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Wilson loops as 1-dimensional defects

Wilson lines are fundamental observables in any gauge theories

(W) =Pexp(—1 ttf dt L(t))

In a CFT, for instance N’ =4 SYMind = 4 or ABUM in d = 3, a Wilson line can be

viewed as a conformal defect. [Giombi Roiban Tseytlin 17] [Giombi Beccaria Tseytlin 18]
[Bianchi, Bliard, Forini, Griguolo, Seminara 20]
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A straight line breaks the original conformal symmetry to

a) dilatations, translations and special conformal transformations along the line
b) rotations around the line

+ part of the R-symmetry + part of the supersymmetry

Thus the Wilson loop implicitly debPnes adefect CFT.

Can we study this OsimplerO CFT?



A defect CFT;,

The set of correlators of operator insertions along the line

B <TI‘(91 (tl)WOQ (tz) . On_l(tn_l)WOn (tn)>

(O(t1)O(t2) ... O(tn))y = (W)

where
(W) = Pexp(—zft2dt£ (¥))

can be interpreted as characterizing a defect CFT;.



A defect CFT;,

The set of correlators of operator insertions along the line

<TI‘(91 (tl)WOQ (tg) . On_l(tn_l)WOn (tn)>
(W)

<O(t1)0(t2) - O(tn)>W —

where
(W) = Pexp (— ifttlz dt L(t))

can be interpreted as characterizing a defect CFT;.
It should be fully determined by its spectrum of dimensions and OPE coefficients.

Also: operator insertions are equivalent to deformations of the Wilson line
[Drukker, Kawamoto 2006]

Complete knowledge of these correlators would, in principle, allow to compute the
expectation value of general Wilson loops which are deformations of the line or circle.



A defect CFT1: the 1/2 BPS Wilson line in ABJM theory

The set of correlators of operator insertions along the line

(Ot1)O(t2) ... O(tn))yy = (TrO1(t1)WO2(t2) . A/{%ﬂl(tnl)wcn(tn»

where

(W) = Pexp(—zft2dt£ (¥))

can be interpreted as characterizing a defect CFT;.
It should be fully determined by its spectrum of dimensions and OPE coefficients.

Consider the N/ = 6 superconformal Chern-Simons-matter theory in d = 3 (ABJM).
Its original symmetry, OSp(6|4), is broken by the 1/2 BPS Wilson line to SU(1, 1|3),
the V' = 6 superconformal group in d = 1.

Its bosonic subgroup is SO(2,1) x U(1) s x SU(3)g.

Operator insertions along the Wilson line are labelled by [A;m; 51, j2].



The displacement supermultiplet

Among the possible operator insertions (defect operators), a special role is played by
a set of Oelementary excitationsO with protected scaling dimension.

They fall into a short representation of the SU (1, 1|3) subalgebra

It is a chiral multiplet, the displacement supermultiplet

£,3,0,0] F, P
1,2,1,0] 0 @ a=1,23
2,2,0,1 14,98, a=1,23

[2,3,0,0] D, B



The displacement supermultiplet

Among the possible operator insertions (defect operators), a special role is played by
a set of Oelementary excitationsO with protected scaling dimension.
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Translational invariance is broken, the stress tensor is no longer conserved and the

usual conservation law needs to be modibed by some additional terms localized
on the defect.



The displacement supermultiplet

Among the possible operator insertions (defect operators), a special role is played by
a set of Oelementary excitationsO with protected scaling dimension.

They fall into a short representation of the SU (1, 1|3) subalgebra

It is a chiral multiplet, the displacement supermultiplet

55 %,0,0] F, P
1,2,1,0] 0* @ a=1,23
8F+8B
[%,%.[).1' 12 B, a=1,223 like the DOF of
BN transverse
B j‘3 0.0] D B string fluctuations
2.3.0.0 :

All operators in the supermultiplet can be related to broken symmetry generators.



The displacement supermultiplet

Their 2-point functions are particularly simple, e.g.

._ Cb
ID(t1)B(t2)" = A
1,
- N . . B' h' L I\/I - - 18
where the normalization constant Cp = 12 B, »(! ) has a physical meaning: {B:Zzgh: nggz lge]"ne” |
It coincides with the Bremsstrahlung function, one of the few unprotected observables

known to each order in AdAS/CFT. [Correa Henn Maldacena Sever 12]
[Bianchi Griguolo Preti Seminaral?7] [Bianchi Preti Vescovi 18]
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Their 2-point functions are particularly simple, e.g.
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Their 3-point functions vanish by symmetry.

Their 4-point functions, on the other hand, have a less costrained form
1

01 ()01 (2)01 (13)01 (ta)" = (- 55-G(!).

-G(! ) has non-trivial dependence on the coupling and conformal cross ratio ! = —t 12 :23

They encode in particular scaling dimensions and structure constants of
unprotected operators appearing in the OPE.



The displacement supermultiplet

Their 2-point functions are particularly simple, e.g.

ID(t1)B(t2)" = -2
U
[Bianchi Lemos Meineri 18]
[Bianchi Lemos 19]
It coincides with the Bremsstrahlung function, one of the few unprotected observables

known to each order in AdAS/CFT. [Correa Henn Maldacena Sever 12]
[Bianchi Griguolo Preti Seminaral?7] [Bianchi Preti Vescovi 18]

where the normalization constant Cp = 12 B4, »(! ) has a physical meaning:

Their 3-point functions vanish by symmetry.

Their 4-point functions, on the other hand, have a less costrained form

10y (t1)O1 (t2)O1 (t3)O (tg)" =

-G(!) has non-trivial dependence on t

superspace analysis analytic bootstrap direct (Witten) diagrammatics
at strong coupling via AAS/CFT




Chiral correlators in superspace

The supermultiplet accomodating the displacement operator is the chiral one.
We consider the chiral superbeld y = x! ! 5%)

L(y,1)= F(y)+ 1aO?(y) + 1alp"®C 1 o(y) + Talp!c @ D(y),

The two-point function reads

Ci
"1

in terms of the chiral distance "iP#=y; ! y; ! 21214,

"I (y1,11)8(y2, B)#=



Chiral correlators in superspace

The supermultiplet accomodating the displacement operator is the chiral one.
We consider the chiral superbeld y = x! ! 5%)

L(y,1)= F(y)+ 1aO?(y) + 1alp"®C 1 o(y) + Talp!c @ D(y),

The most general form for the 4-point function is

11102 B (1,15)P (Ve P)'= a1 (X))

since the only superconformal invariant is

112" 1 34"
114"139"
X12X34
X13X24

The corresponding bosonic cross-ratio " =



Four-point functions for the defect operators

Expanding in Gra8mann variables we get a set of correlators for the elementary fields

| F(t1) P(to) F(ts) P(ts)" = :1;24' T
| O (1) B, (£2) OFS (1) B, (1) = t%;%4 s £ ()4 22+ 2N 2)
Lo "zzf (2) # Z°f ”(z)#
ID(t1)B(t2)D(t3)B(t4)" = 1:?5:214! 281 # 2)3% O(z) # 3f O2)2°(1 # 2)%(7z + 1)

+3f W (2)z%(# 462° +632° # 18z + 1)
+6 f C(2)23(5523 # 392% +3z + 1)
+18f " (z) (#14z°> + 3z + z°) # 36f '(2) z(L # Z°) + 36 f (2)

| a3 '
| D(t1) B(t2) 0% () @a, (ta)" = # 77~ (L# 2) 2 W(2) + (32 +1) 2°F O)(2)
t12t34 $

+32°f"(z)+ 6 zf '(2) + 6 (2)

The correlation function f (z) of the superconformal primary completely determines
that of its superdescendants.



