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— 量子異常から量子物理量へ —



プランク(1858 – 1947)

今年は量子力学の建設から100年
国連：2025年を国際量子科学技術年と宣言

科学雑誌の記念号

abandon dearly held common-sense ideas — for exam-
ple, the expectation that subatomic objects such as 
particles have a well-defined position and momentum 
at any given time. Instead, the physicists found that  
natural phenomena had an inherently unknowable nature. 
Classical physics, in other words, is only an approximate 
representation of reality, and manifests itself only at the 
macroscopic level. A century on, this insight into the 
nature of the physical world still thrills and bamboozles 
in equal measures. Many Nature readers will know about 
the philosophical quandaries raised by quantum cats that 
are simultaneously dead and alive, and about the industry 
that is growing around quantum computing. 

Others will know how quantum ideas gave rise to the 
lasers that beam information through the cables of the 
Internet, and the transistors that provide the processing 
power of electronic chips. But quantum ideas also shape 
our understanding of nature, at all levels, explaining why 
solid objects don’t fall apart and how stars shine and, ulti-
mately, die. 

A quantum year
Commemorative events are being planned all over the 
world for the coming 12 months. They include an open-
ing ceremony for the UN year at the headquarters of the 
UN scientific organization UNESCO in Paris in February; 
special events at a meeting of the American Physical Soci-
ety in Anaheim, California, in March; and a workshop for 
physicists on Heligoland in June. The organizers’ collective 
ambition is to celebrate not just the centenary of quantum 
mechanics, but also the science and applications that arose 
from it in the past century — and to explore how quantum 
physics might bring further change in the century to come.

In May, Ghana, the country that originally proposed that 
the UN proclaim 2025 the year of quantum science, is host-
ing an international conference on the topic in Kumasi. 
And in August, science historians will meet to celebrate the 
quantum century in Salvador de Bahia in Brazil. 

This meeting will be the high point of a 20-year research 
programme  that set out to re-examine the development of 
quantum theory. One major aim of that work, says historian 
Michel Janssen at the University of Minnesota in Minne-
apolis, was to establish the contributions of a collective 
of scientists, many of whom — particularly women — have 
not been recognized in the history of the field. 

These “hidden figures” include Lucy Mensing, who was a 
member of the same group as Heisenberg and worked out 
some of the first applications of his quantum-mechanical 
theory, says Daniela Monaldi, a historian at York University 
in Toronto, Canada. One of the most notable events of the 
year will be the publication of a biographical volume of 
essays on 16 of them, Women in the History of Quantum 
Physics. 

For all that it has already brought, the quantum revo-
lution still has unfinished business. In the years in which 
researchers were laying the foundations of quantum 
mechanics, they also began to rebuild other branches of 
physics — such as the study of electromagnetism, and states 
of matter — from quantum foundations. They also looked 

A century ago, physics underwent a change  
in perspective that was as consequential 
for the physical sciences as the theory of 
evolution by natural selection was for biology. 

It is rare for a scientific idea or theory to fundamentally 
change our perspective on reality. One such revolu-
tionary moment is being celebrated in 2025, which the 
United Nations has declared to be the International 
Year of Quantum Science and Technology.  This marks 

the centenary of the advent of quantum mechanics, which 
began in a flurry of papers 100 years ago. Just as it would 
be impossible to make sense of modern biology without 
Charles Darwin’s theory of evolution, our fundamental 
understanding of the physical world is now rooted in quan-
tum principles. Modern physics is quantum physics.

The word quantum refers to the way matter absorbs or 
releases energy — in discrete packets, or quanta. Its use 
in physics comes from the German word quant, which is 
derived from a Latin term meaning ‘how much’. In around 
1900, physicists such as Max Planck and Albert Einstein 
began to describe, in an ad hoc way, why several phenom-
ena of the subatomic realm could not be explained using 
the classical mechanics developed by Isaac Newton and 
others some two centuries earlier. Then, in 1925, quan-
tum came to be used to describe the fundamentals of an 
entirely new form of mechanics — the branch of physics 
that describes the relationship between forces and the 
motion of physical objects. 

As science historian Kristian Camilleri describes in an 
Essay on the startling developments of that year and those 
that followed (see page 269), the physicist Werner Heisen-
berg travelled to the German island of Heligoland in the 
North Sea in the summer of 1925 in search of relief from 
severe hay fever. Shortly after this, he submitted to the 
journal Zeitschrift für Physik a paper whose title translates 
as ‘On quantum-theoretical reinterpretation of kinematic 
and mechanical relationships’ (W. Heisenberg Z. Physik 
33, 879–893; 1925). This prompted further studies in the 
following months by Heisenberg and his close collabo-
rators, as well as work using an alternative approach by 
Erwin Schrödinger.

The revolution did not begin with physicists throw-
ing away the laws of classical mechanics, but with their  
radically reinterpreting classical concepts such as energy 
and momentum. However, it did require its initiators to 

The 
revolution 
did not 
begin with 
physicists 
throwing 
away the laws 
of classical 
mechanics.”

Quantum 
mechanics at 100: 
an un!nished 
revolution
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日本物理学会の記念イベント

量子力学の建設過程での日本での受容や導入状況はどうだったのだろう？
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1900 　プランク エネルギー量子
1905 　アインシュタイン 光量子（光子）
1913 　ボーア 水素原子模型

1916 　アインシュタイン 遷移確率と誘導放射

1923　 ド  ブロイ 物質波

1925 　 ハイゼンベルク・
ボルン・ジョルダン 行列力学

1926　 シュレーディンガー 波動力学
1926　 ボルン 波動関数の確率解釈

黒体輻射
光電効果（その他）
原子スペクトル

確率・レーザー

物質粒子の波動性

量子力学の完成

1915 　ゾンマーフェルト、  
　　　  ウィルソン、石原 量子化条件 正準交換関係

1924　  ボーア・クラマース・
　　　   スレーター 仮想輻射場と遷移 光の分散と原子構造

量子力学建設への道のり

1922 　シュテルン・ゲルラッハ 「空間量子化」の検証
コンプトン 光量子説の検証 光（X線）の粒子性

「スピン」



（前期）量子論から量子力学建設に至る過程での課題

電磁波の輻射エネルギーの量子化・光量子概念の導入・遷移
確率・光子気体の統計性・固体の低温での比熱

4

・原子（や分子の）離散スペクトルの説明

・黒体輻射のプランク分布の物理的背景の探究

原子構造・エネルギーの量子化・分子構造と化学反応の理解・
量子化条件の定式化

・スペクトル強度と光の分散の性質：波動と粒子の２重性
原子内の電磁相互作用（古典電磁気理論との整合性）・光の
粒子性と分散現象の連続性・量子 - 古典の対応・物質波概念

これらの課題に系統的に答えることのできる新たな力学
「量子力学  (Quantum Mechanics)」を模索
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量子力学建設時の交流

Niels Bohr 
（1885 ‒ 1962)

Wolfgang Pauli 
（1900 ‒ 1958)

Paul Dirac 
（1902 ‒ 1982)

Louis de Broglie 
（1892 ‒ 1987)

ライプツィヒ

1924 1925 1926 1927

ミュンヘン

チューリッヒ

ケンブリッジ

ベルリン Einstein

Bohr

Sommerfeld
ハンブルク Pauli

Born
Jordan

Weyl

von Neumann

1923 1928

Debye

パリ
de Broglie

ブリストル

ハノーバー

Kramers ユトレヒト

Wien

Planck

Schrödinger

Heisenberg

Dirac

コペンハーゲン

ゲッティンゲン

Como Volta記念会議
第５回 Solvay 会議



・1911 年 6 月 心理学会  講演
・同年 8 月『哲學雜誌』

訳語「量子」電気（電荷）の量子化を重要視
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「クワンテン假説（Quanten 
hypothese）に就いて」

日本では：長岡半太郎第１回 Solvay 会議
・1911 年11 月

Radiation and the Quanta

日本で最初の量子論研究者：石原純

・1915年 「作用量子の普遍的意味」
（Sommerfeld, Wilson, Ishiwara の量子化条件）

・1911年 「光量子論への寄与」

・1923 年  東北帝国大学辞職
・1931 年  岩波『科學』編集主任
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量子力学の基礎や発展の状況を解説
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・1923 年、岩波『思想』（21年創刊）

日本における最初の量子論の詳しい解説記事
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II.  量子相関と物理量
!"##量子もつれの豊かさ：相関

I.  量子化に見る非古典性
!"##場の量子論と量子異常

1

$"##非同値量子化

$"##量子物理量：弱値

但し、ここからは（ツマラナイ）私の話：偏った研究歴とヘソ曲がりゆえの偏見

%"##物理量演算子の不定性

%"##不確定性関係

1985 ~ 2005

2005 ~ 

まず、このような意義深い研究会を組織し、実行した世話人の方々に深く感謝

�e�^�œ�w�è��

内容
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１．場の量子論と量子異常

I．量子化に見る非古典性

quantum anomaly

ゼロ質量 m= 0 のディラック場と電磁場（外場）との相互作用

sym23 : 2011/10/21(0:18)
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 É � { �   � g � æ

�¶	��Ê�•�u�ª 
˜

�!�t�s�l�o�M�”�}�\�w�O�j�«�¥�”�«�t�m�M�o�x�|
H�E

���w���ù�w�h�Š�|
H�E�ž�è�w U(1) �•
ì�!�õ (1.88)
�U L �›
Æ�!�t�b�”�}�\�w�G�¬�$�0	¶
Q�t
Ç
5�b�”�-

���” B �x�«�¥�”�«�w
ï
:�¢�w 1/ 3�£�t�0� �b�”�‹�w

�p�K�“�|�\�•�› �Ì�æ�¦�ï
: (baryon number) �q�z

�•�} �Ì�æ�¦�ï�¢	O�{� �£ (baryon) �q�x�i�R�|�E�  p
�•�¤
Q�  n �s�r�§�M
ì�“�^�;�›�b�”�{� �w�¤�p�µ�Ð

�ï�U
R�-
:�w�‹�w�w�z	¶�p�K�“�|�\�•�’�©� �t�x�Ì

�æ�¦�ï
: B = 1 �U
Ç�)�^�•�”�}�©� �x���x�w�«�¥�”

�«�T�’
R�”�T�’�|�«�¥�”�«�t�x�Ì�æ�¦�ï
: B = 1 / 3
�›�|
S�«�¥�”�«�t�x B = ! 1/ 3 �›�Â�“�p�o�”�}�\�•

�t�‘�“�|�«�¥�”�«�q
S�«�¥�”�«�w�0�T�’
R�”�¤��� 

! �• K �w�Ì�æ�¦�ï
:�x B = 0 �q�s�”�}�Ì�æ�¦�ï
:

�w�-�����U
R�q�b�•�y�|�¢�o�.�p���O�b�”�£�Ì�æ�¦�ï

�¤�p�7�‹�0�M�E� �x�H�u�U�Ð�­�^�•�”�w�p�|�{� �q

�`�o�w�†��
Q�U�-	Â�^�•�”�}

�è�Ó�Ä�ï�‹�«�¥�”�«�q�‰�7�t�|
H�E�t�ž�è�s U(1)
�•
ì�!�õ�w�<�p�å�¬�å�ï�´�ž�ï�µ�S L �U
Æ�!�q�s�”�}

�\�w�G�¬�$�0	¶
Q�t
Ç
5�b�”�-���” L �x�è�Ó�Ä�ï�w


ï
:�t�0� �`�|�\�•�› �è�Ó�Ä�ï
: (lepton number)
�q�z�•�}�‹�`�¤
H�E�w�Ç�á�”�Ä�æ�Ê�w�í�”�U�µ�p�K

�•�y�|�è�Ó�Ä�ï�{� �x
H�E�–�t
ì�“�^�;�U���a�h��

�p���[�^�•�”�w�p�|�¤
H�E�p�w� �q�s U(1) �•
ì�!

�õ�w�<�p�‹�G�¬�$�0	¶
Q�U���O�b�”�\�q�t�s�”�}�f

�w�A�L�|�¤
H�E�p�w�è�Ó�Ä�ï�{� 
:�w�è�t�0� �b�”

�-���” L e, L µ , L ! �U���O�b�”�\�q�t�s�“�|�\�•�’

�›�f�•�g�•�?� ���| µ �{� ���| " �{� ���è�Ó�Ä�ï
:

�q�z�•�}�«�Q�y�|�?�  e! �q�?� �Ç�á�”�Ä�æ�Ê #e �w

�
�{� 	Ý�6�x L e = +1 �p�K�“�|�‡�h�Û�á�”�{�  µ!

�q�Û�á�”�Ç�á�”�Ä�æ�Ê #µ �x L µ = +1 �p�K�l�o�|�f

�•�g�•�w
S�{�  e+ , ø#e, µ+ , ø#µ �x�{� 
:�w
Ö�ø�U

�o�t�s�”�}�\�•�’��	��w�è�Ó�Ä�ï
:�-�����t�‘�l�o�|

�H�u�q	Å $ " e+ + e! �• µ+ " e+ + #e + ø#µ �x�•

�^�•�”�U�| µ+ " e+ + $ �x�Ð�­�^�•�”�}�î�M�t�x

�Ç�á�”�Ä�æ�Ê�t�x
•	–�s�U�’�í�”�U�K�l�o�¤
H�E�w

�Ç�á�”�Ä�æ�Ê�U���ù�`�o�M�”�h�Š�|	Í�w�-�����x�M

�c�•�‹�Ù�Å�$�s�‹�w�p�K�“�|�-���”�x
¶�è�Ó�Ä�ï
:

L = L e + L µ + L ! �w�ˆ�q�s�”�}

�`�`�|
ª	j�g�æ�x�§� �å�ç�s�®�”�´�g�æ�p�K�”�h

�Š�t�”� �Ÿ	×�U
C
\�`�|�\�w�h�Š�k�µ�t�x�Ì�æ�¦�ï


: B �|�è�Ó�Ä�ï
: L �q�‹�t�-���^�•�s�M�}�`�T�`�s

�U�’�|�\�•�’�w�{� 
:�w�”� �Ÿ	×�U�”�$�t�s�`�M

%µ j µ
B = %µ j µ

L #= 0 (1.93)

�h�Š�t�|�†	��w�{� 
:�w�) B ! L �x�”� �æ�$�t�‹�-

���”�q�s�l�o�M�”�}�è	×�w	Ý�¯�<�p�x�Ì�æ�¦�ï
:�•

�è�Ó�Ä�ï
:�-���w�”� �Ÿ	×�t�‘�”
��•�w���S�x�Ã�Š

�o	–�^�X�Á�¹�p�V�”�}�`�T�`�|�É�¦	s�8�s�w�ô�9	Ý

�¯�<�p�x
‡�-���w�a���U�Á�¹�p�V�s�M�D�ó
Q�‹�K�“�|

�f�w	Ô�ù�p�‹�s�S�{� 
: B ! L �x�k�µ�t�-���^�•�”

�w�p�|�\�•�›�;�M�h�Ì�æ�¦�ï
:�w
\
R�w�³�Æ�æ�¦�‹

�ß�Q�’�•�o�M�”�}

1-3-4 �§� �å�ç�0	¶
Q�q�”� �Ÿ	×

�Ã�Ÿ�å�¿�«�{� �w�%�t�S�M�o�|�‹�`�{� �w�í�”�U

�µ m = 0 �s�’�y�|�Õ�«�Ä�ç�� (vector) U(1) �•
ì�!

�õ (1.88) �t�C�Q�|�^�’�t�à�� (axial) U(1) �•
ì�!�õ

&(x) " e! i "# 5 &(x), (1.94)

�w�<�p �‹ L �x
Æ�!�q�s�”�}�Ã�Ÿ�å�¿�«	Ô�T�’�›��

�w�§� �å�æ�Â�Ÿ�”�›�Ë�m �ë� �ç	Ô (Weyl Þeld)

&L =
1
2

(1 ! $5)&, &R =
1
2

(1 + $5)& (1.95)

�›���[�̀ �\�•�’�›�%�w�G	\�t�;�M�”�\�q�q�b�•�y�|�Õ

�«�Ä�ç���q�à���w�•
ì�!�õ U(1)V $ U(1)A �0	¶
Q�x�|

�\�•�’�w�ë� �ç	Ô�t�0�b�”�•
ì�!�õ U(1)L $ U(1)R

&L (x) " e! i $L &L (x)

&R (x) " e! i $R &R (x) (1.96)

�w�<�p�w�G�¬�$�0	¶
Q�›�™�¯�b�”�}�\�w�‘�O�t�|�°


`�t�§� �å�ç�s�Ñ�£�ç�Û�{� �w	Ô &L �| &R �t�0�b�”

� �q�s�!�õ�› �§� �å�ç�!�õ �q�t�M�|�f�w�<�p�w�0	¶


Q�› �§� �å�ç�0	¶
Q (chiral symmetry) �q�z�•�}	Í

�w�%�x U(1)L $ U(1)R �§� �å�ç�0	¶
Q�›�Ë�m�}

�M�‡�\�w�%�U�?�Ó
ì�“�^�;�ò L int = eAµ j µ �›�Ë

�m�Õ�«�Ä�ç�� U(1) �®�”�´�g�æ

L = ø& i$µ D µ &, D µ = %µ ! ieA µ (1.97)

�p�K�”	Ô�ù�›�ß�Q�|�”� �=�w�̂ �Š�p�®�”�́ �0	¶
Q�U�¡

�Ë�^�•�o�M�”�‹�w�q�b�”�}�\�•�x�|�®�”�´	Ô Aµ �q�A

�ù�b�”�¢�G�¬�$�s�Õ�«�Ä�ç�� U(1)V �!�õ�w�É�”�»�”

�§�è�ï�Ä�p�‹�K�”�£�Õ�«�Ä�ç�§�è�ï�Ä j µ = ø&$µ &
�w�-��

%µ j µ = 0 (1.98)

�›�™�¯�b�”�U�|�\�w�q�V�|�•
ì U(1)A �!�õ (1.94) �t


Ç
5�b�”�É�”�»�”�§�è�ï�Ä�p�K�”�à
Q�§�è�ï�Ä j µ
5 =

ø&$µ $5& �x�-���d�c�| Fµ % = %µ A% ! %%Aµ �›�®�”

�´	Ô�w�Â�p�q�b�•�y�|

%µ j µ
5 = !

e2

16! 2
' µ %&' Fµ %F&' (1.99)

�q�s�”�\�q�U�Œ�’�•�o�M�” 10) �}�\�w�A�L�x�Ü (1.86)
�p � ) �Q � ’ � • � ” � à � � U(1) � ! � õ �w 
 \ 
R �   Q5 =!

dr &  $5& �U�|�”� �®�L�w�h�Š�t�Ì���‘��
Q�›�Ë

�m�\�q dQ5/dt #= 0 �›�Ô�`�o�S�“�|	H�l�o�%�w�¢�y

�/�æ�q�`�o�w�£�G�¬�$�0	¶
Q�x�|�”� �æ�q�`�o�x
�

�•�o�M�”�\�q�t�s�”�}�\�w�‘�O�t�|�°
`�t�y�/�æ�p

�w�0	¶
Q�U�|�”� �=�t
P�l�o
��•�”�q	Å�› �”� �Ÿ	×

(quantum anomaly) �q�t�M�|�›�t�§� �å�ç�0	¶
Q

軸型（axial）

H ! H ! = H U = U(g) g " G (1)

U = U(g(! )) = ei ! a Q a (2)

0 = "S =
!

dx
"

#L
#$

"$ +
#L

#(#µ $)
" (#µ $)

#
(3)

=
!

dx
"

#L
#$

"$ # #µ

$
#L

#(#µ $)

%
"$ + #µ

$
#L

#(#µ $)
"$

%#
(4)

"L =
"

#L
#$

# #µ

$
#L

#(#µ $)

%#
"$ + #µ

$
#L

#(#µ $)
"$

%
(5)

#µ

"
#L

#(#µ $)
"$ # K µ

#
= 0 (6)

=
!

dx
"

#L
#$

# #µ

$
#L

#(#µ $)

%#
"$ (7)

#L
#$

# #µ

$
#L

#(#µ $)

%
= 0 #µ J µ = 0 (8)

Q :=
!

X
dx J 0(x , t) �y L 0 ! L 0 (9)

d
dt

Q =
!

dx #0J 0 =
!

dx
&

#0J 0 + $ áJ
'

=
!

dx #µ J µ = 0 (10)

L =
1
2

(#µ $)(#µ $) #
m2

2
$2 xµ = ( ct, x ) (c = 1) (11)

"L = #µ K µ ($, #µ $) �y�y K µ = 0 %J µ (12)

"L = #µ K µ �y�y K µ = 0 %J µ (13)

(#µ #µ + m2)$(x) = 0 #µ =
#

#xµ (14)

$(x ) $(x ) + "$ (x ) #µ =
#

#xµ (15)

1

対称性
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�!�t�s�l�o�M�”�}�\�w�O�j�«�¥�”�«�t�m�M�o�x�|
H�E

���w���ù�w�h�Š�|
H�E�ž�è�w U(1) �•
ì�!�õ (1.88)
�U L �›
Æ�!�t�b�”�}�\�w�G�¬�$�0	¶
Q�t
Ç
5�b�”�-

���” B �x�«�¥�”�«�w
ï
:�¢�w 1/ 3�£�t�0� �b�”�‹�w

�p�K�“�|�\�•�› �Ì�æ�¦�ï
: (baryon number) �q�z

�•�} �Ì�æ�¦�ï�¢	O�{� �£ (baryon) �q�x�i�R�|�E�  p
�•�¤
Q�  n �s�r�§�M
ì�“�^�;�›�b�”�{� �w�¤�p�µ�Ð

�ï�U
R�-
:�w�‹�w�w�z	¶�p�K�“�|�\�•�’�©� �t�x�Ì

�æ�¦�ï
: B = 1 �U
Ç�)�^�•�”�}�©� �x���x�w�«�¥�”

�«�T�’
R�”�T�’�|�«�¥�”�«�t�x�Ì�æ�¦�ï
: B = 1 / 3
�›�|
S�«�¥�”�«�t�x B = ! 1/ 3 �›�Â�“�p�o�”�}�\�•

�t�‘�“�|�«�¥�”�«�q
S�«�¥�”�«�w�0�T�’
R�”�¤��� 

! �• K �w�Ì�æ�¦�ï
:�x B = 0 �q�s�”�}�Ì�æ�¦�ï
:

�w�-�����U
R�q�b�•�y�|�¢�o�.�p���O�b�”�£�Ì�æ�¦�ï

�¤�p�7�‹�0�M�E� �x�H�u�U�Ð�­�^�•�”�w�p�|�{� �q

�`�o�w�†��
Q�U�-	Â�^�•�”�}

�è�Ó�Ä�ï�‹�«�¥�”�«�q�‰�7�t�|
H�E�t�ž�è�s U(1)
�•
ì�!�õ�w�<�p�å�¬�å�ï�´�ž�ï�µ�S L �U
Æ�!�q�s�”�}

�\�w�G�¬�$�0	¶
Q�t
Ç
5�b�”�-���” L �x�è�Ó�Ä�ï�w


ï
:�t�0� �`�|�\�•�› �è�Ó�Ä�ï
: (lepton number)
�q�z�•�}�‹�`�¤
H�E�w�Ç�á�”�Ä�æ�Ê�w�í�”�U�µ�p�K

�•�y�|�è�Ó�Ä�ï�{� �x
H�E�–�t
ì�“�^�;�U���a�h��

�p���[�^�•�”�w�p�|�¤
H�E�p�w� �q�s U(1) �•
ì�!

�õ�w�<�p�‹�G�¬�$�0	¶
Q�U���O�b�”�\�q�t�s�”�}�f

�w�A�L�|�¤
H�E�p�w�è�Ó�Ä�ï�{� 
:�w�è�t�0� �b�”

�-���” L e, L µ , L ! �U���O�b�”�\�q�t�s�“�|�\�•�’

�›�f�•�g�•�?� ���| µ �{� ���| " �{� ���è�Ó�Ä�ï
:

�q�z�•�}�«�Q�y�|�?�  e! �q�?� �Ç�á�”�Ä�æ�Ê #e �w

�
�{� 	Ý�6�x L e = +1 �p�K�“�|�‡�h�Û�á�”�{�  µ!

�q�Û�á�”�Ç�á�”�Ä�æ�Ê #µ �x L µ = +1 �p�K�l�o�|�f

�•�g�•�w
S�{�  e+ , ø#e, µ+ , ø#µ �x�{� 
:�w
Ö�ø�U

�o�t�s�”�}�\�•�’��	��w�è�Ó�Ä�ï
:�-�����t�‘�l�o�|

�H�u�q	Å $ " e+ + e! �• µ+ " e+ + #e + ø#µ �x�•

�^�•�”�U�| µ+ " e+ + $ �x�Ð�­�^�•�”�}�î�M�t�x

�Ç�á�”�Ä�æ�Ê�t�x
•	–�s�U�’�í�”�U�K�l�o�¤
H�E�w

�Ç�á�”�Ä�æ�Ê�U���ù�`�o�M�”�h�Š�|	Í�w�-�����x�M

�c�•�‹�Ù�Å�$�s�‹�w�p�K�“�|�-���”�x
¶�è�Ó�Ä�ï
:

L = L e + L µ + L ! �w�ˆ�q�s�”�}

�`�`�|
ª	j�g�æ�x�§� �å�ç�s�®�”�´�g�æ�p�K�”�h

�Š�t�”� �Ÿ	×�U
C
\�`�|�\�w�h�Š�k�µ�t�x�Ì�æ�¦�ï


: B �|�è�Ó�Ä�ï
: L �q�‹�t�-���^�•�s�M�}�`�T�`�s

�U�’�|�\�•�’�w�{� 
:�w�”� �Ÿ	×�U�”�$�t�s�`�M

%µ j µ
B = %µ j µ

L #= 0 (1.93)

�h�Š�t�|�†	��w�{� 
:�w�) B ! L �x�”� �æ�$�t�‹�-

���”�q�s�l�o�M�”�}�è	×�w	Ý�¯�<�p�x�Ì�æ�¦�ï
:�•

�è�Ó�Ä�ï
:�-���w�”� �Ÿ	×�t�‘�”
��•�w���S�x�Ã�Š

�o	–�^�X�Á�¹�p�V�”�}�`�T�`�|�É�¦	s�8�s�w�ô�9	Ý

�¯�<�p�x
‡�-���w�a���U�Á�¹�p�V�s�M�D�ó
Q�‹�K�“�|

�f�w	Ô�ù�p�‹�s�S�{� 
: B ! L �x�k�µ�t�-���^�•�”

�w�p�|�\�•�›�;�M�h�Ì�æ�¦�ï
:�w
\
R�w�³�Æ�æ�¦�‹

�ß�Q�’�•�o�M�”�}

1-3-4 �§� �å�ç�0	¶
Q�q�”� �Ÿ	×

�Ã�Ÿ�å�¿�«�{� �w�%�t�S�M�o�|�‹�`�{� �w�í�”�U

�µ m = 0 �s�’�y�|�Õ�«�Ä�ç�� (vector) U(1) �•
ì�!

�õ (1.88) �t�C�Q�|�^�’�t�à�� (axial) U(1) �•
ì�!�õ

&(x) " e! i "# 5 &(x), (1.94)

�w�<�p �‹ L �x
Æ�!�q�s�”�}�Ã�Ÿ�å�¿�«	Ô�T�’�›��

�w�§� �å�æ�Â�Ÿ�”�›�Ë�m �ë� �ç	Ô (Weyl Þeld)

&L =
1
2

(1 ! $5)&, &R =
1
2

(1 + $5)& (1.95)

�›���[�̀ �\�•�’�›�%�w�G	\�t�;�M�”�\�q�q�b�•�y�|�Õ

�«�Ä�ç���q�à���w�•
ì�!�õ U(1)V $ U(1)A �0	¶
Q�x�|

�\�•�’�w�ë� �ç	Ô�t�0�b�”�•
ì�!�õ U(1)L $ U(1)R

&L (x) " e! i $L &L (x)

&R (x) " e! i $R &R (x) (1.96)

�w�<�p�w�G�¬�$�0	¶
Q�›�™�¯�b�”�}�\�w�‘�O�t�|�°


`�t�§� �å�ç�s�Ñ�£�ç�Û�{� �w	Ô &L �| &R �t�0�b�”

� �q�s�!�õ�› �§� �å�ç�!�õ �q�t�M�|�f�w�<�p�w�0	¶


Q�› �§� �å�ç�0	¶
Q (chiral symmetry) �q�z�•�}	Í

�w�%�x U(1)L $ U(1)R �§� �å�ç�0	¶
Q�›�Ë�m�}

�M�‡�\�w�%�U�?�Ó
ì�“�^�;�ò L int = eAµ j µ �›�Ë

�m�Õ�«�Ä�ç�� U(1) �®�”�´�g�æ

L = ø& i$µ D µ &, D µ = %µ ! ieA µ (1.97)

�p�K�”	Ô�ù�›�ß�Q�|�”� �=�w�̂ �Š�p�®�”�́ �0	¶
Q�U�¡

�Ë�^�•�o�M�”�‹�w�q�b�”�}�\�•�x�|�®�”�´	Ô Aµ �q�A

�ù�b�”�¢�G�¬�$�s�Õ�«�Ä�ç�� U(1)V �!�õ�w�É�”�»�”

�§�è�ï�Ä�p�‹�K�”�£�Õ�«�Ä�ç�§�è�ï�Ä j µ = ø&$µ &
�w�-��

%µ j µ = 0 (1.98)

�›�™�¯�b�”�U�|�\�w�q�V�|�•
ì U(1)A �!�õ (1.94) �t


Ç
5�b�”�É�”�»�”�§�è�ï�Ä�p�K�”�à
Q�§�è�ï�Ä j µ
5 =

ø&$µ $5& �x�-���d�c�| Fµ % = %µ A% ! %%Aµ �›�®�”

�´	Ô�w�Â�p�q�b�•�y�|

%µ j µ
5 = !

e2

16! 2
' µ %&' Fµ %F&' (1.99)

�q�s�”�\�q�U�Œ�’�•�o�M�” 10) �}�\�w�A�L�x�Ü (1.86)
�p � ) �Q � ’ � • � ” � à � � U(1) � ! � õ �w 
 \ 
R �   Q5 =!

dr &  $5& �U�|�”� �®�L�w�h�Š�t�Ì���‘��
Q�›�Ë

�m�\�q dQ5/dt #= 0 �›�Ô�`�o�S�“�|	H�l�o�%�w�¢�y

�/�æ�q�`�o�w�£�G�¬�$�0	¶
Q�x�|�”� �æ�q�`�o�x
�

�•�o�M�”�\�q�t�s�”�}�\�w�‘�O�t�|�°
`�t�y�/�æ�p

�w�0	¶
Q�U�|�”� �=�t
P�l�o
��•�”�q	Å�› �”� �Ÿ	×

(quantum anomaly) �q�t�M�|�›�t�§� �å�ç�0	¶
Q
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 É � { �   � g � æ

�¶	��Ê�•�u�ª 
˜

! 5" (x) = #" (x) (1.70)

�›�¬�h�b�q�V�¢ ! 5 = i ! 0! 1! 2! 3 �£�|�\�•�t�Y�?�ž�þ

�s	Ô�x

! 5" c(x) = ! #" c(x) (1.71)

�›�¬�h�b�}	H�l�o�|�{� �q
S�{� �p�x�§� �å�æ�Â�Ÿ�”

�U�o
Ö�ø�t�s�”�}

�%�U�Y�?�ž�þ�!�õ�w�<�p
Æ�! [H, UC ] = 0 �p�K�•

�y�|�í��
S�8�•�Ì��
S�8�w�q�V�q�‰�7�t�|�Y�?�ž�þ

�!�õ�t�0� �b�”
­� �¬�p�w
Æ�!
Q (1.23) �U
R�q�b

�”�}�‡�h�\�w�q�V UC �x�-���”�t�s�”�T�’�| UC �w

�{���‹�x
­� �a���w
¬�R���›�˜�”	Í�p���;�s�¦
ª�t

�s�”�}�?�Y q �t�x�|�è	×�w�?�Ó�>�$�s�?�Y�w���|�Ì

�æ�¦�ï
:�|�è�Ó�Ä�ï
:�s�r�|�Ì�í�t���)�`�s�M�º
æ

�×���S�›�›�Ã
Ç�Z�”�”� 
:�U���‡�•�”�}	H�l�o�| �Y

�?�ž�þ UC �w�{��	Ý�6�x�|�\�•�’�b�‚�o�w�”� 
:�U

�µ�¢ q = 0 �£�q�s�l�o�M�”�\�q�U
ž�A�q�s�”�}�\�w	Ú

�E�U�¬�h�^�•�”	Ô�ù�t�x�|�í��
S�8�w	Ô�ù�t�?�l�o

$ �w�‹�›�{� �w �Y�?�Í�æ�Â�Ÿ (charge parity) �q�z�•�}

�«�Q�y�|�?�Ó
ì�“�̂ �; j µ Aµ �t�S�Z�”�?�Ó�§�è�ï�Ä

j µ �x�Y�?�ž�þ�!�õ�t�‘�l�o j µ " ! j µ �q�s�”�h�Š�|

�‹�`�‰�Ì�t�?�Ó	Ô�U Aµ " Aµ �q�!�õ�b�•�y�¢�?�Ó

	Ô�x�î	Ô�s�w�p Aµ   = Aµ �£�|�Y�?�ž�þ�!�õ�w�<�p�w

�0	¶
Q�U�-�h�•�”�}�\�w�A
e�t�‘�l�o�|�?�Ó	Ô�w�Y

�?�Í�æ�Â�Ÿ�› $ = ! 1 �q�>�Š�”�}�‰�7�t %0 �¤��� �‹

UC �w�{��	Ý�6�t�s�l�o�S�“�|�f�w�Y�?�Í�æ�Â�Ÿ�›

$ = +1 �p�)�Q�•�y�|�
���^�•�h�H�u�a�� %0 " 2!
�t�S�Z�”
S� �w
²�™�w�Y�?�Í�æ�Â�Ÿ�x (+1) �q�s�l

�o
T�ù�$�t�s�”�}�‡�h�f�w�A�L�|�Y�?�ž�þ
Æ�!�s�a

���t�‘�” $ = ! 1 �•�w�H�u %0 " 3! �x�|�Ð�­�^�•

�”�\�q�t�s�”�}

�Y�?�Í�æ�Â�Ÿ�t�,�n�M�h
¬�R���w�‘�X�Œ�’�•�h�«

�t�z
ó�ù�{� �%�q�`�o�Y�?�ž�þ UC �w�{��	Ý�6�q�s

�”�?� �~�E�?� �w��
1�%�¢�Ù�´�Ä�é�Ç�¢�Ü�£ e! e+ �w

�0	«�Ó (pair annihilation) �U�K�”�}�\�w��
1�%�w
ì

�0�J�“�¯�á�ˆ�”�› l �|�µ�Ð�ï�› s�¢�µ�Ð�ï�ù
R�%�p�


	O�ò�w�q�V s = 0 �|��	O�ò�w�q�V s = 1 �£�q�b�”�q

�V�|�‹�`�?� �~�E�?� �›�Ö�•�8�Q�•�y�|��
1�%�›�G

	\�b�”	Ý�6�Õ�«�Ä�ç�t�|�í���2
ª�w�¦�õ�T�’ (! 1)l

�U�|�µ�Ð�ï�2
ª�w�¦�õ�T�’ (! 1)s+1 �w
Ö�ø�¼� �U�»

�T�”�}�^�’�t�f�w	Í�t�z�?� �~�E�?� �w�¦�õ�x�Y�?

