexit>

FJ
c (r, t) =

⌦
RJ (r, t), RJ (r, t)

↵ <latexit sha1_base64="blXQkzl34Eg5VnJaj4ZlElhtxCk="></latexit>

FJ
T (r, t) =

⌦
RJ (r, t), S12R

J (r, t)
↵

<latexit sha1_base64="t4snMYc/uG6BXs7mGbjM+QdiCRE="></latexit>

FJ
LS(r, t) =

⌦
RJ (r, t), (L · S)RJ (r, t)

↵

<latexit sha1_base64="p9kmQGnRkhf6xcB6ONcqUiYfD0A="></latexit>

KJ (r, t) =

⌧
RJ (r, t),

✓
r2

2m
� @

@t
+

1

4m

@2

@t2

◆
RJ (r, t)

�



16

S=I=1 (P波)のポテンシャル (mπ=470MeV)

赤：中心力　黒：テンソル力　青：LS力

Results: ポテンシャル(2)

preliminary
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3P0, 3P1, 3P2 チャンネル (mπ=470MeV)

青：3P0　緑：3P1　赤：3P2（3F2との結合項は無視）

Results: ポテンシャル(3)

preliminary
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中心力（mpi=470,670,840 MeV） テンソル力（mpi=470,670,840 MeV）

LS力（mpi=470,670,840 MeV）

Results: ポテンシャル(4)

preliminary
preliminary

preliminary
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3P2+3F2 物理量 (チャンネル結合込み, mπ=470MeV)

赤：3P2位相差　緑：3F2位相差　青：mixing angle

Results: 散乱位相差

preliminary
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3P0

Results: 散乱位相差

3P1

preliminary preliminary



21以前のHALの結果と比較
Murano-Ishii et al.(2014)

・(実験値よりは弱いが) 3P2チャンネルが引力的：本研究では斥力

・体積16³×32, mπ=1133 MeV：格子が小さくてクォークは重い

・「運動量0の2q+運動量≠0の1q」の核子演算子：非物理的(？)

K. Murano et al. / Physics Letters B 735 (2014) 19–24 23

Table 1
Fit parameters and χ2/d.o.f.

Channel a1 [MeV] a2 [MeV] a3 [MeV] ν1 ν2 ν3 χ2/d.o.f.

V I=0
C;S=0 2173 (268) 762 (62) 236 (65) 11 (2) 2.1 (0.3) 0.6 (0.1) 1.7 (0.8)

V I=1
C;S=1 421 (122) 233 (74) 397 (16) 11.5 (0.4) 1.3 (0.2) 3.9 (0.1) 1.1 (1.0)

V I=1
T 711 (11) 16 (5) – 2.6 (0.2) 0.5 (0.1) – 0.8 (0.5)

V I=1
L S −45 (17) −181 (5) −315 (12) 0.4 (0.1) 1.4 (0.2) 5.3 (0.3) 3.6 (0.7)

Fig. 2. The scattering phase shifts from Schrödinger equations by using the poten-
tials obtained at mπ " 1133 MeV from lattice QCD. (a) Phase shifts in 1 P1, 3 P0
and 3 P1 together with the experimental ones for comparison. (b) The phase shifts 
and mixing parameter in the 3 P2–3 F2 channel together with the experimental ones. 
(Stapp’s convention is adopted [30].) The inner error is statistical, while the outer 
one is statistical and systematic combined in quadrature.

that the latter dominates in the 3 F2 channel. Although the magni-
tude of the phase shifts obtained from our potentials are smaller 
than the experimental ones, general trends are well reproduced ex-
cept for the 3 P0 case at low energies. The missing attraction in the
3 P0 channel is likely due to the weak tensor force V T caused by 
the large pion mass. Among others, the most interesting feature in 
Fig. 2 is the attraction in the 3 P2 channel, which is directly related 
to the paring correlation of the neutrons inside the neutron stars.

To obtain an intuitive understanding of the behavior of these 
phase shifts, we plot the potentials of the 1 P1, 3 P0, 3 P1 and 3 P2
channels in Fig. 3, as defined in Eqs. (1)–(3) and below. Indeed, one 
can see that V (r; 3 P2) has a weak repulsive core surrounded by an 
attractive well; the attraction is driven by the strongly attractive 
LS force, V I=1

L S (r) in Fig. 1.
We give a comment on the reliable energy region of these 

phase shifts. Through the time-dependent method, these phase 

Fig. 3. The potentials for the 1 P1, 3 P0, 3 P1 and 3 P2 channels given in Eqs. (1)–(3)
and below.

shift are obtained based on the NBS wave functions at the en-
ergy points E lab " 2(2π/L)2#n2/mN " 230, 460, 690, · · · MeV with 
#n ∈ Z3. Except for these energy points and the point for E lab = 0
where the value of the phase shift vanishes by definition, the 
phase shifts are obtained by assuming that the derivative ex-
pansion is converged so that the truncated potentials in Eq. (6)
do not depend on the energy. Because the contribution from 
E lab " 230 MeV gradually dominates the intermediate states in 
R(#r, t; J ) as t increases, the most reliable energy region of 
the phase shift is around E lab " 230 MeV. Reliability for E lab <

230 MeV can be explicitly examined by enlarging the spatial vol-
ume. Reliability for E lab > 230 MeV can be examined by changing 
relative weight of excited states, which can be done either by 
studying the t dependence of the truncated potentials or by chang-
ing the two-nucleon source operator. Note that these arguments 
apply to any choices of interpolating fields.

5. Conclusion

We have made a first attempt to determine NN potentials up 
to NLO in the parity-odd sector, which appears in the 1 P1, 3 P0, 
3 P1, 3 P2–3 F2 channels. Using N f = 2 CP-PACS gauge configura-
tions on a 163 × 32 lattice (a " 0.16 fm and mπ " 1100 MeV), not 
only the central and the tensor potentials but also the spin–orbit 
potential have been derived for the first time. These potentials are 
constructed from NBS wave functions for J P = 0−, 1−, 2− , which 
are generated by using the momentum wall sources with projec-
tions based on the representation theory of the cubic group.

We have observed that the qualitative behavior of the resultant 
potentials agree with those of phenomenological potentials: For 
the spin-singlet sector, the central potential V I=0

C;S=0(r) is repulsive 
with a strong repulsive core at short distance. For the spin-triplet 
sector, (i) the central potential V I=1

C;S=1(r) is also repulsive with a 
repulsive core at short distance, (ii) the tensor potential V I=1

T (r) is 



22まとめと考察

・HAL QCD法とfLapH法を組み合わせることでNN P波ポテンシャルを計算した

・我々の結果は、村野-石井(2014)の結果と訂正的に一致

　しかしLS力はやや弱くなり、実験値から遠ざかる方向に動いている？