Four-point functions for the defect operators

Expanding in Gra8mann variables we get a set of correlators for the elementary fields

PP = S
l ’
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12734
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| a3 '
| D(t1) B(t2) 0% () @a, (ta)" = # 77~ (L# 2) 2 W(2) + (32 +1) 2°F O)(2)
t12t34 $
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The correlation function f (z) of the superconformal primary completely determines
that of its SUperdescendantS-\ non-trivial function of the coupling!

We can evaluate f (z), and thus ALL the correlators, at strong coupling
using string worldsheet worldsheet perturbation theory: via Witten diagrams.



String dual - AdS,; minimal surface

In AdS/CFT dictionary, the Wilson loop operator is dual to a minimal string surface
ending on the contour debning the operator at the boundary.

For ABJM, the dual is a fundamental Type IIA string in a AdS4 ! CP3 background.
The bosonic part of the Nambu-Goto string action reads

I
1 # n uWa"! Wa . 'luWaWaWb"! Wb$

Sg =T d2| det — ("yx""/xr +",z"12)+4
: gz WX AT ST T e wpR)?

where T is the effective string tension

R?2 H__ N
T = - =2 2%, %= — .
2#$° k

The minimal surface dual to the 1/2-BPS Wilson line is given by

Z=S, X" =t, xi:O, W

The induced metric is just that of AdS»

1
ds® = S—z(dtz + ds?)



String dual - AdS,; minimal surface

This setup preserves same superconformal symmetry SU(1, 1|3) of our defect CFT,
In particular, the isometry of AdS» is the conformal groupind =1,

Fluctuation modes over the minimal surface are scalar bPelds over AdS,
and their dynamics is governed by the Buctuation Lagrangian

o 1

Se! T d glg, Lg = Lo+ Lax + Loxow+ Law + ...,
Lo =gt "y X" B+ 2|X |2+ g " oW g
Lax = 2|X[*+ X2 (g" "y X" 0) # 5 (g "uX " X) (g7 " 28" 4:)0)
Lox, 2w = (g* "y X "1 20) (g7 " W2 y\Ba) # 2(gM " X "1 W) (g7 " 20" 4 \8a) |

Law = # %(Wawa)(gw ) qu" | \Bp) # %(Wawb)(gu! ) qu"! g, ) + % (g" " W2 | Ba)?

# S WA B) (g7 s e WP) # 2 (g WA WP) (g B )

Effective 2d field theory of 1+3 complex scalars in AdS2 geometry



String dual - AdS,; minimal surface

This setup preserves same superconformal symmetry SU(1, 1|3) of our defect CFT1!
In particular, the isometry of AdS» is the conformal groupind =1,

Fluctuation modes over the minimal surface are scalar bPelds over AdS,

Then AdS,/CFT; states that they should be dual to operators
Inserted at the d = 1 boundary with dimensions

1 (I | 1)= m? bosons l = —+ |m| spinors

N[ -

Hence, we recover the eight bosonic operators in the super-displacement multiplet

_ 1 - % 2 _

| = 3 F, P = L, m< =0
| =1 . @, a=1,23 (= w? W@, m2=0
=2 12P, a=1,23 (= 1219, mg = %1
l =2 D B = X, @ mé =2



Witten diagrams in AdS»

The four-point functions of the dual operators at strong coupling can then be obtained
from familiar AAS/CFT techniques by computing Witten diagrams in AdS».

For the 4-point function of Pelds e.g. in AdS

1

2 t2
t12t34

"X (t1) X (t2) X (t3) X (t4)#= G(z) ,

where G(z) has the strong coupling expansion

G(z) = GO (2)+ Tlc;(l) (2)+ ...

v \,

disconnected contribution tree-level contact diagrams!
(diagrams with 2 "boundary-to- (4-vertices with 4 bulk-to-
boundaryOropagators) boundary propagators attached)
¢l \q ' > -

-

-
-
L i —

-
--------



Summary of 4-point function results

The correlators of string worldsheet excitations read

I X (t1) )@(tz))|((t3) W(tg)" = T 1+ 24+ T # 8z%# (3# 8z)z*(Inz# In(1 # 2))
12134
0
In(1 ! z)
#2234 L224# 2# B# 32)T L # 8
| al as " 1 : a a ) 1 #2 #2 4 $ U/O
Wt (t1) Wa, (t2) W3 (13) Wa, (14)" = =5 132133 1+ = z%Inz# z°# 2+3 InQ# 2)# z+4
! i i t12134 21 z

%

" #
+134183 22+ S5 (3# 42)z°Inz+(4 23 # 322 # 1)In(L # 2)+ (4 z # 1)z

1 ! # $ o
X (t1) Y0 (t2) W22 (t3) Wa, (t4)" = T2 133 1+ T; 2(z # 2)In(1Z! 2) 4 4

12 ~34




Summary of 4-point function results

The correlators of string worldsheet excitations read
The superspace analysis of correlators for defect operators gives

%
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Summary of 4-point function results

The correlators of string worldsheet excitations read
The superspace analysis of correlators for defect operators gives
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Is there a single (z) solving simultaneously these non-trivial ODES?



Summary of 4-point function results

The correlators of string worldsheet excitations read
The superspace analysis of correlators for defect operators gives
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These differential equations are all solved by the simple function

# 3 $
1 1#
f@=1#z+ = 1# 24 (3# D)zinz+ \ ZZ) n(L# z) + O

73
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This is the strong coupling expansion of the function governing all correlation fungtions

of operators in the displacement supermultiplet.

} v
Also derived using analytic bootstrap



CFT data at strong coupling

The four-point function has an OPE expansion in superblocks

|
F(t)P(6)F(t3)P(ta)" = —~ f(2)= — = cn(#2)" 2F1(h,h, 2h +3.2) |

t12134 t1ot34 h \

eigenfunctions of the super-Casimir
of N=6 algebra in d=1
[Dolan, Osborn 2011]
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CFT data at strong coupling

The four-point function has an OPE expansion in superblocks

|
F(t)P(6)F(t3)P(ta)" = —~ f(2)= —~  cn(#2)" 2F4(h.h, 2h +3.2) |

t1o134 lizlzg \
eigenfunctions of the super-Casimir
of N=6 algebra in d=1

At this order, operators exchanged in the OPE are just the identity and the
tower of operators O! " O, built out of the elementary excitations. Therefore,

1. a 0 1 @
h=1+ n+?r(]) cn:cﬁ)+?c§])

1
f(z):l#z+? 1# z# (3# z)zInz + nl#z) +0 — |,

T2



CFT data at strong coupling

The four-point function has an OPE expansion in superblocks

1 1 !
F(t1)P(t2)F(t3)P(ta)" = t12t34f (z) = ot ch (#2)" 2F1(h,h, 2h + 3, 2).
h

At this order, operators exchanged in the OPE are just the identity and the
tower of operators O! " O, built out of the elementary excitations. Therefore,

1. 1
h=1+ n+?r(]1) cn:cﬁo)+?c§]1)
1 O Ill
= 1 (@ )
1D =3+4n+ n? /
' ol 20t 3 I (n+1),7 13 5. ! 3 2 )
Ch = "2 (n+3)| o (n+2)+ ?4n "2 n°+6n°+11ln+6 In2+15n
| ‘ | "o
+(n+1)(n+2)(n+3)#O0(n+1) " (n+1)(n+2)(n+3)#O n+ 3 +13

OinvertingO for the coefbcients in the sum, namely using orthogonality relations
for the hypergeometric functions.