�ž�þ�!�õ�t�s�l�o�M�”�w�p�z�f�w�M�t
\�a�”�Y�?�Í

�æ�Â�Ÿ$ �U�»�T�”�}�°�M�|�?� �~�E�?� �q�‹�t�Ñ�£�ç

�Û�{� �s�w�p�|�{� �w�w�-
Q�‘�“�¦�õ�t�‘�l�o
\�a

�”
¶�.�w
Ö�ø�¼� �x (! 1) �p�K�”
:�p�K�”�}�\�w�†

	��›
z�±�b�•�y (! 1)l + s+1 $ = ! 1 �q�s�“�|�\�•�‘

�“�Ù�´�Ä�é�Ç�¢�Ü�w�Y�?�Í�æ�Â�Ÿ�q�`�o

$ = ( ! 1)l + s (1.72)

�›�˜�”�}�Ù�´�Ä�é�Ç�¢�Ü�w n �«� �•�w�Y�?�ž�þ
Æ�!

�s�Ó�é�·�µ�t�‘�”�H�u�›�ß�Q�”�q�|�H�u�™�w�Y�?�Í

�æ�Â�Ÿ�x $ = ( ! 1)n �p�K�”�T�’�|�«�Q�y�
	O�ò�w

l = 0 	Ý�6�T�’�w���«� �H�u 1S0 " 2! �x�•�^�•�”

�U�|���«� �H�u 1S0 " 3! �x�Ð�­�^�•�”�\�q�t�s�”�}

1-2-4 CP T ���g

�?�Ó
ì�“�^�;�x�|�Í�æ�Â�Ÿ P �|�Ì��
S�8 T �|�Y�?�ž

�þ C �w�M�c�•�w�!�õ�w�<�p�‹
Æ�!�p�K�”�}�\�•�x�§

�è�ï�Ä
ì�“�^�;�ò�U�Õ�«�Ä�ç�� j µ Aµ �p�K�”�\�q�t

�‘�”�U�|�§�M
ì�“�^�;�‹�‰�a�Õ�«�Ä�ç���s�w�p�|�?

�Ó
ì�“�^�;�q�‰�7�t�\�•�’�w�!�õ P �| T �| C �w�¤�‘�t

�0�`�o
Æ�!�p�K�”�}�°�M�|	��M
ì�“�^�;�p�x	��s
ì

�“�^�;�t���)�b�”�§�è�ï�Ä�x�§� �å�ç���p�K�“�|�\

�•�›�Ï
R�b�”�Ñ�£�ç�Û�{� �¢�«�¥�”�«�•�è�Ó�Ä�ï�£�x

�›���w�§� �å�æ�Â�Ÿ�” # = ! 1 �›�Ë�m	Ô�p�K�”�}�§

� �å�æ�Â�Ÿ�”�x�Í�æ�Â�Ÿ P �q�Y�?�ž�þ C �!�õ�w�<�p


S�8�b�”�w�p�|	��M
ì�“�^�;�x�\�•�’�x�‘�w�!�õ�t

�0�`�o
Æ�!�p�x�s�M�}�`�T�`�Y�?�ž�þ C �q�Í�æ�Â�Ÿ

P �›���Z�o�æ�O CP �!�õ �w�<�p�x�§� �å�æ�Â�Ÿ�”�U

�i�t�í�”�h�Š�|�§�è�ï�Ä
ì�“�^�;�ò�t���b�”�v�“
Æ

�!
Q�x�-�h�•�”�}

�î�g�$�t�x�|�¤
Q K �¤��� �H�u�¢ CP �!�õ�w +1
�{��	Ý�6�p�K�” K 1 	Ý�6�q ! 1 �{��	Ý�6�p�K�” K 2

	Ý�6�w�H�u�£�t�S�M�o�|
•	–�s�U�’ CP 
‡�-���w�q

	Å�U
C�_�^�•�o�S�“�|�\�•�›
†�Ì�b�”�h�Š�t�|
É�{

� �w 
ª	j�Û�� (standard model) �p�x�|�Î�¿�¬�µ	Ô

�q�w�A�ù�ò�t�S�M�o CP 
Æ�!
Q�w
��•�U�D�ó�t�s�”

�‘�O�t
ƒ���^�•�o�M�”�}�s�S
ª	j�Û���x�| CP �w	Í

�t�^�’�t�Ì��
S�8 T �›�æ�O CP T �!�õ�w�<�p
Æ�!�t

�s�l�o�S�“�| CP 
Æ�!
Q�w
��•�x�Ì��
S�8 T 
Æ�!
Q

�w
��•�›�™�¯�b�”�} T 
Æ�!
Q�w
��•�x�|	Ä�I�ü�ù�w�j

�g�t�,�n�X�'���s�r�›�è�`�o�Û�¯�^�•�o�M�”�U�|�f

�w�Ú
€�$�U	Â�x���É�p�K�“�|�q�O�w�q�\�– CP �w
�

�•�t�±�‚�o	G
ü�t
^�`�M�U	Â�A�L�x�˜�’�•�o�M�s�M�}

CP T �!�õ�t�0�b�”
Æ�!
Q�x�|�î�x�Á	t
ì�“�^�;

�t�,�n�X�é�”�è�ï�À
Æ�!�s	Ô�w�”� �æ�p�°
`�$�t


R�q�b�”�\�q�U�Ô�^�•�o�S�“�|�\�•�x CP T ���g

(CP T theorem) �q�z�y�•�”�}�‘�“
̂ �¬�t�x�| (1) �Š�[

�¢�{��
Y�Ì�£�é�”�è�ï�À�!�õ (proper orthochronous
Lorentz transformation) �w�<�p�w
Æ�!
Q�| (2) 
ì�“

�^�;�ò�U�Á	t�$�p�K�“�|�T�m	Ô�w���‰� �S�‘�|�f�w

���v�Š�w
•
ü�T�’�Ï
R�^�•�o�M�”�\�q�| (3) �è	×�w�µ

�Ð�ï�q�w�-
Q�w�����¢�µ�Ð�ï�q�w�-�w���g�£�| (4) 
Y

�F	q	‚�= (normal-ordered) �`�h
ì�“�^�;�ò�¢	Ô�w

�w�-
Q�t	H�l�o�¢
S�£�0	¶�=�^�•�o�M�”�\�q�£�| (5)

ì�“�^�;�ò�w�×�~�ž�þ
Q�|�w���m�w�>���U�¬�h�^�•

�•�y�|�%�x CP T �!�õ�w�<�p
Æ�!
Q�p�K�”�\�q�U�Ô

�^�•�” 6) �}	Â�Ì�w�“�A�x�Ž�<�w�è�“�p�K�”�}

�‡�c�|�°
`�w�Â�ï�¹�ç	Ô�› &µ 1 áááµ n (x) �q�`�| C,
P , T �›���Z�o�æ�O���‰� �› UCP T = UT UP UC �q

�b�•�y�|�Õ�«�Ä�ç	Ô Aµ �w�!�õ
Q�s�r�T�’�0�›�t�¬

�T�Š�’�•�”�‘�O�t�|

H ! H ! = H U = U(g) g " G (1)

U = U(g(! )) = ei ! a Q a U(1)V U(1)A U(1)L U(1)R (2)

(" 5)2 = 1
1
2

(1 ± " 5) " 5#L = # #L �y " 5#R = + #R (3)

0 = $S =
!

dx
"

%L
%&

$&+
%L

%(%µ &)
$(%µ &)

#
(4)

=
!

dx
"

%L
%&

$&# %µ

$
%L

%(%µ &)

%
$&+ %µ

$
%L

%(%µ &)
$&

%#
(5)

$L =
"

%L
%&

# %µ

$
%L

%(%µ &)

%#
$&+ %µ

$
%L

%(%µ &)
$&

%
(6)

%µ

"
%L

%(%µ &)
$&# K µ

#
= 0 (7)

=
!

dx
"

%L
%&

# %µ

$
%L

%(%µ &)

%#
$& (8)

%L
%&

# %µ

$
%L

%(%µ &)

%
= 0 %µ J µ = 0 (9)

Q :=
!

X
dx J 0(x , t) �y L 0 ! L 0 (10)

d
dt

Q =
!

dx %0J 0 =
!

dx
&

%0J 0 + $ áJ
'

=
!

dx %µ J µ = 0 (11)

L =
1
2

(%µ &)(%µ &) #
m2

2
&2 xµ = ( ct, x ) (c = 1) (12)

$L = %µ K µ (&, %µ &) �y�y K µ = 0 ' J µ (13)

$L = %µ K µ �y�y K µ = 0 ' J µ (14)

(%µ %µ + m2)&(x) = 0 %µ =
%

%xµ (15)

1

位相変換

sym23 : 2011/10/21(0:18)

1. �0	¶
Q�q�”� 
: 13

�¶	��Ê�•�u�ª 
˜

j µ
a = ! i

! L
! (! µ ! i )

L a
ij ! j (1.84)

�q�`�o�Ï
R�b�•�y�|	Ô�w�á�ˆ�M���Ü�T�’

! µ j µ
a = 0 (1.85)

�q�s�“�|�\�•�‘�“�Ú
€�|�-���”

Qa =
!

dr j 0
a (x) "

dQa

dt
= 0 (1.86)

�›�˜�”�\�q�U�p�V�”�}

�G�¬�$�0	¶
Q�w�/���$�s�«�q�`�o�|�Ñ�£�ç�Û�{� 

�w�%�t�S�Z�”�•
ì�!�õ�w�� G = U(1) �w�0	¶
Q�U�K

�”�} " (x) �›�í�” m �w�Ã�Ÿ�å�¿�«	Ô�q�`�|�%�›�F��

�b�”�å�¬�å�ï�´�ž�ï�µ�S L �U�×���ò�¢�Ž�< ! = 1 �q

�b�”�£

L 0 = ø" i#µ ! µ " ! m ø"" (1.87)

�q " (x) �w
•
ü�›���‡�s�M
ì�“�^�;�ò L int �w�è�p�)

�Q�’�•�”�q�V�|	Ô�w�•
ì�!�õ

" (x) # e! i ! " (x), (1.88)

�w�<�p L �x
Æ�!�q�s�”�}�\�w�q�V
Ç
5�b�”�-���”

Q =
!

dr "   " (1.89)

�x�p�˜�b�”�Ñ�£�ç�Û�{� �w�{� 
:�¢
Y�¬�t�x Ô�{� 
:
! 
S�{� 
: Õ�£�t�0� �b�”���‰� �t�s�l�o�M�”�}�f�̀

�o�0	¶
Q�U
��•�s�M�v�“�|�f�w�-�����T�’�{� �w��

�)�b�”
S� �a���t�0�b�”
¬�R���›�˜�”�\�q�U�p�V�”�}

1-3-2 �ž� �¹�µ�Ð�ï

�E�  p �q�¤
Q�  n �x�|�©�—�w
Q�í�U�s�`�X�|�‡

�h�í�”�‹
‡	×�t�Ù�M�w�p�|�¢�Ù�Å�$�t�£�\�•�’�›�‰�°

�w�{� �w�?�Y�U�Ÿ�s�”	Ý�6�q�_�”�\�q�U�p�V�”�}�b

�s�˜�j�|�K�h�T�‹�µ�Ð�ï 1/ 2 �{� �w�‘�O�t�| p �q n
�x�º
æ�í���p�x�‰�a�µ�Ð�ï�›�Ë�m�{� �p�K�l�o�|�µ

�Ð�ï�w�H��
R
ü�U +1 / 2 �› p�| ! 1/ 2 �› n �q�_�s�b

�w�p�K�”�}�\�w�º
æ�í���p�w�µ�Ð�ï�w�\�q�›�| �ž� 

�¹�µ�Ð�ï (isospin) �q�z�•�}�f�`�o p ! p�| p ! n�|

n ! n ���w�©�—
ì�“�^�;�U�s�`�M�Ä�î�¢ �Y�?� �q
Q

(charge independence)�£�x�|�\�w �ž� �¹�µ�Ð�ï�í��

�q�z�y�•�”�º
æ�í���p�w Ô�s�8 Õ�w�<�p�©�—
ì�“�^�;

�U
Æ�!�p�K�”�A�L�p�K�”�q�r	
�b�”�}�\�w�ß�Q�t�,

�n�M�o�|�í���s�8�t�?�l�o�ž� �¹�µ�Ð�ï�0	¶
Q�w��

�› G = SU(2)�¢�›	��â�Ç�»�æ�”���£�q�`�|
\
R� 

Qa , a = 1 , 2, 3, �x�µ�Ð�ï�q�‰�a�X su(2) �E
:

[Qa , Qb] = i$abc Qc (1.90)

�›�¬�h�b�¢ $abc �x
S�0	¶�Â�ï�¹�ç $123 = 1 �£�‹�w

�q�b�”�}�ž� �¹�µ�Ð�ï I = 1 / 2 	Ý�6�w�©� �w	Ô

�› p �q n �w	Ô " p (x)�| " n (x) �›
Ê�t�`�o ! (x) =
(" p (x), " n (x)) T �q�`�o�Ï
R�b�•�y�| (1.81) �t�0� 

�b�”�!�õ�x�ž� �¹�µ�Ð�ï�í���p�w�s�8

! (x) # e! i ! a L a
! (x), L a =

%a

2
(1.91)

�p�)�Q�’�•�”�}

�©� �q�‰�7�t�|�¤���  &+ , &0, &! �‹�í�”�U�¨�Å

�`�o�M�”�w�p�|�\�•�’�›�ž� �¹�µ�Ð�ï I = 1 	Ý�6

�w�‰�°�w�{� �w���m�w�Ÿ�s�”	Ý�6�p�K�“�|�f�•�g�•

I 3 = +1, 0, ! 1 �t�0� �b�”�‹�w�q�_�”�\�q�U�p�V

�”�}�ž� �¹�µ�Ð�ï
Æ�!
Q�x�?�Ó
ì�“�^�;�t�‘�l�o
�

�’�•�o�M�”�U�|�f�w
��•�w�¢
:�Í�”�·�ï�Ä�£���S�w

�Ù�Å�p�x�|�‘�X
R�q�`�o�M�”�}�ž� �¹�µ�Ð�ï�-����

�›� �;�b�”�\�q�t�‘�“�|�«�Q�y &+ p # &+ p �s�r
¶


æ�p���è�“�w
Ê�ˆ�ù�˜�d�U�D�ó�s & �¤��� �q�©� �q

�w�„�Z�w�…�Ø
u�›�|�ž� �¹�µ�Ð�ï�0	¶�!�õ�t�‘�l�o

�“�M�t���È�`�s�M���è�“�w�„�Z�w�ˆ�T�’�‹�X�\�q�U

�p�V�”�}

�°�M�| �µ�Ä�è�ï�´�É�µ (strangeness)�q�z�y�•�”

�”� 
: S �›�Ë�m K �¤��� �t���`�o�x�| S = +1 �w

K + �q K 0 �S�‘�| S = ! 1 �w øK 0 �q K ! �›�f�•�g�•


Ê�t�`�o�ž� �¹�µ�Ð�ï I = 1 / 2 	Ý�6�q�_�s�b�\�q�U

�p�V�|�^�’�t " 0 �Ë� �Ö�é�ï�{� �›�ž� �¹�µ�§�å�”

I = 0 �t�0� �^�d�”�\�q�U�D�ó�p�K�”�}�\�•�’�w�0

� �w�<�p�x�|�{� �w�¢�?�Ó
ì�“�^�;�w�£�?�Y Q�|�Ì

�æ�¦�ï
: B �|�ž� �¹�µ�Ð�ï�w�H��
R
ü I 3 �q�w���t

�®�ç�Ú�ï -
b�a�w�Ü (Gell-Mann-Nishijima formula
�q�z�y�•�”�����Ü

Q = I 3 +
B + S

2
(1.92)

�U
R�q�b�”�}�s�S�|�\�\�p Y = B + S �x �Ë� �Í�”

�½�ß�”�´ (hypercharge) �q�z�y�•�”�”� 
:�p�K�“�|

�\�•�›
\
R� �q�`�o�ž� �¹�µ�Ð�ï�t�C�Q�|�0	¶���›

SU(3) �t�¦�G�b�”�\�q�t�‘�l�o�|�‘�“�°
`�$�s
Æ�!


Q�q�f�w�<�A�U�Ð�‚�”�\�q�U�D�ó�q�s�”�}
ª	j�Û��

�w�q	Ô�T�’�x�|�\�•�’�ž� �¹�µ�Ð�ï SU(2) �0	¶
Q�•

SU(3) �0	¶
Q�x�|��	��w�«�¥�”�«�w�O�j�›�t u�| d
�K�”�M�x s �«�¥�”�«�w�í�”�U�|���w�«�¥�”�«�t
z�‚

�o�¨�ˆ�t�0�M�\�q�t�I�¼�b�”�Ù�Å�$�0	¶
Q�p�K�”�q

�g�r�^�•�”�}

1-3-3 �Ì�æ�¦�ï
:�q�è�Ó�Ä�ï
:


É�{� �w
ª	j�g�æ�x�|���m�w 
H�E (generation) �w

�«�¥�”�«�q�è�Ó�Ä�ï�{� �w
Ê�q�|�Î�¿�¬�µ�{� �S�‘

�|
ì�“�^�;�›
��p�b�”�®�”�´�{� �T�’
R�”�}�«�¥�”

�«�q�è�Ó�Ä�ï�x�Ñ�£�ç�Û�{� �p�K�“�|�f�w
ú�g�$
Q

�í�›�F���b�”�å�¬�å�ï�´�ž�ï�µ�S L �x�|�\�•�’�w�{

� �w	Ô�t�&�p�s U(1) �•
ì�!�õ (1.88) �›�ª�`�o�‹
Æ

ベクトル型（vector）

H ! H ! = H U = U(g) g " G (1)

U = U(g(! )) = ei ! a Q a (2)

0 = "S =
!

dx
"

#L
#$

"$ +
#L

#(#µ $)
" (#µ $)

#
(3)

=
!

dx
"

#L
#$

"$ # #µ

$
#L

#(#µ $)

%
"$ + #µ

$
#L

#(#µ $)
"$

%#
(4)

"L =
"

#L
#$

# #µ

$
#L

#(#µ $)

%#
"$ + #µ

$
#L

#(#µ $)
"$

%
(5)

#µ

"
#L

#(#µ $)
"$ # K µ

#
= 0 (6)

=
!

dx
"

#L
#$

# #µ

$
#L

#(#µ $)

%#
"$ (7)

#L
#$

# #µ

$
#L

#(#µ $)

%
= 0 #µ J µ = 0 (8)

Q :=
!

X
dx J 0(x , t) �y L 0 ! L 0 (9)

d
dt

Q =
!

dx #0J 0 =
!

dx
&

#0J 0 + $ áJ
'

=
!

dx #µ J µ = 0 (10)

L =
1
2

(#µ $)(#µ $) #
m2

2
$2 xµ = ( ct, x ) (c = 1) (11)

"L = #µ K µ ($, #µ $) �y�y K µ = 0 %J µ (12)

"L = #µ K µ �y�y K µ = 0 %J µ (13)

(#µ #µ + m2)$(x) = 0 #µ =
#

#xµ (14)

$(x ) $(x ) + "$ (x ) #µ =
#

#xµ (15)

1

対称性 保存則

H ! H ! = H U = U(g) g " G (1)

U = U(g(! )) = ei ! a Q a U(1)V U(1)A U(1)L U(1)R (2)

(" 5)2 = 1
1
2

(1 ± " 5) " 5#L = # #L �y " 5#R = + #R (3)

0 = $S =
!

dx
"

%L
%&

$&+
%L

%(%µ &)
$(%µ &)

#
(4)

=
!

dx
"

%L
%&

$&# %µ

$
%L

%(%µ &)

%
$&+ %µ

$
%L

%(%µ &)
$&

%#
(5)

$L =
"

%L
%&

# %µ

$
%L

%(%µ &)

%#
$&+ %µ

$
%L

%(%µ &)
$&

%
(6)

%µ

"
%L

%(%µ &)
$&# K µ

#
= 0 (7)

=
!

dx
"

%L
%&

# %µ

$
%L

%(%µ &)

%#
$& (8)

%L
%&

# %µ

$
%L

%(%µ &)

%
= 0 %µ J µ = 0 (9)

Q :=
!

X
dx J 0(x , t) �y L 0 ! L 0 (10)

d
dt

Q =
!

dx %0J 0 =
!

dx
&

%0J 0 + $ áJ
'

=
!

dx %µ J µ = 0 (11)

L =
1
2

(%µ &)(%µ &) #
m2

2
&2 xµ = ( ct, x ) (c = 1) (12)

$L = %µ K µ (&, %µ &) �y�y K µ = 0 ' J µ (13)

$L = %µ K µ �y�y K µ = 0 ' J µ (14)

(%µ %µ + m2)&(x) = 0 %µ =
%

%xµ (15)

1

位相変換

保存則
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14 I 
 É � { �   � g � æ

�¶	��Ê�•�u�ª 
˜

�!�t�s�l�o�M�”�}�\�w�O�j�«�¥�”�«�t�m�M�o�x�|
H�E

���w���ù�w�h�Š�|
H�E�ž�è�w U(1) �•
ì�!�õ (1.88)
�U L �›
Æ�!�t�b�”�}�\�w�G�¬�$�0	¶
Q�t
Ç
5�b�”�-

���” B �x�«�¥�”�«�w
ï
:�¢�w 1/ 3�£�t�0� �b�”�‹�w

�p�K�“�|�\�•�› �Ì�æ�¦�ï
: (baryon number) �q�z

�•�} �Ì�æ�¦�ï�¢	O�{� �£ (baryon) �q�x�i�R�|�E�  p
�•�¤
Q�  n �s�r�§�M
ì�“�^�;�›�b�”�{� �w�¤�p�µ�Ð

�ï�U
R�-
:�w�‹�w�w�z	¶�p�K�“�|�\�•�’�©� �t�x�Ì

�æ�¦�ï
: B = 1 �U
Ç�)�^�•�”�}�©� �x���x�w�«�¥�”

�«�T�’
R�”�T�’�|�«�¥�”�«�t�x�Ì�æ�¦�ï
: B = 1 / 3
�›�|
S�«�¥�”�«�t�x B = ! 1/ 3 �›�Â�“�p�o�”�}�\�•

�t�‘�“�|�«�¥�”�«�q
S�«�¥�”�«�w�0�T�’
R�”�¤��� 

! �• K �w�Ì�æ�¦�ï
:�x B = 0 �q�s�”�}�Ì�æ�¦�ï
:

�w�-�����U
R�q�b�•�y�|�¢�o�.�p���O�b�”�£�Ì�æ�¦�ï

�¤�p�7�‹�0�M�E� �x�H�u�U�Ð�­�^�•�”�w�p�|�{� �q

�`�o�w�†��
Q�U�-	Â�^�•�”�}

�è�Ó�Ä�ï�‹�«�¥�”�«�q�‰�7�t�|
H�E�t�ž�è�s U(1)
�•
ì�!�õ�w�<�p�å�¬�å�ï�´�ž�ï�µ�S L �U
Æ�!�q�s�”�}

�\�w�G�¬�$�0	¶
Q�t
Ç
5�b�”�-���” L �x�è�Ó�Ä�ï�w


ï
:�t�0� �`�|�\�•�› �è�Ó�Ä�ï
: (lepton number)
�q�z�•�}�‹�`�¤
H�E�w�Ç�á�”�Ä�æ�Ê�w�í�”�U�µ�p�K

�•�y�|�è�Ó�Ä�ï�{� �x
H�E�–�t
ì�“�^�;�U���a�h��

�p���[�^�•�”�w�p�|�¤
H�E�p�w� �q�s U(1) �•
ì�!

�õ�w�<�p�‹�G�¬�$�0	¶
Q�U���O�b�”�\�q�t�s�”�}�f

�w�A�L�|�¤
H�E�p�w�è�Ó�Ä�ï�{� 
:�w�è�t�0� �b�”

�-���” L e, L µ , L ! �U���O�b�”�\�q�t�s�“�|�\�•�’

�›�f�•�g�•�?� ���| µ �{� ���| " �{� ���è�Ó�Ä�ï
:

�q�z�•�}�«�Q�y�|�?�  e! �q�?� �Ç�á�”�Ä�æ�Ê #e �w

�
�{� 	Ý�6�x L e = +1 �p�K�“�|�‡�h�Û�á�”�{�  µ!

�q�Û�á�”�Ç�á�”�Ä�æ�Ê #µ �x L µ = +1 �p�K�l�o�|�f

�•�g�•�w
S�{�  e+ , ø#e, µ+ , ø#µ �x�{� 
:�w
Ö�ø�U

�o�t�s�”�}�\�•�’��	��w�è�Ó�Ä�ï
:�-�����t�‘�l�o�|

�H�u�q	Å $ " e+ + e! �• µ+ " e+ + #e + ø#µ �x�•

�^�•�”�U�| µ+ " e+ + $ �x�Ð�­�^�•�”�}�î�M�t�x

�Ç�á�”�Ä�æ�Ê�t�x
•	–�s�U�’�í�”�U�K�l�o�¤
H�E�w

�Ç�á�”�Ä�æ�Ê�U���ù�`�o�M�”�h�Š�|	Í�w�-�����x�M

�c�•�‹�Ù�Å�$�s�‹�w�p�K�“�|�-���”�x
¶�è�Ó�Ä�ï
:

L = L e + L µ + L ! �w�ˆ�q�s�”�}

�`�`�|
ª	j�g�æ�x�§� �å�ç�s�®�”�´�g�æ�p�K�”�h

�Š�t�”� �Ÿ	×�U
C
\�`�|�\�w�h�Š�k�µ�t�x�Ì�æ�¦�ï


: B �|�è�Ó�Ä�ï
: L �q�‹�t�-���^�•�s�M�}�`�T�`�s

�U�’�|�\�•�’�w�{� 
:�w�”� �Ÿ	×�U�”�$�t�s�`�M

%µ j µ
B = %µ j µ

L #= 0 (1.93)

�h�Š�t�|�†	��w�{� 
:�w�) B ! L �x�”� �æ�$�t�‹�-

���”�q�s�l�o�M�”�}�è	×�w	Ý�¯�<�p�x�Ì�æ�¦�ï
:�•

�è�Ó�Ä�ï
:�-���w�”� �Ÿ	×�t�‘�”
��•�w���S�x�Ã�Š

�o	–�^�X�Á�¹�p�V�”�}�`�T�`�|�É�¦	s�8�s�w�ô�9	Ý

�¯�<�p�x
‡�-���w�a���U�Á�¹�p�V�s�M�D�ó
Q�‹�K�“�|

�f�w	Ô�ù�p�‹�s�S�{� 
: B ! L �x�k�µ�t�-���^�•�”

�w�p�|�\�•�›�;�M�h�Ì�æ�¦�ï
:�w
\
R�w�³�Æ�æ�¦�‹

�ß�Q�’�•�o�M�”�}

1-3-4 �§� �å�ç�0	¶
Q�q�”� �Ÿ	×

�Ã�Ÿ�å�¿�«�{� �w�%�t�S�M�o�|�‹�`�{� �w�í�”�U

�µ m = 0 �s�’�y�|�Õ�«�Ä�ç�� (vector) U(1) �•
ì�!

�õ (1.88) �t�C�Q�|�^�’�t�à�� (axial) U(1) �•
ì�!�õ

&(x) " e! i "# 5 &(x), (1.94)

�w�<�p �‹ L �x
Æ�!�q�s�”�}�Ã�Ÿ�å�¿�«	Ô�T�’�›��

�w�§� �å�æ�Â�Ÿ�”�›�Ë�m �ë� �ç	Ô (Weyl Þeld)

&L =
1
2

(1 ! $5)&, &R =
1
2

(1 + $5)& (1.95)

�›���[�̀ �\�•�’�›�%�w�G	\�t�;�M�”�\�q�q�b�•�y�|�Õ

�«�Ä�ç���q�à���w�•
ì�!�õ U(1)V $ U(1)A �0	¶
Q�x�|

�\�•�’�w�ë� �ç	Ô�t�0�b�”�•
ì�!�õ U(1)L $ U(1)R

&L (x) " e! i $L &L (x)

&R (x) " e! i $R &R (x) (1.96)

�w�<�p�w�G�¬�$�0	¶
Q�›�™�¯�b�”�}�\�w�‘�O�t�|�°


`�t�§� �å�ç�s�Ñ�£�ç�Û�{� �w	Ô &L �| &R �t�0�b�”

� �q�s�!�õ�› �§� �å�ç�!�õ �q�t�M�|�f�w�<�p�w�0	¶


Q�› �§� �å�ç�0	¶
Q (chiral symmetry) �q�z�•�}	Í

�w�%�x U(1)L $ U(1)R �§� �å�ç�0	¶
Q�›�Ë�m�}

�M�‡�\�w�%�U�?�Ó
ì�“�^�;�ò L int = eAµ j µ �›�Ë

�m�Õ�«�Ä�ç�� U(1) �®�”�´�g�æ

L = ø& i$µ D µ &, D µ = %µ ! ieA µ (1.97)

�p�K�”	Ô�ù�›�ß�Q�|�”� �=�w�̂ �Š�p�®�”�́ �0	¶
Q�U�¡

�Ë�^�•�o�M�”�‹�w�q�b�”�}�\�•�x�|�®�”�´	Ô Aµ �q�A

�ù�b�”�¢�G�¬�$�s�Õ�«�Ä�ç�� U(1)V �!�õ�w�É�”�»�”

�§�è�ï�Ä�p�‹�K�”�£�Õ�«�Ä�ç�§�è�ï�Ä j µ = ø&$µ &
�w�-��

%µ j µ = 0 (1.98)

�›�™�¯�b�”�U�|�\�w�q�V�|�•
ì U(1)A �!�õ (1.94) �t


Ç
5�b�”�É�”�»�”�§�è�ï�Ä�p�K�”�à
Q�§�è�ï�Ä j µ
5 =

ø&$µ $5& �x�-���d�c�| Fµ % = %µ A% ! %%Aµ �›�®�”

�´	Ô�w�Â�p�q�b�•�y�|

%µ j µ
5 = !

e2

16! 2
' µ %&' Fµ %F&' (1.99)

�q�s�”�\�q�U�Œ�’�•�o�M�” 10) �}�\�w�A�L�x�Ü (1.86)
�p � ) �Q � ’ � • � ” � à � � U(1) � ! � õ �w 
 \ 
R �   Q5 =!

dr &  $5& �U�|�”� �®�L�w�h�Š�t�Ì���‘��
Q�›�Ë

�m�\�q dQ5/dt #= 0 �›�Ô�`�o�S�“�|	H�l�o�%�w�¢�y

�/�æ�q�`�o�w�£�G�¬�$�0	¶
Q�x�|�”� �æ�q�`�o�x
�

�•�o�M�”�\�q�t�s�”�}�\�w�‘�O�t�|�°
`�t�y�/�æ�p

�w�0	¶
Q�U�|�”� �=�t
P�l�o
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a) 大域的対称性の破れ
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ネーターの定理　（場の古典論）

・古典論



10

・量子論

sym23 : 2011/10/21(0:18)

14 I 
 É � { �   � g � æ

�¶	��Ê�•�u�ª 
˜

�!�t�s�l�o�M�”�}�\�w�O�j�«�¥�”�«�t�m�M�o�x�|
H�E

���w���ù�w�h�Š�|
H�E�ž�è�w U(1) �•
ì�!�õ (1.88)
�U L �›
Æ�!�t�b�”�}�\�w�G�¬�$�0	¶
Q�t
Ç
5�b�”�-

���” B �x�«�¥�”�«�w
ï
:�¢�w 1/ 3�£�t�0� �b�”�‹�w

�p�K�“�|�\�•�› �Ì�æ�¦�ï
: (baryon number) �q�z

�•�} �Ì�æ�¦�ï�¢	O�{� �£ (baryon) �q�x�i�R�|�E�  p
�•�¤
Q�  n �s�r�§�M
ì�“�^�;�›�b�”�{� �w�¤�p�µ�Ð

�ï�U
R�-
:�w�‹�w�w�z	¶�p�K�“�|�\�•�’�©� �t�x�Ì

�æ�¦�ï
: B = 1 �U
Ç�)�^�•�”�}�©� �x���x�w�«�¥�”

�«�T�’
R�”�T�’�|�«�¥�”�«�t�x�Ì�æ�¦�ï
: B = 1 / 3
�›�|
S�«�¥�”�«�t�x B = ! 1/ 3 �›�Â�“�p�o�”�}�\�•

�t�‘�“�|�«�¥�”�«�q
S�«�¥�”�«�w�0�T�’
R�”�¤��� 

! �• K �w�Ì�æ�¦�ï
:�x B = 0 �q�s�”�}�Ì�æ�¦�ï
:

�w�-�����U
R�q�b�•�y�|�¢�o�.�p���O�b�”�£�Ì�æ�¦�ï

�¤�p�7�‹�0�M�E� �x�H�u�U�Ð�­�^�•�”�w�p�|�{� �q

�`�o�w�†��
Q�U�-	Â�^�•�”�}

�è�Ó�Ä�ï�‹�«�¥�”�«�q�‰�7�t�|
H�E�t�ž�è�s U(1)
�•
ì�!�õ�w�<�p�å�¬�å�ï�´�ž�ï�µ�S L �U
Æ�!�q�s�”�}

�\�w�G�¬�$�0	¶
Q�t
Ç
5�b�”�-���” L �x�è�Ó�Ä�ï�w


ï
:�t�0� �`�|�\�•�› �è�Ó�Ä�ï
: (lepton number)
�q�z�•�}�‹�`�¤
H�E�w�Ç�á�”�Ä�æ�Ê�w�í�”�U�µ�p�K

�•�y�|�è�Ó�Ä�ï�{� �x
H�E�–�t
ì�“�^�;�U���a�h��

�p���[�^�•�”�w�p�|�¤
H�E�p�w� �q�s U(1) �•
ì�!

