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I. Introduction

⋆ Nuclear properties & nucleonic interaction

Micro. (realistic)
nucleonic int.

“Phenom.” nucleonic int.

Nuclear structure
& reactions

fitting

?

gap !

“gap” b/w micro. int. & phenom. int. (in KS / SCMF approach)

— needs to be filled !

◦ micro. int. → precision for E/A : a few 100 keV≈ 2%

vs. KS w/ phenom. int.

→ precision for 208Pb : a few MeV out of 1.6GeV ≈ 0.2%

◦ phenom. int. (← fitting)

→ not extendable to unfitted quantities

⇒ KS approach w/ “semi-realistic int.” ( · · · fine tuning)
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⋆ “Minimal composition” (≈ “essence”) of Kohn-Sham theory

H.N., Phys. Scr. 98, 105007

EKS[%] ← E
[
Q[%]

]
= min

Ψ→Q
E[Ψ]

Q : principal variables(
n(r) ∈ Q · · · unnecessary !

)
% : 1-b. DM

KS DFT

⋆ “v-representability”= differentiability ↔ universality of EKS[%]

— should not be disregarded !

⋆ KS orbitals · · · artifact ? → “quasiparticle” à la Landau

(= dressed particle)

|Ψexact⟩ = U(0,−∞) |ΦKS⟩ U(t, t0) : time-evolution op.(
H → hKS + (H − hKS) eηt

)
∵) adiabatic theorem

= U(0,−∞)
[ N∏
i=1

aKS †
i |0⟩

]
=

N∏
i=1

[
U(0,−∞) aKS †

i U−1(0,−∞)
]
|0⟩

“quasiparticle”
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⋆ Extension of KS approach to s.p. states at ε > 0

structure of EKS[%] ? (— complicated manifold)

hKS =
δEKS

δ%
=

p2

2M
+ UKS → s.p. states
↑

containing many-body corr.

◦ minimization

↔ small-“curvature” submanifold

↔ low-ε s.p. states

◦ high-ε s.p. states (incl. ε > 0)

↔ large-“curvature” submanifold

◦ v-representability (for g.s.)

↔ universality w.r.t. particle # ?

UKS at ε > 0 ↔ real part of optical pot. VSFP

many-body corr. ↔ “dynamical pol. effect”

imag. part ? — beyond MF (KS)

cf. δ2E/δ%2 ↔ RPA or TDKS
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⋆ N-A scattering

|ΨA⟩ ⊗ |ψN⟩ →


|ΨA⟩ ⊗ |ψN⟩ (elastic)

|Ψ∗A⟩ ⊗ |ψN⟩ (inelastic)

|ΨA1⟩ ⊗ |ΨA2⟩
...

→ “absorption”

channel branching — beyond KS

“KS approach” to elastic channel : EKS[%] →

{
|ΨA⟩ ≈ |ΦKS

A ⟩
(VSFP →) |ψN⟩
(dressed nucleon)
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II. Self-consistent single-nucleon potential

⋆ Self-consistent pot. from eff. int. (or EF) ⇐ variational principle

E[%] =
∑
αα′

⟨α| p
2

2M
|α′⟩ %α′α +

1

2

∑
αα′ββ′

⟨αβ|v̂eff|α′β′⟩ %α′α %β′β

→ h|α(0)⟩ = εα(0)|α
(0)⟩ with h =

∑
αα′

|α⟩ δE
δ%α′α

∣∣∣∣
%(0)
⟨α′| = p2

2M
+ U

input : eff. int. (or EF) · · · v̂eff =
∑
i

Ci[n(r)] · ŵi
ŵi : two-body operator

→ U |α⟩ =
∑
i

∑
ββ′

〈
∗β
∣∣Ci[n(0)(Rαβ)] · ŵi

∣∣αβ′〉 %(0)ββ′
+
1

2
|α⟩

∑
i

∑
α′′α′ββ′

C ′i[n
(0)(rα)]