Intermediate conclusions

» We have considered a class of four-point correlators in the CFT, debPned
on the 1/2-BPS Wilson line in the 3d superconformal ABJM theory.

» Superconformal symmetry determines four-point correlators of the
displacement supermultiplet in terms of a single function, that
we evaluate at strong coupling using holography and Witten diagrams
and the analytic boostrap. We can extract CFT data.

» Further progress on the ABJM Wilson line: topological sector (kinematical defect)
[Gorini, Griguolo, Guerrini, Penati, Seminara, Soresina 22], integrability for the cusp-deformed WL

[Correa, Giraldo-Rivera, Lagares 23] three-loop (in AdS) correlators via analytic bootstrap
[Bliard, Ferrero, to appear]



Intermediate conclusions and questions

» We have considered a class of four-point correlators in the CFT, debPned
on the 1/2-BPS Wilson line in the 3d superconformal ABJM theory.

» Superconformal symmetry determines four-point correlators of the
displacement supermultiplet in terms of a single function, that
we evaluate at strong coupling using holography and Witten diagrams
and the analytic boostrap. We can extract CFT data.

» Further progress on the ABJM Wilson line: topological sector (kinematical defect)
[Gorini, Griguolo, Guerrini, Penati, Seminara, Soresina 22], integrability for the cusp-deformed WL

[Correa, Giraldo-Rivera, Lagares 23] three-loop (in AdS) correlators via analytic bootstrap
[Bliard, Ferrero, to appear]

» What happens beyond tree-level? Witten diagrams with loops in AdS should be
well-debPned, since the 2d theory is supposed to be UV Pnite.
However, issues of regularization appeatr.

s there a representation (Omomentum spaceO) in which these computations simpli
and the scattering nature of the correlator becomes transparent?



Conformal correlators and Mellin space

Higher dimensions [Mack 2009] [Penedones 2010]
1 X2, X2 X2, X2
1 (x1)! (x2)! (x3)! (X4)" = 57— F(u,v), u= %2 24 , V= %4 33
X13 X24 X13%X24 X13%X24
!
1 1 11 11 11 11 1 11 111 ' ' I '
F(uv)=  d'120"1a M ("12,"14) ' 2("12) ! 2("14)! (" # "12 # "1a) U’ 112y P14

C

~

M ("12," 14) has the properties of a scattering amplitude:
! Crossing symmetry
! Poles corresponding to operators exchanged in the OPE
I Asymptotic behavior compatible with the Regge limit

I Simple expression for Witten diagrams




Conformal correlators and Mellin spaceind=1

Ind =1, just one independent cross ratio and thus one independent Mellin variable

Reduction from higher dimensions is subtle -> inherently one-dimensional formulation
inspired by same guiding principles

Notice that, in fact, a family of Mellin amplitudes can be defined t = ):(Z:Z’: >0
M a(s) = !O! dtf (t)" ﬁ#at" 1's M, M a(s)] = :C %f(t) o — t#" "M a(s)
a=0 I Mellin transform of f (t) in {(&(z1)@(x2)@(z3)P(z4)) = (21 J;JQ% f(t)
a="2", 1! Mellntransform of the crossing-symmetric g(t) = ¢1j : 2 f(t)
a= "2, +1 leads to simple results in a perturbative expansion around GFF




DePnition and properties

1 !

M (s) = dit” 1" Sf (1 = K12 X34
(5) L(s)! (2" ! s) o ®) X14 X 23
with inverse |
f (1) = $! ()1 (2" | S)M (s) 1S
c 4|

where " (x1)" (X2)" (x3)" (Xa)#= —r—t5rf (1)

Crossing f (t) = t%' ! f (1/t) translatesto M (s) = M (2! ! s)
reminiscent of the crossingS(s) = S(4m?* — s) in two (Rat) dimensions.

>0



DePnition and properties

1 - . g X12 X
M (s) = dit 1 Sf(t _ 212 X34
e Ty . . YT s
with inverse |
fr= B igr @ 1 M ()t

c 2]

where " (x1)" (X2)" (x3)" (Xa)#= —r—t5rf (1)

To obtain a definition on the whole s-complex plane an analytic continuation of the
region of convergence (2! | " | < Re(S) <! 4) is required.

(I o : dimension of the lightest operator exchanged)
0

t #21
fo(t) = f(t) # ¢ C ' 7K
Subtraction olt) = 10 (1+1t) , ikzl Tk
procedure | o
[Costa, Penedones, 1 I, 1
Zhiboedov 2021] ‘Q"O(S) = dtt#l#sfo(t) + G C y .y
/ "0 I -|.-k:| 0
M(s) = 'Q’O(s) + 'Z.U-x-(s)

-~ I(s)I(2A, — s)



Nonperturbative Mellin amplitude ind =1

Adding more and more poles we can further extend the area of analyticity
obtaining a representation valid in the whole complex plane

'\'I(S) ' ( )+ ?}If’c( )
I‘( ) (2A, — )
o (s) ZZ‘A ¥ ,. sp=A+k, k=0,1,2,. ..
e A'I‘(A F(2A+A) s— A —k R -
= (—=1)*I(A + k)T (24A) 1 Left poles
Pools) = %22;‘ HT(APTRA+k) s—2A; +A+Ek s.=28,—A—k, k=0,12,..

and the contour Cis chosen so to leave right poles on its right and left poles on its left.

s | Ls_
Ay in
—a 2 2 s 2 L L & & A & e
2A5—Ao Aq oA —An |
h 2 A i Al )
Ex. of one light

C C

operator exchanged
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Nonperturbative Mellin amplitude ind =1

Adding more and more poles we can further extend the area of analyticity
obtaining a representation valid in the whole complex plane

% & '

1 1
a Cy k STKI T ' 21 T sl ki1

— 1
MG = ey, |

Summing over k gives the Mellin counterpart of the conformal block expansion

% G, (s)+ G, 2! ! s) sFa(l 1,1 1 520 ,1+1 1 s:1)
M(S): ' ."(s)"(2.!!!.s) G ()= I'I's
' M (s) is crossing-invariant "M (s) has poles for physical exchanged operators
| Asymptotic behavior: M (s) " & ,a> 1 | M (s) has zeros (generically)

(controlled by the Regge limit of the correlator ats=2!, +k,k=0,12,.
and ensured by the prefactor) (canceling unwanted OPE contributions)

From this bounded, meromorphic function and its properties some nonperturbative
sum rules can be derived. However the most efficient use of this Mellin formalism
happens at perturbative level.



Perturbation theory: quartic interactions with derivatives in AdS»

1" #
S= dxdz g g" Il il +mf 1P+ g (PRD)* L=0,1,...

where ds? = Ziz(dx2 + dz?). Here (! L 1 )* denotes a complete and independent
set of quartic vertices with four Pelds and up to4L derivatives.

ForL =0, thisis " # theory: correlators are -functions.

! K, (Y, X %) y N
I | ] | dydx 4 y | | non
<) ) 0! (%) > = v !i:1( TR /\3
C
= . m v o3 13
(X12%30)% 2

No closed from expression is known, in cross ratio space, for general " .



Perturbation theory: quartic interactions with derivatives in AdS»

l
' 1" #
S= dxdz g g" Il il +mf 1P+ g (PRD)* L=0,1,...

where ds? = Ziz(dx2 + dz?). Here (! L 1 )* denotes a complete and independent

set of quartic vertices with four Pelds and up to4L derivatives.