�õ�w�<�p�‹�G�¬�$�0	¶
Q�U���O�b�”�\�q�t�s�”�}�f

�w�A�L�|�¤
H�E�p�w�è�Ó�Ä�ï�{� 
:�w�è�t�0� �b�”

�-���” L e, L µ , L ! �U���O�b�”�\�q�t�s�“�|�\�•�’

�›�f�•�g�•�?� ���| µ �{� ���| " �{� ���è�Ó�Ä�ï
:

�q�z�•�}�«�Q�y�|�?�  e! �q�?� �Ç�á�”�Ä�æ�Ê #e �w

�
�{� 	Ý�6�x L e = +1 �p�K�“�|�‡�h�Û�á�”�{�  µ!

�q�Û�á�”�Ç�á�”�Ä�æ�Ê #µ �x L µ = +1 �p�K�l�o�|�f

�•�g�•�w
S�{�  e+ , ø#e, µ+ , ø#µ �x�{� 
:�w
Ö�ø�U

�o�t�s�”�}�\�•�’��	��w�è�Ó�Ä�ï
:�-�����t�‘�l�o�|

�H�u�q	Å $ " e+ + e! �• µ+ " e+ + #e + ø#µ �x�•

�^�•�”�U�| µ+ " e+ + $ �x�Ð�­�^�•�”�}�î�M�t�x

�Ç�á�”�Ä�æ�Ê�t�x
•	–�s�U�’�í�”�U�K�l�o�¤
H�E�w

�Ç�á�”�Ä�æ�Ê�U���ù�`�o�M�”�h�Š�|	Í�w�-�����x�M

�c�•�‹�Ù�Å�$�s�‹�w�p�K�“�|�-���”�x
¶�è�Ó�Ä�ï
:

L = L e + L µ + L ! �w�ˆ�q�s�”�}

�`�`�|
ª	j�g�æ�x�§� �å�ç�s�®�”�´�g�æ�p�K�”�h

�Š�t�”� �Ÿ	×�U
C
\�`�|�\�w�h�Š�k�µ�t�x�Ì�æ�¦�ï


: B �|�è�Ó�Ä�ï
: L �q�‹�t�-���^�•�s�M�}�`�T�`�s

�U�’�|�\�•�’�w�{� 
:�w�”� �Ÿ	×�U�”�$�t�s�`�M

%µ j µ
B = %µ j µ

L #= 0 (1.93)

�h�Š�t�|�†	��w�{� 
:�w�) B ! L �x�”� �æ�$�t�‹�-

���”�q�s�l�o�M�”�}�è	×�w	Ý�¯�<�p�x�Ì�æ�¦�ï
:�•

�è�Ó�Ä�ï
:�-���w�”� �Ÿ	×�t�‘�”
��•�w���S�x�Ã�Š

�o	–�^�X�Á�¹�p�V�”�}�`�T�`�|�É�¦	s�8�s�w�ô�9	Ý

�¯�<�p�x
‡�-���w�a���U�Á�¹�p�V�s�M�D�ó
Q�‹�K�“�|

�f�w	Ô�ù�p�‹�s�S�{� 
: B ! L �x�k�µ�t�-���^�•�”

�w�p�|�\�•�›�;�M�h�Ì�æ�¦�ï
:�w
\
R�w�³�Æ�æ�¦�‹

�ß�Q�’�•�o�M�”�}

1-3-4 �§� �å�ç�0	¶
Q�q�”� �Ÿ	×

�Ã�Ÿ�å�¿�«�{� �w�%�t�S�M�o�|�‹�`�{� �w�í�”�U

�µ m = 0 �s�’�y�|�Õ�«�Ä�ç�� (vector) U(1) �•
ì�!

�õ (1.88) �t�C�Q�|�^�’�t�à�� (axial) U(1) �•
ì�!�õ

&(x) " e! i "# 5 &(x), (1.94)

�w�<�p �‹ L �x
Æ�!�q�s�”�}�Ã�Ÿ�å�¿�«	Ô�T�’�›��

�w�§� �å�æ�Â�Ÿ�”�›�Ë�m �ë� �ç	Ô (Weyl Þeld)

&L =
1
2

(1 ! $5)&, &R =
1
2

(1 + $5)& (1.95)

�›���[�̀ �\�•�’�›�%�w�G	\�t�;�M�”�\�q�q�b�•�y�|�Õ

�«�Ä�ç���q�à���w�•
ì�!�õ U(1)V $ U(1)A �0	¶
Q�x�|

�\�•�’�w�ë� �ç	Ô�t�0�b�”�•
ì�!�õ U(1)L $ U(1)R

&L (x) " e! i $L &L (x)

&R (x) " e! i $R &R (x) (1.96)

�w�<�p�w�G�¬�$�0	¶
Q�›�™�¯�b�”�}�\�w�‘�O�t�|�°


`�t�§� �å�ç�s�Ñ�£�ç�Û�{� �w	Ô &L �| &R �t�0�b�”

� �q�s�!�õ�› �§� �å�ç�!�õ �q�t�M�|�f�w�<�p�w�0	¶


Q�› �§� �å�ç�0	¶
Q (chiral symmetry) �q�z�•�}	Í

�w�%�x U(1)L $ U(1)R �§� �å�ç�0	¶
Q�›�Ë�m�}

�M�‡�\�w�%�U�?�Ó
ì�“�^�;�ò L int = eAµ j µ �›�Ë

�m�Õ�«�Ä�ç�� U(1) �®�”�´�g�æ

L = ø& i$µ D µ &, D µ = %µ ! ieA µ (1.97)

�p�K�”	Ô�ù�›�ß�Q�|�”� �=�w�̂ �Š�p�®�”�́ �0	¶
Q�U�¡

�Ë�^�•�o�M�”�‹�w�q�b�”�}�\�•�x�|�®�”�´	Ô Aµ �q�A

�ù�b�”�¢�G�¬�$�s�Õ�«�Ä�ç�� U(1)V �!�õ�w�É�”�»�”

�§�è�ï�Ä�p�‹�K�”�£�Õ�«�Ä�ç�§�è�ï�Ä j µ = ø&$µ &
�w�-��

%µ j µ = 0 (1.98)

�›�™�¯�b�”�U�|�\�w�q�V�|�•
ì U(1)A �!�õ (1.94) �t


Ç
5�b�”�É�”�»�”�§�è�ï�Ä�p�K�”�à
Q�§�è�ï�Ä j µ
5 =

ø&$µ $5& �x�-���d�c�| Fµ % = %µ A% ! %%Aµ �›�®�”

�´	Ô�w�Â�p�q�b�•�y�|

%µ j µ
5 = !

e2

16! 2
' µ %&' Fµ %F&' (1.99)

�q�s�”�\�q�U�Œ�’�•�o�M�” 10) �}�\�w�A�L�x�Ü (1.86)
�p � ) �Q � ’ � • � ” � à � � U(1) � ! � õ �w 
 \ 
R �   Q5 =!

dr &  $5& �U�|�”� �®�L�w�h�Š�t�Ì���‘��
Q�›�Ë

�m�\�q dQ5/dt #= 0 �›�Ô�`�o�S�“�|	H�l�o�%�w�¢�y

�/�æ�q�`�o�w�£�G�¬�$�0	¶
Q�x�|�”� �æ�q�`�o�x
�

�•�o�M�”�\�q�t�s�”�}�\�w�‘�O�t�|�°
`�t�y�/�æ�p

�w�0	¶
Q�U�|�”� �=�t
P�l�o
��•�”�q	Å�› �”� �Ÿ	×

(quantum anomaly) �q�t�M�|�›�t�§� �å�ç�0	¶
Q

sym23 : 2011/10/21(0:18)

14 I 
 É � { �   � g � æ

�¶	��Ê�•�u�ª 
˜

�!�t�s�l�o�M�”�}�\�w�O�j�«�¥�”�«�t�m�M�o�x�|
H�E

���w���ù�w�h�Š�|
H�E�ž�è�w U(1) �•
ì�!�õ (1.88)
�U L �›
Æ�!�t�b�”�}�\�w�G�¬�$�0	¶
Q�t
Ç
5�b�”�-

���” B �x�«�¥�”�«�w
ï
:�¢�w 1/ 3�£�t�0� �b�”�‹�w

�p�K�“�|�\�•�› �Ì�æ�¦�ï
: (baryon number) �q�z

�•�} �Ì�æ�¦�ï�¢	O�{� �£ (baryon) �q�x�i�R�|�E�  p
�•�¤
Q�  n �s�r�§�M
ì�“�^�;�›�b�”�{� �w�¤�p�µ�Ð

�ï�U
R�-
:�w�‹�w�w�z	¶�p�K�“�|�\�•�’�©� �t�x�Ì

�æ�¦�ï
: B = 1 �U
Ç�)�^�•�”�}�©� �x���x�w�«�¥�”

�«�T�’
R�”�T�’�|�«�¥�”�«�t�x�Ì�æ�¦�ï
: B = 1 / 3
�›�|
S�«�¥�”�«�t�x B = ! 1/ 3 �›�Â�“�p�o�”�}�\�•

�t�‘�“�|�«�¥�”�«�q
S�«�¥�”�«�w�0�T�’
R�”�¤��� 

! �• K �w�Ì�æ�¦�ï
:�x B = 0 �q�s�”�}�Ì�æ�¦�ï
:

�w�-�����U
R�q�b�•�y�|�¢�o�.�p���O�b�”�£�Ì�æ�¦�ï

�¤�p�7�‹�0�M�E� �x�H�u�U�Ð�­�^�•�”�w�p�|�{� �q

�`�o�w�†��
Q�U�-	Â�^�•�”�}

�è�Ó�Ä�ï�‹�«�¥�”�«�q�‰�7�t�|
H�E�t�ž�è�s U(1)
�•
ì�!�õ�w�<�p�å�¬�å�ï�´�ž�ï�µ�S L �U
Æ�!�q�s�”�}

�\�w�G�¬�$�0	¶
Q�t
Ç
5�b�”�-���” L �x�è�Ó�Ä�ï�w


ï
:�t�0� �`�|�\�•�› �è�Ó�Ä�ï
: (lepton number)
�q�z�•�}�‹�`�¤
H�E�w�Ç�á�”�Ä�æ�Ê�w�í�”�U�µ�p�K

�•�y�|�è�Ó�Ä�ï�{� �x
H�E�–�t
ì�“�^�;�U���a�h��

�p���[�^�•�”�w�p�|�¤
H�E�p�w� �q�s U(1) �•
ì�!

�õ�w�<�p�‹�G�¬�$�0	¶
Q�U���O�b�”�\�q�t�s�”�}�f

�w�A�L�|�¤
H�E�p�w�è�Ó�Ä�ï�{� 
:�w�è�t�0� �b�”

�-���” L e, L µ , L ! �U���O�b�”�\�q�t�s�“�|�\�•�’

�›�f�•�g�•�?� ���| µ �{� ���| " �{� ���è�Ó�Ä�ï
:

�q�z�•�}�«�Q�y�|�?�  e! �q�?� �Ç�á�”�Ä�æ�Ê #e �w

�
�{� 	Ý�6�x L e = +1 �p�K�“�|�‡�h�Û�á�”�{�  µ!

�q�Û�á�”�Ç�á�”�Ä�æ�Ê #µ �x L µ = +1 �p�K�l�o�|�f

�•�g�•�w
S�{�  e+ , ø#e, µ+ , ø#µ �x�{� 
:�w
Ö�ø�U

�o�t�s�”�}�\�•�’��	��w�è�Ó�Ä�ï
:�-�����t�‘�l�o�|

�H�u�q	Å $ " e+ + e! �• µ+ " e+ + #e + ø#µ �x�•

�^�•�”�U�| µ+ " e+ + $ �x�Ð�­�^�•�”�}�î�M�t�x

�Ç�á�”�Ä�æ�Ê�t�x
•	–�s�U�’�í�”�U�K�l�o�¤
H�E�w

�Ç�á�”�Ä�æ�Ê�U���ù�`�o�M�”�h�Š�|	Í�w�-�����x�M

�c�•�‹�Ù�Å�$�s�‹�w�p�K�“�|�-���”�x
¶�è�Ó�Ä�ï
:

L = L e + L µ + L ! �w�ˆ�q�s�”�}

�`�`�|
ª	j�g�æ�x�§� �å�ç�s�®�”�´�g�æ�p�K�”�h

�Š�t�”� �Ÿ	×�U
C
\�`�|�\�w�h�Š�k�µ�t�x�Ì�æ�¦�ï


: B �|�è�Ó�Ä�ï
: L �q�‹�t�-���^�•�s�M�}�`�T�`�s

�U�’�|�\�•�’�w�{� 
:�w�”� �Ÿ	×�U�”�$�t�s�`�M

%µ j µ
B = %µ j µ

L #= 0 (1.93)

�h�Š�t�|�†	��w�{� 
:�w�) B ! L �x�”� �æ�$�t�‹�-

���”�q�s�l�o�M�”�}�è	×�w	Ý�¯�<�p�x�Ì�æ�¦�ï
:�•

�è�Ó�Ä�ï
:�-���w�”� �Ÿ	×�t�‘�”
��•�w���S�x�Ã�Š

�o	–�^�X�Á�¹�p�V�”�}�`�T�`�|�É�¦	s�8�s�w�ô�9	Ý

�¯�<�p�x
‡�-���w�a���U�Á�¹�p�V�s�M�D�ó
Q�‹�K�“�|

�f�w	Ô�ù�p�‹�s�S�{� 
: B ! L �x�k�µ�t�-���^�•�”

�w�p�|�\�•�›�;�M�h�Ì�æ�¦�ï
:�w
\
R�w�³�Æ�æ�¦�‹

�ß�Q�’�•�o�M�”�}

1-3-4 �§� �å�ç�0	¶
Q�q�”� �Ÿ	×

�Ã�Ÿ�å�¿�«�{� �w�%�t�S�M�o�|�‹�`�{� �w�í�”�U

�µ m = 0 �s�’�y�|�Õ�«�Ä�ç�� (vector) U(1) �•
ì�!

�õ (1.88) �t�C�Q�|�^�’�t�à�� (axial) U(1) �•
ì�!�õ

&(x) " e! i "# 5 &(x), (1.94)

�w�<�p �‹ L �x
Æ�!�q�s�”�}�Ã�Ÿ�å�¿�«	Ô�T�’�›��

�w�§� �å�æ�Â�Ÿ�”�›�Ë�m �ë� �ç	Ô (Weyl Þeld)

&L =
1
2

(1 ! $5)&, &R =
1
2

(1 + $5)& (1.95)

�›���[�̀ �\�•�’�›�%�w�G	\�t�;�M�”�\�q�q�b�•�y�|�Õ

�«�Ä�ç���q�à���w�•
ì�!�õ U(1)V $ U(1)A �0	¶
Q�x�|

�\�•�’�w�ë� �ç	Ô�t�0�b�”�•
ì�!�õ U(1)L $ U(1)R

&L (x) " e! i $L &L (x)

&R (x) " e! i $R &R (x) (1.96)

�w�<�p�w�G�¬�$�0	¶
Q�›�™�¯�b�”�}�\�w�‘�O�t�|�°


`�t�§� �å�ç�s�Ñ�£�ç�Û�{� �w	Ô &L �| &R �t�0�b�”

� �q�s�!�õ�› �§� �å�ç�!�õ �q�t�M�|�f�w�<�p�w�0	¶


Q�› �§� �å�ç�0	¶
Q (chiral symmetry) �q�z�•�}	Í

�w�%�x U(1)L $ U(1)R �§� �å�ç�0	¶
Q�›�Ë�m�}

�M�‡�\�w�%�U�?�Ó
ì�“�^�;�ò L int = eAµ j µ �›�Ë

�m�Õ�«�Ä�ç�� U(1) �®�”�´�g�æ

L = ø& i$µ D µ &, D µ = %µ ! ieA µ (1.97)

�p�K�”	Ô�ù�›�ß�Q�|�”� �=�w�̂ �Š�p�®�”�́ �0	¶
Q�U�¡

�Ë�^�•�o�M�”�‹�w�q�b�”�}�\�•�x�|�®�”�´	Ô Aµ �q�A

�ù�b�”�¢�G�¬�$�s�Õ�«�Ä�ç�� U(1)V �!�õ�w�É�”�»�”

�§�è�ï�Ä�p�‹�K�”�£�Õ�«�Ä�ç�§�è�ï�Ä j µ = ø&$µ &
�w�-��

%µ j µ = 0 (1.98)

�›�™�¯�b�”�U�|�\�w�q�V�|�•
ì U(1)A �!�õ (1.94) �t


Ç
5�b�”�É�”�»�”�§�è�ï�Ä�p�K�”�à
Q�§�è�ï�Ä j µ
5 =

ø&$µ $5& �x�-���d�c�| Fµ % = %µ A% ! %%Aµ �›�®�”

�´	Ô�w�Â�p�q�b�•�y�|

%µ j µ
5 = !

e2

16! 2
' µ %&' Fµ %F&' (1.99)

�q�s�”�\�q�U�Œ�’�•�o�M�” 10) �}�\�w�A�L�x�Ü (1.86)
�p � ) �Q � ’ � • � ” � à � � U(1) � ! � õ �w 
 \ 
R �   Q5 =!

dr &  $5& �U�|�”� �®�L�w�h�Š�t�Ì���‘��
Q�›�Ë

�m�\�q dQ5/dt #= 0 �›�Ô�`�o�S�“�|	H�l�o�%�w�¢�y

�/�æ�q�`�o�w�£�G�¬�$�0	¶
Q�x�|�”� �æ�q�`�o�x
�

�•�o�M�”�\�q�t�s�”�}�\�w�‘�O�t�|�°
`�t�y�/�æ�p

�w�0	¶
Q�U�|�”� �=�t
P�l�o
��•�”�q	Å�› �”� �Ÿ	×

(quantum anomaly) �q�t�M�|�›�t�§� �å�ç�0	¶
Q

軸型変換の生成子は非保存
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' µ %&' Fµ %F&' (1.99)
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カイラル量子異常（chiral anomaly）
Adler,  Bell & Jackiw (1969)

π  中間子の崩壊は量子異常の存在から説明0
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L = ø#L i " µ D µ #L + ø#R i " µ D µ #R (1.101)

�q
ü�m�`�| SU(n)L # SU(n)R �§� �å�ç�!�õ

#L (x) ! e! i ! a
L L a

#L (x)

#R (x) ! e! i ! a
R L a

#R (x) (1.102)

�w�<�p�G�¬�$�0	¶
Q�›�Ë�m�\�q�U�Ì
(�s
¯�Ü�t�s�”�}

�\�\�p L a �x SU(n) �w�æ�”�E
: su(n) �w
¯�q�æ�»

�p�K�“�|�¦�õ���� (1.83) �›�¬�
�b�”�}�§� �å�ç�0	¶

�s�g�æ�x�|
É�{� �w�Û���q�`�o�| n �x�¢�«�Q�y u�| d,
s �«�¥�”�«�i�Z�p�K�•�y n = 3 �£�w�í�”�w�0�M�«�¥�”

�«�U�|�§�å�” SU(3) �›�®�”�´���q�`�o�§�M
ì�“�^

�;�›�b�”�%�w�¢�Ù�Å�$�£�G	\�t�;�M�’�•�”�}�\�\�p

SU(n)L # SU(n)R �§� �å�ç�!�õ (1.102) �t�S�Z�”

�!�õ�Í�å�Ý�”�»�”�›�s�`�X %a
L = %a

R �b�•�y�|
æ
ü��

SU(n)V % SU(n)L # SU(n)R �t�‘�”�Õ�«�Ä�ç�!�õ

�t�s�”�U�|�\�•�x�\�w�Û���t�S�Z�”�ž� �¹�µ�Ð�ï�!

�õ�t�0� �b�”�‹�w�p�K�”�}�›�t n = 3 �w	Ô�ù�|�•
ì

U(1)L # U(1)R = U(1)V # U(1)A 
æ
ü�‹���Š�h�§

� �å�ç�0	¶
Q�U�×
C�$�t

U(3)L # U(3)R ! U(3)V (1.103)

�q�M�O���t
��•�”�q�b�•�y�| ! , K �S�‘�| & �¤��

� �›�|�\�•�’�w �×
C�$�0	¶
Q�w
��• (spontaneous
symmetry breaking) �t
P�l�o�q�•�”�í�”�µ�w�µ�§

�å�”�{� �¢ �Æ
æ-�°�”�ç�Å�µ�Ä�”�ï�Ø�¹�ï (Nambu-
Goldstone boson)�£�q�_�s�b�\�q�U�p�V�”�}

�s�S�|	Í�w�G�¬�$�0	¶
Q�w�¤�w U(1)A �0	¶
Q�t

���`�o�x�|�f�w�×
C�$�0	¶
Q�w
��•�t�0� �b�”�0�M

�¤��� �U�q�î�t�x�_�p�h�’�s�M�q�M�O�ð�J�U�K�“�|

U (1) �ð�J (U(1) problem �£�q�z�y�•�”�}�f�\�p
Ç


5�b�”�É�”�»�”�§�è�ï�Ä�p�K�” U(1)A �§�è�ï�Ä�t�«

�è�`�o�f�w�-��
Q�›�Ð�‚�”�q�|	Ô�w�Â�p

Fµ " = $µ A" $ $" Aµ + [ Aµ , A" ] (1.104)

�›�;�M�o

$µ j µ
5 = $

n
16! 2

' µ "#$ tr( Fµ " F#$ )

= $
n

8! 2
$µ ' µ "#$ tr

!
A" $#A$ +

2
3

A" A#A$

"

(1.105)

�q�s�l�o�S�“�|�§� �å�ç�ž�Ê�Ú�æ�”�w�h�Š�t�0	¶
Q
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¶
•
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¯�^�•�”�”� 
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 É � { �   � g � æ

�¶	��Ê�•�u�ª 
˜

�!�t�s�l�o�M�”�}�\�w�O�j�«�¥�”�«�t�m�M�o�x�|
H�E

���w���ù�w�h�Š�|
H�E�ž�è�w U(1) �•
ì�!�õ (1.88)
�U L �›
Æ�!�t�b�”�}�\�w�G�¬�$�0	¶
Q�t
Ç
5�b�”�-

���” B �x�«�¥�”�«�w
ï
:�¢�w 1/ 3�£�t�0� �b�”�‹�w

�p�K�“�|�\�•�› �Ì�æ�¦�ï
: (baryon number) �q�z

�•�} �Ì�æ�¦�ï�¢	O�{� �£ (baryon) �q�x�i�R�|�E�  p
�•�¤
Q�  n �s�r�§�M
ì�“�^�;�›�b�”�{� �w�¤�p�µ�Ð

�ï�U
R�-
:�w�‹�w�w�z	¶�p�K�“�|�\�•�’�©� �t�x�Ì

�æ�¦�ï
: B = 1 �U
Ç�)�^�•�”�}�©� �x���x�w�«�¥�”

�«�T�’
R�”�T�’�|�«�¥�”�«�t�x�Ì�æ�¦�ï
: B = 1 / 3
�›�|
S�«�¥�”�«�t�x B = ! 1/ 3 �›�Â�“�p�o�”�}�\�•

�t�‘�“�|�«�¥�”�«�q
S�«�¥�”�«�w�0�T�’
R�”�¤��� 

! �• K �w�Ì�æ�¦�ï
:�x B = 0 �q�s�”�}�Ì�æ�¦�ï
:

�w�-�����U
R�q�b�•�y�|�¢�o�.�p���O�b�”�£�Ì�æ�¦�ï

�¤�p�7�‹�0�M�E� �x�H�u�U�Ð�­�^�•�”�w�p�|�{� �q

�`�o�w�†��
Q�U�-	Â�^�•�”�}

�è�Ó�Ä�ï�‹�«�¥�”�«�q�‰�7�t�|
H�E�t�ž�è�s U(1)
�•
ì�!�õ�w�<�p�å�¬�å�ï�´�ž�ï�µ�S L �U
Æ�!�q�s�”�}

�\�w�G�¬�$�0	¶
Q�t
Ç
5�b�”�-���” L �x�è�Ó�Ä�ï�w


ï
:�t�0� �`�|�\�•�› �è�Ó�Ä�ï
: (lepton number)
�q�z�•�}�‹�`�¤
H�E�w�Ç�á�”�Ä�æ�Ê�w�í�”�U�µ�p�K

�•�y�|�è�Ó�Ä�ï�{� �x
H�E�–�t
ì�“�^�;�U���a�h��

�p���[�^�•�”�w�p�|�¤
H�E�p�w� �q�s U(1) �•
ì�!

�õ�w�<�p�‹�G�¬�$�0	¶
Q�U���O�b�”�\�q�t�s�”�}�f

�w�A�L�|�¤
H�E�p�w�è�Ó�Ä�ï�{� 
:�w�è�t�0� �b�”

�-���” L e, L µ , L ! �U���O�b�”�\�q�t�s�“�|�\�•�’

�›�f�•�g�•�?� ���| µ �{� ���| " �{� ���è�Ó�Ä�ï
:

�q�z�•�}�«�Q�y�|�?�  e! �q�?� �Ç�á�”�Ä�æ�Ê #e �w

�
�{� 	Ý�6�x L e = +1 �p�K�“�|�‡�h�Û�á�”�{�  µ!

�q�Û�á�”�Ç�á�”�Ä�æ�Ê #µ �x L µ = +1 �p�K�l�o�|�f

�•�g�•�w
S�{�  e+ , ø#e, µ+ , ø#µ �x�{� 
:�w
Ö�ø�U

�o�t�s�”�}�\�•�’��	��w�è�Ó�Ä�ï
:�-�����t�‘�l�o�|

�H�u�q	Å $ " e+ + e! �• µ+ " e+ + #e + ø#µ �x�•

�^�•�”�U�| µ+ " e+ + $ �x�Ð�­�^�•�”�}�î�M�t�x

�Ç�á�”�Ä�æ�Ê�t�x
•	–�s�U�’�í�”�U�K�l�o�¤
H�E�w

�Ç�á�”�Ä�æ�Ê�U���ù�`�o�M�”�h�Š�|	Í�w�-�����x�M

�c�•�‹�Ù�Å�$�s�‹�w�p�K�“�|�-���”�x
¶�è�Ó�Ä�ï
:

L = L e + L µ + L ! �w�ˆ�q�s�”�}

�`�`�|
ª	j�g�æ�x�§� �å�ç�s�®�”�´�g�æ�p�K�”�h

�Š�t�”� �Ÿ	×�U
C
\�`�|�\�w�h�Š�k�µ�t�x�Ì�æ�¦�ï


: B �|�è�Ó�Ä�ï
: L �q�‹�t�-���^�•�s�M�}�`�T�`�s

�U�’�|�\�•�’�w�{� 
:�w�”� �Ÿ	×�U�”�$�t�s�`�M

%µ j µ
B = %µ j µ

L #= 0 (1.93)

�h�Š�t�|�†	��w�{� 
:�w�) B ! L �x�”� �æ�$�t�‹�-

���”�q�s�l�o�M�”�}�è	×�w	Ý�¯�<�p�x�Ì�æ�¦�ï
:�•

�è�Ó�Ä�ï
:�-���w�”� �Ÿ	×�t�‘�”
��•�w���S�x�Ã�Š

�o	–�^�X�Á�¹�p�V�”�}�`�T�`�|�É�¦	s�8�s�w�ô�9	Ý

�¯�<�p�x
‡�-���w�a���U�Á�¹�p�V�s�M�D�ó
Q�‹�K�“�|

�f�w	Ô�ù�p�‹�s�S�{� 
: B ! L �x�k�µ�t�-���^�•�”

�w�p�|�\�•�›�;�M�h�Ì�æ�¦�ï
:�w
\
R�w�³�Æ�æ�¦�‹

�ß�Q�’�•�o�M�”�}

1-3-4 �§� �å�ç�0	¶
Q�q�”� �Ÿ	×

�Ã�Ÿ�å�¿�«�{� �w�%�t�S�M�o�|�‹�`�{� �w�í�”�U

�µ m = 0 �s�’�y�|�Õ�«�Ä�ç�� (vector) U(1) �•
ì�!