〈
α′′β

∣∣δ(rα −Rα′′β) · ŵi
∣∣α′β′〉 %(0)α′α′′ %(0)β′β

↑
rearrangement term{

minEA[%
(0)] (iterative) → |ΦA⟩

U (= VSFP) from EA+1[%
(0) + δ%] → |ψN⟩

(
%(0) ↔ |ΦA⟩

)
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⋆ Finite-range eff. int. (↔ non-local EF)

— possibly important to cover high ε

• SCMF code : MFGSB → accessible @ Chiba U. Repository

(https://opac.ll.chiba-u.jp/da/curator/900123722/?lang=1; DOI : 10.20776/900123722)

◦ GEM (multi-range Gaussian bases)

◦ adapted to finite-range int. · · · Yukawa f.f. (& tensor force)

◦ able to describe halo

• complete formulae for UKS (= VSFP) → derived (up to v̂
(LS)
ij & v̂

(TN)
ij )

H.N. & K. Ishida, PRC 109, 044614

• new code applicable to non-local optical pot. → available

(e.g. SIDES)
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exchange term

of v̂
(LS)
ij :
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⋆ Eff. int. (or EF) to be used · · · v̂ij = v̂
(C)
ij + v̂

(LS)
ij + v̂

(TN)
ij + v̂

(Cρ)
ij

M3Y int. · · · Yukawa f.f. → fit to G-matrix (@ n ≈ n0/3)

‘M3Y-Pn ’ H.N., PRC 68, 014316

•modifying M3Y-Paris

{
replace short-range part of v̂(C) by v̂(Cρ)

enhance v̂(LS) (↔ `s splitting)

• keeping v̂
(C)
OPEP (longest-range part)

• no change for v̂(TN) from M3Y-Paris — realistic tensor force

M3Y-P6 : H.N., PRC 87, 014336; IJMPE 29, 1930008

· · · “semi-realistic” int. — compromise of micro. & phenom. int.

or “fine tuning” of micro. int.

(· · · attempt to fill the gap !)

(Gogny-D1S & Skyrme-SLy4 · · · for comparison)
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⋆ Unphysical instabilities (— in many SCMF int. even at MF level ?)

Curvatures of E/A

against spin & isospin exc. :
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H.N., PRC 87, 014336 (’13)

Instabilities in nuclear matter —

e.g. response fn. (with v̂(TN)) :

“A quite remarkable result is that
the Nakada’s interactions are
essentially free from instabilities
up to ≈ 2ρ0”

D. Davesne et al.,

PPNP 120, 103870 (’21)
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⋆ S.p. pot. @ ε < 0 — e.g. magic numbers

← quenching of pair correlation

M3Y-P6

N

Z

Z magic
submagic (0.5)

(0.8)

N magic
submagic (0.5)

(0.8)

N=50

N=82

N=126

N=184

Z=8

Z=20

Z=28

Z=50

Z=82

28

164

14

40

58

64

92

120
126

H.N. & K. Sugiura, PTEP. 2014, 033D02

⇒ magic # compatible with almost all available data !

(· · · good s.p. pot. at ε < 0)
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⋆ S.p. pot. @ ε > 0 · · · A→∞ limit (homogeneous nuclear matter)

⟨kστ |U |kστ⟩ ≈ U0(εN ;n) + τ U1(εN ;n) ηt ; ηt :=
∑
τ ′

τ ′nτ ′
/
n

(non-locality→ k → εN)

↕

lim
A→∞

Vemp(r = 0) ≈ U emp
0 (εN ; ρ0)− τ U emp

1 (εN ; ρ0)
N − Z
A

; τ =

{
+1 for p

−1 for n

(local, A-& εN-dep.)