ForL =0, thisis " # theory: correlators are -functions.

| K, (¥, X; %) 7 %
I | ] | dydx 4 y | | non
<) ) 0! (%) > = v !i:1( TR /\3
C
= . m v o3 13
(X12X39)% @

No closed from expression is known, in cross ratio space, for general " .
In Mellin space their explicit expressions are simpler

_ 2log(1 — %)  2log(x
_ Og(’t X/ _ loj'*i‘_] — M (s)=21(s! DI (! s)
. P2 — Hy o b el Dy? oy 1 — )
Dagay = 2PC =X+ (B -Sx+8)logld (DX +2 060X M (s)=22 1 s+ 7)1 (s! 3L 2! 9
o 15(1 — x)*x* 15(x — 1)* 153




Perturbation theory: quartic interactions with derivatives in AdS»

!
5 #

-
S= dxdz g g" Il il +mf 1P+ g (PRD)* L=0,1,...

where ds? = Ziz(dx2 + dz?). Here (! L 1 )* denotes a complete and independent

set of quartic vertices with four Pelds and up to4L derivatives.

ForL =0, thisis " # theory: correlators are -functions.

| K, (¥, X; %) 7 %
I | ] | dydx 4 y | | non
<) ) 0! (%) > = v !i:1( TR /\3
C
= . m v o3 13
(X12X39)% @

In Mellin space their explicit expressions are simpler and closed expressions can be found

2l " 1 7
M, (s)="!cscls) ! cot(! S)P;, (s)" PS! ! (::)
n V4 k=1
P! !(5)22 : EZ.. ?)4F3({%1S11" ! "’2" o " 5}1{11 11" "t %}’l)




Perturbation theory: quartic interactions with derivatives in AdS»

! —ll #

S= dxdz g g" !yl Iyl +mf 12+ g (1h1)?

, L =0,1,...

where ds? = Ziz(dx2 + dz?). Here (! L 1 )* denotes a complete and independent
set of quartic vertices with four Pelds and up to4L derivatives.

For quartic bulk interactions of the kind (! - " )4

!L !2I

L (I +1)
M/ Lnya = a Ck1 M s+ k 2Ck| = + "o+ "

With such closed formulas we can successfully extract new CFT data in closed form.

4D (Ag) = Grn(Dg)Prn(Ag)

Gr (Ay) = \/774—2A—L+1I‘(2A)2I‘(L+%)I‘(L+A)4I‘(L+2A—%)F(n+A+%)F(L—n+A)
M= T(L+1)T(L+A+1)2T(L+2A)T(n+A)3T(2n+2A - DD (L+n+A+1])

ﬁL,n(A¢) is a polynomial in n and in Ay of degree 6L.

Veribed in [Knop, Mazac 22]
Obtained comparing residues at poles of.M (, L «y4 with those of Mellin block expansion



From OPE inversion formula to dispersion relation

® The OPE expresses a four-point correlator as a discrete sum of conformal blocks

G(z) = Z aaGA(z) , — T12734
A

£13 24

® Another expansion - the conformal partial wave decomposition - is in terms of a complete
basis of orthonormal functions (principal series, A ¢ 5+ iR and discrete series).

C.) ;+in

1, 3 |
&) = d 1, 4m! 1

> 1 #1(z) + 42 em# 2m(2)

m=0

N[

“ES( 1 DH$(EL)?
$(L! 1)$(%)?

#1(2)="u1 G (2)+ "1 Gu 1 (2), "Io=

U l_l_iu

T dr " $2(2m +2)

- G (2)+ _, 2#23(4m + 3)

. I G Z
. 4] 2..! 2m+2 2m+2( )

N[

m



From OPE inversion formula to dispersion relation

® The OPE expresses a four-point correlator as a discrete sum of conformal blocks

G(z) = Z aaGA(z) , — T12734
A

£13 L24

® Another expansion - the conformal partial wave decomposition - is in terms of a complete
basis of orthonormal functions (principal series, A ¢ 5+ iR and discrete series).

d ;+in

d oI, " 4mo 1.
G(z) = 1 - n-l #, (2)+ yme: Fom# 2m (2)
.2 ' m=0

‘ &
Zo(l 1 Lyg(l! )2
#1(2)="1u1 G (2)+ "1 Gu 1 (2), ", = $$((1| |2)2$$;(!_)22)

I ,

_VE g T $2om+2)

B 1y DHi 2" ‘G! (2) + L 2H2$(4m + 3) Fom+2 Gom+2 (2)

!

From the poles of the coefficients one recovers the OPE expansion

|,
a =! Res —
Z NN



From OPE inversion formula to dispersion relation

® The OPE expresses a four-point correlator as a discrete sum of conformal blocks

G(z) = Z arGA(z) L, T12734
A

£13 24

® Another expansion - the conformal partial wave decomposition - is in terms of a complete

basis of orthonormal functions (principal series, A ¢ 5 T iR and discrete series).

d 1, " dm 1.
> #1(z) + 42 em# 2m(2)

m=0

C.) ;+in

G(z) =

N[

“ES( 1 L(LL)?
$(L! 1)$(%)?

#1(2)="u1 G (2)+ "1 Gu 1 (2), "Io=

U l_l_iu

T dr " $2(2m +2)

- G (2)+ _, 2#23(4m + 3)

. I G Z
o 4] 2..! 2m+2 2m+2( )

N[

m

® Because of the orthonormality one can perform a (trivial) inversion

Ia :/dzz_2 Ua(2)G(z) for A€ 5t iR, Ta :/dzz_2 TUa(2)G(2) for A € 2N

—OC -0



From OPE inversion formula to dispersion relation

A more powerful inversion can be derived from a contour-deformation argument
based on the analytic structure of the correlator and its (Regge) behavior at infinity

[Caron-Huot 17] [Simmons-Duffin, Stanford, Witten 2017] [Mazac 2018]

1 - 49%8(m) © 1
, =2  dww “H, (w)dDisc[G(w)] Fry = dww %G (w)dDisc[G(w)]
0 = l (V((Zm) 0 l
known explicitly for all integer (bos) and half-integers (ferm) sl(2,R) conformal block

dimensions | | of the external operators.
makes use of the double discontinuity of the correlator

G(2) + G¥(2)
2

G**(2): value of G(z) moving counterclockwise around the branch cut at =1, vv for~(z).

dDisc|G(z)] = G(z) — for z € (0,1)




A less trivial inversion

A less trivial inversion extracts CFT data and reconstruct correlators from their
singularities using complex analysis and their behavior at infinity.

Sketch of the argument:

Consider T (2) = ” j!:l fi Z'  such thath
¥ f (2) has abranch cut for z > 1.
¥I|f(2)/lz|# Oas|z|#$

1 " dz ..
Then fi = =— —z 1f(z
=5 21
and by deformin%the contour
1 ' dz .

o= et A I
R 7 A

simpler than f (z)

..............
--------------
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1 - 49%8(m) © 1
, =2  dww “H, (w)dDisc[G(w)] Fry = dww %G (w)dDisc[G(w)]
0 = l (V((Zm) 0 l
known explicitly for all integer (bos) and half-integers (ferm) sl(2,R) conformal block

dimensions | | of the external operators.
makes use of the double discontinuity of the correlator

G(2) + G¥(2)
2

G**(2): value of G(z) moving counterclockwise around the branch cut at =1, vv for~(z).

dDisc|G(z)] = G(z) — for z € (0,1)




From OPE inversion formula to dispersion relation

A more powerful inversion can be derived from a contour-deformation argument
based on the analytic structure of the correlator and its (Regge) behavior at infinity

[Caron-Huot 17] [Simmons-Duffin, Stanford, Witten 2017] [Mazac 2018]

1 - 49%8(m) © 1
, =2  dww “H, (w)dDisc[G(w)] Fry = dww %G (w)dDisc[G(w)]
0 = l (V((Zm) 0 l
known explicitly for all integer (bos) and half-integers (ferm) sl(2,R) conformal block

dimensions | | of the external operators.

makes use of the double discontinuity of the correlator

s aY" gL VN U
, L | (2)
dDisc|G(2)] = G(z) — 22 “ZL =

G**(2): value of G(z) moving counterclockwise around the branch cut at =1, vv for~(z).

for z € (0,1)

It provides an analytic continuation of the coe" cients (in higher d, this means we
can think of spin as a expansion parameter).