�õ (1.88) �t�C�Q�|�^�’�t�à�� (axial) U(1) �•
ì�!�õ

&(x) " e! i "# 5 &(x), (1.94)

�w�<�p �‹ L �x
Æ�!�q�s�”�}�Ã�Ÿ�å�¿�«	Ô�T�’�›��

�w�§� �å�æ�Â�Ÿ�”�›�Ë�m �ë� �ç	Ô (Weyl Þeld)

&L =
1
2

(1 ! $5)&, &R =
1
2

(1 + $5)& (1.95)

�›���[�̀ �\�•�’�›�%�w�G	\�t�;�M�”�\�q�q�b�•�y�|�Õ

�«�Ä�ç���q�à���w�•
ì�!�õ U(1)V $ U(1)A �0	¶
Q�x�|

�\�•�’�w�ë� �ç	Ô�t�0�b�”�•
ì�!�õ U(1)L $ U(1)R

&L (x) " e! i $L &L (x)

&R (x) " e! i $R &R (x) (1.96)

�w�<�p�w�G�¬�$�0	¶
Q�›�™�¯�b�”�}�\�w�‘�O�t�|�°


`�t�§� �å�ç�s�Ñ�£�ç�Û�{� �w	Ô &L �| &R �t�0�b�”

� �q�s�!�õ�› �§� �å�ç�!�õ �q�t�M�|�f�w�<�p�w�0	¶


Q�› �§� �å�ç�0	¶
Q (chiral symmetry) �q�z�•�}	Í

�w�%�x U(1)L $ U(1)R �§� �å�ç�0	¶
Q�›�Ë�m�}

�M�‡�\�w�%�U�?�Ó
ì�“�^�;�ò L int = eAµ j µ �›�Ë

�m�Õ�«�Ä�ç�� U(1) �®�”�´�g�æ

L = ø& i$µ D µ &, D µ = %µ ! ieA µ (1.97)

�p�K�”	Ô�ù�›�ß�Q�|�”� �=�w�̂ �Š�p�®�”�́ �0	¶
Q�U�¡

�Ë�^�•�o�M�”�‹�w�q�b�”�}�\�•�x�|�®�”�´	Ô Aµ �q�A

�ù�b�”�¢�G�¬�$�s�Õ�«�Ä�ç�� U(1)V �!�õ�w�É�”�»�”

�§�è�ï�Ä�p�‹�K�”�£�Õ�«�Ä�ç�§�è�ï�Ä j µ = ø&$µ &
�w�-��

%µ j µ = 0 (1.98)

�›�™�¯�b�”�U�|�\�w�q�V�|�•
ì U(1)A �!�õ (1.94) �t


Ç
5�b�”�É�”�»�”�§�è�ï�Ä�p�K�”�à
Q�§�è�ï�Ä j µ
5 =

ø&$µ $5& �x�-���d�c�| Fµ % = %µ A% ! %%Aµ �›�®�”

�´	Ô�w�Â�p�q�b�•�y�|

%µ j µ
5 = !

e2

16! 2
' µ %&' Fµ %F&' (1.99)

�q�s�”�\�q�U�Œ�’�•�o�M�” 10) �}�\�w�A�L�x�Ü (1.86)
�p � ) �Q � ’ � • � ” � à � � U(1) � ! � õ �w 
 \ 
R �   Q5 =!

dr &  $5& �U�|�”� �®�L�w�h�Š�t�Ì���‘��
Q�›�Ë

�m�\�q dQ5/dt #= 0 �›�Ô�`�o�S�“�|	H�l�o�%�w�¢�y

�/�æ�q�`�o�w�£�G�¬�$�0	¶
Q�x�|�”� �æ�q�`�o�x
�

�•�o�M�”�\�q�t�s�”�}�\�w�‘�O�t�|�°
`�t�y�/�æ�p

�w�0	¶
Q�U�|�”� �=�t
P�l�o
��•�”�q	Å�› �”� �Ÿ	×

(quantum anomaly) �q�t�M�|�›�t�§� �å�ç�0	¶
Q
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1. �0	¶
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(chiral anomaly) �q�‹�z�•�}

�”� �Ÿ	×�x�|�%�›���[�b�”�t�K�h�l�o�w�y�/�æ�q
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C
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C�„�›���ˆ
:�¶�$�t�x�™�¯�›�Ë�h
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Y���= (regularization)
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T�ù
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Q
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\

�c�”�w�x
ó
:�w�0	¶
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­� �a���w�-�‰�t
•�ˆ�æ
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u
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C�„�U�q�•�|�\�•�›�®�”�´
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Y���=�b�”

�M�t�í�”�s�r�w�Í�i�›�Ë�m
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ž

�A�q�s�“�|�§� �å�ç�0	¶
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Q�›
�

�”�A�¼�q�s�”�}�‡�h�|�&�Ï
u
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u
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Q

�!�õ�w�<�p�w
Q�í�›�F���b�”�£�M�t
Y���=�Í�å�Ý�”

�»�”�›
ž�A�q�`�|�\�•�U�®�”�´�0	¶
Q�›�-�l�h�‡�‡

�§� �å�ç�0	¶
Q�w�‘�O�s�y�/�æ�p�w�0	¶
Q�›�-�m�‘

�O�t���[�p�V�s�M�q�V�|�”� �Ÿ	×�U
C
\�b�”�\�q�t

�s�” 11) �}

�Õ�«�Ä�ç�� U(1) �®�”�´�g�æ�t�S�Z�”�à
Q U(1)A

�§�è�ï�Ä�w�”� �Ÿ	× (1.99) �x�| ! 0 �¤��� �w�H�u�a��

! 0 ! 2" �t�‘�l�o�î	Â�̂ �•�o�M�”�}�«�¥�”�«�Û���t�‘

�•�y ! 0 �¤��� �U u, d �«�¥�”�«�T�’
R�” U(1)A �§�è

�ï�Ä�q�̀ �o��
€�$�t�G	\�̂ �•�| U(1)A �§�è�ï�Ä�U���«

� �t�!�=�b�”�a���›�{�Š�”�\�q�t�‘�l�o�| ! 0 �¤��� 

�w�î�®�g�æ�w�¤�p�H�u�¬�p ! (! 0 ! 2" ) �›�-�‰�b�”

�\�q�U�p�V�”�}�‹�̀ �”� �Ÿ	×�U�Á�Z�•�y	Í�G�w�H�u�U

�I�\�’�c�|�
���Ä�î�q�Ã	l�`�o�`�‡�O�}�°�M�|�\�w�-

�‰�›�¢���)�b�”�«�¥�”�«�w�?�Y�•	í (color) �×���S�w

�¼� �›�ß�€�`�o�£�”� �Ÿ	× (1.99) �t�,�n�M�o�æ�O�q�|

�H�u�¬�p ! th (! 0 ! 2" ) " 1.11 # 1016 s! 1 �›�˜�”�}

�\�w�A�L�x�î���‹ ! exp (! 0 ! 2" ) " 1.19# 1016 s! 1

�q�‘�M�Ù�Å�p�°�•�`�o�M�”�}

�°
`�t n �x�w�í�”�µ�w�Ã�Ÿ�å�¿�«�{� �%�p�|�¤�{

� �U�Õ�«�Ä�ç���®�”�´
ì�“�^�;�›�æ�O	Ô�ù�|�¢�y�/�$

�s�£�G�¬�$�0	¶
Q�q�`�o	Í�t�G�`�h U(1)L # U(1)R

�0	¶
Q�t�C�Q�o�| SU(n)L # SU(n)R �§� �å�ç�0	¶


Q�U���O�b�”�} n �x�w�Ã�Ÿ�å�¿�«	Ô�›
Ê�t�`�o # =
(#1, . . . , # n )T �q�`�|�®�”�´	Ô�› Aµ = $ igA a

µ T a

�q�S�Z�y�¢ g �x�A�ù��
:�| T a �x�®�”�´���w�E
:�w
¯
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量子レベルでの対称性の破れの経路積分量子化での理解
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ディラック場の経路積分の軸性変換に対する非不変性
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�^�•�”�U�| µ+ " e+ + $ �x�Ð�­�^�•�”�}�î�M�t�x

�Ç�á�”�Ä�æ�Ê�t�x
•	–�s�U�’�í�”�U�K�l�o�¤
H�E�w

�Ç�á�”�Ä�æ�Ê�U���ù�`�o�M�”�h�Š�|	Í�w�-�����x�M

�c�•�‹�Ù�Å�$�s�‹�w�p�K�“�|�-���”�x
¶�è�Ó�Ä�ï
:

L = L e + L µ + L ! �w�ˆ�q�s�”�}

�`�`�|
ª	j�g�æ�x�§� �å�ç�s�®�”�´�g�æ�p�K�”�h

�Š�t�”� �Ÿ	×�U
C
\�`�|�\�w�h�Š�k�µ�t�x�Ì�æ�¦�ï


: B �|�è�Ó�Ä�ï
: L �q�‹�t�-���^�•�s�M�}�`�T�`�s

�U�’�|�\�•�’�w�{� 
:�w�”� �Ÿ	×�U�”�$�t�s�`�M

%µ j µ
B = %µ j µ

L #= 0 (1.93)

�h�Š�t�|�†	��w�{� 
:�w�) B ! L �x�”� �æ�$�t�‹�-

���”�q�s�l�o�M�”�}�è	×�w	Ý�¯�<�p�x�Ì�æ�¦�ï
:�•

�è�Ó�Ä�ï
:�-���w�”� �Ÿ	×�t�‘�”
��•�w���S�x�Ã�Š

�o	–�^�X�Á�¹�p�V�”�}�`�T�`�|�É�¦	s�8�s�w�ô�9	Ý

�¯�<�p�x
‡�-���w�a���U�Á�¹�p�V�s�M�D�ó
Q�‹�K�“�|

�f�w	Ô�ù�p�‹�s�S�{� 
: B ! L �x�k�µ�t�-���^�•�”

�w�p�|�\�•�›�;�M�h�Ì�æ�¦�ï
:�w
\
R�w�³�Æ�æ�¦�‹

�ß�Q�’�•�o�M�”�}

1-3-4 �§� �å�ç�0	¶
Q�q�”� �Ÿ	×

�Ã�Ÿ�å�¿�«�{� �w�%�t�S�M�o�|�‹�`�{� �w�í�”�U

�µ m = 0 �s�’�y�|�Õ�«�Ä�ç�� (vector) U(1) �•
ì�!

�õ (1.88) �t�C�Q�|�^�’�t�à�� (axial) U(1) �•
ì�!�õ

&(x) " e! i "# 5 &(x), (1.94)

�w�<�p �‹ L �x
Æ�!�q�s�”�}�Ã�Ÿ�å�¿�«	Ô�T�’�›��

�w�§� �å�æ�Â�Ÿ�”�›�Ë�m �ë� �ç	Ô (Weyl Þeld)

&L =
1
2

(1 ! $5)&, &R =
1
2

(1 + $5)& (1.95)

�›���[�̀ �\�•�’�›�%�w�G	\�t�;�M�”�\�q�q�b�•�y�|�Õ

�«�Ä�ç���q�à���w�•
ì�!�õ U(1)V $ U(1)A �0	¶
Q�x�|

�\�•�’�w�ë� �ç	Ô�t�0�b�”�•
ì�!�õ U(1)L $ U(1)R

&L (x) " e! i $L &L (x)

&R (x) " e! i $R &R (x) (1.96)

�w�<�p�w�G�¬�$�0	¶
Q�›�™�¯�b�”�}�\�w�‘�O�t�|�°


`�t�§� �å�ç�s�Ñ�£�ç�Û�{� �w	Ô &L �| &R �t�0�b�”

� �q�s�!�õ�› �§� �å�ç�!�õ �q�t�M�|�f�w�<�p�w�0	¶


Q�› �§� �å�ç�0	¶
Q (chiral symmetry) �q�z�•�}	Í

�w�%�x U(1)L $ U(1)R �§� �å�ç�0	¶
Q�›�Ë�m�}

�M�‡�\�w�%�U�?�Ó
ì�“�^�;�ò L int = eAµ j µ �›�Ë

�m�Õ�«�Ä�ç�� U(1) �®�”�´�g�æ

L = ø& i$µ D µ &, D µ = %µ ! ieA µ (1.97)

�p�K�”	Ô�ù�›�ß�Q�|�”� �=�w�̂ �Š�p�®�”�́ �0	¶
Q�U�¡

�Ë�^�•�o�M�”�‹�w�q�b�”�}�\�•�x�|�®�”�´	Ô Aµ �q�A

�ù�b�”�¢�G�¬�$�s�Õ�«�Ä�ç�� U(1)V �!�õ�w�É�”�»�”

�§�è�ï�Ä�p�‹�K�”�£�Õ�«�Ä�ç�§�è�ï�Ä j µ = ø&$µ &
�w�-��

%µ j µ = 0 (1.98)

�›�™�¯�b�”�U�|�\�w�q�V�|�•
ì U(1)A �!�õ (1.94) �t


Ç
5�b�”�É�”�»�”�§�è�ï�Ä�p�K�”�à
Q�§�è�ï�Ä j µ
5 =

ø&$µ $5& �x�-���d�c�| Fµ % = %µ A% ! %%Aµ �›�®�”

�´	Ô�w�Â�p�q�b�•�y�|

%µ j µ
5 = !

e2

16! 2
' µ %&' Fµ %F&' (1.99)

�q�s�”�\�q�U�Œ�’�•�o�M�” 10) �}�\�w�A�L�x�Ü (1.86)
�p � ) �Q � ’ � • � ” � à � � U(1) � ! � õ �w 
 \ 
R �   Q5 =!

dr &  $5& �U�|�”� �®�L�w�h�Š�t�Ì���‘��
Q�›�Ë

�m�\�q dQ5/dt #= 0 �›�Ô�`�o�S�“�|	H�l�o�%�w�¢�y

�/�æ�q�`�o�w�£�G�¬�$�0	¶
Q�x�|�”� �æ�q�`�o�x
�

�•�o�M�”�\�q�t�s�”�}�\�w�‘�O�t�|�°
`�t�y�/�æ�p

�w�0	¶
Q�U�|�”� �=�t
P�l�o
��•�”�q	Å�› �”� �Ÿ	×

(quantum anomaly) �q�t�M�|�›�t�§� �å�ç�0	¶
Q

と（正則化）すると
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Z [A] =
!

D ø! D! ei
!

d4 x L (1)

D ø! D! !" D ø! !D! ! = D ø! D! (2)

D( öA) D( öA  ) �y D( öA) # D( öA  ) (3)

D( öH ) D( öX ) �y D( öA) = D( öA  ) öA  = öA (4)

! (! l ) = ! (l ) = 0 (5)

öp =
øh
i

d
dx

(6)

! l

" l
dx { (öp" (x))#! (x) ! " #(x)(öp! (x)) } = [ " #(x)! (x)]l

" l = 0 (7)

H " H ! = H U = U(g) g $ G (8)

U = U(g(#)) = ei ! a Q a U(1)V U(1)A U(1)L U(1)R (9)

($5)2 = 1
1
2

(1 ± $5) $5! L = ! ! L �y $5! R = + ! R (10)

0 = %S =
!

dx
"

&L
&'

%' +
&L

&(&µ ' )
%(&µ ' )

#
(11)

dQ5

dt
%= 0 (12)

=
!

dx
"

&L
&'

%' ! &µ

$
&L

&(&µ ' )

%
%' + &µ

$
&L

&(&µ ' )
%'

%#
(13)

%L =
"

&L
&'

! &µ

$
&L

&(&µ ' )

%#
%' + &µ

$
&L

&(&µ ' )
%'

%
(14)

&µ

"
&L

&(&µ ' )
%' ! K µ

#
= 0 (15)

1

経路積分が軸性位相変化の下で不変でない 　Fujikawa (1979)

b) 局所的対称性の破れ
カイラルゲージ理論： 例）左巻きフェルミオンのみゲージ場と相互作用
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異常項 (1.105)は，�½�ß�”�ï -�Ù�ï�Ä�æ�ß�”�ª�ï�µ�S

(Chern-Pontryagin density) と呼ばれる項（の 2n
倍）であり，ゲージ場が� �ï�µ�»�ï�Ä�ï (instanton)
配位などのトポロジー的に非自明な配位の場合には，
その時空上の積分が有限な整数値を取ることが知られ
ている．このため，系の作用 I =

!
d4x L は U(1)A

変換の下で不変性を持たないことになり，南部-ゴー
ルドストーンボソン生成の前提が崩れることになる．
なお，量子異常項 (1.105)が全微分であることから，
これを 2n ! µ Cµ と書けば，被微分項をネーターカレ
ントから差し引いて定義した新たなカレント ÷j µ

5 =
j µ

5 ! 2n Cµ は自動的に保存する ! µ ÷j µ
5 = 0．しかし

÷j µ
5 はゲージ不変ではないので，これを用いて物理
的な保存量を定義することはできず，対応する南部-
ゴールドストーンボソンを生成しない．このように
して，カイラルアノマリーによって U(1) 問題が解
決されるのである．
もしゲージ場と結合するカレントの共変的保存則に
量子異常が発生する場合には，付随する局所対称性で
ある�®�”�´�0	¶
Q (gauge symmetry) が破れること
になる．その典型的な例はゲージ場が特定のカイラリ
ティーのフェルミ粒子と相互作用する�§� �å�ç�®�”�´

�g�æ (chiral gauge theory) であり，いまそのフェル
ミ粒子の場を " L とし，ゲージ場を Aµ = ! igA a

µ L a

とすれば，系のラグランジアン密度は

L = ø" L i#µ D µ " L (1.106)

で与えられる．ここで L a は場 " L の従うゲージ群
Gのリー代数の表現行列である．ゲージ場と結合す
る�®�”�´�§�è�ï�Ä (gauge current) は，

(J µ
L )a =

1
g

$I
$Aa

µ
= ø" L #µ L a " L (1.107)

で定義され，作用 I のゲージ不変性は，その共変的
保存 D µ J µ

L = ! µ J µ
L + [ Aµ , J µ

L ] = 0 と等しい（ここ
で J µ

L = ( J µ
L )a L a）．ゲージ変換の特殊な場合とし

て大域的変換

" L (x) " e! i ! a L a
" L (x)

Aµ (x) " e! i ! a L a
Aµ (x) ei ! a L a

(1.108)

を考えれば，これに付随するネーターカレントは

j µ
L = J µ

L + [ A" , F µ " ] (1.109)

となり，その保存 ! µ j µ
L = 0 はゲージカレントの共

変的保存 D µ J µ
L = 0 に等価である．カイラルゲージ

理論においては，量子化の過程でゲージ対称性を維
持したまま正則化を行なうことは不可能であり，結
果として

(D µ J µ
L )a = !

1
24%2

! µ &µ "#$

# tr L a
"

A" ! #A$ +
1
2

A" A#A$

#

(1.110)

を得る．すなわち，カイラルゲージ理論では一般に
量子異常によってゲージ対称性が破れてしまうので
ある．ゲージ対称性は，通常，場の量子論における
���“���ˆ�D�ó
Q (renormalizability) ，�â�Ç�»�æ�”
Q

(unitarity) ，およびゲージ不変な物理状態の空間を
指定する際の�g�æ�$
T�ù
Q (consistency)を保証す
る重要な性質であるので，その破れは無矛盾な理論
を構成するにあたり重大な障碍となると考えられて
いる．
但し，式 (1.110)右辺の量子異常は，フェルミ粒

子の場の表現行列による因子

D abc =
1
2

tr L a { L b, L c} (1.111)

に比例しているので，もし D abc = 0 であれば，量
子異常が消えてゲージ対称性が維持されることにな
る．これが成立するのはいくつかの異なる場合があ
り，例えば，ゲージ群 Gのリー代数の任意の既約表
現が，適当な行列 Sを用いて (iL a )" = S(iL a )S! 1

と書ければ，これより D abc = 0 を得る．SU(2) や
SO(2n +1) はそのような例である．また，これ以外
の場合でも D abc = 0 となる群が存在し，これらを
合わせると，結局，D abc $= 0 となり得るのは，U(1)
と SU(n), n % 3のみであることが知られている．
これら後者の場合には，ゲージ対称性を保つために
は複数の異なる表現のフェルミ粒子の組み合わせに
よって，D abc = 0 とすることが必要となり，この
量子異常の消滅条件は整合的な理論構成にひとつの
有力な指針を与えることになる．因みに，標準模型
はゲージ群 SU(3) # SU(2) # U(1) に基づくカイ
ラルゲージ理論によって構成されており，そこでは
D abc = 0 となるようにクォークとレプトンの表現
（" R の場合は，その反粒子を考えることによって基
本的に " L の場合に帰着させる）が指定されている．

� € � ß � � � Y
1 ) E. P. Wigner, Gruppentheorie und ihre Anwendung
auf die Quantenmechaniker Atomspektren , Braun-
schweig, 1931.
2 ) M. Reed and B. Simon, Fourier Analysis, Self-
Adjointness , Academic Press, 1975; Analysis of Opera-
tors , Academic Press, 1978.
3 ) V. Bargmann, Ann. Math. 59 (1954) 1.
4 ) S. Weinberg, The Quantum Theory of Fields , Vol. I,
II, Cambridge Univ. Press, 1995.
5 ) A. Galindo and P. Pascual, Quantum Mechanics ,
Vol. I, II, Springer-Verlag, 1991.
6 ) J.J. Sakurai, Invariance Principles and Elementary
Particles , Princeton Univ. Press, 1964.
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Q U(1)A

�§�è�ï�Ä�w�”� �Ÿ	× (1.99) �x�| ! 0 �¤��� �w�H�u�a��

! 0 ! 2" �t�‘�l�o�î	Â�̂ �•�o�M�”�}�«�¥�”�«�Û���t�‘

�•�y ! 0 �¤��� �U u, d �«�¥�”�«�T�’
R�” U(1)A �§�è

�ï�Ä�q�̀ �o��
€�$�t�G	\�̂ �•�| U(1)A �§�è�ï�Ä�U���«

� �t�!�=�b�”�a���›�{�Š�”�\�q�t�‘�l�o�| ! 0 �¤��� 

�w�î�®�g�æ�w�¤�p�H�u�¬�p ! (! 0 ! 2" ) �›�-�‰�b�”
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�¼� �›�ß�€�`�o�£�”� �Ÿ	× (1.99) �t�,�n�M�o�æ�O�q�|

�H�u�¬�p ! th (! 0 ! 2" ) " 1.11 # 1016 s! 1 �›�˜�”�}

�\�w�A�L�x�î���‹ ! exp (! 0 ! 2" ) " 1.19# 1016 s! 1

�q�‘�M�Ù�Å�p�°�•�`�o�M�”�}

�°
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� �U�Õ�«�Ä�ç���®�”�´
ì�“�^�;�›�æ�O	Ô�ù�|�¢�y�/�$

�s�£�G�¬�$�0	¶
Q�q�`�o	Í�t�G�`�h U(1)L # U(1)R

�0	¶
Q�t�C�Q�o�| SU(n)L # SU(n)R �§� �å�ç�0	¶


Q�U���O�b�”�} n �x�w�Ã�Ÿ�å�¿�«	Ô�›
Ê�t�`�o # =
(#1, . . . , # n )T �q�`�|�®�”�´	Ô�› Aµ = $ igA a

µ T a

�q�S�Z�y�¢ g �x�A�ù��
:�| T a �x�®�”�´���w�E
:�w
¯

�q�æ�»�£�|�\�w�‘�O�s�Õ�«�Ä�ç���®�”�´�g�æ�w�å�¬

�å�ï�´�ž�ï�µ�S�x

L = ø# i " µ D µ # , D µ = $µ + Aµ (1.100)

�p�)�Q�’�•�”�}�\�\�p�|�Ã�Ÿ�å�¿�«	Ô�q�‰�7�t�ë� 

�ç	Ô (1.95) �w���p�‹
Ê�›�^�•�y�|	Í�Ü (1.100) �x

L = ø#L i " µ D µ #L + ø#R i " µ D µ #R (1.101)

�q
ü�m�`�| SU(n)L # SU(n)R �§� �å�ç�!�õ

#L (x) ! e! i ! a
L L a

#L (x)

#R (x) ! e! i ! a
R L a

#R (x) (1.102)

�w�<�p�G�¬�$�0	¶
Q�›�Ë�m�\�q�U�Ì
(�s
¯�Ü�t�s�”�}

�\�\�p L a �x SU(n) �w�æ�”�E
: su(n) �w
¯�q�æ�»

�p�K�“�|�¦�õ���� (1.83) �›�¬�
�b�”�}�§� �å�ç�0	¶

�s�g�æ�x�|
É�{� �w�Û���q�`�o�| n �x�¢�«�Q�y u�| d,
s �«�¥�”�«�i�Z�p�K�•�y n = 3 �£�w�í�”�w�0�M�«�¥�”

�«�U�|�§�å�” SU(3) �›�®�”�´���q�`�o�§�M
ì�“�^

�;�›�b�”�%�w�¢�Ù�Å�$�£�G	\�t�;�M�’�•�”�}�\�\�p

SU(n)L # SU(n)R �§� �å�ç�!�õ (1.102) �t�S�Z�”

�!�õ�Í�å�Ý�”�»�”�›�s�`�X %a
L = %a

R �b�•�y�|
æ
ü��

SU(n)V % SU(n)L # SU(n)R �t�‘�”�Õ�«�Ä�ç�!�õ

�t�s�”�U�|�\�•�x�\�w�Û���t�S�Z�”�ž� �¹�µ�Ð�ï�!

�õ�t�0� �b�”�‹�w�p�K�”�}�›�t n = 3 �w	Ô�ù�|�•
ì

U(1)L # U(1)R = U(1)V # U(1)A 
æ
ü�‹���Š�h�§

� �å�ç�0	¶
Q�U�×
C�$�t

U(3)L # U(3)R ! U(3)V (1.103)

�q�M�O���t
��•�”�q�b�•�y�| ! , K �S�‘�| & �¤��

� �›�|�\�•�’�w �×
C�$�0	¶
Q�w
��• (spontaneous
symmetry breaking) �t
P�l�o�q�•�”�í�”�µ�w�µ�§

�å�”�{� �¢ �Æ
æ-�°�”�ç�Å�µ�Ä�”�ï�Ø�¹�ï (Nambu-
Goldstone boson)�£�q�_�s�b�\�q�U�p�V�”�}

�s�S�|	Í�w�G�¬�$�0	¶
Q�w�¤�w U(1)A �0	¶
Q�t

���`�o�x�|�f�w�×
C�$�0	¶
Q�w
��•�t�0� �b�”�0�M

�¤��� �U�q�î�t�x�_�p�h�’�s�M�q�M�O�ð�J�U�K�“�|

U (1) �ð�J (U(1) problem �£�q�z�y�•�”�}�f�\�p
Ç


5�b�”�É�”�»�”�§�è�ï�Ä�p�K�” U(1)A �§�è�ï�Ä�t�«

�è�`�o�f�w�-��
Q�›�Ð�‚�”�q�|	Ô�w�Â�p

Fµ " = $µ A" $ $" Aµ + [ Aµ , A" ] (1.104)

�›�;�M�o

$µ j µ
5 = $

n
16! 2

' µ "#$ tr( Fµ " F#$ )

= $
n

8! 2
$µ ' µ "#$ tr

!
A" $#A$ +

2
3

A" A#A$

"

(1.105)

�q�s�l�o�S�“�|�§� �å�ç�ž�Ê�Ú�æ�”�w�h�Š�t�0	¶
Q

�U
��•�o�M�”�}�\�\�p�È�%�w
¶
•
ü�p
¯�^�•�”�”� 
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�!�t�s�l�o�M�”�}�\�w�O�j�«�¥�”�«�t�m�M�o�x�|
H�E

���w���ù�w�h�Š�|
H�E�ž�è�w U(1) �•
ì�!�õ (1.88)
�U L �›
Æ�!�t�b�”�}�\�w�G�¬�$�0	¶
Q�t
Ç
5�b�”�-

���” B �x�«�¥�”�«�w
ï
:�¢�w 1/ 3�£�t�0� �b�”�‹�w

�p�K�“�|�\�•�› �Ì�æ�¦�ï
: (baryon number) �q�z

�•�} �Ì�æ�¦�ï�¢	O�{� �£ (baryon) �q�x�i�R�|�E�  p
�•�¤
Q�  n �s�r�§�M
ì�“�^�;�›�b�”�{� �w�¤�p�µ�Ð

�ï�U
R�-
:�w�‹�w�w�z	¶�p�K�“�|�\�•�’�©� �t�x�Ì

�æ�¦�ï
: B = 1 �U
Ç�)�^�•�”�}�©� �x���x�w�«�¥�”

�«�T�’
R�”�T�’�|�«�¥�”�«�t�x�Ì�æ�¦�ï
: B = 1 / 3
�›�|
S�«�¥�”�«�t�x B = ! 1/ 3 �›�Â�“�p�o�”�}�\�•

�t�‘�“�|�«�¥�”�«�q
S�«�¥�”�«�w�0�T�’
R�”�¤��� 

! �• K �w�Ì�æ�¦�ï
:�x B = 0 �q�s�”�}�Ì�æ�¦�ï
:

�w�-�����U
R�q�b�•�y�|�¢�o�.�p���O�b�”�£�Ì�æ�¦�ï

�¤�p�7�‹�0�M�E� �x�H�u�U�Ð�­�^�•�”�w�p�|�{� �q

�`�o�w�†��
Q�U�-	Â�^�•�”�}

�è�Ó�Ä�ï�‹�«�¥�”�«�q�‰�7�t�|
H�E�t�ž�è�s U(1)
�•
ì�!�õ�w�<�p�å�¬�å�ï�´�ž�ï�µ�S L �U
Æ�!�q�s�”�}

�\�w�G�¬�$�0	¶
Q�t
Ç
5�b�”�-���” L �x�è�Ó�Ä�ï�w


ï
:�t�0� �`�|�\�•�› �è�Ó�Ä�ï
: (lepton number)
�q�z�•�}�‹�`�¤
H�E�w�Ç�á�”�Ä�æ�Ê�w�í�”�U�µ�p�K

�•�y�|�è�Ó�Ä�ï�{� �x
H�E�–�t
ì�“�^�;�U���a�h��

�p���[�^�•�”�w�p�|�¤
H�E�p�w� �q�s U(1) �•
ì�!

�õ�w�<�p�‹�G�¬�$�0	¶
Q�U���O�b�”�\�q�t�s�”�}�f

�w�A�L�|�¤
H�E�p�w�è�Ó�Ä�ï�{� 
:�w�è�t�0� �b�”

�-���” L e, L µ , L ! �U���O�b�”�\�q�t�s�“�|�\�•�’

�›�f�•�g�•�?� ���| µ �{� ���| " �{� ���è�Ó�Ä�ï
:

�q�z�•�}�«�Q�y�|�?�  e! �q�?� �Ç�á�”�Ä�æ�Ê #e �w

�
�{� 	Ý�6�x L e = +1 �p�K�“�|�‡�h�Û�á�”�{�  µ!

�q�Û�á�”�Ç�á�”�Ä�æ�Ê #µ �x L µ = +1 �p�K�l�o�|�f

�•�g�•�w
S�{�  e+ , ø#e, µ+ , ø#µ �x�{� 
:�w
Ö�ø�U

�o�t�s�”�}�\�•�’��	��w�è�Ó�Ä�ï
:�-�����t�‘�l�o�|

�H�u�q	Å $ " e+ + e! �• µ+ " e+ + #e + ø#µ �x�•

�^�•�”�U�| µ+ " e+ + $ �x�Ð�­�^�•�”�}�î�M�t�x

�Ç�á�”�Ä�æ�Ê�t�x
•	–�s�U�’�í�”�U�K�l�o�¤
H�E�w

�Ç�á�”�Ä�æ�Ê�U���ù�`�o�M�”�h�Š�|	Í�w�-�����x�M

�c�•�‹�Ù�Å�$�s�‹�w�p�K�“�|�-���”�x
¶�è�Ó�Ä�ï
:

L = L e + L µ + L ! �w�ˆ�q�s�”�}

�`�`�|
ª	j�g�æ�x�§� �å�ç�s�®�”�´�g�æ�p�K�”�h

�Š�t�”� �Ÿ	×�U
C
\�`�|�\�w�h�Š�k�µ�t�x�Ì�æ�¦�ï


: B �|�è�Ó�Ä�ï
: L �q�‹�t�-���^�•�s�M�}�`�T�`�s

�U�’�|�\�•�’�w�{� 
:�w�”� �Ÿ	×�U�”�$�t�s�`�M

%µ j µ
B = %µ j µ

L #= 0 (1.93)

�h�Š�t�|�†	��w�{� 
:�w�) B ! L �x�”� �æ�$�t�‹�-

���”�q�s�l�o�M�”�}�è	×�w	Ý�¯�<�p�x�Ì�æ�¦�ï
:�•

�è�Ó�Ä�ï
:�-���w�”� �Ÿ	×�t�‘�”
��•�w���S�x�Ã�Š

�o	–�^�X�Á�¹�p�V�”�}�`�T�`�|�É�¦	s�8�s�w�ô�9	Ý

�¯�<�p�x
‡�-���w�a���U�Á�¹�p�V�s�M�D�ó
Q�‹�K�“�|

�f�w	Ô�ù�p�‹�s�S�{� 
: B ! L �x�k�µ�t�-���^�•�”

�w�p�|�\�•�›�;�M�h�Ì�æ�¦�ï
:�w
\
R�w�³�Æ�æ�¦�‹

�ß�Q�’�•�o�M�”�}

1-3-4 �§� �å�ç�0	¶
Q�q�”� �Ÿ	×

�Ã�Ÿ�å�¿�«�{� �w�%�t�S�M�o�|�‹�`�{� �w�í�”�U

�µ m = 0 �s�’�y�|�Õ�«�Ä�ç�� (vector) U(1) �•
ì�!