Vemp ←

{
Koning-Delaroche (0.001 ≤ εN ≤ 200MeV) NPA 713, 231

‘CH89’ (10 ≤ εN ≤ 65MeV) Phys. Rep. 201, 57(
KD · · · care needed for A→∞

∵ (c1A) term with small |c1|

)
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⋆ S.p. pot. @ ε > 0 · · · finite (doubly magic) nuclei

|ΨA+1⟩ ≈ |ΦA⟩ ⊗ |ψN⟩
|ΦA⟩ ← “SCMF” (or KS) (ε < 0)

|ψN⟩ ← U = VSFP + iWemp (ε > 0)
VSFP = U — self-consistent pot.

· · · non-local, εN-indep.
Wemp ← KD · · · local, A-& εN-dep. (empirical)

|ΦA⟩ & VSFP

↖
same framework, same eff. int.

⇒ observables
(dσel
dΩ

, σreac or σtot, Ay, etc.
)
via SIDES code

CPC 254, 107340
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• cross sections (up to angle-dep.)
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• validity for Wemp combined with VSFP ?
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• spin-dep. ?
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=⇒ good s.p. pot. in −20 ≲ ε ≤ (65− 80)MeV !
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• elastic scatt. off halo nuclei ? · · · U emp — questionable !

→ 86Ni : (nearly) doubly magic with n2s1/2 occ. PRC 81, 051302(R)
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⋆ Validity / limitation of (Brieva-Rook) local approx.

NPA 291, 299 & 317; 297, 206

• Brieva-Rook LA · · · VSFP ← n
(0)
p,n(r) only !

— valid for “any” A & εN ?

• beyond n
(0)
p,n(r) ? → %(0)(r, r′) (1-b. DM)

advantage of PW · · ·


%(0) within int. range : well examined !

influence of v̂
(LS)
ij (& v̂

(TN)
ij )

can be investigated

cf. H.F. Arellano et al., PRC 42, 652

K. Minomo et al., JPG 37, 085011
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• cross sections (up to angle-dep.)
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• scatt. off halo nuclei ?

10
-4

10
-2

10
0

10
2

10
4

10
6

10
8

0 30 60 90 120 150 180

p-86Ni

εp=16.0 MeV (×104)

εp=30.0 MeV (×102)

εp=65.0 MeV

εp=80.0 MeV (×10-2)

dσ
el

 / 
dΩ

 (
m

b)

θc.m. (deg)

exact (non-local SFP)

LA for v̂(C)

LA for v̂(C) + v̂(LS)

KD (empirical)

◦ notable influence of LA

@ εp = 16MeV

↔ halo

◦ coupling to continuum

— VSFP good enough ?

→ future exp. ?
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V. Summary & perspective

⋆ Self-consistent single-nucleon pot.

· · · extention of KS approach w.r.t. ε

→ target w.f. & VSFP (non-local, εN-indep.)
↘

N-A scatt. (A→∞ limit & finite nuclei)

• Wide energy range (ε ≲ 80MeV) can be covered

by a single energy-indep. int. ! (— demonstrated by M3Y-P6)

· · · power of KS approach w/ semi-realistic int.

↪→ filling the gap b/w micro. & phenom. int. (“fine tuning”)

• Optical pot. @ unstable nuclei

· · · beyond empirical pot. e.g. halo effects

• (Brieva-Rook) LA

◦ insufficient @ large q (εN ≲ 80MeV)

◦ significant influence of LA for v̂(LS)

◦ insufficient for halo nuclei (even at low q)
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⋆ Implication

• Extendability with enhanced analyticity of EKS[%]

(↔ v-representability)

↪→ collection of well-examined s.p. pot. & levels up to high-ε

• Future extension to finite-T ? (optimistic view)

existence of FKS
T [%] = (E − TS)KS[%] @ each T

← min
{Ψ}→Q

FT : constrained search

dominance of s.p. d.o.f. @ higher-T → rationality of FKS
T [%]

— analyticity w.r.t. T ? · · · UKS @ high-ε ?

↪→ EoS @ finite-T consistent with exp. data

cf. detailed balance → no absorption @ equilibrium

ε ≲ 80MeV→ T ≲ 30MeV ⇒ applicability to supernovae !(?)