The dDisc of a correlator is much simpler than the correlator itself, in perturbation
theory. Crucially can be computed at any order from lower order data!



Dispersion relation for CFT1 correlators

The double discontinuity can then be taken as the starting point to reconstruct the full correlator

U l+ill

A ' $2(2m + 2)
6(2) = Coe o 2H#1 2" G (2)+ 0 2#2$(4m + 3)

-,

1
+ / dw -w—QdDiSC[g('w)]
0

I+2m +2 GZm +2 (Z)

N

—

. B/F
3 tioe gA HIM (w)
— 400 2T KA

dw w2dD isc|G(w)] /
1

o0
2I'(2m + 2)*

Gams2 (1) G
.Zzo’frzr'(élm-l-él)r(élm-l—3) 2m2{w)Gamo2(2)

Galz)

™

1
= / dw w*dDisc[G(w)| Ka,(z,w),

0

wz?(w! 2)log(l! w) | zw?(z! 2)log(l! 2z)
1 2(w! Z)(w+ z! wz) !2(w! 2)(w+ z! wz)

Ky, (z,w)

2!
Z 1 2ww? 2 logd! z) w? 2 1 2w)w? 2! "
12 log(1! w) ((w! 1V)vv)vvsz+z! 1 Og(z Z “wzrT tlog(2) ((w! 1V)vv)vvzv2+z! (W' &)
2041 4 I $ %"

I w2 2 an' (W) Q" 3 ZR9E 4 7j0g(1! 2)

n=0 l

sl(2, R) Casimir

The kernel of the integral can be evaluated explicitly at each given integer and half-
integer dimension Ay of the external identical operators.



Dispersion relation for CFT1 correlators

The double discontinuity can then be taken as the starting point to reconstruct the full correlator

(U} l+ill |" 2
2 d I, ' $°2m+2) .
- LG, (2)+ Foms2 G
J| ,,-}-zoc IA HB/F ,
= / dw w2dDisc|G (w)] : : (w) Gal(z)
0 %—'i.:)o 271 KA |
= 2I' (2m + 2)*
dw de ! G"m . "G'm. .
¥ /0 w w DiscG(u)] 2 o T g O3 ()Gama(2)

1
/ dw w*dDisc[G(w)| Ka,(z,w),

0

wz?(w! 2)log(l! w) | zw?(z! 2)log(l! 2z)

Ki, (z,w) = .
1 (ZW) 1 2(w! Z)(w+ z! wz) !2(w! 2)(w+ z! wz)
2!
V4 (1! 2w)w?' 2! log(1! z) w2 2' ! 1! 2w)w?' ? ! "
x |_2 Iog(l! W) (w! 1)wz2+2z! 1 + Z sz! Tt Iog(z) (w! 1)wz2+2z! 1 +(W ﬁ)
A4l 4 3, %"
1 w2 2 an' (W) Q" & 282 4 7jog(1! z)

n=0

The kernel, crossing symmetric (in z), Regge bounded, and debnite positive, !
explicitly depends on the dimension ! | of the external operators (# from higher d ).



Dispersion relation in perturbation theory

The double discontinuity can then be taken as the starting point to reconstruct the full correlator,

1 | )
6(z) = A dw w*dDisc[G (w)| Ka, (z,w) dDisc[3(z)] = G(z) ! e (Z)+2 o

® Much simpler than correlator! dDisc[log(l — z)] =0.
dDisc[log”(1 — 2)] = 4x*

@ On conformal blocks, dDisc acts as

# o

. Fol $ . 2!
dDisc (1"22)2!!(3! (1! z) =2sin?5(! ! 2 -)(122) —Gi (1! z)

If the correlator is evaluated in a perturbative expansion about generalised free theory,
this implies that each given order dDisc is given in terms of lower order data

I [ 1] 2!
E.g. dDisc[G? (z)] = !°? 10 @72

2 1! z)%

Gor ,+2n(1! 2)

n



Double discontinuity in perturbation theory

Direct connection of Ddisc with “unitarity” cut operators in AdS, which act on bulk
amplitudes putting virtual lines on shell [Alday, Caron-Huot 17] [Meltzer Perimutter Sivaramakrishan 19]

1/ ; \\4

— |;YA(T =
A= ()
D



Double discontinuity in perturbation theory

Direct connection of Ddisc with “unitarity” cut operators in AdS, which act on bulk
amplitudes putting virtual lines on shell [Alday, Caron-Huot 17] [Meltzer Perimutter Sivaramakrishan 19]

T~ //\\\

.
AN TN
1/ | \\4 1 17 \\1\‘ \¢

9 o —

| A:Y (Ar ) = [dvs 6 / d?zs 5 P(g, As) P(ug, Ag) ( I .41,\| ( Ar )

A= ~
T V< X

/
~ 7 ~_ \ Ve

GA(?/I: yg) — / dv })(1/.‘ A) / dd-'I:K% | iu(g:7 yl)K% iu(:1:7 y?)-.
00 OAdS

A propagator goes on-shell when localised onto a pole of P(v, A)
A “Cut operator” can be defined, effect same as Ddisc (vanishes on contact diagrams, etc)

Effective to 4 point, 1-loop (no general unitarity) - to be developed.



Correlators from dispersion in perturbation theory

® Checked at one-loop for the ! 4 theory in AdS2 @

® dCFT1 defined by 1/2 BPS Wilson line in N=4 sYM: state of the art is 4th order in strong
coupling (=3 loops in AdS) obtained with perturbative Ansatz [Ferrero, Meneghelli 23]

rational functions
oo N(€) T

G(¢) = Z CO(z)  where G () = 2: ri(¢) Ti(z)
i—1

{=0 / ,
Tax (€

€)
T:(z) € {HPLs of transcendentality t < ta.x(£)}] N(4) = ot — 9lttan(l) g
taax(£)= ! =0

Unknowns are some coefficients in an educated guess for the rational functions r;(2)
Ansatz constrained by: [Aharony, Alday, Bissi, Perimutter 16]
a) AdS unitarity (highest logarithmic singularities fixed in terms of lower order ones)
b) Crossing symmetry, Regge bound and supersymmetric localization

fix the remaining terms ~ 1, log(z), log(1-2).



Correlators from dispersion in perturbation theory

The dispersion relation bypasses the need of an Ansatz incorporating all constraints!

1
G(z) = / dw w*dDisc[G(w)| K, (z,w)

0

with a caveat: the regularization procedure necessary order by order in perturbation theory
(where the Regge behaviour is worse than in the full nonperturbative correlator) implies
subtractions which depend on a few unknown OPE data (i.e. data at same pert. order).