�õ (1.88) �t�C�Q�|�^�’�t�à�� (axial) U(1) �•
ì�!�õ

&(x) " e! i "# 5 &(x), (1.94)

�w�<�p �‹ L �x
Æ�!�q�s�”�}�Ã�Ÿ�å�¿�«	Ô�T�’�›��

�w�§� �å�æ�Â�Ÿ�”�›�Ë�m �ë� �ç	Ô (Weyl Þeld)

&L =
1
2

(1 ! $5)&, &R =
1
2

(1 + $5)& (1.95)

�›���[�̀ �\�•�’�›�%�w�G	\�t�;�M�”�\�q�q�b�•�y�|�Õ

�«�Ä�ç���q�à���w�•
ì�!�õ U(1)V $ U(1)A �0	¶
Q�x�|

�\�•�’�w�ë� �ç	Ô�t�0�b�”�•
ì�!�õ U(1)L $ U(1)R

&L (x) " e! i $L &L (x)

&R (x) " e! i $R &R (x) (1.96)

�w�<�p�w�G�¬�$�0	¶
Q�›�™�¯�b�”�}�\�w�‘�O�t�|�°


`�t�§� �å�ç�s�Ñ�£�ç�Û�{� �w	Ô &L �| &R �t�0�b�”

� �q�s�!�õ�› �§� �å�ç�!�õ �q�t�M�|�f�w�<�p�w�0	¶


Q�› �§� �å�ç�0	¶
Q (chiral symmetry) �q�z�•�}	Í

�w�%�x U(1)L $ U(1)R �§� �å�ç�0	¶
Q�›�Ë�m�}

�M�‡�\�w�%�U�?�Ó
ì�“�^�;�ò L int = eAµ j µ �›�Ë

�m�Õ�«�Ä�ç�� U(1) �®�”�´�g�æ

L = ø& i$µ D µ &, D µ = %µ ! ieA µ (1.97)

�p�K�”	Ô�ù�›�ß�Q�|�”� �=�w�̂ �Š�p�®�”�́ �0	¶
Q�U�¡

�Ë�^�•�o�M�”�‹�w�q�b�”�}�\�•�x�|�®�”�´	Ô Aµ �q�A

�ù�b�”�¢�G�¬�$�s�Õ�«�Ä�ç�� U(1)V �!�õ�w�É�”�»�”

�§�è�ï�Ä�p�‹�K�”�£�Õ�«�Ä�ç�§�è�ï�Ä j µ = ø&$µ &
�w�-��

%µ j µ = 0 (1.98)

�›�™�¯�b�”�U�|�\�w�q�V�|�•
ì U(1)A �!�õ (1.94) �t


Ç
5�b�”�É�”�»�”�§�è�ï�Ä�p�K�”�à
Q�§�è�ï�Ä j µ
5 =

ø&$µ $5& �x�-���d�c�| Fµ % = %µ A% ! %%Aµ �›�®�”

�´	Ô�w�Â�p�q�b�•�y�|

%µ j µ
5 = !

e2

16! 2
' µ %&' Fµ %F&' (1.99)

�q�s�”�\�q�U�Œ�’�•�o�M�” 10) �}�\�w�A�L�x�Ü (1.86)
�p � ) �Q � ’ � • � ” � à � � U(1) � ! � õ �w 
 \ 
R �   Q5 =!

dr &  $5& �U�|�”� �®�L�w�h�Š�t�Ì���‘��
Q�›�Ë

�m�\�q dQ5/dt #= 0 �›�Ô�`�o�S�“�|	H�l�o�%�w�¢�y

�/�æ�q�`�o�w�£�G�¬�$�0	¶
Q�x�|�”� �æ�q�`�o�x
�

�•�o�M�”�\�q�t�s�”�}�\�w�‘�O�t�|�°
`�t�y�/�æ�p

�w�0	¶
Q�U�|�”� �=�t
P�l�o
��•�”�q	Å�› �”� �Ÿ	×

(quantum anomaly) �q�t�M�|�›�t�§� �å�ç�0	¶
Q
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異常項 (1.105)は，�½�ß�”�ï -�Ù�ï�Ä�æ�ß�”�ª�ï�µ�S

(Chern-Pontryagin density) と呼ばれる項（の 2n
倍）であり，ゲージ場が� �ï�µ�»�ï�Ä�ï (instanton)
配位などのトポロジー的に非自明な配位の場合には，
その時空上の積分が有限な整数値を取ることが知られ
ている．このため，系の作用 I =

!
d4x L は U(1)A

変換の下で不変性を持たないことになり，南部-ゴー
ルドストーンボソン生成の前提が崩れることになる．
なお，量子異常項 (1.105)が全微分であることから，
これを 2n ! µ Cµ と書けば，被微分項をネーターカレ
ントから差し引いて定義した新たなカレント ÷j µ

5 =
j µ

5 ! 2n Cµ は自動的に保存する ! µ ÷j µ
5 = 0．しかし

÷j µ
5 はゲージ不変ではないので，これを用いて物理
的な保存量を定義することはできず，対応する南部-
ゴールドストーンボソンを生成しない．このように
して，カイラルアノマリーによって U(1) 問題が解
決されるのである．
もしゲージ場と結合するカレントの共変的保存則に
量子異常が発生する場合には，付随する局所対称性で
ある�®�”�´�0	¶
Q (gauge symmetry) が破れること
になる．その典型的な例はゲージ場が特定のカイラリ
ティーのフェルミ粒子と相互作用する�§� �å�ç�®�”�´

�g�æ (chiral gauge theory) であり，いまそのフェル
ミ粒子の場を " L とし，ゲージ場を Aµ = ! igA a

µ L a

とすれば，系のラグランジアン密度は

L = ø" L i#µ D µ " L (1.106)

で与えられる．ここで L a は場 " L の従うゲージ群
Gのリー代数の表現行列である．ゲージ場と結合す
る�®�”�´�§�è�ï�Ä (gauge current) は，

(J µ
L )a =

1
g

$I
$Aa

µ
= ø" L #µ L a " L (1.107)

で定義され，作用 I のゲージ不変性は，その共変的
保存 D µ J µ

L = ! µ J µ
L + [ Aµ , J µ

L ] = 0 と等しい（ここ
で J µ

L = ( J µ
L )a L a）．ゲージ変換の特殊な場合とし

て大域的変換

" L (x) " e! i ! a L a
" L (x)

Aµ (x) " e! i ! a L a
Aµ (x) ei ! a L a

(1.108)

を考えれば，これに付随するネーターカレントは

j µ
L = J µ

L + [ A" , F µ " ] (1.109)

となり，その保存 ! µ j µ
L = 0 はゲージカレントの共

変的保存 D µ J µ
L = 0 に等価である．カイラルゲージ

理論においては，量子化の過程でゲージ対称性を維
持したまま正則化を行なうことは不可能であり，結
果として

(D µ J µ
L )a = !

1
24%2

! µ &µ "#$

# tr L a
"

A" ! #A$ +
1
2

A" A#A$

#

(1.110)

を得る．すなわち，カイラルゲージ理論では一般に
量子異常によってゲージ対称性が破れてしまうので
ある．ゲージ対称性は，通常，場の量子論における
���“���ˆ�D�ó
Q (renormalizability) ，�â�Ç�»�æ�”
Q

(unitarity) ，およびゲージ不変な物理状態の空間を
指定する際の�g�æ�$
T�ù
Q (consistency)を保証す
る重要な性質であるので，その破れは無矛盾な理論
を構成するにあたり重大な障碍となると考えられて
いる．
但し，式 (1.110)右辺の量子異常は，フェルミ粒

子の場の表現行列による因子

D abc =
1
2

tr L a { L b, L c} (1.111)

に比例しているので，もし D abc = 0 であれば，量
子異常が消えてゲージ対称性が維持されることにな
る．これが成立するのはいくつかの異なる場合があ
り，例えば，ゲージ群 Gのリー代数の任意の既約表
現が，適当な行列 Sを用いて (iL a )" = S(iL a )S! 1

と書ければ，これより D abc = 0 を得る．SU(2) や
SO(2n +1) はそのような例である．また，これ以外
の場合でも D abc = 0 となる群が存在し，これらを
合わせると，結局，D abc $= 0 となり得るのは，U(1)
と SU(n), n % 3のみであることが知られている．
これら後者の場合には，ゲージ対称性を保つために
は複数の異なる表現のフェルミ粒子の組み合わせに
よって，D abc = 0 とすることが必要となり，この
量子異常の消滅条件は整合的な理論構成にひとつの
有力な指針を与えることになる．因みに，標準模型
はゲージ群 SU(3) # SU(2) # U(1) に基づくカイ
ラルゲージ理論によって構成されており，そこでは
D abc = 0 となるようにクォークとレプトンの表現
（" R の場合は，その反粒子を考えることによって基
本的に " L の場合に帰着させる）が指定されている．

� € � ß � � � Y
1 ) E. P. Wigner, Gruppentheorie und ihre Anwendung
auf die Quantenmechaniker Atomspektren , Braun-
schweig, 1931.
2 ) M. Reed and B. Simon, Fourier Analysis, Self-
Adjointness , Academic Press, 1975; Analysis of Opera-
tors , Academic Press, 1978.
3 ) V. Bargmann, Ann. Math. 59 (1954) 1.
4 ) S. Weinberg, The Quantum Theory of Fields , Vol. I,
II, Cambridge Univ. Press, 1995.
5 ) A. Galindo and P. Pascual, Quantum Mechanics ,
Vol. I, II, Springer-Verlag, 1991.
6 ) J.J. Sakurai, Invariance Principles and Elementary
Particles , Princeton Univ. Press, 1964.

局所的ゲージ変換

Z [A] =
!

D ø! D! ei
!

d4 x L (1)

D ø! D! !" D ø! !D! ! = D ø! D! (2)

! L (x) " U(x) ! L (x) U(x) = e" i ! a (x )L a

Aµ (x) " U(x) Aµ (x) U" 1(x) + U(x) " µ U" 1(x) (3)

D( öA) D( öA  ) �y D( öA) # D( öA  ) (4)

D( öH ) D( öX ) �y D( öA) = D( öA  ) öA  = öA (5)

/D (#5$(x)) = ! %n (#5$(x)) #5$n = ± $n %n = 0 (6)

/D $(x) = %n $(x) #5 /D = ! /D #5 (7)
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異常項 (1.105)は，�½�ß�”�ï -�Ù�ï�Ä�æ�ß�”�ª�ï�µ�S

(Chern-Pontryagin density) と呼ばれる項（の 2n
倍）であり，ゲージ場が� �ï�µ�»�ï�Ä�ï (instanton)
配位などのトポロジー的に非自明な配位の場合には，
その時空上の積分が有限な整数値を取ることが知られ
ている．このため，系の作用 I =

!
d4x L は U(1)A

変換の下で不変性を持たないことになり，南部-ゴー
ルドストーンボソン生成の前提が崩れることになる．
なお，量子異常項 (1.105)が全微分であることから，
これを 2n ! µ Cµ と書けば，被微分項をネーターカレ
ントから差し引いて定義した新たなカレント ÷j µ

5 =
j µ

5 ! 2n Cµ は自動的に保存する ! µ ÷j µ
5 = 0．しかし

÷j µ
5 はゲージ不変ではないので，これを用いて物理
的な保存量を定義することはできず，対応する南部-
ゴールドストーンボソンを生成しない．このように
して，カイラルアノマリーによって U(1) 問題が解
決されるのである．
もしゲージ場と結合するカレントの共変的保存則に
量子異常が発生する場合には，付随する局所対称性で
ある�®�”�´�0	¶
Q (gauge symmetry) が破れること
になる．その典型的な例はゲージ場が特定のカイラリ
ティーのフェルミ粒子と相互作用する�§� �å�ç�®�”�´

�g�æ (chiral gauge theory) であり，いまそのフェル
ミ粒子の場を " L とし，ゲージ場を Aµ = ! igA a

µ L a

とすれば，系のラグランジアン密度は

L = ø" L i#µ D µ " L (1.106)

で与えられる．ここで L a は場 " L の従うゲージ群
Gのリー代数の表現行列である．ゲージ場と結合す
る�®�”�´�§�è�ï�Ä (gauge current) は，

(J µ
L )a =

1
g

$I
$Aa

µ
= ø" L #µ L a " L (1.107)

で定義され，作用 I のゲージ不変性は，その共変的
保存 D µ J µ

L = ! µ J µ
L + [ Aµ , J µ

L ] = 0 と等しい（ここ
で J µ

L = ( J µ
L )a L a）．ゲージ変換の特殊な場合とし

て大域的変換

" L (x) " e! i ! a L a
" L (x)

Aµ (x) " e! i ! a L a
Aµ (x) ei ! a L a

(1.108)

を考えれば，これに付随するネーターカレントは

j µ
L = J µ

L + [ A" , F µ " ] (1.109)

となり，その保存 ! µ j µ
L = 0 はゲージカレントの共

変的保存 D µ J µ
L = 0 に等価である．カイラルゲージ

理論においては，量子化の過程でゲージ対称性を維
持したまま正則化を行なうことは不可能であり，結
果として

(D µ J µ
L )a = !

1
24%2

! µ &µ "#$

# tr L a
"

A" ! #A$ +
1
2

A" A#A$

#

(1.110)

を得る．すなわち，カイラルゲージ理論では一般に
量子異常によってゲージ対称性が破れてしまうので
ある．ゲージ対称性は，通常，場の量子論における
���“���ˆ�D�ó
Q (renormalizability) ，�â�Ç�»�æ�”
Q

(unitarity) ，およびゲージ不変な物理状態の空間を
指定する際の�g�æ�$
T�ù
Q (consistency)を保証す
る重要な性質であるので，その破れは無矛盾な理論
を構成するにあたり重大な障碍となると考えられて
いる．
但し，式 (1.110)右辺の量子異常は，フェルミ粒

子の場の表現行列による因子

D abc =
1
2

tr L a { L b, L c} (1.111)

に比例しているので，もし D abc = 0 であれば，量
子異常が消えてゲージ対称性が維持されることにな
る．これが成立するのはいくつかの異なる場合があ
り，例えば，ゲージ群 Gのリー代数の任意の既約表
現が，適当な行列 Sを用いて (iL a )" = S(iL a )S! 1

と書ければ，これより D abc = 0 を得る．SU(2) や
SO(2n +1) はそのような例である．また，これ以外
の場合でも D abc = 0 となる群が存在し，これらを
合わせると，結局，D abc $= 0 となり得るのは，U(1)
と SU(n), n % 3のみであることが知られている．
これら後者の場合には，ゲージ対称性を保つために
は複数の異なる表現のフェルミ粒子の組み合わせに
よって，D abc = 0 とすることが必要となり，この
量子異常の消滅条件は整合的な理論構成にひとつの
有力な指針を与えることになる．因みに，標準模型
はゲージ群 SU(3) # SU(2) # U(1) に基づくカイ
ラルゲージ理論によって構成されており，そこでは
D abc = 0 となるようにクォークとレプトンの表現
（" R の場合は，その反粒子を考えることによって基
本的に " L の場合に帰着させる）が指定されている．

� € � ß � � � Y
1 ) E. P. Wigner, Gruppentheorie und ihre Anwendung
auf die Quantenmechaniker Atomspektren , Braun-
schweig, 1931.
2 ) M. Reed and B. Simon, Fourier Analysis, Self-
Adjointness , Academic Press, 1975; Analysis of Opera-
tors , Academic Press, 1978.
3 ) V. Bargmann, Ann. Math. 59 (1954) 1.
4 ) S. Weinberg, The Quantum Theory of Fields , Vol. I,
II, Cambridge Univ. Press, 1995.
5 ) A. Galindo and P. Pascual, Quantum Mechanics ,
Vol. I, II, Springer-Verlag, 1991.
6 ) J.J. Sakurai, Invariance Principles and Elementary
Particles , Princeton Univ. Press, 1964.
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異常項 (1.105)は，�½�ß�”�ï -�Ù�ï�Ä�æ�ß�”�ª�ï�µ�S

(Chern-Pontryagin density) と呼ばれる項（の 2n
倍）であり，ゲージ場が� �ï�µ�»�ï�Ä�ï (instanton)
配位などのトポロジー的に非自明な配位の場合には，
その時空上の積分が有限な整数値を取ることが知られ
ている．このため，系の作用 I =

!
d4x L は U(1)A

変換の下で不変性を持たないことになり，南部-ゴー
ルドストーンボソン生成の前提が崩れることになる．
なお，量子異常項 (1.105)が全微分であることから，
これを 2n ! µ Cµ と書けば，被微分項をネーターカレ
ントから差し引いて定義した新たなカレント ÷j µ

5 =
j µ

5 ! 2n Cµ は自動的に保存する ! µ ÷j µ
5 = 0．しかし

÷j µ
5 はゲージ不変ではないので，これを用いて物理
的な保存量を定義することはできず，対応する南部-
ゴールドストーンボソンを生成しない．このように
して，カイラルアノマリーによって U(1) 問題が解
決されるのである．
もしゲージ場と結合するカレントの共変的保存則に
量子異常が発生する場合には，付随する局所対称性で
ある�®�”�´�0	¶
Q (gauge symmetry) が破れること
になる．その典型的な例はゲージ場が特定のカイラリ
ティーのフェルミ粒子と相互作用する�§� �å�ç�®�”�´

�g�æ (chiral gauge theory) であり，いまそのフェル
ミ粒子の場を " L とし，ゲージ場を Aµ = ! igA a

µ L a

とすれば，系のラグランジアン密度は

L = ø" L i#µ D µ " L (1.106)

で与えられる．ここで L a は場 " L の従うゲージ群
Gのリー代数の表現行列である．ゲージ場と結合す
る�®�”�´�§�è�ï�Ä (gauge current) は，

(J µ
L )a =

1
g

$I
$Aa

µ
= ø" L #µ L a " L (1.107)

で定義され，作用 I のゲージ不変性は，その共変的
保存 D µ J µ

L = ! µ J µ
L + [ Aµ , J µ

L ] = 0 と等しい（ここ
で J µ

L = ( J µ
L )a L a）．ゲージ変換の特殊な場合とし

て大域的変換

" L (x) " e! i ! a L a
" L (x)

Aµ (x) " e! i ! a L a
Aµ (x) ei ! a L a

(1.108)

を考えれば，これに付随するネーターカレントは

j µ
L = J µ

L + [ A" , F µ " ] (1.109)

となり，その保存 ! µ j µ
L = 0 はゲージカレントの共

変的保存 D µ J µ
L = 0 に等価である．カイラルゲージ

理論においては，量子化の過程でゲージ対称性を維
持したまま正則化を行なうことは不可能であり，結
果として

(D µ J µ
L )a = !

1
24%2

! µ &µ "#$

# tr L a
"

A" ! #A$ +
1
2

A" A#A$

#

(1.110)

を得る．すなわち，カイラルゲージ理論では一般に
量子異常によってゲージ対称性が破れてしまうので
ある．ゲージ対称性は，通常，場の量子論における
���“���ˆ�D�ó
Q (renormalizability) ，�â�Ç�»�æ�”
Q

(unitarity) ，およびゲージ不変な物理状態の空間を
指定する際の�g�æ�$
T�ù
Q (consistency)を保証す
る重要な性質であるので，その破れは無矛盾な理論
を構成するにあたり重大な障碍となると考えられて
いる．
但し，式 (1.110)右辺の量子異常は，フェルミ粒

子の場の表現行列による因子

D abc =
1
2

tr L a { L b, L c} (1.111)

に比例しているので，もし D abc = 0 であれば，量
子異常が消えてゲージ対称性が維持されることにな
る．これが成立するのはいくつかの異なる場合があ
り，例えば，ゲージ群 Gのリー代数の任意の既約表
現が，適当な行列 Sを用いて (iL a )" = S(iL a )S! 1

と書ければ，これより D abc = 0 を得る．SU(2) や
SO(2n +1) はそのような例である．また，これ以外
の場合でも D abc = 0 となる群が存在し，これらを
合わせると，結局，D abc $= 0 となり得るのは，U(1)
と SU(n), n % 3のみであることが知られている．
これら後者の場合には，ゲージ対称性を保つために
は複数の異なる表現のフェルミ粒子の組み合わせに
よって，D abc = 0 とすることが必要となり，この
量子異常の消滅条件は整合的な理論構成にひとつの
有力な指針を与えることになる．因みに，標準模型
はゲージ群 SU(3) # SU(2) # U(1) に基づくカイ
ラルゲージ理論によって構成されており，そこでは
D abc = 0 となるようにクォークとレプトンの表現
（" R の場合は，その反粒子を考えることによって基
本的に " L の場合に帰着させる）が指定されている．
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(Chern-Pontryagin density) と呼ばれる項（の 2n
倍）であり，ゲージ場が� �ï�µ�»�ï�Ä�ï (instanton)
配位などのトポロジー的に非自明な配位の場合には，
その時空上の積分が有限な整数値を取ることが知られ
ている．このため，系の作用 I =

!
d4x L は U(1)A

変換の下で不変性を持たないことになり，南部-ゴー
ルドストーンボソン生成の前提が崩れることになる．
なお，量子異常項 (1.105)が全微分であることから，
これを 2n ! µ Cµ と書けば，被微分項をネーターカレ
ントから差し引いて定義した新たなカレント ÷j µ

5 =
j µ

5 ! 2n Cµ は自動的に保存する ! µ ÷j µ
5 = 0．しかし

÷j µ
5 はゲージ不変ではないので，これを用いて物理
的な保存量を定義することはできず，対応する南部-
ゴールドストーンボソンを生成しない．このように
して，カイラルアノマリーによって U(1) 問題が解
決されるのである．
もしゲージ場と結合するカレントの共変的保存則に
量子異常が発生する場合には，付随する局所対称性で
ある�®�”�´�0	¶
Q (gauge symmetry) が破れること
になる．その典型的な例はゲージ場が特定のカイラリ
ティーのフェルミ粒子と相互作用する�§� �å�ç�®�”�´

�g�æ (chiral gauge theory) であり，いまそのフェル
ミ粒子の場を " L とし，ゲージ場を Aµ = ! igA a

µ L a

とすれば，系のラグランジアン密度は

L = ø" L i#µ D µ " L (1.106)

で与えられる．ここで L a は場 " L の従うゲージ群
Gのリー代数の表現行列である．ゲージ場と結合す
る�®�”�´�§�è�ï�Ä (gauge current) は，

(J µ
L )a =

1
g

$I
$Aa

µ
= ø" L #µ L a " L (1.107)

で定義され，作用 I のゲージ不変性は，その共変的
保存 D µ J µ

L = ! µ J µ
L + [ Aµ , J µ

L ] = 0 と等しい（ここ
で J µ

L = ( J µ
L )a L a）．ゲージ変換の特殊な場合とし

て大域的変換

" L (x) " e! i ! a L a
" L (x)

Aµ (x) " e! i ! a L a
Aµ (x) ei ! a L a

(1.108)

を考えれば，これに付随するネーターカレントは

j µ
L = J µ

L + [ A" , F µ " ] (1.109)

となり，その保存 ! µ j µ
L = 0 はゲージカレントの共

変的保存 D µ J µ
L = 0 に等価である．カイラルゲージ

理論においては，量子化の過程でゲージ対称性を維
持したまま正則化を行なうことは不可能であり，結
果として
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を得る．すなわち，カイラルゲージ理論では一般に
量子異常によってゲージ対称性が破れてしまうので
ある．ゲージ対称性は，通常，場の量子論における
���“���ˆ�D�ó
Q (renormalizability) ，�â�Ç�»�æ�”
Q

(unitarity) ，およびゲージ不変な物理状態の空間を
指定する際の�g�æ�$
T�ù
Q (consistency)を保証す
る重要な性質であるので，その破れは無矛盾な理論
を構成するにあたり重大な障碍となると考えられて
いる．
但し，式 (1.110)右辺の量子異常は，フェルミ粒

子の場の表現行列による因子

D abc =
1
2

tr L a { L b, L c} (1.111)

に比例しているので，もし D abc = 0 であれば，量
子異常が消えてゲージ対称性が維持されることにな
る．これが成立するのはいくつかの異なる場合があ
り，例えば，ゲージ群 Gのリー代数の任意の既約表
現が，適当な行列 Sを用いて (iL a )" = S(iL a )S! 1

と書ければ，これより D abc = 0 を得る．SU(2) や
SO(2n +1) はそのような例である．また，これ以外
の場合でも D abc = 0 となる群が存在し，これらを
合わせると，結局，D abc $= 0 となり得るのは，U(1)
と SU(n), n % 3のみであることが知られている．
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（" R の場合は，その反粒子を考えることによって基
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レプトンの表現をアノマリーが相
殺されるように選択
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rations in the path-integral. This is our basic observa- 
tion. 

In the following, we derive the relation between 
the integral over all gauge field configurations and 
the integral over only the "representatives" of the 
gauge-equivalent classes of the gauge field configura- 
tions. For this purpose, we introduce the gauge-fixing 
condition: f [A]  = 0 and assume f lAg]  = 0 has a 
unique solution for g. Following the method of 
Faddeev and Popov [10], we define Af[A] by 

Af[Al fdg6Or [Ag] )  = 1, (4) 

where dg represents the invariant measure on G. 
The vacuum-to-vacuum amplitude 

Z - f d ~ d ~ d A  exp( i I [$ ,~ ,A ] )  (5) 

can be written, after inserting (4), as 

z =fd  d~ dA u Af[AI dgS( f [Ag ] )  

X exp(iI [~, ~,A]) .  (6) 

Under the change of integration variables A --~ A g-1 g-i /z /z 
--  dA~ is assumed to be invariant, dAt~ = dA~ - 
(6) can be written as 

z =fdff d~-~A dg exp(il[~b, - -1 ~,A~ ]), 

Z = f ~  A dg exp (i W[A g-I ]) 

=fc/)  A dg exp (iW[A] + ia l (A ,g - l ) )  

=fd, d~ '.'-3 A dg exp ( i I [~, ~, A] 

+ i a l ( A , g - 1 ) )  

- f d~b  d ~ A  dgexp(ilst[~b , ~ , A , g ] ) ,  (10) 

where 

a l (A,g ) = W[A g] - W[A], (1 1) 

which is nothing but the Wess-Zumino action and 
satisfies the one-cocycle condition [2]. We call the 
action Ist [4, ~, A ,g] "the standard action", 

/st[V, ~,A,g]  = I [¢ ,  ~ , a ]  + Otl(A,g-1 ). (12) 

Taking the standard action as a starting point, we 
can formulate the theory using operator formalism 
and diagrammatic technique or nonperturbative ap- 
proaches, etc. 

The striking feature of (10) is the existence of 
gauge invariance. To see this, we define the effective 
action/eft [A ], 

exp( i le f f [A l )  - - f d ¢  d~ dg exp(ilst [¥, ~ ,A,g ] )  

--fdg exp ( i l  I [A, g] ), (13) 

Q)A - dA Af[Al~i(f[A]). (7) 

If we redefine the fermion fields by 

~b L ~ 4 [  =g -1¢  L, ~L -~ ~ [  = ~L g' (8) 

the lagrangian turns to the original form. In the case 
of gauge-invariant theories, we can regularize them so 
that this kind of redefinition of the fermion fields 
gives no extra effect. Consequently, the integrand is 
independent of g, and the integration over "gauge 
volume" f dg, which leads to physically irrelevant 
infinity, can be dropped. However, as mentioned 
above, the fermionic measure is not invariant under 
(8), but generates the Wess-Zumino action ,2 [11], 

d~b d~ = d~ g d~ g exp [iet(A ,g - l ) ] .  (9) 

Alternatively, if we integrate d ¢ d~ in (7), 

we get (using the fact that dg is the invafiant mea- 
sure), 

exp ( i I ~ [Ah ] )  = fdg exp (iI  1 lAb,g]) 

= fdg exp ( i  I 1 [A ,  g h  - 1 ] ) 

= f d  (gh -1) exp (iI 1 [A,gh-1]) 

= exp(i lef f [A]) .  (14) 

,2 We call ~1 (A, g-l) the Wess-Zumino action as a I (.4, g) 
in the sense that under the infinitesimal gauge transforma- 
tion h(x) = 1 + ea(x)h a, it generates the anomaly_¢~ a(x), 
i.e., 

a 1 (.4 h, h -1 g-I ) _ al (A, g-I ) = _ f dx ea(x).q~a(x), 

W[A h ] - W[A ] = f dx ea(x).c'~a(x). 
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新たな自由度の出現

ゲージ固定無し

ゲージ固定有

（ここでの記法 g = U)

経路積分量子化では

量子化に伴う局所対称性の破れ 物理的自由度の増加と対称性の回復！
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2．非同値量子化
a) 円周上の粒子

巻き数 n の遷移の確率振幅
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重ね合わせの重みの任意性

配位空間A(a) A(a!) B (b) B (b!) Q = S1

A1(a) = A(a, ! 1), A2(a) = A(a, ! 2), A3(a) = A(a, ! 3), . . .
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非同値量子化

inequivalent quantization
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巻き数 を導入して位相部分を書き直すと
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b) 剰余空間 G/H 上の粒子 配位空間
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Fig. 2: Generalized version of DiracÕs approach

generalized Dirac approach can be applied to Yang-Mills theory (where again there is a

natural choice for the extended conÞguration space) using the conditions (1.4) with Þeld-

dependent K i , which yields additional topological terms in the Yang-Mil ls Lagrangian as

a consequence of the inequivalent quantizations [11]. We also mention that this change in

the nature of the constraints is familiar when quantizing anomalous gauge theories (see [12]

and also the discussion in [2]), which indicates a possible new response to gauge anomalies

based on the possibility of exploiting the existence of inequivalent quantizations. In this

paper, however, to establish a Þrm ground for those extentions, and to examine the phys-

ical implications of inequivalent quantizations as clearly as possible, we shall conÞne our

arena to the coset spacesQ # G/ H, which is also worth investigating in its own right.

The plan of this paper is as follows. After this introduction, in Sect. 2, MackeyÕs quan-

tization on G/H will be described along with some discussionof how it relates to other

direct approaches and some of the problems with its usual description. The aim of this

somewhat lengthy review part is to provide a self-containedaccount of MackeyÕs formula-

tion, which is later used to prove the equivalence to our (generalized Dirac) approach. In

Sect. 3 we illustrate the idea of our reformulation of MackeyÕs inequivalent quantization by

a simple example, where the emergence of spin is explained from particle dynamics onR3.

This will end up with a derivation of the path-integral descr iption of spin, proposed by

Nielsen and Rohrlich [13], from MackeyÕs account of quantization applied to the coset space
#E(3)/ SU(2) # R3. After this illustration, in Sect. 4 we present for the general coset space

6

a precise deÞnition of our generalization of DiracÕs approach, and prove its equivalence

with MackeyÕs account of quantizing on such coset spaces. InSect. 5 we will develop the

path-integral version of our approach presented in Sect. 4,in which the e! ects of inequiva-

lent quantizations Ñ the H-connection and generalized spinÑ become transparent. This

section can almost be read independently of what has gone before (although Sect. 4.1 is

needed for the notation), and we would suggest to the reader that if one is only interested

in the Þnal results of our analysis and the applications, then go directly to Sect. 5 to see

how simple our methods are. Sect. 6 is devoted to a study of thephysical implications

of inequivalent quantizations by examining in detail the case Sn ! SO(n + 1) / SO(n) for

n = 2, 3, 4. The physical interpretation of spin will be given for S3 and S4, and, in

particular on S4, it will be shown that chiral spin degrees of freedom couple to a BPST

instanton (and anti-instanton), which is the H-connection in this case. Finally, in Sect. 7,

we shall conclude this analysis with some speculations on the possible ramiÞcations of the

ideas presented in this paper. There are also four appendices containing some technical

results used in the main text, the most important of which is Appendix A which, among

other things, gives our notational conventions for dealingwith the many spaces needed in

this account of quantization.
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Fig. 2: Generalized version of DiracÕs approach

generalized Dirac approach can be applied to Yang-Mills theory (where again there is a

natural choice for the extended conÞguration space) using the conditions (1.4) with Þeld-

dependent K i , which yields additional topological terms in the Yang-Mil ls Lagrangian as
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5. Path-integral description for quantizing on G/H

In the previous section we have presented a generalization of DiracÕs approach to con-

strained quantization, in order to deal with inequivalent quantizations on a coset space

G/H. In this section we develop the corresponding language in the path-integral which

renders the treatise more transparent and admits a more intuitive understanding of the

inequivalent quantizations. In particular, we shall see that in the path-integral the ap-

pearance of the generalized spin discussed in Sect. 4 is realized immediately, and that the

emergence of the H-connection is also trivial to observe. Furthermore, the consistency of

the path-integral under the SK -transformations requires the parameters inK to be pre-

cisely those labelling the irreducible representations! of H. The equations of motion on

G/H turn out to be of the type of the Wong equations [27], describing a particle minimally

coupled to the H-connection and the generalized spin.

5.1. Lagrangian realization in the path-integral

We have seen, in Sect. 4, that the inequivalent quantizations on the coset space G/H

can be derived from a generalized form of DiracÕs constrained quantization applied to the

classical system deÞned on G, subject to the (classical) Þrst class constraintsRi = 0. This

account has been an operator one. To develop the corresponding path-integral version we

will simply extract from that analysis the fact that in the qu antum theory these classical

constraints become the e! ective, anomalous constraints

" i = Tr Ti (R ! K ) = Ri ! K i = 0 , (5.1)

where Ti " h (for our notational conventions, see Appendix A), and then use the familiar

prescriptions for implementing these within a path-integral [22]. At this stage the K i are

only assumed to be arbitrary constants.

Due to the existence of a Þrst class subset of these constraints (5.1) given by

" s = Tr Ts(R ! K ) = 0 , (5.2)

for Ts " sK = Ker(ad K )# h, the resulting theory acquires a gauge symmetry under the SK -

transformations associated with the algebrasK . Accordingly, we introduce gauge Þxing
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conditions ! s = 0 so that the total set of constraints " k := ( #i , ! s) is second class. With

this second class set of constraints the phase space path-integral reads

Z =
!

DgDR $(" k ) det
1
2 |{ " k , " k ! }| exp

"
i
!

%! i
! T

0
dt H G

#
, (5.3)

where %is the canonical 1-form in (4.1),

!
%= !

! T

0
dt Rm (g! 1 úg)m , (5.4)

and HG is the Hamiltonian (4.6). The path-integral measure in (5.3) is formally deÞned

from the volume (Liouville) form of the phase space&N (N = dim G) by taking its product

over t,

DgDR =
$

t

&N (t) , where &N =
N$

m =1

(g! 1dg)m dRm . (5.5)

On account of the fact that the operators in (4.34) form the maximal Þrst class subalgebra

of (4.29), the operator version of (5.1), it is clear that the constrained path-integral (5.3)

leads to the quantum theory equivalent to that obtained by the operator description of

Sect. 4.

Since the constraints (5.1) are (at most) linear in the momentum variables Ri , we

may trivially implement them by integrating over all the mom entum variables Rm . For

this, we Þrst note that the determinant factor in (5.3) is proportional to det |{ #s , ! s! }| on

the constrained surface. Thus, if we choose the gauge Þxing conditions ! s = 0 so that the

determinant be independent ofRm , we can at once carry out the integrations onRm to

obtain

Z =
!

Dg$(! s) det|{ #s, ! s! }| exp
"

i
! T

0
dt L tot

#
, (5.6)

where

L tot =
1
2

Tr( g! 1 úg|r )2 ! Tr K (g! 1 úg|h) . (5.7)

Note that since the Þrst term in the Lagrangian (5.7) is invariant under g " g÷h for ÷h # H

(which follows from the identity h! 1X h |r = h! 1X |r h valid for any X # g as a consequence

of the reductive decomposition), it is actually identical to the Lagrangian (4.13) for G/H.

On the other hand, it will be shown that the second term in the Lagrangian (5.7) represents

the e! ects of non-trivial quantizations, containing the H-connection and the generalized

spin. In passing we point out that the path-integral (5.6) is not quite a conÞguration
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Diracの拘束条件つき量子化 対称性の拘束条件

ゲージ固定条件

reductive decomposition g = h ! r. The currents Ri form the algebra h under Poisson

bracket,

{ Ri , Rj } = f k
ij Rk , (4.10)

and can be used to implement the reduction from the extended phase spaceT! G to the

reduced phase spaceT! (G/H), i.e, we take as our classical, Þrst class constraints

Ri = 0 . (4.11)

The Hamiltonian (4.6) preserves these constraints, and on the constrainted surface given

by (4.11) it reduces to the (physical) Hamiltonian,

HG/ H = HG|R i =0 = 1
2 ! abRaRb . (4.12)

On the other hand, given a section" : G/ H "# G we can write g = " h with " $ G, h $ H.

Using a set of local coordinates{ q! } on G/H to parametrize " = " (q), and performing

Legendre transform we obtain the reduced Lagrangian

L G/ H = 1
2 Tr( " " 1 ú" |r )2 = 1

2 g!" (q) úq! úq" , (4.13)

where we have deÞned the vielbeine = ea
! dq! Ta := " " 1d" |r to provide the metric g!" :=

! ab ea
! eb

" on G/H. Then again, it is obvious that the equations of motion derived in the

reduced system are of the form,

¬q! + ! !
"# (q) úq" úq# = 0 , (4.14)

where ! !
"# is the Levi-Civita connection constructed out of the metric g!" . Thus we see

that the dynamics of the reduced system is indeed that describing geodesic motion on

G/H.

4.2. DiracÕs (naive) quantization onG/H

The Þrst step in any constrained description of quantizing on G/H is to initially

ignore the constraints (4.11) and quantize on the extended conÞguration space G. Any

group G can be viewed trivially as a coset space G/{ 1} , hence, using MackeyÕs approach

discussed in Sect. 2, there is a well deÞned quantization in which the states are simply

the square integrable wave functions# (g) on G and the integration is with respect to the

27
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G/H  上の自由粒子

外部ゲージ場との相互作用（AB効果）

経路積分量子化の結果
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Let us start by decomposingg as

g = ! h , with ! ! G , h ! H , (5.14)

where ! = ! (q) is a section G/ H "# G, and { q! } is a set of local coordinates on G/H. Then

the Lagrangian (5.7) becomes the sum of three terms:

L tot = L G/ H + L OK + L int

=
1
2

g!" (q) úq! úq" $ Tr K (h! 1 úh) $ Tr
!
hKh ! 1A! (q)

"
úq! .

(5.15)

Besides the Þrst term in (5.15), which is the LagrangianL G/ H (4.13) for a free particle

moving on G/H, we now recognize two terms which represent thee! ects of non-trivial

quantizations and are both proportional to K . The e! ects are two-fold: Þrst, there appears

extra degrees of freedomh ! H which, as we shall see in the next section, correspond to the

generalized spin. Their dynamics is governed byL OK , which is the Þrst order Lagrangian

for the coadjoint orbit OK = H / SK of the group H passing throughK . (Note that the

Lagrangian L OK is invariant under the SK -transformations and hence the phase space for

the generalized spin is given by H/SK .) The second e! ect appears in the last term L int ,

where one Þnds the H-connection

A := ! ! 1d! |h = A! dq! , (5.16)

coupled minimally to the particle and the generalized spin.Note that if H is abelian then

the coadjoint orbits OK are just points and therefore there appears no generalized spin.

If, on the other hand, H = G then there emerges no H-connection; only the generalized

spin could exist. The spin example discussed in Sect. 3 fallsinto the latter case (where

G/ H = SU(2) / SU(2)), while the example of the quantization onS2 to be discussed in the

next section is in the former case (where G/ H = SO(3) / SO(2)).

The e! ects of the inequivalent quantizations in the dynamics can be seen in the equa-

tions of motion. In terms of the (SK -gauge invariant) variables

S := $ hKh ! 1 , (5.17)

the equations of motion for h derived from the Lagrangian (5.15) are the covariant con-

stancy equations,

Dt S :=
dS
dt

+ [ A! (q), S] úq! = 0 . (5.18)
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H  スピン自由度

H-接続と呼ばれるゲージ場

D. McMullan - I.T. , 
Phys. Lett. B (1994)

非自明な配位空間上の量子化 物理的（スピン）自由度と外場の誘起！
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例： H-接続はBPST インスタントン

（註）非可換ゲージ理論での非同値量子化（　　　　の場合に類似）
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R3 S3 R4 # S4

AB効果：Strong CP問題
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3．物理量演算子の不定性 self-adjoint extension

例１：半直線上の自由粒子
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古典系を特徴づける長さパラメーターが無い
粒子は任意の速度を持つことができる：

スケール対称性

・古典論

・量子論
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L :長さの次元を持つ不定パラメーター
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一般の場合：

特殊な場合：

境界条件の解
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物理的効果 反射時間のずれ
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反射波

入射波
スケール対称性の破
れ（量子異常）によ
る反射時間のずれ

!

Figure 2. The parameter space { (! + , ! ! , µ, " )} is a product of the spectral torus
T 2 speciÞed by the angles (! + , ! ! ) and the isospectral sphere S2 speciÞed by the
angles (µ, " ) with radius # = ( ! + ! ! ! )/ 2 (cf. Corollary 1) which collapses to a
point for the self-dual case ! + = ! ! . A cyclic path C on the sphere yields a phase
anholonomy (the Berry phase) proportional to the area enclosed by C due to the
degeneracy present at the center of the sphere. A cyclic path! on the torus, on the
other hand, yields a level anholonomy (level shifts) if ! is homotopically nontrivial.
A generic cycle is a combination of the two, and hence yields an anholonomy in both
phase and level. The parametrization shown here provides a double covering of the
entire family " " U(2), where the two antipodal points on the spheres equidistant
from the self-dual line ! + = ! ! are identiÞed. This identiÞcation determines the
spectral space# to be given by T 2/ ZZ2 which is a M¬obius strip with boundary.
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例２：直線上の自由粒子と特異点

a framework to describe the above mentioned features in a coherent manner. As part of

the physical interpretation given as Theorem 3, we Þnd a one-parameter gauge equivalence

within ! and conclude that physically distinct point interactions form a three-parameter

quotient space of! .

2. Spectral structure

Let us Þrst recall the description of the U(2) family of self-adjoint operators H [14]

(see also [1]). The domain of such a self-adjoint operatorH is a subspace ofH speciÞed

by a boundary condition at the missing point x = 0 on the line. Let ! be a state in the

domain, and consider the two-component boundary vectors

" :=
!

! (0+ )
! (0! )

"
, " " :=

!
! "(0+ )

! ! "(0! )

"
, (2)

where 0+ and 0! denote the limits at x = 0 from the right and the left, respectively. 1 In

terms of a matrix U " U(2) the boundary condition is then given as

(U ! I )" + iL 0(U + I )" " = 0 , (3)

with some constant L 0 #= 0 of length dimension, where I denotes the unit matrix in

U(2). We note that the self-adjointness of H is equivalent to the requirement of (global)

probability conservation, and that the constant L 0 adds no extra freedom to that given by

U [7]. To indicate the U(2) -dependence of the operatorH , we use the notationHU .

We now begin our discussion of the spectral structure of the family! of the operators

HU by providing the following

DeÞnition 1. A unitary transformation X : H $ H is called a generalized symmetryof

the family ! if, for any U " U(2),

X ! 1HU X = HUX , (4)

for someUX " U(2).

We note that condition (4) embodies two requirements: Þrst, the domain ofHU is mapped

into the domain of HUX , and secondly,X ! 1HU X acts on this new domain as the di#erential

operator (1). Note also that the two operators HU and HUX share the same spectrum.

1 ! and its derivative, ! ! , are required to be absolutely continuous on IR \ { 0} (see [1]).
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Proposition 4. To a parity operator P given in (7) there is a subfamily of point interac-

tions which are left invariant under P. For any P the subfamily ! P is homeomorphic to

a torus T2.

Proof. The subfamily ! P is given by

! P := { U ! U(2) | ! U ! = U } , (27)

where ! is determined from P by (8). The matrices U belonging to ! P are then found to

be of the form,

U = ei ! ei "# , " ! [0, #) , $ ! [0, 2#) , (28)

which is homeomorphic to a torusT2 for any P. Q.E.D. 2

For instance, if we chooseP = P1, the subfamily ! P 1 is just the set of parity invariant

(left-right symmetric) point interactions in the usual sense of the word. If, on the other

hand, we chooseP = P3, then the resultant subfamily ! P 3 becomes the so-called separated

subfamily where no probability ßow through the gapx = 0 is allowed. One may also choose

for P the one P(V ) that corresponds to a speciÞcU. The invariant subfamily ! P (V ) then

contains U by construction, and becomes a subfamily pertinent to the point interaction

characterized by U. One then Þnds from Propositions 3 and 4 that! P (V ) " T2 except

when U ! ! SD for which ! P (V ) coincides with the entire family ! " U(2).

The self-dual subfamily ! SD has also the following distinguished characteristics:

Proposition 5. For any point interaction belonging to ! SD (i.e., U ! ! SD ), all eigenval-

ues ofHU (including the generalized ones) are doubly degenerate.

Proof. For any U ! ! SD , we have from Proposition 2Õ that [HU , Pj ] = 0 for j = 1,

2, 3. This implies that, on any eigenspace ofHU , a representation of su(2) formed by

{P j } j =1 ,2,3 is given. Since an eigenfunction of, say,P1 cannot be an eigenfunction of

P2, the eigenspaces ofHU must be doubly degenerate. This argument is valid for the

generalized eigenvalues (scattering state energies) and the corresponding eigenspaces as

well. Q.E.D.

The double degeneracy implies that the system with point interaction belonging to! SD

may be regarded as supersymmetric. As shown in [7], this is in fact the case forU = # I ,

2 To derive the above results one may consider, instead of the parities P in (7), more general transfor-
mations F W given by ( F W ! )( x) := W11 ! (x)! (x) + W12 ! (x)! (! x) + W21 ! (! x)! (! x) + W22 ! (! x)! (x)
with the matrix W of the coe" cients Wij belonging to U(2). These generalized symmetries F W re-
alize the arbitrary boundary conjugations UX = W UW ! 1 and obey several useful properties, such as
F W 1 W 2 = F W 1 F W 2 and F ! 1 W 1 + ! 2 W 2 = " 1F W 1 + " 2F W 2 for " 1 , " 2 " CI .

11

エネルギー
等位面

エネルギー
非等位面

I.T. - T. Fulop, T. Cheon ,  Ann. Phys. (2002)

x = 0



18

演算子とは
i) 四則算や微分等の演算の規定

状態（波動関数）に対する境界条件等で設定

ii) 定義域（演算の対象とする状態空間）の規定

M = T! Q = T! (G/H ) M = S2

M = R2n = ( q1, q2, . . . , qn , p1, p2, . . . , pn )

{ qi , qj } PB = 0 , { pi , pj } PB = 0 , { qi , pj } PB = ! ij

H = L 2(Rn ) H =
p2

2m

d öH
dt

= 0 ,
d öD
dt

=
i
øh

(iøh öH ) + öH = 0
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II．量子相関と物理量

１．量子もつれの豊かさ：相関

古典確率による戦略 量子状態（確率振幅）による戦略
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量子戦略では、相手の戦略との相関により、
古典的ディレンマの解消可能性

・量子ゲーム理論

quantum entanglement

148 T. Cheon, I. Tsutsui / Physics Letters A 348 (2006) 147Ð152

puzzling effectiveness of quantum strategies in situ-
ations where their classical counterparts fail to give
satisfactory results.

In this Letter, we attempt to answer this call with
a full Hilbert space formulation of the game theory.
It is shown that assigning vectors in a Hilbert space
to game strategies entails the introduction of an el-
ement that provides correlation for the strategies of
the individual players. For two strategy games, the
correlation is generated by operators that implement
swapping and simultaneous renaming of the playerÕs
strategies. The quantum game is then split into two
parts, one consisting of a family of classical games
and the other representing the genuine quantum ingre-
dient of the game. The game, as a whole, is solvable.
We illustrate our formalism with numerical examples
on PrisonerÕs Dilemma and discuss the classical and
quantum contents appearing in the Nash equilibria. We
also point out the existence of such curious phenom-
ena as the stoneÐscissorÐpaper game found for phase
variables of the strategy, and the quantum moderation
which occurs for ßuctuating correlations.

To present our scheme of quantum game, we Þrst
consider Hilbert spacesHA and HB in which the
strategies of the two playersA andB are represented
by vectors|! !A " HA and |" !B " HB . The entire
space of strategy of the game is then given by the di-
rect productH = HA # HB . A vector inH represents
a joint strategyof the two players and can be written
as

(1)|! , " ; # ! = J (#)|! !A |" !B ,

where the unitary operatorJ (#) provides quantum
correlation (e.g., entanglement) for the separable states
|! !A|" !B . Note thatJ (#) is independent of the play-
ersÕ choice and is determined by a third party, which
is hereafter referred to as thecoordinator.

Once the joint strategy is speciÞed withJ (#), the
players are to receive the payoffs, which are furnished
by the expectation values of self-adjoint operatorsA
andB:

$ A(! , " ; #) = $! , " ; # |A|! , " ; # !,

(2)$ B(! , " ; #) = $! , " ; # |B|! , " ; # !.

Each of the players then tries to optimize their strategy
to gain the maximal payoff, and our question is to Þnd,
if any, a stable strategy vector which corresponds to

the quantum version of the Nash equilibrium. Namely,
we seek a point(! , " ) = (! %, " %) in the strategy space
at which the payoffs separately attain the maxima as

&! $ A(! , " %; #)
!
!
! %= 0,

(3)&" $ B(! %, " ; #)
!
!
" %= 0,

under arbitrary variations in! and" .
A symmetric quantum game is deÞned by requiring

that the strategy spaces of the two players are the same
in dimensionality, dimHA = dimHB = n, and that the
payoffs are symmetric for two players. The latter con-
dition is expressed as

(4)$ A(! , " ; #) = $ B(" , ! ; #)

in terms of identically labeled strategies for both play-
ers

(5)|! !A =
"

i

! i |i !A , |" !B =
"

i

" i |i !B ,

with complex numbers! i , " i normalized as
#

i |! i |2

=
#

i |" i |2 = 1. Here we have used a common ortho-
normal basis for both of the players, namely, a set of
strategies of the two players which are in one-to-one
correspondence|i !A % |i !B for i = 0, 1, . . . , n & 1.
Introducing the swap operatorS by

(6)S|i, j ! = | j, i !

for the states|i, j ! = | i !A |j !B , we haveS|! , " ! =
|" , ! ! for general separable states|! , " ! = | ! !A|" !B .
For our convenience, we introduce two more opera-
torsC andT deÞned by

(7)C|i, j ! = | øi, øj ! , T |i, j ! = | øj , øi ! ,

where the bar represents the complimentary choice;
øi = (n & 1) & i . The operatorC is the simultane-
ous renaming (conversion) of strategy for two play-
ers, andT is the combinationT = CS. These opera-
tors{S, C, T} commute among themselves and satisfy
S2 = C2 = T2 = I , T = SC, S = CT andC = T S.
With the identityI , they form the dihedral groupD2.

In terms of the correlated payoff operators,

A (#) = J   (#)AJ ( #),

(8)B(#) = J   (#)BJ (#),

we have$ A(! , " ; #) = $! , " |A (#)|! , " ! . It is con-
venient to choose the unitary operatorJ (#) such that

量子もつれ
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FIG. 2. (Color online) Distributions of the squared proper
distances s2 of the B 0 øB 0 decay events before and after the
acceptance and selection cuts. The events are spacelike when
s2 > 0.

D ! ± , respectively. Our analysis assumes approximately
onepp interaction per beam bunch crossing, whereas that
is above two for most of the period during which data for
[37] were collected (between August and October 2010)
[38]. In addition, the selection cuts are applied to two
neutral B mesons instead of one. For those reasons,
the background contamination is expected to be smaller
than 6.8% in our measurement. Only the simulated sig-
nal events are used in our analysis, and the backgrounds
are conservatively considered as systematic uncertainty
as described in Sec. III E.

E. Analysis results

In our simulation, we examined two issues. One is
whether the locality condition is satisÞed with the events
detected by the ATLAS detector. The other is how much
the Bell inequality violates, with statistical and system-
atic errors considered.

Figure 2 shows the distributions of the squared proper
distance s2 = ! c2! t2 + ! L 2 of the B 0 øB 0 decay events
before and after the acceptance and selection cuts. Most
of the events are spacelike (s2 > 0) even without any
cuts, and more than 99% events are spacelike after the
cuts. The locality condition is thus perfectly satisÞed in
our analysis.

The quantum correlation CQ (t1, t2) can be calculated
from the experimental data by using the following for-

FIG. 3. |SQ (|! t |)| after the acceptance and selection cuts
in the case of QM with the theory line. The dotted line at
|S(|! t |)| = 2 shows the upper bound of the Bell inequality.

mula:

CQ (t1, t2) =

!
A,B AB N Q

t 1 ,t 2
(A, B )

!
A,B N Q

t 1 ,t 2
(A, B )

, (22)

where N Q
t 1 ,t 2

(A, B ) (A, B are 1 for B 0 and ! 1 for øB 0)
is the number of the events that two neutral B mesons
decay into the ßavor A at t1 and B at t2, respectively.
SQ (! t) in Eq. (20) is calculated from the CQ (t1, t2) dis-
tribution under the conÞguration (19).

Figure 3 shows|SQ (|! t|)| after the acceptance and se-
lection cuts in the case of QM. As the statistical error,
only that of the signal is taken into account, since the con-
tribution from the background is negligible as discussed
in Sec. III D.

We evaluated the systematic error, by considering the
worst case where the backgrounds contaminate only one
! t bin in CQ (t1, t2). Since the combinatorial back-
grounds are the main source and should contribute
equally to B 0 and øB 0, it is assumed that the same frac-
tion (50%) of the backgrounds contaminates the same
(N Q

t 1 ,t 2
(A, B ) for B 0B 0 or øB 0 øB 0) and opposite ßavors of

two neutral B mesons (N Q
t 1 ,t 2

(A, B ) for B 0 øB 0 or øB 0B 0).
The amount of the backgrounds is assumed as 0.26%
which is assigned as the systematic error on the back-
ground contamination in [37]. This systematic error is
the largest contribution to the shift from |SQ (|! t|)| in
this treatment. In addition, the systematic error origi-
nated from ! t resolution, 0.16 (0.11 "

#
2) ps, is taken

into account.
The signiÞcant excess from the upper bound of the

Bell inequality (13) is obtained with |SQ (|! t|)| = 2 .89±

Y. Takubo, T. Ichikawa, S. Higashino, Y. Mori, K. Nagano, and I. T., Phys. Rev. D.104 (2021) 056004
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At this point, one notices the apparent analogy be-
tween the decay timest1, t2 and the measurement pa-
rameters a, b, since the latter are also conditioning the
probability distributions obtained under the setup speci-
Þed by the parameters. Assuming, for the moment, that
this analogy holds perfectly, we realize that all the argu-
ment we just have gone through for the Bell inequality
applies here as well. It thus follows that, if we just for-
mally replace a, b with t1, t2, we end up with the same
Bell inequality (13) for the set of correlations (14) where
now we use

C(t1, t2) =
!

A,B

AB P t 1 ,t 2 (A, B ) (16)

instead of C(a, b) and the like.
We have seen before that in QM the joint probability

distribution PQ (A, B, t 1, t2) is given by Eq. (8). From
the relation (15), one then Þnds the corresponding con-
ditional probability distribution,

PQ
t 1 ,t 2

(A, B ) =
1
4

(1 ! AB cos(! M ! t)) , (17)

and also from Eq. (16) the quantum correlation,

CQ (t1, t2) =
!

A,B

AB P Q
t 1 ,t 2

(A, B ) = ! cos(! M ! t),

(18)
which is the renormalized correlation function introduced
in [24], and free from the exponential decay law that
the joint probability distribution (8) su " ers. Note that
CQ (t, t ) = ! 1 implies perfect anti-correlation in the ßa-
vors of the B -meson pair decaying at the same proper
time t.

To proceed, let us consider the special case of the decay
times,

t2 ! t !
1 = t1 ! t2 = t!

2 ! t1 = ! t, (19)

which corresponds to a typical conÞguration of the mea-
surement setups for the experimental veriÞcation of the
Bell inequality. Indeed, if we denote bySQ (! t) the com-
bination S in Eq. (14) when we use the quantum corre-
lation function (18) for Eq. (19), we obtain

SQ (! t)

= CQ (t1, t2) + CQ (t!
1, t2) + CQ (t1, t !

2) ! CQ (t !
1, t !

2)

= ! 3 cos(! M ! t) + cos(3! M ! t). (20)

By di " erentiating SQ (! t) with respect to ! t, we easily
Þnd that |SQ (! t)| " 2

#
2 and the maximum value 2

#
2

is attained at ! t = ! / 4! M $ 1.55 ps. This indicates
that we may observe violation of the Bell inequality with
a pair of B mesons as well, once the measurement is
carried out properly.

For comparison, as an example of LRT models we men-
tion the spontaneous disentanglement model [33], where
one obtains the conditional correlation function,

CS(t1, t2) = ! cos(! Mt 1) cos(! Mt 2). (21)

Observe that the form (21) Þts in the formula (11) of
LRT (with a, b replaced by t1, t2) if we let A(t1, " ) =
! cos(! Mt 1) and B (t2, " ) = cos(! Mt 2) under the use
of the normalization condition

"
P(" ) d" = 1. It thus

follows that the correlation (21) obeys the Bell inequality
trivially.

Now, coming back to the question of the validity of
analogy between the parametersa, b and t1, t2, it has
been argued [22] that, while the former can be chosen
at will by the experimenter, the latter are determined
by nature and cannot be altered freely. Although this
is apparently the case in reality, one may take the view-
point that the experimenter should also be inßuenced by
nature and hence, logically speaking, one cannot deny
completely the possibility of the parameters a, b being
determined by other sources including the hidden vari-
ables " . To avoid impractical impasse, it is customary
to accept the choice ofa, b performed by some random
number generator (RNG) as a result of free will. By the
same token, one may accept the choice oft1, t2 performed
by the particles in their random decays as an act of free
will, given that such random decays have actually been
utilized as a source of quantum RNG [11, 12, 18, 25Ð27].

To elaborate this idea a little more, we recall the fact
that in our experiment the target system of measurement
is the ßavor subspace which is a part of the entire space
of freedoms possessed by theB meson. On the other
hand, the decay times of theB meson are governed and
determined quantum mechanically by a separate part of
the system, which may be regarded as a quantum RNG
equipped with the particle working independently from
the ßavor part. This picture will then allow us to put
our experiment on a par with preceding Bell tests as far
as the free will (or freedom-of-choice) loophole is con-
cerned. This viewpoint has apparently been adopted in
the earlier analysis of the Belle experiment [33], but we
shall also mention in the Appendix an alternative argu-
ment to retain the formal structure of the Bell inequality
referring to earlier works [23].

C. Note on experiments and loopholes

The ATLAS experiment can measure the decay times
t1, t2 of the B meson pair (7) independently, which en-
ables us to evaluate the correlation according to Eq. (16)
and thereby obtain the Bell inequality |S(! t)| " 2 for
the combination (19). This is a crucial advantage over
the Belle experiment where we measure the events only
through their di " erence! t in the decay times, resulting
in the increase in the upper bound of the Bell inequality,
making the Bell test di# cult accordingly [23].

Given this prospect, we now wish to address, in ad-
dition to the free will loophole we have just mentioned,
two other major loopholes [11, 12, 18] that may hamper
the Bell test with the ATLAS experiment. One is the
e# ciency loophole, which concerns that a certain pro-
portion of unobserved events may enable LRT to exceed
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obtain the quantum joint probability distribution of the
ßavor observationsA, B at the decay times t1, t2,

PQ (A, B, t 1, t2) =
e! ! ( t 1 + t 2 )

4
(1 ! AB cos(! M ! t)) ,

(8)
with ! t = t1 ! t2 and ! M = M H ! M L = 3 .334 "
10! 10 MeV [32] being the mass di" erence.

B. The Bell inequality for ßavor measurements

Prior to discussing the Bell inequality for ßavor mea-
surements, let us brießy recall the Bell inequality itself,
which was derived through BellÕs simple but careful anal-
ysis on the EPR argument [2] on QM. In their argument,
EPR claimed that QM is incomplete as a physical theory
on the basis of three assumptions: locality, our ability to
freely choose experimental setups, and reality of physical
quantities that should be dealt with a complete theory.
Here, the reality means that the values of the physical
quantities are determined or inferred with certainty, at
least in principle.

Bearing the above historical background in mind, we
shall introduce LRTs which fulÞll all the assumptions
EPR made in their argument. Consider a measurement
of spins of two spin 1/ 2 particles, which are spacelike
separated and have previously been interacted. Suppose
that we are allowed to freely choosethe experimental se-
tups speciÞed by parametersa and b, respectively, for
the two particles. More explicitly, we conduct the spin
measurement for one particle along the measurement axis
speciÞed bya and also for the other particle along the
axis speciÞed byb. We then assign the valuesA = +1
if the outcome is along the axis measured (up spin) and
A = ! 1 if it is opposite (down spin), and do the analo-
gous assignment forB for the second particle. Perform-
ing the above process of measurement many times, we
obtain the probability distribution Pa,b(A, B ) of Þnding
the outcomesA, B under the measurement setupsa, b.

In the LRT description of the above experiment, asso-
ciated with the reality of the physical quantities, we Þrst
suppose that there exist parameters called hidden vari-
ables, collectively denoted by! , which completely specify
the states of the physical systems with certainty. Mak-
ing it explicit that the probability distribution Pa,b(A, B )
depends on! , we write it as

Pa,b(A, B ) =
!

Pa,b(A, B | ! )P(! ) d! , (9)

where Pa,b(A, B | ! ) is a conditional probability distribu-
tion of the outcomesA, B , given ! , and P(! ) gives a dis-
tribution of ! under the situation of measurement. Note
that LRTs are also called local hidden variable theories
in literature.

The locality assumption implies that the choice of the
measurement setupa and the outcomeA are independent

of that of b and B , and vice versa. This allows us to
decompose the conditional probabilityPa,b(A, B | ! ) as

Pa,b(A, B | ! ) = Pa(A | ! )Pb(B | ! ), (10)

where Pa(A | ! ) and Pb(B | ! ) are the conditional prob-
ability distribution of the outcome A, B with the mea-
surement setupsa, b under the given ! .

We are now ready to introduce the Bell inequality.
From Eq. (9) and Eq. (10), the correlation between the
outcomesA and B under the setupsa and b reads

C(a, b) =
"

A,B

AB P a,b(A, B )

=
!

A(a, ! )B (b,! )P(! ) d! , (11)

where we have introduced

A(a, ! ) = Pa(A = 1 | ! ) ! Pa(A = ! 1| ! ),

B (b,! ) = Pb(B = 1 | ! ) ! Pb(B = ! 1| ! ). (12)

From |A(a, ! )| # 1 and |B (b,! )| # 1, it is now straight-
forward to derive the Bell inequality

|S| # 2 (13)

satisÞed by the combination of four correlations

S = C(a, b) + C(a", b) + C(a, b") ! C(a", b") (14)

for any a, a", b and b" (see,e.g., [5]).
Many experiments have conÞrmed the violation of the

Bell inequality [7Ð20]: the experimental value of the LHS
of Eq. (13) exceeds 2 with suitable experimental setups
and state preparation. In addition, these experimental
results are in good agreement with their quantum me-
chanical descriptions. These observations clearly show
that Nature, and its quantum mechanical description, do
not satisfy at least one of the assumptions EPR made,
even though they look apparently natural to hold.

Now, to accomplish the task of putting the argument
of the Bell inequality into the context of our ßavor mea-
surements, we Þrst describe the measurement process of
the ßavor measurements and examine the analogy with
the conventional argument leading to the Bell inequality
mentioned above.

In the ßavor measurements of a pair ofB mesons, one
meson decays at the proper timet1 and its ßavor, de-
noted by A, is revealed as either +1 forB 0 or ! 1 for øB 0.
The other meson decays at the proper timet2, and its
ßavor B is +1 for B 0 and ! 1 for øB 0. The outcomes of
the measurements are then used to obtain the the joint
probability distribution P(A, B, t 1, t2). The point here
is that the proper times of the decayst1, t2 are deter-
mined stochastically. Thus, given the decay timest1, t2,
the statistics of the ßavor measurement is characterized
by the conditional probability distribution Pt 1 ,t 2 (A, B ),
which is related to the joint probability distribution by

Pt 1 ,t 2 (A, B ) =
P(A, B, t 1, t2)

#
A,B P(A, B, t 1, t2)

. (15)
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tribution of ! under the situation of measurement. Note
that LRTs are also called local hidden variable theories
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where Pa(A | ! ) and Pb(B | ! ) are the conditional prob-
ability distribution of the outcome A, B with the mea-
surement setupsa, b under the given ! .

We are now ready to introduce the Bell inequality.
From Eq. (9) and Eq. (10), the correlation between the
outcomesA and B under the setupsa and b reads
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where we have introduced
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for any a, a", b and b" (see,e.g., [5]).
Many experiments have conÞrmed the violation of the

Bell inequality [7Ð20]: the experimental value of the LHS
of Eq. (13) exceeds 2 with suitable experimental setups
and state preparation. In addition, these experimental
results are in good agreement with their quantum me-
chanical descriptions. These observations clearly show
that Nature, and its quantum mechanical description, do
not satisfy at least one of the assumptions EPR made,
even though they look apparently natural to hold.

Now, to accomplish the task of putting the argument
of the Bell inequality into the context of our ßavor mea-
surements, we Þrst describe the measurement process of
the ßavor measurements and examine the analogy with
the conventional argument leading to the Bell inequality
mentioned above.

In the ßavor measurements of a pair ofB mesons, one
meson decays at the proper timet1 and its ßavor, de-
noted by A, is revealed as either +1 forB 0 or ! 1 for øB 0.
The other meson decays at the proper timet2, and its
ßavor B is +1 for B 0 and ! 1 for øB 0. The outcomes of
the measurements are then used to obtain the the joint
probability distribution P(A, B, t 1, t2). The point here
is that the proper times of the decayst1, t2 are deter-
mined stochastically. Thus, given the decay timest1, t2,
the statistics of the ßavor measurement is characterized
by the conditional probability distribution Pt 1 ,t 2 (A, B ),
which is related to the joint probability distribution by

Pt 1 ,t 2 (A, B ) =
P(A, B, t 1, t2)

#
A,B P(A, B, t 1, t2)

. (15)
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At this point, one notices the apparent analogy be-
tween the decay timest1, t2 and the measurement pa-
rameters a, b, since the latter are also conditioning the
probability distributions obtained under the setup speci-
Þed by the parameters. Assuming, for the moment, that
this analogy holds perfectly, we realize that all the argu-
ment we just have gone through for the Bell inequality
applies here as well. It thus follows that, if we just for-
mally replace a, b with t1, t2, we end up with the same
Bell inequality (13) for the set of correlations (14) where
now we use

C(t1, t2) =
!

A,B

AB P t 1 ,t 2 (A, B ) (16)

instead of C(a, b) and the like.
We have seen before that in QM the joint probability

distribution PQ (A, B, t 1, t2) is given by Eq. (8). From
the relation (15), one then Þnds the corresponding con-
ditional probability distribution,

PQ
t 1 ,t 2

(A, B ) =
1
4

(1 ! AB cos(! M ! t)) , (17)

and also from Eq. (16) the quantum correlation,

CQ (t1, t2) =
!

A,B

AB P Q
t 1 ,t 2

(A, B ) = ! cos(! M ! t),

(18)
which is the renormalized correlation function introduced
in [24], and free from the exponential decay law that
the joint probability distribution (8) su " ers. Note that
CQ (t, t ) = ! 1 implies perfect anti-correlation in the ßa-
vors of the B -meson pair decaying at the same proper
time t.

To proceed, let us consider the special case of the decay
times,

t2 ! t !
1 = t1 ! t2 = t!

2 ! t1 = ! t, (19)

which corresponds to a typical conÞguration of the mea-
surement setups for the experimental veriÞcation of the
Bell inequality. Indeed, if we denote bySQ (! t) the com-
bination S in Eq. (14) when we use the quantum corre-
lation function (18) for Eq. (19), we obtain

SQ (! t)

= CQ (t1, t2) + CQ (t!
1, t2) + CQ (t1, t !

2) ! CQ (t !
1, t !

2)

= ! 3 cos(! M ! t) + cos(3! M ! t). (20)

By di " erentiating SQ (! t) with respect to ! t, we easily
Þnd that |SQ (! t)| " 2

#
2 and the maximum value 2

#
2

is attained at ! t = ! / 4! M $ 1.55 ps. This indicates
that we may observe violation of the Bell inequality with
a pair of B mesons as well, once the measurement is
carried out properly.

For comparison, as an example of LRT models we men-
tion the spontaneous disentanglement model [33], where
one obtains the conditional correlation function,

CS(t1, t2) = ! cos(! Mt 1) cos(! Mt 2). (21)

Observe that the form (21) Þts in the formula (11) of
LRT (with a, b replaced by t1, t2) if we let A(t1, " ) =
! cos(! Mt 1) and B (t2, " ) = cos(! Mt 2) under the use
of the normalization condition

"
P(" ) d" = 1. It thus

follows that the correlation (21) obeys the Bell inequality
trivially.

Now, coming back to the question of the validity of
analogy between the parametersa, b and t1, t2, it has
been argued [22] that, while the former can be chosen
at will by the experimenter, the latter are determined
by nature and cannot be altered freely. Although this
is apparently the case in reality, one may take the view-
point that the experimenter should also be inßuenced by
nature and hence, logically speaking, one cannot deny
completely the possibility of the parameters a, b being
determined by other sources including the hidden vari-
ables " . To avoid impractical impasse, it is customary
to accept the choice ofa, b performed by some random
number generator (RNG) as a result of free will. By the
same token, one may accept the choice oft1, t2 performed
by the particles in their random decays as an act of free
will, given that such random decays have actually been
utilized as a source of quantum RNG [11, 12, 18, 25Ð27].