@ 1 loop: aéZ), #c()Z)
@ 2 loops: aé3), 31(3) #53) #is)
@ 3 loops: a(()4), a® #54) #Y

These can be bxed, in the N=4 SYM case, using inputs from supersymmetric localization or
constraints from integrated correlators.  [Cavaglia’Gromov Julius Preti 22] [Drukker, Kong, Sakkas 22]

This kind of leftover ambiguity is not surprising in this context,
e.g. in higher d there is a low spin ambiguity.



Quick look at the fourth order correlator [Ferrero Meneghelli 23]

3 (162317527 28725 27125 4 2542* —2712° 428722 — 1752446 ) Liz(2)

4) ¢
G (z) 16(z—1)322
3(96 —423z104-7852% 79925 +477z" —1372°-137z° 4777,4—799z3+7.35z'2—423z—96)Lig(z) log” (1-2)
- 8(z—1)323
3(264zn 1572210 4097z% 61692 1 571327 31072° | 10025+ 1460z* - 14662° | 79622 2362 | 30 ) Liz(=) log(z)
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(I 329562°+6317 24! 2608z3+2251 72! 1050z+198)|og(z) (36002121 21312711 +55404 2101 83184z°) log?(z)

32(z! 1)4z2 16(z! 1)4z2
(7927228I 4900827+189762z°! 4116z°+602z*! 332z3+288 z?! 136z+27) log?(2)
16(z! 1)4z2




| 6482z813+33482713+ 25(26! 74511 3)+4 z°(2321!3! 26)+ z*(208! 7369! 3)+ z3(3362! 3! 260)

+

16(z! 1)4
" z2(208! 127013)+8 z(16!3! 13)! 32!3+26
16(z! 1)4
" (2304210131 158402°13+15228(316! 3! 7)+ z7(5583! 84320 3)+ z°(94240! 3! 14343))log(z)
64(z! 1)5
¥ (z°(22559! 68768l 3)+ z*#(33376! 3! 23629)+z3(17036! 8960! 3)+ z2(2240! 3! 8294)+2690z! 538)log(z)
| 64(z! 1)5
o 11 " (! 345628+13824271 23847z5+231572° 136994+493123! 228922+1379z! 388) log(2)
Og( ' Z) 16(z! 1)3z
ny 2304z1013+1245629%1 3! 5628(520! 3! 19)+ z/(38592! 3! 5057)! 8z°%(3956!3! 1497)+ z°(16752! 3! 18877)
64(z! 1)%z
n z*4(21788! 5088!3)+ z3(2016!3! 18877)! 8z2(128!3! 1497)+ z(576!3! 5057)! 128! 3+1064
64(z! 1)4z
+ (6048210! 33030z°+7869628! 107437z7+91780z°%! 494997°+157062z%! 2762z3+532 22! 274z+60) log?(2)
16(z! 1)4z
N (! 1800212+125282111 38799210 +704692°! 8301528+658452" ) log®(z)
12(z! 1)°z .
+ (! 3496625+119462°! 2256z4+2802z3! 25z2+11 z! 2) log3(z)
12(z! 1)°z

Simple: three-loop result only hastranscendentality four, same as for one loop results
In a toy model with no supersymmetry; it can be rewritten in a way in which all
polylogarithms of even weight are absent.



Conclusions

! We have considered a class of four-point correlators in the CFT1 debned
on the 1/2-BPS Wilson line in the 3d superconformal ABJM theory.

I Superconformal symmetry determines four-point correlators of the
displacement supermultiplet in terms of a single function, that
we evaluate at strong coupling using holography and Witten diagrams
and the analytic boostrap. We can extract CFT data.

! We debned a Mellin amplitude for CFT; four-point functions; bounded,
meromorphic function of a single complex variable, whose analytical properties
are inferred from physical requirements on the correlator.

Closed-form expressions for Mellin transform of tree-level contact interactions
with an arbitrary number of derivatives in a bulk AdS2 beld theory, and for
brst correction to the scaling dimension of Otwo-particleO operators exchanged.

I Derived from the inversion formula a dispersion relation for CFT1 four-point functions, an
integral over the double discontinuity of the correlator.



Outlook

® Higher-order analysis, multi-point correlators, non-identical in the same setup

® Organising principles/hidden symmetries?

Recent observation of integrable structure underlying contact Witten diagrams
If generalizes to other classes of diagrams this would open a playground of
applications of integrability in AdS spaces.  [Rigatos, Zhou 22]

® Despite/with the help of these analytic bootstrap tools, a motivation to develop
technology for Witten diagrams remains, thanks to the general observation that
(for a class of boundary correlators related to inflationary correlators)

perturbation theory in rigid de Sitter -> Witten diagrams in EAdS
[Sleight, Taronna 20,21] [Di Pietro, Gorbenko, Komatsu 21]

It would be great to develop loop-technology for AdS2 models with derivative interactions
(some hints in [Chen, Gimenez-Grau, Hynek, Zhou 24] ) [Stemplowski Castellani VF]

® \Wilson lines in N=4 SYM are a great setup for ”fusion rules” recently formulated:

the “generalized cusp anomalous dimension” is reinterpreted as fusion energy.
[Kravchuk, Radcliffe, Sinha 2024] [Cuomo, He, Komargodski 2024] [Diatlyk, Khanchandani, Popov, Wang 2024]

Special features appear in the “fusion algebra” when enriching the setup with large
Charge insertions [Bonomi VF Griguolo Giangreco Seminara, in progress]
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Correlators from dispersion in perturbation theory: STRATEGY
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Correlators from dispersion in perturbation theory: STRATEGY
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3.2 (Generalized free field OPE coefficients

It will be useful for what follows to collect some results for the OPE coefficients of generalized free
fields (see, e.g., 55-58,12]). In the case of the 4-point function of identical operators of dimension A,
the generalized {ree field 4-point. function has G(u, ) =1 +ul + (‘U.‘,"'!:)A, ie. ind=1(3.3) is given by

2A

1 , X
1422 ] . 3.8
s X+ s 3

where we assumed unit normalization of the 2-point function. The operators exchanged in the OPE
are just the identity and the tower of “two-particle” operators

(Oa(l1)0a(l2)0a(t3)0a(la)) =

[0a0A],, ~ 0ad"0a (3.9)
of dimension 2A + 2n, n =0, 1,.... The corresponding OPE coeflicients are given explicitly by
as one can verify from the identity
%0 y2A
Y caaparon X2 T o F(2A 4 21, 2A 4 20, AA + 4n, x) = X*° + S (3.11)

n=0



“AdS unitarity”

Gix)— 3 anamix), (3.21)
ke

where gy, are squared OI'E coeflivients aud the sum rus over the operators @}, exchanged in the
@ % ¢ OPE, with dimension A. Tn a perturbative theory both the dimensions of the exchanged
vperalors and the squared QOPE coellicients can be expanded in powers ol g

00

P £4 { 2 €36y

h=A+) o7, o= Z g ay (3.22)
— =u

where we will use Lhe convention Lhat & denotes the [ree-theory value of the conlormal dinensions
of the operators exchanged by a cortain fonr-point funetion. and therefore warks as a Iahel for the
exchanged operators. We will be interested in the case when the sel of allowed values for A are
all integers (or hall-integers for fermionic operalors]. While the hypergeometric lunction appearing
in rhe conformal hlocks (B.3) is analvtie at v = 0, the overall pawer of y is not and produces
logarithmic singularirics via

2 1 ) 1 ’ .
x" = x* (l +g7a’ logx + ¢ (08" logx + 5(7a”) ) log? )+ ) (3.23)

where due (o the assumption that A € Z the [setor of ¥ is regular av ¥ — 0 and the only non-

analylic lerms are explicil powers of logy. which are higher at ligher perlurbative order. This
leads to a natural decomposition of four-point functions at each order as

GAx) = Z Go(x) lo x (3.24)

where each G k {y) is analytic at v = 0 and admits an expansion in conformal blocks and their
derivatives'. F‘or the leading logarithmie singnlarities, such expansions read®?

Glons () P,Z (78" 9a(x).
G;(f,ir—x(:t'} (@ mz[( u- :. '-1+ff_l| ) u, ‘m)f—ﬂj q‘yx)+a:§'("“’ “’LU]
a0 =gy 2 (0N 1 (0 2) (5 1 o) ()"
-+-—.i—2nt—3uu"' ) (7“'_ )ya.(x)

+( A (Lu)f 1+(t—1)a‘l' ”(AJ(') ]l ) (\ + [Ul(_ﬁ! ))f IJ)( ',]



HPL's

The harmonie polylogarithms (HPL) H (a,,.. ., a;; x) arc functions of onc vari-
able x labeled by a vector a = (aq,....a3). The dimension & of the vector a is

called the weight of the 1IPL. We define the functions

huz) = 1 ] x
folz) = %
fal) = (1

The HPL’s are defined recursively throngh integration of these functions. For
weight one we have

A(l;xz) = /f1(t)(lt=/11 tdtz—]ng{l—m)
J .
a0 z) = log T)
o1
Hi-1z) - /f_ (£)dt — ]T _ log(1 + @), (2)
0
and for higher weights
IH("0;z) = i'log":c
7.
H(a,01. k7)) = /fa(t)H(a'l ..... ki t)dt,
where we used the notations
"i=1,...,1, and aj, . x=a a
N —r’



Dispersion relation in higher dimensions  [Carmi, Caron-Huot 19]

The correlator is a function of two cross-ratios, the kernel is a function of two pairs of
cross-ratios, one pair being integrated over

1
G'(2,2) = f dwdwK (z, z,w,w)dDisc|G (w, w)]
0

o _ dpw _
K(Z, 2, u, w) = KBG(Pszpw — p?r;) + K(" %O(K)w — pzpzp-u.')

For identical external operators the explicit form reads

1 22\%? (w—w)(o+_.+14+1-2 -
K, — ( ) ( )+ 5 )

T2, (5,2,2,1 — 1),
647 (=10 -wi-a)i ~ T2 )'

Ko — é 1 ( 1— £ ﬁ2ﬁ3v ) 2 1— pzﬁzﬁ%z
T W? (1 o pﬁ)(l o pg)(l o 055,') (1 o pzﬁw)(l o ﬁzﬁu)

W

\4

p=p=pupuw(l — p2)(1 — p2)(1 — p2)(1 — p2)

(PP — PuwpPs)(P2pw — pu'pz)(pzpz p-wp'w)(l — PupPzPuwp:)
= 1; Vi z and similarly for Z, w, .

The only explicit calculation is GFF (disconnected contributions), and numerical.



real axis, which we have to introduce to avoid the pole generated by I?Téfz(w). The strategy
used to obtain the Regge-bounded inversion kernel can be obviously generalized if one needs,
as we do in this paper, to a kernel for correlators unbounded in the Regge limit, such as those
that usually appear in perturbation theory . Given a certain behaviour in the Regge limit,
one can obtain the corresponding inversion kernel by defining

HY™ (W) = HR(w) = ¥ Anan Ho () #5505 = 3 B Hp () 505 (2:30)

and fixing the unknown coefficients Ay, n, Bmn by imposing the desired behaviour at small
w as in (2.29). The more G(z) diverges in the Regge limit, the more subtractions will be
needed and the stronger the singularities at w = 1 will be'®. For example, for a correlator
that diverges linearly in the Regge limit two subtractions are necessary. We shall see related
examples in Section 4.



CFT data at strong coupling

The four-point function has an OPE expansion in superblocks

1 1 !
F(t1)P(t2)F(t3)P(ta)" = t12t34f (z) = ot ch (#2)" 2F1(h,h, 2h + 3, 2).
h

Mixing Problem? Mixing between two-particle operators $%88with multi-particle operators.
For instance, for n=3 $%% potentially mixes with the four-particle operator $EEYE,

h=1+ n+ %"r(,l) ch = i) + Tlcﬁl)
= #3# an# n’
Cn = ! T2 2 3(n + 3) |! .K:J;lé)"#(n+2)+ %$4n2" 2!n3+6n2+11n+6" In2 + 15n
. 2
+(n+1)(n+2)(n+3)#O(n+1)" (n+1)(n+2)(n+3)#(0)!n+ g"+130/&

#, only a linear combination of the anomalous dimensions of the operators

appearing in the mixing? Not yet at this order.
See also [Ferrero, Meneghelli, 21 and 24]



1d CFT defined by supersymmetric Wilson line in d=4
and perturbative Ansatz for correlators

Appendix B: The basis of transcendental functions

The analvtic structure of four-point functions in a ld CFT in terms of the unique cross-ratio y was discussed in
detail in [40]: in the complex y-plane, such correlators are analytic functions with branch points at. x = 0,1. Thus,
when making an ansatz in terms of harmonic polylogarithms, only this type of singularities is allowed: such functions
can be obtained using the symbol map as “words” made of the two “letters” ¥ and 1 — y. The number of such words
is 2%, which then gives us the dimension of our basis for weight t. Using functional relations between polyvlogarithms,
we choose the following basis for t < 4:

ot =0: {1}.

o t =1: {log(x), log(1 —x)}.

o t =2: {log”(x), log(x) log(1 — x), log”(1 — x), Liz(x)}-

e t =3: {log*(x), log”(x)log(1 — x), log(x) log”(1 — x), log®(x), Li2(x)log(x), Liz(x)log(1 — x),
Lig(x), Lis (%)}

ot =4: {1()g4()() log> (x)log(1 — x), log(x) 2]()'~r (1= x), ](w(x)lng (1= x), log? (x), Liz(x) log? (x),
Liz(x) log(x) log(1 — x), Lia(x)log™(1 — x), Lis(x)log(x), Liz(x) log(1 - x).

L13( )log(x) Lls( )100'( x), Lia(x); Lia(1 — x), Liy (;'X—l)}



Sum rules

Debne a family of functionals

ds M (S)
'p = =0
c, 2'1sl 21 1 p
Then - " 0
. s B2 1p

and the sum rules read

Z - (—1)*ID0(2A)T(A+k) 2(A+k—Ay)(p1+p2+2Ay) —0
‘AT(ART2A+E)T (2A 43— A—k)T(k+1) (A=k+p1 ) (A+k=p2) (2A 43— A—k+p1 ) (28 g—A—k+pa) — 7
Ak



Sum rules

Debne a family of functionals

ds M (S)
'p = =0
c, 2'1sl 21 1 p
Then - " 0
. s 1201 p

and the sum rules read

Z - (—1D)*1I0(2A)T(A+k) 2(A+k—Ay)(p1+p2+24y) 0
‘AT(A)2T(2A+E)T(2A 45— A—k)T(k+1) (A=k+p1 ) (A+k=p2) (28 43— A—k4p1 ) (28 o —A—k4ps) — 7
Ak

Tested on generalised free Peld theory and perturbatively on#4 model.

Back to



Integrated correlators from integrability

Constraints on the 4-point function of identical scalar operators G(x)
arising from integrable deformations of the straight line.

They take the form of integrals over the cross ratio for the amplitude G(x)

or, equivalently, f(x) (a piece of G(x)).
They are two integral identities involving the “Bremsstrahlung” and “Curvature” functions

evaluated via localization and integrability.