To elaborate this idea a little more, we recall the fact
that in our experiment the target system of measurement
is the ßavor subspace which is a part of the entire space
of freedoms possessed by theB meson. On the other
hand, the decay times of theB meson are governed and
determined quantum mechanically by a separate part of
the system, which may be regarded as a quantum RNG
equipped with the particle working independently from
the ßavor part. This picture will then allow us to put
our experiment on a par with preceding Bell tests as far
as the free will (or freedom-of-choice) loophole is con-
cerned. This viewpoint has apparently been adopted in
the earlier analysis of the Belle experiment [33], but we
shall also mention in the Appendix an alternative argu-
ment to retain the formal structure of the Bell inequality
referring to earlier works [23].

C. Note on experiments and loopholes

The ATLAS experiment can measure the decay times
t1, t2 of the B meson pair (7) independently, which en-
ables us to evaluate the correlation according to Eq. (16)
and thereby obtain the Bell inequality |S(! t)| " 2 for
the combination (19). This is a crucial advantage over
the Belle experiment where we measure the events only
through their di " erence! t in the decay times, resulting
in the increase in the upper bound of the Bell inequality,
making the Bell test di# cult accordingly [23].

Given this prospect, we now wish to address, in ad-
dition to the free will loophole we have just mentioned,
two other major loopholes [11, 12, 18] that may hamper
the Bell test with the ATLAS experiment. One is the
e# ciency loophole, which concerns that a certain pro-
portion of unobserved events may enable LRT to exceed
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We have seen before that in QM the joint probability

distribution PQ (A, B, t 1, t2) is given by Eq. (8). From
the relation (15), one then Þnds the corresponding con-
ditional probability distribution,

PQ
t 1 ,t 2

(A, B ) =
1
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(1 ! AB cos(! M ! t)) , (17)

and also from Eq. (16) the quantum correlation,

CQ (t1, t2) =
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A,B

AB P Q
t 1 ,t 2

(A, B ) = ! cos(! M ! t),

(18)
which is the renormalized correlation function introduced
in [24], and free from the exponential decay law that
the joint probability distribution (8) su " ers. Note that
CQ (t, t ) = ! 1 implies perfect anti-correlation in the ßa-
vors of the B -meson pair decaying at the same proper
time t.

To proceed, let us consider the special case of the decay
times,

t2 ! t !
1 = t1 ! t2 = t!

2 ! t1 = ! t, (19)

which corresponds to a typical conÞguration of the mea-
surement setups for the experimental veriÞcation of the
Bell inequality. Indeed, if we denote bySQ (! t) the com-
bination S in Eq. (14) when we use the quantum corre-
lation function (18) for Eq. (19), we obtain

SQ (! t)

= CQ (t1, t2) + CQ (t!
1, t2) + CQ (t1, t !

2) ! CQ (t !
1, t !

2)

= ! 3 cos(! M ! t) + cos(3! M ! t). (20)

By di " erentiating SQ (! t) with respect to ! t, we easily
Þnd that |SQ (! t)| " 2

#
2 and the maximum value 2

#
2

is attained at ! t = ! / 4! M $ 1.55 ps. This indicates
that we may observe violation of the Bell inequality with
a pair of B mesons as well, once the measurement is
carried out properly.

For comparison, as an example of LRT models we men-
tion the spontaneous disentanglement model [33], where
one obtains the conditional correlation function,

CS(t1, t2) = ! cos(! Mt 1) cos(! Mt 2). (21)

Observe that the form (21) Þts in the formula (11) of
LRT (with a, b replaced by t1, t2) if we let A(t1, " ) =
! cos(! Mt 1) and B (t2, " ) = cos(! Mt 2) under the use
of the normalization condition

"
P(" ) d" = 1. It thus

follows that the correlation (21) obeys the Bell inequality
trivially.

Now, coming back to the question of the validity of
analogy between the parametersa, b and t1, t2, it has
been argued [22] that, while the former can be chosen
at will by the experimenter, the latter are determined
by nature and cannot be altered freely. Although this
is apparently the case in reality, one may take the view-
point that the experimenter should also be inßuenced by
nature and hence, logically speaking, one cannot deny
completely the possibility of the parameters a, b being
determined by other sources including the hidden vari-
ables " . To avoid impractical impasse, it is customary
to accept the choice ofa, b performed by some random
number generator (RNG) as a result of free will. By the
same token, one may accept the choice oft1, t2 performed
by the particles in their random decays as an act of free
will, given that such random decays have actually been
utilized as a source of quantum RNG [11, 12, 18, 25Ð27].

To elaborate this idea a little more, we recall the fact
that in our experiment the target system of measurement
is the ßavor subspace which is a part of the entire space
of freedoms possessed by theB meson. On the other
hand, the decay times of theB meson are governed and
determined quantum mechanically by a separate part of
the system, which may be regarded as a quantum RNG
equipped with the particle working independently from
the ßavor part. This picture will then allow us to put
our experiment on a par with preceding Bell tests as far
as the free will (or freedom-of-choice) loophole is con-
cerned. This viewpoint has apparently been adopted in
the earlier analysis of the Belle experiment [33], but we
shall also mention in the Appendix an alternative argu-
ment to retain the formal structure of the Bell inequality
referring to earlier works [23].

C. Note on experiments and loopholes

The ATLAS experiment can measure the decay times
t1, t2 of the B meson pair (7) independently, which en-
ables us to evaluate the correlation according to Eq. (16)
and thereby obtain the Bell inequality |S(! t)| " 2 for
the combination (19). This is a crucial advantage over
the Belle experiment where we measure the events only
through their di " erence! t in the decay times, resulting
in the increase in the upper bound of the Bell inequality,
making the Bell test di# cult accordingly [23].

Given this prospect, we now wish to address, in ad-
dition to the free will loophole we have just mentioned,
two other major loopholes [11, 12, 18] that may hamper
the Bell test with the ATLAS experiment. One is the
e# ciency loophole, which concerns that a certain pro-
portion of unobserved events may enable LRT to exceed
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this analogy holds perfectly, we realize that all the argu-
ment we just have gone through for the Bell inequality
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By di " erentiating SQ (! t) with respect to ! t, we easily
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is attained at ! t = ! / 4! M $ 1.55 ps. This indicates
that we may observe violation of the Bell inequality with
a pair of B mesons as well, once the measurement is
carried out properly.

For comparison, as an example of LRT models we men-
tion the spontaneous disentanglement model [33], where
one obtains the conditional correlation function,

CS(t1, t2) = ! cos(! Mt 1) cos(! Mt 2). (21)

Observe that the form (21) Þts in the formula (11) of
LRT (with a, b replaced by t1, t2) if we let A(t1, " ) =
! cos(! Mt 1) and B (t2, " ) = cos(! Mt 2) under the use
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follows that the correlation (21) obeys the Bell inequality
trivially.

Now, coming back to the question of the validity of
analogy between the parametersa, b and t1, t2, it has
been argued [22] that, while the former can be chosen
at will by the experimenter, the latter are determined
by nature and cannot be altered freely. Although this
is apparently the case in reality, one may take the view-
point that the experimenter should also be inßuenced by
nature and hence, logically speaking, one cannot deny
completely the possibility of the parameters a, b being
determined by other sources including the hidden vari-
ables " . To avoid impractical impasse, it is customary
to accept the choice ofa, b performed by some random
number generator (RNG) as a result of free will. By the
same token, one may accept the choice oft1, t2 performed
by the particles in their random decays as an act of free
will, given that such random decays have actually been
utilized as a source of quantum RNG [11, 12, 18, 25Ð27].

To elaborate this idea a little more, we recall the fact
that in our experiment the target system of measurement
is the ßavor subspace which is a part of the entire space
of freedoms possessed by theB meson. On the other
hand, the decay times of theB meson are governed and
determined quantum mechanically by a separate part of
the system, which may be regarded as a quantum RNG
equipped with the particle working independently from
the ßavor part. This picture will then allow us to put
our experiment on a par with preceding Bell tests as far
as the free will (or freedom-of-choice) loophole is con-
cerned. This viewpoint has apparently been adopted in
the earlier analysis of the Belle experiment [33], but we
shall also mention in the Appendix an alternative argu-
ment to retain the formal structure of the Bell inequality
referring to earlier works [23].

C. Note on experiments and loopholes

The ATLAS experiment can measure the decay times
t1, t2 of the B meson pair (7) independently, which en-
ables us to evaluate the correlation according to Eq. (16)
and thereby obtain the Bell inequality |S(! t)| " 2 for
the combination (19). This is a crucial advantage over
the Belle experiment where we measure the events only
through their di " erence! t in the decay times, resulting
in the increase in the upper bound of the Bell inequality,
making the Bell test di# cult accordingly [23].

Given this prospect, we now wish to address, in ad-
dition to the free will loophole we have just mentioned,
two other major loopholes [11, 12, 18] that may hamper
the Bell test with the ATLAS experiment. One is the
e# ciency loophole, which concerns that a certain pro-
portion of unobserved events may enable LRT to exceed
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is attained at ! t = ! / 4! M $ 1.55 ps. This indicates
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a pair of B mesons as well, once the measurement is
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utilized as a source of quantum RNG [11, 12, 18, 25Ð27].
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is the ßavor subspace which is a part of the entire space
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the earlier analysis of the Belle experiment [33], but we
shall also mention in the Appendix an alternative argu-
ment to retain the formal structure of the Bell inequality
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ables us to evaluate the correlation according to Eq. (16)
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making the Bell test di# cult accordingly [23].

Given this prospect, we now wish to address, in ad-
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the Bell test with the ATLAS experiment. One is the
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two other major loopholes [11, 12, 18] that may hamper
the Bell test with the ATLAS experiment. One is the
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applies here as well. It thus follows that, if we just for-
mally replace a, b with t1, t2, we end up with the same
Bell inequality (13) for the set of correlations (14) where
now we use

C(t1, t2) =
!

A,B

AB P t 1 ,t 2 (A, B ) (16)

instead of C(a, b) and the like.
We have seen before that in QM the joint probability

distribution PQ (A, B, t 1, t2) is given by Eq. (8). From
the relation (15), one then Þnds the corresponding con-
ditional probability distribution,

PQ
t 1 ,t 2

(A, B ) =
1
4

(1 ! AB cos(! M ! t)) , (17)

and also from Eq. (16) the quantum correlation,

CQ (t1, t2) =
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AB P Q
t 1 ,t 2

(A, B ) = ! cos(! M ! t),

(18)
which is the renormalized correlation function introduced
in [24], and free from the exponential decay law that
the joint probability distribution (8) su " ers. Note that
CQ (t, t ) = ! 1 implies perfect anti-correlation in the ßa-
vors of the B -meson pair decaying at the same proper
time t.

To proceed, let us consider the special case of the decay
times,

t2 ! t !
1 = t1 ! t2 = t!

2 ! t1 = ! t, (19)

which corresponds to a typical conÞguration of the mea-
surement setups for the experimental veriÞcation of the
Bell inequality. Indeed, if we denote bySQ (! t) the com-
bination S in Eq. (14) when we use the quantum corre-
lation function (18) for Eq. (19), we obtain

SQ (! t)

= CQ (t1, t2) + CQ (t!
1, t2) + CQ (t1, t !

2) ! CQ (t !
1, t !

2)

= ! 3 cos(! M ! t) + cos(3! M ! t). (20)

By di " erentiating SQ (! t) with respect to ! t, we easily
Þnd that |SQ (! t)| " 2

#
2 and the maximum value 2

#
2

is attained at ! t = ! / 4! M $ 1.55 ps. This indicates
that we may observe violation of the Bell inequality with
a pair of B mesons as well, once the measurement is
carried out properly.

For comparison, as an example of LRT models we men-
tion the spontaneous disentanglement model [33], where
one obtains the conditional correlation function,

CS(t1, t2) = ! cos(! Mt 1) cos(! Mt 2). (21)

Observe that the form (21) Þts in the formula (11) of
LRT (with a, b replaced by t1, t2) if we let A(t1, " ) =
! cos(! Mt 1) and B (t2, " ) = cos(! Mt 2) under the use
of the normalization condition

"
P(" ) d" = 1. It thus

follows that the correlation (21) obeys the Bell inequality
trivially.

Now, coming back to the question of the validity of
analogy between the parametersa, b and t1, t2, it has
been argued [22] that, while the former can be chosen
at will by the experimenter, the latter are determined
by nature and cannot be altered freely. Although this
is apparently the case in reality, one may take the view-
point that the experimenter should also be inßuenced by
nature and hence, logically speaking, one cannot deny
completely the possibility of the parameters a, b being
determined by other sources including the hidden vari-
ables " . To avoid impractical impasse, it is customary
to accept the choice ofa, b performed by some random
number generator (RNG) as a result of free will. By the
same token, one may accept the choice oft1, t2 performed
by the particles in their random decays as an act of free
will, given that such random decays have actually been
utilized as a source of quantum RNG [11, 12, 18, 25Ð27].

To elaborate this idea a little more, we recall the fact
that in our experiment the target system of measurement
is the ßavor subspace which is a part of the entire space
of freedoms possessed by theB meson. On the other
hand, the decay times of theB meson are governed and
determined quantum mechanically by a separate part of
the system, which may be regarded as a quantum RNG
equipped with the particle working independently from
the ßavor part. This picture will then allow us to put
our experiment on a par with preceding Bell tests as far
as the free will (or freedom-of-choice) loophole is con-
cerned. This viewpoint has apparently been adopted in
the earlier analysis of the Belle experiment [33], but we
shall also mention in the Appendix an alternative argu-
ment to retain the formal structure of the Bell inequality
referring to earlier works [23].

C. Note on experiments and loopholes

The ATLAS experiment can measure the decay times
t1, t2 of the B meson pair (7) independently, which en-
ables us to evaluate the correlation according to Eq. (16)
and thereby obtain the Bell inequality |S(! t)| " 2 for
the combination (19). This is a crucial advantage over
the Belle experiment where we measure the events only
through their di " erence! t in the decay times, resulting
in the increase in the upper bound of the Bell inequality,
making the Bell test di# cult accordingly [23].

Given this prospect, we now wish to address, in ad-
dition to the free will loophole we have just mentioned,
two other major loopholes [11, 12, 18] that may hamper
the Bell test with the ATLAS experiment. One is the
e# ciency loophole, which concerns that a certain pro-
portion of unobserved events may enable LRT to exceed

4

At this point, one notices the apparent analogy be-
tween the decay timest1, t2 and the measurement pa-
rameters a, b, since the latter are also conditioning the
probability distributions obtained under the setup speci-
Þed by the parameters. Assuming, for the moment, that
this analogy holds perfectly, we realize that all the argu-
ment we just have gone through for the Bell inequality
applies here as well. It thus follows that, if we just for-
mally replace a, b with t1, t2, we end up with the same
Bell inequality (13) for the set of correlations (14) where
now we use

C(t1, t2) =
!

A,B

AB P t 1 ,t 2 (A, B ) (16)

instead of C(a, b) and the like.
We have seen before that in QM the joint probability

distribution PQ (A, B, t 1, t2) is given by Eq. (8). From
the relation (15), one then Þnds the corresponding con-
ditional probability distribution,

PQ
t 1 ,t 2

(A, B ) =
1
4

(1 ! AB cos(! M ! t)) , (17)

and also from Eq. (16) the quantum correlation,

CQ (t1, t2) =
!

A,B

AB P Q
t 1 ,t 2

(A, B ) = ! cos(! M ! t),

(18)
which is the renormalized correlation function introduced
in [24], and free from the exponential decay law that
the joint probability distribution (8) su " ers. Note that
CQ (t, t ) = ! 1 implies perfect anti-correlation in the ßa-
vors of the B -meson pair decaying at the same proper
time t.

To proceed, let us consider the special case of the decay
times,

t2 ! t !
1 = t1 ! t2 = t!

2 ! t1 = ! t, (19)

which corresponds to a typical conÞguration of the mea-
surement setups for the experimental veriÞcation of the
Bell inequality. Indeed, if we denote bySQ (! t) the com-
bination S in Eq. (14) when we use the quantum corre-
lation function (18) for Eq. (19), we obtain

SQ (! t)

= CQ (t1, t2) + CQ (t!
1, t2) + CQ (t1, t !

2) ! CQ (t !
1, t !

2)

= ! 3 cos(! M ! t) + cos(3! M ! t). (20)

By di " erentiating SQ (! t) with respect to ! t, we easily
Þnd that |SQ (! t)| " 2

#
2 and the maximum value 2

#
2

is attained at ! t = ! / 4! M $ 1.55 ps. This indicates
that we may observe violation of the Bell inequality with
a pair of B mesons as well, once the measurement is
carried out properly.

For comparison, as an example of LRT models we men-
tion the spontaneous disentanglement model [33], where
one obtains the conditional correlation function,

CS(t1, t2) = ! cos(! Mt 1) cos(! Mt 2). (21)

Observe that the form (21) Þts in the formula (11) of
LRT (with a, b replaced by t1, t2) if we let A(t1, " ) =
! cos(! Mt 1) and B (t2, " ) = cos(! Mt 2) under the use
of the normalization condition

"
P(" ) d" = 1. It thus

follows that the correlation (21) obeys the Bell inequality
trivially.

Now, coming back to the question of the validity of
analogy between the parametersa, b and t1, t2, it has
been argued [22] that, while the former can be chosen
at will by the experimenter, the latter are determined
by nature and cannot be altered freely. Although this
is apparently the case in reality, one may take the view-
point that the experimenter should also be inßuenced by
nature and hence, logically speaking, one cannot deny
completely the possibility of the parameters a, b being
determined by other sources including the hidden vari-
ables " . To avoid impractical impasse, it is customary
to accept the choice ofa, b performed by some random
number generator (RNG) as a result of free will. By the
same token, one may accept the choice oft1, t2 performed
by the particles in their random decays as an act of free
will, given that such random decays have actually been
utilized as a source of quantum RNG [11, 12, 18, 25Ð27].

To elaborate this idea a little more, we recall the fact
that in our experiment the target system of measurement
is the ßavor subspace which is a part of the entire space
of freedoms possessed by theB meson. On the other
hand, the decay times of theB meson are governed and
determined quantum mechanically by a separate part of
the system, which may be regarded as a quantum RNG
equipped with the particle working independently from
the ßavor part. This picture will then allow us to put
our experiment on a par with preceding Bell tests as far
as the free will (or freedom-of-choice) loophole is con-
cerned. This viewpoint has apparently been adopted in
the earlier analysis of the Belle experiment [33], but we
shall also mention in the Appendix an alternative argu-
ment to retain the formal structure of the Bell inequality
referring to earlier works [23].

C. Note on experiments and loopholes

The ATLAS experiment can measure the decay times
t1, t2 of the B meson pair (7) independently, which en-
ables us to evaluate the correlation according to Eq. (16)
and thereby obtain the Bell inequality |S(! t)| " 2 for
the combination (19). This is a crucial advantage over
the Belle experiment where we measure the events only
through their di " erence! t in the decay times, resulting
in the increase in the upper bound of the Bell inequality,
making the Bell test di# cult accordingly [23].

Given this prospect, we now wish to address, in ad-
dition to the free will loophole we have just mentioned,
two other major loopholes [11, 12, 18] that may hamper
the Bell test with the ATLAS experiment. One is the
e# ciency loophole, which concerns that a certain pro-
portion of unobserved events may enable LRT to exceed

量子相関

4

At this point, one notices the apparent analogy be-
tween the decay timest1, t2 and the measurement pa-
rameters a, b, since the latter are also conditioning the
probability distributions obtained under the setup speci-
Þed by the parameters. Assuming, for the moment, that
this analogy holds perfectly, we realize that all the argu-
ment we just have gone through for the Bell inequality
applies here as well. It thus follows that, if we just for-
mally replace a, b with t1, t2, we end up with the same
Bell inequality (13) for the set of correlations (14) where
now we use

C(t1, t2) =
!

A,B

AB P t 1 ,t 2 (A, B ) (16)

instead of C(a, b) and the like.
We have seen before that in QM the joint probability

distribution PQ (A, B, t 1, t2) is given by Eq. (8). From
the relation (15), one then Þnds the corresponding con-
ditional probability distribution,

PQ
t 1 ,t 2

(A, B ) =
1
4

(1 ! AB cos(! M ! t)) , (17)

and also from Eq. (16) the quantum correlation,

CQ (t1, t2) =
!

A,B

AB P Q
t 1 ,t 2

(A, B ) = ! cos(! M ! t),

(18)
which is the renormalized correlation function introduced
in [24], and free from the exponential decay law that
the joint probability distribution (8) su " ers. Note that
CQ (t, t ) = ! 1 implies perfect anti-correlation in the ßa-
vors of the B -meson pair decaying at the same proper
time t.

To proceed, let us consider the special case of the decay
times,

t2 ! t !
1 = t1 ! t2 = t!

2 ! t1 = ! t, (19)

which corresponds to a typical conÞguration of the mea-
surement setups for the experimental veriÞcation of the
Bell inequality. Indeed, if we denote bySQ (! t) the com-
bination S in Eq. (14) when we use the quantum corre-
lation function (18) for Eq. (19), we obtain

SQ (! t)

= CQ (t1, t2) + CQ (t!
1, t2) + CQ (t1, t !

2) ! CQ (t !
1, t !

2)

= ! 3 cos(! M ! t) + cos(3! M ! t). (20)

By di " erentiating SQ (! t) with respect to ! t, we easily
Þnd that |SQ (! t)| " 2

#
2 and the maximum value 2

#
2

is attained at ! t = ! / 4! M $ 1.55 ps. This indicates
that we may observe violation of the Bell inequality with
a pair of B mesons as well, once the measurement is
carried out properly.

For comparison, as an example of LRT models we men-
tion the spontaneous disentanglement model [33], where
one obtains the conditional correlation function,

CS(t1, t2) = ! cos(! Mt 1) cos(! Mt 2). (21)

Observe that the form (21) Þts in the formula (11) of
LRT (with a, b replaced by t1, t2) if we let A(t1, " ) =
! cos(! Mt 1) and B (t2, " ) = cos(! Mt 2) under the use
of the normalization condition

"
P(" ) d" = 1. It thus

follows that the correlation (21) obeys the Bell inequality
trivially.

Now, coming back to the question of the validity of
analogy between the parametersa, b and t1, t2, it has
been argued [22] that, while the former can be chosen
at will by the experimenter, the latter are determined
by nature and cannot be altered freely. Although this
is apparently the case in reality, one may take the view-
point that the experimenter should also be inßuenced by
nature and hence, logically speaking, one cannot deny
completely the possibility of the parameters a, b being
determined by other sources including the hidden vari-
ables " . To avoid impractical impasse, it is customary
to accept the choice ofa, b performed by some random
number generator (RNG) as a result of free will. By the
same token, one may accept the choice oft1, t2 performed
by the particles in their random decays as an act of free
will, given that such random decays have actually been
utilized as a source of quantum RNG [11, 12, 18, 25Ð27].

To elaborate this idea a little more, we recall the fact
that in our experiment the target system of measurement
is the ßavor subspace which is a part of the entire space
of freedoms possessed by theB meson. On the other
hand, the decay times of theB meson are governed and
determined quantum mechanically by a separate part of
the system, which may be regarded as a quantum RNG
equipped with the particle working independently from
the ßavor part. This picture will then allow us to put
our experiment on a par with preceding Bell tests as far
as the free will (or freedom-of-choice) loophole is con-
cerned. This viewpoint has apparently been adopted in
the earlier analysis of the Belle experiment [33], but we
shall also mention in the Appendix an alternative argu-
ment to retain the formal structure of the Bell inequality
referring to earlier works [23].

C. Note on experiments and loopholes

The ATLAS experiment can measure the decay times
t1, t2 of the B meson pair (7) independently, which en-
ables us to evaluate the correlation according to Eq. (16)
and thereby obtain the Bell inequality |S(! t)| " 2 for
the combination (19). This is a crucial advantage over
the Belle experiment where we measure the events only
through their di " erence! t in the decay times, resulting
in the increase in the upper bound of the Bell inequality,
making the Bell test di# cult accordingly [23].

Given this prospect, we now wish to address, in ad-
dition to the free will loophole we have just mentioned,
two other major loopholes [11, 12, 18] that may hamper
the Bell test with the ATLAS experiment. One is the
e# ciency loophole, which concerns that a certain pro-
portion of unobserved events may enable LRT to exceed

Bell不等式の相関

4

At this point, one notices the apparent analogy be-
tween the decay timest1, t2 and the measurement pa-
rameters a, b, since the latter are also conditioning the
probability distributions obtained under the setup speci-
Þed by the parameters. Assuming, for the moment, that
this analogy holds perfectly, we realize that all the argu-
ment we just have gone through for the Bell inequality
applies here as well. It thus follows that, if we just for-
mally replace a, b with t1, t2, we end up with the same
Bell inequality (13) for the set of correlations (14) where
now we use

C(t1, t2) =
!

A,B

AB P t 1 ,t 2 (A, B ) (16)

instead of C(a, b) and the like.
We have seen before that in QM the joint probability

distribution PQ (A, B, t 1, t2) is given by Eq. (8). From
the relation (15), one then Þnds the corresponding con-
ditional probability distribution,

PQ
t 1 ,t 2

(A, B ) =
1
4

(1 ! AB cos(! M ! t)) , (17)

and also from Eq. (16) the quantum correlation,

CQ (t1, t2) =
!

A,B

AB P Q
t 1 ,t 2

(A, B ) = ! cos(! M ! t),

(18)
which is the renormalized correlation function introduced
in [24], and free from the exponential decay law that
the joint probability distribution (8) su " ers. Note that
CQ (t, t ) = ! 1 implies perfect anti-correlation in the ßa-
vors of the B -meson pair decaying at the same proper
time t.

To proceed, let us consider the special case of the decay
times,

t2 ! t !
1 = t1 ! t2 = t!

2 ! t1 = ! t, (19)

which corresponds to a typical conÞguration of the mea-
surement setups for the experimental veriÞcation of the
Bell inequality. Indeed, if we denote bySQ (! t) the com-
bination S in Eq. (14) when we use the quantum corre-
lation function (18) for Eq. (19), we obtain

SQ (! t)

= CQ (t1, t2) + CQ (t!
1, t2) + CQ (t1, t !

2) ! CQ (t !
1, t !

2)

= ! 3 cos(! M ! t) + cos(3! M ! t). (20)

By di " erentiating SQ (! t) with respect to ! t, we easily
Þnd that |SQ (! t)| " 2

#
2 and the maximum value 2

#
2

is attained at ! t = ! / 4! M $ 1.55 ps. This indicates
that we may observe violation of the Bell inequality with
a pair of B mesons as well, once the measurement is
carried out properly.

For comparison, as an example of LRT models we men-
tion the spontaneous disentanglement model [33], where
one obtains the conditional correlation function,

CS(t1, t2) = ! cos(! Mt 1) cos(! Mt 2). (21)

Observe that the form (21) Þts in the formula (11) of
LRT (with a, b replaced by t1, t2) if we let A(t1, " ) =
! cos(! Mt 1) and B (t2, " ) = cos(! Mt 2) under the use
of the normalization condition

"
P(" ) d" = 1. It thus

follows that the correlation (21) obeys the Bell inequality
trivially.

Now, coming back to the question of the validity of
analogy between the parametersa, b and t1, t2, it has
been argued [22] that, while the former can be chosen
at will by the experimenter, the latter are determined
by nature and cannot be altered freely. Although this
is apparently the case in reality, one may take the view-
point that the experimenter should also be inßuenced by
nature and hence, logically speaking, one cannot deny
completely the possibility of the parameters a, b being
determined by other sources including the hidden vari-
ables " . To avoid impractical impasse, it is customary
to accept the choice ofa, b performed by some random
number generator (RNG) as a result of free will. By the
same token, one may accept the choice oft1, t2 performed
by the particles in their random decays as an act of free
will, given that such random decays have actually been
utilized as a source of quantum RNG [11, 12, 18, 25Ð27].

To elaborate this idea a little more, we recall the fact
that in our experiment the target system of measurement
is the ßavor subspace which is a part of the entire space
of freedoms possessed by theB meson. On the other
hand, the decay times of theB meson are governed and
determined quantum mechanically by a separate part of
the system, which may be regarded as a quantum RNG
equipped with the particle working independently from
the ßavor part. This picture will then allow us to put
our experiment on a par with preceding Bell tests as far
as the free will (or freedom-of-choice) loophole is con-
cerned. This viewpoint has apparently been adopted in
the earlier analysis of the Belle experiment [33], but we
shall also mention in the Appendix an alternative argu-
ment to retain the formal structure of the Bell inequality
referring to earlier works [23].

C. Note on experiments and loopholes

The ATLAS experiment can measure the decay times
t1, t2 of the B meson pair (7) independently, which en-
ables us to evaluate the correlation according to Eq. (16)
and thereby obtain the Bell inequality |S(! t)| " 2 for
the combination (19). This is a crucial advantage over
the Belle experiment where we measure the events only
through their di " erence! t in the decay times, resulting
in the increase in the upper bound of the Bell inequality,
making the Bell test di# cult accordingly [23].

Given this prospect, we now wish to address, in ad-
dition to the free will loophole we have just mentioned,
two other major loopholes [11, 12, 18] that may hamper
the Bell test with the ATLAS experiment. One is the
e# ciency loophole, which concerns that a certain pro-
portion of unobserved events may enable LRT to exceed

4

At this point, one notices the apparent analogy be-
tween the decay timest1, t2 and the measurement pa-
rameters a, b, since the latter are also conditioning the
probability distributions obtained under the setup speci-
Þed by the parameters. Assuming, for the moment, that
this analogy holds perfectly, we realize that all the argu-
ment we just have gone through for the Bell inequality
applies here as well. It thus follows that, if we just for-
mally replace a, b with t1, t2, we end up with the same
Bell inequality (13) for the set of correlations (14) where
now we use

C(t1, t2) =
!

A,B

AB P t 1 ,t 2 (A, B ) (16)

instead of C(a, b) and the like.
We have seen before that in QM the joint probability

distribution PQ (A, B, t 1, t2) is given by Eq. (8). From
the relation (15), one then Þnds the corresponding con-
ditional probability distribution,

PQ
t 1 ,t 2

(A, B ) =
1
4

(1 ! AB cos(! M ! t)) , (17)

and also from Eq. (16) the quantum correlation,

CQ (t1, t2) =
!

A,B

AB P Q
t 1 ,t 2

(A, B ) = ! cos(! M ! t),

(18)
which is the renormalized correlation function introduced
in [24], and free from the exponential decay law that
the joint probability distribution (8) su " ers. Note that
CQ (t, t ) = ! 1 implies perfect anti-correlation in the ßa-
vors of the B -meson pair decaying at the same proper
time t.

To proceed, let us consider the special case of the decay
times,

t2 ! t !
1 = t1 ! t2 = t!

2 ! t1 = ! t, (19)

which corresponds to a typical conÞguration of the mea-
surement setups for the experimental veriÞcation of the
Bell inequality. Indeed, if we denote bySQ (! t) the com-
bination S in Eq. (14) when we use the quantum corre-
lation function (18) for Eq. (19), we obtain

SQ (! t)

= CQ (t1, t2) + CQ (t!
1, t2) + CQ (t1, t !

2) ! CQ (t !
1, t !

2)

= ! 3 cos(! M ! t) + cos(3! M ! t). (20)

By di " erentiating SQ (! t) with respect to ! t, we easily
Þnd that |SQ (! t)| " 2

#
2 and the maximum value 2

#
2

is attained at ! t = ! / 4! M $ 1.55 ps. This indicates
that we may observe violation of the Bell inequality with
a pair of B mesons as well, once the measurement is
carried out properly.

For comparison, as an example of LRT models we men-
tion the spontaneous disentanglement model [33], where
one obtains the conditional correlation function,

CS(t1, t2) = ! cos(! Mt 1) cos(! Mt 2). (21)

Observe that the form (21) Þts in the formula (11) of
LRT (with a, b replaced by t1, t2) if we let A(t1, " ) =
! cos(! Mt 1) and B (t2, " ) = cos(! Mt 2) under the use
of the normalization condition

"
P(" ) d" = 1. It thus

follows that the correlation (21) obeys the Bell inequality
trivially.

Now, coming back to the question of the validity of
analogy between the parametersa, b and t1, t2, it has
been argued [22] that, while the former can be chosen
at will by the experimenter, the latter are determined
by nature and cannot be altered freely. Although this
is apparently the case in reality, one may take the view-
point that the experimenter should also be inßuenced by
nature and hence, logically speaking, one cannot deny
completely the possibility of the parameters a, b being
determined by other sources including the hidden vari-
ables " . To avoid impractical impasse, it is customary
to accept the choice ofa, b performed by some random
number generator (RNG) as a result of free will. By the
same token, one may accept the choice oft1, t2 performed
by the particles in their random decays as an act of free
will, given that such random decays have actually been
utilized as a source of quantum RNG [11, 12, 18, 25Ð27].

To elaborate this idea a little more, we recall the fact
that in our experiment the target system of measurement
is the ßavor subspace which is a part of the entire space
of freedoms possessed by theB meson. On the other
hand, the decay times of theB meson are governed and
determined quantum mechanically by a separate part of
the system, which may be regarded as a quantum RNG
equipped with the particle working independently from
the ßavor part. This picture will then allow us to put
our experiment on a par with preceding Bell tests as far
as the free will (or freedom-of-choice) loophole is con-
cerned. This viewpoint has apparently been adopted in
the earlier analysis of the Belle experiment [33], but we
shall also mention in the Appendix an alternative argu-
ment to retain the formal structure of the Bell inequality
referring to earlier works [23].