Constraint 1: / 5C(T)1 T IUgJJd.?? = 3(; ;;B ,
J0

1 ,
Constraint 2: /0 dmofii) = 4(:@ +F -3,



First, as we have pointed out in several places along the way, although our results might naively
appear complicated, they are actually much sitnpler than they could potentially be given our initial
ansatz. In particular, while at order # we are allowing for the presence of 2t!1 —1 independent HPLs
(including the identity), we found that with a convenient choice of basis one can actually express
the results in terms of fewer functions. A summary is contained in table 1. Note that this featurce

4 12| 3| 4
271 —1 |3 | 7|15 |31
# functions | 3 | 6 | 12 | 21

Table 1: Number of independent functions used to express our results for f*)(x) in (4.41), (4.63),
(4.82) and (4.103), compared to the number of independent HPLs of transcendentality t© < £.

of our results only becomes apparent once a particular basis is adopted, which in our case up to
three loops only involves the functions log and Lz (introduced in (4.80)), evaluated at arguments y
and 1 — y. It is then straightforward to identify the reason for the mismatch between the last two
lines in table 1: it is due to the fact that in the chosen basis the functions Lis and Lis never appear
in the final result, although they are a priori allowed by our ansatz following the observations of

Section 3.



CPWs can be expressed as a conformal integral over two conformally invariant three-point functions

‘I’%234($1,$2,$3,$4) =/dd935<01($1)02(332)05($5)>(55(935)03(353)04(-’54»

2 4

(010503) = A 1254 )__<
1 3



In principle, one could perform the OPE and find an expression for the CFT data (v} 5 and
{a"} A at three loops. However, due to the presence of mixing, rather than the former from fl{:; 1 (x)
one can only extract the combination {(a® (1) 4 a2 4(2) 4 g1} A3) 4 (0] A(4)) | (see (4.87)), for
which we were not able to find a closed-form expression. On the other hand, to extract {a‘)a from
the OPE one should study the mixing problem to compute quantities such as {a(?) 4(2) 4 g1) 4(3)} 5
which is a problem that we have not attempted to solve. However, since for A = 2 there is no
degeneracy, we can drop the average symbol around CFT data and use the first terms in the small
y expansion of () and (4.87) to obtain

(4) _ 351845 75 @ 1705 1613 1106
Yam2 = qagas 2 SN Game =g m oy SB). (1.106)
We can now to summarize the CFT data that we have computed analytically for the super-

conformal primary of the multiplet £'3 020] which we refer to schematically as ¢?. Its dimension at

strong coupling 1s

5 2951 305 1 . (351845 75 ,
Bz =2 — — S 52 1.1
¥ N2 TN 16 a2 ( 13824 (3)) O, (1.107)

while the OPE coefficient 14,2, such that uffl o2 = GA=2, has the expansion

2, 43 1 649 1 (7259
Hiler = A5 [1 ToANZ T 1152 T (1024 5C(3)) A\3/2

)
25635205 7200 _s/2
B ( 2651208 (3)) ] +OATT).

(4.108)



The explicit form of such inversion kernels is only known in the case of identical bosons
(fermions) with integer (half integer) conformal dimension 11], and reads ®

Hg/F(w) = :l:z—ﬂ [ - ZApr(w) + ('m 1)2 2App‘3(w—1) + qA‘p(w))} ) (222)

sin(wA)
pa(w) = o F1 (A1 — A1 w), (2.23)
q§¢(w) = aﬁ (w) + bA (w)log(l —w). (2.24)

In (2.24), a A‘b(w ) and b °(w) are polynomials in A” and w,

2A, 22A, 4
aitﬁ(w) — z Z Cmn ,wm+2—2A¢,An(A —1)",
m=0 n=0 |
284—22A4—4 (2.25)
bib (,w) — SJ‘ S; ,Bm,n wM 2284 An(A _ l)n .
m—0 n-0

The coellicients tyy, , and B, , above must be determined, [or each given Ay, [rom the re-
quirement that Hg”F(w) has no pole at w = 0. The first few examples read [11]
ap(w)=0, by(w)=0,
ai(w) =w*+2w—2, bi(w)=0,
1’2w)—0 1,2 (w) = 0,
"‘A 'w) = (2A% = 2A — 1) w, b‘z/z(w) =0.

(2.26)



It is worth noticing that in higher dimensions the inversion kernel does not depend on the
external dimensions Ay and it is simply a conformal block [3]. On the other hand, in the
present d = 1 case the inversion formula — which does depend on A, — is manifestly crossing
symmetric [11], meaning that the coefficient function In obtained from a single t-channel
conformal block of dimension A encodes the OPE data of the crossing-symmetric sum of
exchange Witten diagrams in AdSs with the same dimension'’,



Let us consider a function

e .
= E fiz’,

=1

with the properties that
« f(z) is analytic in the whole complex plane, except for the branch cuts at real z > 1,

f(z)

This allows us to use Cauchv’s theorem to extract the coefficients f. as
) Jj

fi= 1. o f(x) .

271 €

By deforming the contour and using the second property above we can write

fi = - /w — “IDiscf(x)



Mellin amplitudes in higher dimensions

Strings in flat spacetime CFT, or Strings in AdS,;
Scaltering amplitude Correlation function or Mellin amplitude
T(S, t," 41{(5, t)
Tree-level: g, > 0 Planar level: N > ¢
Constraints on the Mellin variables Finile string length Finite "1, Hooll coupling?
: R
— ' 2 F =
n . = Ve g~ gy = o2
Z'Yij =0, iy = Yji Yii = — & Partial wave expansion Conformal partial wave expansion
-}:1 . 3 \ o 2 s
Tis,1)= ;u,;(l) P,z{(xm 9} M (s, l) = JZfdu h_;{u ) ."L-f,,,_;(.s': r)
. ] - « o . _ warkial wave sartial wave
1= is convenient to introduce fictitious momenta p; such that ;. — p;-p;. ] par wan
Imposing momentum conservation 3., pi = 0 and she on-shell condition On-shell pales On-shell poles
p? = —A; antomatically leads to tha constraints 2T 2 )
ajt)~ 0 ba(1/%) ~ S
In the case of the four point function it is convenient to write the Mellin —n*(J) v? + [Q{J ) — %)
amplituce in terms of ‘Mandezlstam invariants’ : - - -
N Leading Regge trajectory Teading fawist operalors
s= (| p2)* =4, 1Az 2y 9
t=—(p+ps)" = A + 25 — 2 mi(J)= " (J 2 Alfy=d 21 1 7(J.g°)
43 Nt
dimenzion
Cubic couplings 3-pl lunetions or OPE coellicienls
CT) ~ >~w C{T) ~ @
Regge Limit: s — oc with fixed ¢ Regge limit: 5 — oc with fixed ¢
: axrJ ; :
Pyleos0) = (%) M, 5(s,0) & wy s(t) 7
T(s,t) = 3(t) 58 M(s,t) = j dvw, 00 (t) (1) 8
Regge pole and residue Regge pole and residue
ar oy . p 2 ;
t-m(J)=0 = J=jit) (AJ) - §) 1t =0 = J=jv
gty ~ ¢ 2[;{“) d(r) ~ (.,‘2(.)'(0))

Table 1: Analogy between standard Regge theory for scattering amplitudes in Hat spacetime
and conformal Regee theory. The notation will be explained later, hul the analogy should

alreardly he clear [or readers familiarized with Regee theory (and AdS/CFT).