C. Note on experiments and loopholes

The ATLAS experiment can measure the decay times
t1, t2 of the B meson pair (7) independently, which en-
ables us to evaluate the correlation according to Eq. (16)
and thereby obtain the Bell inequality |S(! t)| " 2 for
the combination (19). This is a crucial advantage over
the Belle experiment where we measure the events only
through their di " erence! t in the decay times, resulting
in the increase in the upper bound of the Bell inequality,
making the Bell test di# cult accordingly [23].

Given this prospect, we now wish to address, in ad-
dition to the free will loophole we have just mentioned,
two other major loopholes [11, 12, 18] that may hamper
the Bell test with the ATLAS experiment. One is the
e# ciency loophole, which concerns that a certain pro-
portion of unobserved events may enable LRT to exceed

4

At this point, one notices the apparent analogy be-
tween the decay timest1, t2 and the measurement pa-
rameters a, b, since the latter are also conditioning the
probability distributions obtained under the setup speci-
Þed by the parameters. Assuming, for the moment, that
this analogy holds perfectly, we realize that all the argu-
ment we just have gone through for the Bell inequality
applies here as well. It thus follows that, if we just for-
mally replace a, b with t1, t2, we end up with the same
Bell inequality (13) for the set of correlations (14) where
now we use

C(t1, t2) =
!

A,B

AB P t 1 ,t 2 (A, B ) (16)

instead of C(a, b) and the like.
We have seen before that in QM the joint probability

distribution PQ (A, B, t 1, t2) is given by Eq. (8). From
the relation (15), one then Þnds the corresponding con-
ditional probability distribution,

PQ
t 1 ,t 2

(A, B ) =
1
4

(1 ! AB cos(! M ! t)) , (17)

and also from Eq. (16) the quantum correlation,

CQ (t1, t2) =
!

A,B

AB P Q
t 1 ,t 2

(A, B ) = ! cos(! M ! t),

(18)
which is the renormalized correlation function introduced
in [24], and free from the exponential decay law that
the joint probability distribution (8) su " ers. Note that
CQ (t, t ) = ! 1 implies perfect anti-correlation in the ßa-
vors of the B -meson pair decaying at the same proper
time t.

To proceed, let us consider the special case of the decay
times,

t2 ! t !
1 = t1 ! t2 = t!

2 ! t1 = ! t, (19)

which corresponds to a typical conÞguration of the mea-
surement setups for the experimental veriÞcation of the
Bell inequality. Indeed, if we denote bySQ (! t) the com-
bination S in Eq. (14) when we use the quantum corre-
lation function (18) for Eq. (19), we obtain

SQ (! t)

= CQ (t1, t2) + CQ (t!
1, t2) + CQ (t1, t !

2) ! CQ (t !
1, t !

2)

= ! 3 cos(! M ! t) + cos(3! M ! t). (20)

By di " erentiating SQ (! t) with respect to ! t, we easily
Þnd that |SQ (! t)| " 2

#
2 and the maximum value 2

#
2

is attained at ! t = ! / 4! M $ 1.55 ps. This indicates
that we may observe violation of the Bell inequality with
a pair of B mesons as well, once the measurement is
carried out properly.

For comparison, as an example of LRT models we men-
tion the spontaneous disentanglement model [33], where
one obtains the conditional correlation function,

CS(t1, t2) = ! cos(! Mt 1) cos(! Mt 2). (21)

Observe that the form (21) Þts in the formula (11) of
LRT (with a, b replaced by t1, t2) if we let A(t1, " ) =
! cos(! Mt 1) and B (t2, " ) = cos(! Mt 2) under the use
of the normalization condition

"
P(" ) d" = 1. It thus

follows that the correlation (21) obeys the Bell inequality
trivially.

Now, coming back to the question of the validity of
analogy between the parametersa, b and t1, t2, it has
been argued [22] that, while the former can be chosen
at will by the experimenter, the latter are determined
by nature and cannot be altered freely. Although this
is apparently the case in reality, one may take the view-
point that the experimenter should also be inßuenced by
nature and hence, logically speaking, one cannot deny
completely the possibility of the parameters a, b being
determined by other sources including the hidden vari-
ables " . To avoid impractical impasse, it is customary
to accept the choice ofa, b performed by some random
number generator (RNG) as a result of free will. By the
same token, one may accept the choice oft1, t2 performed
by the particles in their random decays as an act of free
will, given that such random decays have actually been
utilized as a source of quantum RNG [11, 12, 18, 25Ð27].

To elaborate this idea a little more, we recall the fact
that in our experiment the target system of measurement
is the ßavor subspace which is a part of the entire space
of freedoms possessed by theB meson. On the other
hand, the decay times of theB meson are governed and
determined quantum mechanically by a separate part of
the system, which may be regarded as a quantum RNG
equipped with the particle working independently from
the ßavor part. This picture will then allow us to put
our experiment on a par with preceding Bell tests as far
as the free will (or freedom-of-choice) loophole is con-
cerned. This viewpoint has apparently been adopted in
the earlier analysis of the Belle experiment [33], but we
shall also mention in the Appendix an alternative argu-
ment to retain the formal structure of the Bell inequality
referring to earlier works [23].

C. Note on experiments and loopholes

The ATLAS experiment can measure the decay times
t1, t2 of the B meson pair (7) independently, which en-
ables us to evaluate the correlation according to Eq. (16)
and thereby obtain the Bell inequality |S(! t)| " 2 for
the combination (19). This is a crucial advantage over
the Belle experiment where we measure the events only
through their di " erence! t in the decay times, resulting
in the increase in the upper bound of the Bell inequality,
making the Bell test di# cult accordingly [23].

Given this prospect, we now wish to address, in ad-
dition to the free will loophole we have just mentioned,
two other major loopholes [11, 12, 18] that may hamper
the Bell test with the ATLAS experiment. One is the
e# ciency loophole, which concerns that a certain pro-
portion of unobserved events may enable LRT to exceed
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M. Pettini: Introduction to Cosmology Ñ Lecture 10

FLUCTUATIONS IN THE COSMIC MICROWAVE
BACKGROUND

Figure 10.1: Temperature ßuctuations of the Cosmic Microwave Background measured
by the Planck collaboration (2015), after subtracting the dipole due to the EarthÕs motion
and the foreground emission from the Milky Way.

We have already mentioned several times that the anisotropies in the tem-
perature of the CMB radiation encode a host of cosmological parameters;
this is the attraction that has motivated successive space and ground-based
missions over the last Þfty years to record the CMB sky with increasing
accuracy. In this lecture we shall look a little more closely at the analysis
of these ßuctuations and the information they provide.

In general terms, we make a distinction between three main categories of
e! ects that cause ßuctuations in the temperature (and polarization, which
will not be discussed in these lectures) of the CMB.Primary ßuctuations,
imprinted on the surface of last scattering atzdec. These ßuctuations re-
ßect density inhomogeneities which are the seeds from which the large-scale
structure of the Universe has evolved. They are thought to have their ori-
gin from random quantum ßuctuations in the very early Universe, subse-
quently stretched by inßation into cosmic scales.Secondaryßuctuations
are due to the interaction of some CMB photons (at a level of 1 in 104Ð105)
with matter on their way from the surface of last scattering to the nearby
Universe. Tertiary ßuctuations, also calledforegrounds, are e! ects due to

1

BA
相関？

Bell不等式の破れ？
情報因果律の破れ？
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２．量子物理量：弱値 weak value

時間対称形式での量子力学
Y. Aharonov, et al. (1964)
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Chapter 2

Review of time symmetric
formalism

2.1 Time symmetric formalism

�y The one of the time symmetric formalisms of quantum mechanics was brought
by Y. Aharonov [8]. First, this time symmetric formalism is evoked though the
idea that what is predicted by quantum mechanics is not results of measurements
but only probability distributions which are expressed time symmetrically (con-
stant under changing symmetrically both initial and Þnal states). Let|! ! and
|" ! be initial and Þnal state in the system. The probability amplitude of the
process from the initial state to the Þnal state under some interactions is written
as,

"" |U(tf # t i )|! ! (2.1)

whereti and tf represent the time of initial and Þnal of the system. Generally,
we interpret this process as the unitary evolution of the initial state and the
projection measurement to the Þnal state. However this process is also inter-
preted as the projection measurement to the stateU(ti # tf )|" ! . These two
interpretations imply that the probability of the quantum process is unchanged
under exchanging initial and Þnal state. Quantum mechanics directly predicts
the probability of quantum processes, not the values of measurement results. We
have no reason to determine how measurements a! ect the system. The proba-
bility of quantum processes has time symmetric characteristics. If so, it must
be reachable to construct a time symmetrical formalism of quantum mechanics.

Recently, they reached to a time symmetric formulation of quantum
mechanics,ÒTwo-state formalism of quantum mechanicsÓ [9]. They formalized
the physical states by

ö#(t) : = U(t # ti )|! !" " |U  (t # tf ) (2.2)

where |! ! is initial state, |" ! is Þnal state of the quantum process. This state
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標準的な形式での量子力学

 状態の指定は、それ以後の時刻だけでな
く、それ以前において何が起きるかについ
ても影響を及ぼす ...

？
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時間対称形式での量子力学

(1) WV as relative correction to transition amplitude

P(g) = |! ! |UA (g)|" "|2 UA (g) = e! igA

P(g)
P(0)

=
|! ! |(1 # igA # (g2/ 2)A2 + á á á)|" "|2

|! ! |" "|2

= 1 + 2 gImAw + g2 !
|Aw |2 # Re(A2)w

"
+ O(g3)

Aw =
! ! |A|" "
! ! |" "

t = 0 t = T + V(x) xw (t) $= xcl (t)

R C RI CI |! k " |" "

|! 1" |" " |! 1" |! 2" |! 3" # = 0 , 1 # = 1 / 2

!A" : H % R(A) & RI Aw : H ' H % CI

#

k

|! ! k |" "|2
! ! k |A|" "
! ! k |" "

= ! " |A|" "

! ! 1|A|" "
! ! 1|" "

|b"

! ! 2|A|" "
! ! 2|" "

! ! n |A|" "
! ! n |" "

K (g) = ! ! |UA (g)|" "

p(A = an |! ) =
|!an |! "|2

!
i |!ai |! "|2

! ! |E A
n |! "

!
i ! ! |E A

i |! "
"

n

p(A = an |! ) = 1

"

n

p(A = an |! , " ) = 1

pw (A = an |! , " ) =
! " |E A

n |! "
! " |! "

=: ( En )w

"

n

pw (A = an |! , " ) = 1

K (s) := ! " |UA (s)|! " an

p(A = an |! , " ) =
|! " |an "|2|!an |! "|2

!
i |! " |ai "|2|!ai |! "|2

|! " |E A
n |! "|2

!
i |! " |E A

i |! "|2

p(E1 = 1 |! , " ) =
|! " |1"! 1|! "|2

|! " |1"! 1|! "|2 + |! " |2"! 2|! " + ! " |3"! 3|! "|2
= 1

p(E2 = 1 |! , " ) =
|! " |2"! 2|! "|2

|! " |2"! 2|! "|2 + |! " |1"! 1|! " + ! " |3"! 3|! "|2
= 1

p(E3 = 1 |! , " ) =
|! " |3"! 3|! "|2

|! " |3"! 3|! "|2 + |! " |1"! 1|! " + ! " |2"! 2|! "|2
=

1
5

!A" : H # R(A) $ RI Aw : H %H # CI

!

k

|! ! k |" "|2
! ! k |A|" "
! ! k |" "

= ! " |A|" "

! ! 1|A|" "
! ! 1|" "

|b"

! ! 2|A|" "
! ! 2|" "

! ! n |A|" "
! ! n |" "

K (g) = ! ! |UA (g)|" "

I :=
1
2

lim
s! 0

1
P(s)

#
#s

"

P(s) &
!

k

Pk (s)

#

= Im

"

Aw &
!

k

Pk (0)
P(0)

Ak
w

#

' Im xw

|! (s)" = eisp |! " = eisp |xf " = |xf & s"

P(s) =
!

k

Pk (s)+
!

j "= k

K k (s)K #
j (s) P1(s) P2(s) P3(s) PN

6

標準的な形式での量子力学

強く測定

f (x) B |b! A =
!

n

an En

B |b! = b|b!

f (B ) =
"

f (b)|b!" b| db

Aw (B ) =
"

Aw (b)|b!" b| db=
"

"b|A|! !
"b|! !

|b!" b| db

(PA )w =
"" |PA |! !

"" |! !
#= 0 PA := |a!" a|

(PE )w = ( PF )w = 0 ,

(PA )w #= 0 , (PB )w #= 0 , (PC )w #= 0 ,

ReAw (B ) :=
Aw (B ) + A 

w (B )
2

Im Aw (B ) :=
Aw (B ) $ A 

w (B )
2i

(A, B ) := "! |A  B |! !

(A, B ) = ( Aw (B ), B ) �y R < 1

Born rule

測定確率

Aharonov-Bergmann-Lebowitz (ABL) rule

Chapter 2

Review of time symmetric
formalism

2.1 Time symmetric formalism

�y The one of the time symmetric formalisms of quantum mechanics was brought
by Y. Aharonov [8]. First, this time symmetric formalism is evoked though the
idea that what is predicted by quantum mechanics is not results of measurements
but only probability distributions which are expressed time symmetrically (con-
stant under changing symmetrically both initial and Þnal states). Let|! ! and
|" ! be initial and Þnal state in the system. The probability amplitude of the
process from the initial state to the Þnal state under some interactions is written
as,

"" |U(tf # t i )|! ! (2.1)

whereti and tf represent the time of initial and Þnal of the system. Generally,
we interpret this process as the unitary evolution of the initial state and the
projection measurement to the Þnal state. However this process is also inter-
preted as the projection measurement to the stateU(ti # tf )|" ! . These two
interpretations imply that the probability of the quantum process is unchanged
under exchanging initial and Þnal state. Quantum mechanics directly predicts
the probability of quantum processes, not the values of measurement results. We
have no reason to determine how measurements a! ect the system. The proba-
bility of quantum processes has time symmetric characteristics. If so, it must
be reachable to construct a time symmetrical formalism of quantum mechanics.

Recently, they reached to a time symmetric formulation of quantum
mechanics,ÒTwo-state formalism of quantum mechanicsÓ [9]. They formalized
the physical states by

ö#(t) : = U(t # ti )|! !" " |U  (t # tf ) (2.2)

where |! ! is initial state, |" ! is Þnal state of the quantum process. This state
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弱値の実部と虚部の間接測定

測定器の針の位置（期待値）

弱測定の前後での針の位置の変化
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Chapter 2

Review of time symmetric
formalism

2.1 Time symmetric formalism

�y The one of the time symmetric formalisms of quantum mechanics was brought
by Y. Aharonov [8]. First, this time symmetric formalism is evoked though the
idea that what is predicted by quantum mechanics is not results of measurements
but only probability distributions which are expressed time symmetrically (con-
stant under changing symmetrically both initial and Þnal states). Let|! ! and
|" ! be initial and Þnal state in the system. The probability amplitude of the
process from the initial state to the Þnal state under some interactions is written
as,

"" |U(tf # t i )|! ! (2.1)

whereti and tf represent the time of initial and Þnal of the system. Generally,
we interpret this process as the unitary evolution of the initial state and the
projection measurement to the Þnal state. However this process is also inter-
preted as the projection measurement to the stateU(ti # tf )|" ! . These two
interpretations imply that the probability of the quantum process is unchanged
under exchanging initial and Þnal state. Quantum mechanics directly predicts
the probability of quantum processes, not the values of measurement results. We
have no reason to determine how measurements a! ect the system. The proba-
bility of quantum processes has time symmetric characteristics. If so, it must
be reachable to construct a time symmetrical formalism of quantum mechanics.

Recently, they reached to a time symmetric formulation of quantum
mechanics,ÒTwo-state formalism of quantum mechanicsÓ [9]. They formalized
the physical states by

ö#(t) : = U(t # ti )|! !" " |U  (t # tf ) (2.2)

where |! ! is initial state, |" ! is Þnal state of the quantum process. This state

7
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time symmetric formalism. We can get the probability by using the two-state
formalism which is described by the retarded state and the advanced state. We
must operate macroscopic subsystem only which interacts the measured system
in the measuring procedure.

The projective measurement lets us know which state the system is. After
the measurement, the system is Þxed to the eigenstate of measured observable
with the eigenvalue which we get as the result. In quantum mechanics, the
projective measurement is explained by the interaction which makes correlation
between the system and the subsystem called ancilla. The interaction called von
Newmann interaction is written asHint = Ap whereA is a measured observable.
The initial state |! ! is written as

!
i ci |ai ! with {| ai ! } which are eigenstates for

eigenvalues{ ai } of A. If we prepare the initial ancilla state as|q = 0! localized
at q = 0, the state of all system becomes

!
i ci |ai ! |q = ai ! by the interaction.

The ancilla state which we can know is macroscopic state. When we know which
ancilla state is, the state collapse to the one of the eigenstates.

We now go back to the time symmetric formalism. For example, we con-
sider the projective measurement of the observableA which have {| wi ! } as
eigenstates (Fig2.1). For simplicity, the eigenvalues of{| wi ! } are integers
i = á á á" 2, " 1, 0, 1, 2, á á á. Let the initial state and the Þnal state be

!
i ci |wi !

and
!

j c!
j |wj ! by projective measurements. The initial state prepared att = " T

and the Þnal state is post-selected att = + T. The interaction Hamiltonian Hint

is given as the von Newmann interaction.

Hint = " (t)qA (2.8)

where q is the position of ancilla state. Since the observableA has discrete
integral eigenvalues, the canonical variablep takes discrete localized states which
are described as{| mi ! } after the interaction. The state |mi ! means that itÕs
momentum p is equal to i . For simplicity, The ancilla states prepared in|m0! .
We select the Þnal ancilla state as|m1! . There is no Hamiltonian of the all
system without the interaction between ancilla and system at the measuring
point. Let the measurement be performed att = 0. First, we see the evolution
of the retarded state of all system

!
i ci |wi ! |m0! . When the retarded state arrives

at the measurement point, the ancilla state makes a correlation with the system
state.

|! (t)! =
" !

i ci |wi ! |m0! (" T < t < 0)!
i ci |wi ! |mi ! (0 < t < + T)

(2.9)

The advanced state evolves similarly but backward in time. The ancilla state
becomes the correlated state with the system state at the measurement point.

|#(t)! =
" !

j c!
j |wj ! |m1! (0 < t < + T)!

j c!
j |wj ! |m1" j ! (" T < t < 0)

(2.10)
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TEST SPACE
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(|1! + |2! # |3! )

Pi = |i !$i | i = 1 , 2, 3

g öA #1 ! MD (0, 0) e! igA w ! 1 ! MD (0, 0)

! MD = ! MD ($, " ) = cos $|0! + ei " sin$|1!

Aw := A = B + C Aw = Bw + Cw

Aw := A = B C A w = Bw Cw

Aw := A = a Aw = a

|! ! |! !$! |

" k " s %=

O3 Ok Os

O = A(O1 & O2 & O3 & á á á& Os)A

dim(H) %= 2

： 箱　　への射影演算子
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Aw := A = a Aw = a
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dim(H) %= 2

TEST SPACE

|! ! =
1
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|! ! |! !$! |

" k " s %=

O3 Ok Os

O = A(O1 & O2 & O3 & á á á& Os)A
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(" , V ")

K (s) := ! ! |UA (s)|" " an

p(A = an |" , ! ) =
|! ! |an "|2|!an |" "|2

!
i |! ! |ai "|2|!ai |" "|2

|! ! |E A
n |" "|2

!
i |! ! |E A

i |" "|2

E A
i :=

"

!

|ai, ! "! ai, ! |

Ei := |i "! i |

P(s) = |! ! |UA (s)|" "|2 UA (s) = e! isA P(s) = |K (s)|2

P(s)
P(0)

=
|! ! |(1 # isA # (s2/ 2)A2 + á á á)|" "|2

|! ! |" "|2

= 1 + 2 sImAw + s2 #
|Aw |2 # Re(A2)w

$
+ O(s3)

|" i " $ ei " i |" i " i = 1 , 2, 3

! " 1|" 2"! " 2|" 3"! " 3|" 1"

#(" 1, " 2, " 3) := arg ! " 1|" 2"! " 2|" 3"! " 3|" 1" = #
!
2

#(" 1, " 2, " 3) = arg
!" 1|" 2"! " 2|" 3"

! " 1|" 3"

U(t)|" " U  (T # t)|! " t A w (t)

どの箱にも等確率 1/3 で球が存在する状況

K (s) := ! ! |UA (s)|" " an
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|! ! |E A
n |" "|2

!
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p(E1 = 1 |" , ! ) =
|! ! |1"! 1|" "|2
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#(" 1, " 2, " 3) := arg ! " 1|" 2"! " 2|" 3"! " 3|" 1" = #
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2

1 2 3

Y. Aharonov & L. Vaidman
JPA  (2001)
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・ 強い（射影）測定:  ABL rule

K (s) := ! ! |UA (s)|" " an

p(A = an |" , ! ) =
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$
+ O(s3)

|" i " $ ei " i |" i " i = 1 , 2, 3
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!
2

= 0
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p(A = an |! ) =
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! ! |E A
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"

n
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1
5
≠ 0

31 2

prob = 1 prob = 1 prob = 1/5 paradox?
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測定の状況を精確に指定すると

a)  各々の箱を個別に開いたとき
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p(E1 = 1 |! , " ) =: Pr( E1 = 1 |E1, 1 " E1)
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p(E3 = 1 |! , " ) =: Pr( E3 = 1 |E3, 1 " E3)
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a) , b) の差は状況依存性 (contextuality) ?

b) すべての箱を同時に開いたとき
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prob = 1/3 prob = 1/3 prob = 1/3 No paradox

確率の和が１
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・弱測定では？

TEST SPACE
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Chapter 2

Review of time symmetric
formalism

2.1 Time symmetric formalism

�y The one of the time symmetric formalisms of quantum mechanics was brought
by Y. Aharonov [8]. First, this time symmetric formalism is evoked though the
idea that what is predicted by quantum mechanics is not results of measurements
but only probability distributions which are expressed time symmetrically (con-
stant under changing symmetrically both initial and Þnal states). Let|! ! and
|" ! be initial and Þnal state in the system. The probability amplitude of the
process from the initial state to the Þnal state under some interactions is written
as,

"" |U(tf # t i )|! ! (2.1)

whereti and tf represent the time of initial and Þnal of the system. Generally,
we interpret this process as the unitary evolution of the initial state and the
projection measurement to the Þnal state. However this process is also inter-
preted as the projection measurement to the stateU(ti # tf )|" ! . These two
interpretations imply that the probability of the quantum process is unchanged
under exchanging initial and Þnal state. Quantum mechanics directly predicts
the probability of quantum processes, not the values of measurement results. We
have no reason to determine how measurements a! ect the system. The proba-
bility of quantum processes has time symmetric characteristics. If so, it must
be reachable to construct a time symmetrical formalism of quantum mechanics.

Recently, they reached to a time symmetric formulation of quantum
mechanics,ÒTwo-state formalism of quantum mechanicsÓ [9]. They formalized
the physical states by

ö#(t) : = U(t # ti )|! !" " |U  (t # tf ) (2.2)

where |! ! is initial state, |" ! is Þnal state of the quantum process. This state
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time symmetric formalism. We can get the probability by using the two-state
formalism which is described by the retarded state and the advanced state. We
must operate macroscopic subsystem only which interacts the measured system
in the measuring procedure.

The projective measurement lets us know which state the system is. After
the measurement, the system is Þxed to the eigenstate of measured observable
with the eigenvalue which we get as the result. In quantum mechanics, the
projective measurement is explained by the interaction which makes correlation
between the system and the subsystem called ancilla. The interaction called von
Newmann interaction is written asHint = Ap whereA is a measured observable.
The initial state |! ! is written as

!
i ci |ai ! with {| ai ! } which are eigenstates for

eigenvalues{ ai } of A. If we prepare the initial ancilla state as|q = 0! localized
at q = 0, the state of all system becomes

!
i ci |ai ! |q = ai ! by the interaction.

The ancilla state which we can know is macroscopic state. When we know which
ancilla state is, the state collapse to the one of the eigenstates.

We now go back to the time symmetric formalism. For example, we con-
sider the projective measurement of the observableA which have {| wi ! } as
eigenstates (Fig2.1). For simplicity, the eigenvalues of{| wi ! } are integers
i = á á á" 2, " 1, 0, 1, 2, á á á. Let the initial state and the Þnal state be

!
i ci |wi !

and
!

j c!
j |wj ! by projective measurements. The initial state prepared att = " T

and the Þnal state is post-selected att = + T. The interaction Hamiltonian Hint

is given as the von Newmann interaction.

Hint = " (t)qA (2.8)

where q is the position of ancilla state. Since the observableA has discrete
integral eigenvalues, the canonical variablep takes discrete localized states which
are described as{| mi ! } after the interaction. The state |mi ! means that itÕs
momentum p is equal to i . For simplicity, The ancilla states prepared in|m0! .
We select the Þnal ancilla state as|m1! . There is no Hamiltonian of the all
system without the interaction between ancilla and system at the measuring
point. Let the measurement be performed att = 0. First, we see the evolution
of the retarded state of all system

!
i ci |wi ! |m0! . When the retarded state arrives

at the measurement point, the ancilla state makes a correlation with the system
state.

|! (t)! =
" !

i ci |wi ! |m0! (" T < t < 0)!
i ci |wi ! |mi ! (0 < t < + T)

(2.9)

The advanced state evolves similarly but backward in time. The ancilla state
becomes the correlated state with the system state at the measurement point.

|#(t)! =
" !

j c!
j |wj ! |m1! (0 < t < + T)!

j c!
j |wj ! |m1" j ! (" T < t < 0)

(2.10)
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(" , V ")

K (s) := ! ! |UA (s)|" " an

p(A = an |" , ! ) =
|! ! |an "|2|!an |" "|2

!
i |! ! |ai "|2|!ai |" "|2

|! ! |E A
n |" "|2

!
i |! ! |E A

i |" "|2

p(E1 = 1 |" , ! ) =
|! ! |1"! 1|" "|2

|! ! |1"! 1|" "|2 + |! ! |2"! 2|" " + ! ! |3"! 3|" "|2
= 1

p(E2 = 1 |" , ! ) =
|! ! |2"! 2|" "|2

|! ! |2"! 2|" "|2 + |! ! |1"! 1|" " + ! ! |3"! 3|" "|2
= 1

E A
i :=

"

!

|ai, ! "! ai, ! |

Ei := |i "! i |

P(s) = |! ! |UA (s)|" "|2 UA (s) = e! isA P(s) = |K (s)|2

P(s)
P(0)

=
|! ! |(1 # isA # (s2/ 2)A2 + á á á)|" "|2

|! ! |" "|2

= 1 + 2 sImAw + s2 #
|Aw |2 # Re(A2)w

$
+ O(s3)

|" i " $ ei " i |" i " i = 1 , 2, 3

! " 1|" 2"! " 2|" 3"! " 3|" 1"

#(" 1, " 2, " 3) := arg ! " 1|" 2"! " 2|" 3"! " 3|" 1" = #
!
2

K (s) := ! ! |UA (s)|" " an

p(A = an |" , ! ) =
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= 1 + 2 sImAw + s2 #
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$
+ O(s3)
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#(" 1, " 2, " 3) := arg ! " 1|" 2"! " 2|" 3"! " 3|" 1" = #
!
2

K (s) := ! ! |UA (s)|" " an

p(A = an |" , ! ) =
|! ! |an "|2|!an |" "|2

!
i |! ! |ai "|2|!ai |" "|2

|! ! |E A
n |" "|2

!
i |! ! |E A

i |" "|2

p(E1 = 1 |" , ! ) =
|! ! |1"! 1|" "|2

|! ! |1"! 1|" "|2 + |! ! |2"! 2|" " + ! ! |3"! 3|" "|2
= 1

p(E2 = 1 |" , ! ) =
|! ! |2"! 2|" "|2

|! ! |2"! 2|" "|2 + |! ! |1"! 1|" " + ! ! |3"! 3|" "|2
= 1

E A
i :=

"

!

|ai, ! "! ai, ! |

Ei := |i "! i | (Ei )w (E1)w = 1 , (E2)w = 1 , (E3)w = # 1
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測定値の物理的意味

確率の和が１
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遷移確率

遷移確率での平均が期待値を与える：
弱値の虚数部分は寄与しない

１）固有状態のとき
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whose meaning is obvious, and thetheoretical uncer-
tainty ,

! th :=
!
!
!! " |X |" "app # X !

!
!
! , (22)

which is understood for the reason thatX ! = ! " |X |" "
provided that the theoretical model is accurate, as we
have stated just before. Each of the two uncertainties
are further analyzed as follows.

First, the experimental uncertainty may be classiÞed
into two distinct types of uncertainty according to the
inequality,

! exp (n) $ ! int (n) + ! st (n), (23)

with the intractable uncertainty,

! int (n) := | ÷X n # X n |, (24)

and the statistical uncertainty ,

! st (n) := |X n # X ! |. (25)

These two types of uncertainties can be dealt with more
explicitly by introducing schemes appropriate for the ex-
perimental setups one adopts.

Second, the theoretical uncertainty (22) can also be
decomposed into two distinct types of uncertainty,

! th $ ! mod + ! app , (26)

with the model uncertainty,

! mod := |! " |X |" " # X ! | , (27)

and the approximation uncertainty,

! app :=
!
!
!! " |X |" "app # ! " |X |" "

!
!
! . (28)

When the theoretical model of description over the mea-
surement interaction, time development, and the states
used for both the preselection and postselection, is ex-
act, the model uncertainty vanishes due to the law of
large numbers.

These provide the upper bound for the operational un-
certainty,

! op (n) $ ! int (n) + ! st (n) + ! mod + ! app . (29)

B. Uncertainty under the Fluctuation of the
Output Number

At this point, we need to take account of the actual
experimental situation of weak measurement where we
cannot specify the number n of outputs on account of

the fact that the positive results of postselection are not
guaranteed for which we retrieve the meter variableX .
One may cope with this situation by resorting the pro-
cedure where one performs a Þxed numberN of trials
of postselection and considers the probability distribu-
tion P(n) of the number n of getting positive results out
of N . This yields the average position of the measured
meter position,

÷X N :=
N"

n =1

P(n) ÷X n . (30)

With this, we may deÞne the operational uncertainty av-
eraged over the ßuctuation,

ø! op :=
!
!
! ÷X N # ! " |X |" "app

!
!
! . (31)

Obviously, if we repeat our same argument given above,
we end up with the inequality,

ø! op $ ø! int + ø! st + ! mod + ! app , (32)

where now we have

ø! int := | ÷X N # X N |, (33)

with

X N :=
N"

n =1

P(n) X n , (34)

and

ø! st := |X N # X ! |. (35)

In the present case of weak measurement, the probabil-
ity distribution P(n) is furnished in the following man-
ner. Let q be the success rate of getting positive output
in the postselection,

q := || !#| U($) |%" |&" ||2. (36)

Then, the probability distribution of the success number
n is described by the binomial distribution,

P(n) = Bi( n; N, q) :=
#

N
n

$
qn (1 # q)N " n , (37)

where
#

N
n

$
:=

N !
n!(N # n)!

(38)

with n = 0 , . . . , N .

C. Uncertainty Analysis

In the actual experiment, in order to evaluate the four
types of uncertainties introduced here, we need to pro-
vide a model for each of them such that they represent
the respective uncertainties appearing in the experiment
reasonably well. To this end, we shall adopt the following
set of models:
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(49) for q = 1. It is intuitively clear that the lower-bound
function (48) is a monotonically increasing function with
respect to all of its parameters! , N and q. For a rigorous
proof of the monotonicity, see Appendix D.

Employing a similar argument used for solving " in
favor of ! in (45), thanks to the monotonicity of the
function r (! ; N ) we can solve" = r (! ; N ) to obtain its
solution ! (" ; N, q) which is then used to transform (49)
into

ø#st ! ! (" ; N, q). (50)

This shows that the statistical uncertainty on average is
guaranteed to be bounded from above with probability
not less than " . Due to the monotonicity of the lower-
bound function (48), it is straightforward to see by deÞni-
tion that ! (" ; N, q) increases monotonically with respect
to " , while it decreases monotonically with respect toN
and q.

3. Model Uncertainty

We now turn to the theoretical uncertainty given by
(22). First, for the model uncertainty #mod in (27), we
assume that our model is exact enough so that it can
be ignored safely,#mod = 0. In fact, one may argue that
the two experiments which we analyze require reasonably
simple settings allowing for the theoretical modeling with
relatively simple construction.

4. Approximation Uncertainty

As for the approximation uncertainty #app in (28), we
just consider the uncertainty that arises from our ap-
proximation of using only the Þrst order of the coupling
parameter $ for the evaluation of the meter shift. This
is expected to be a dominant factor for the uncertainty,
given that the ampliÞcation of the weak value is expected
to ruin the linear approximation when it is taken to be
too large. On account of this, in the present paper our
approximation uncertainty may just consist of the di ! er-
ence between the linear approximation (11) and the full
result.

#app =
!
!
!" (1)

w ($) " " w ($)
!
!
! . (51)

D. Relative Uncertainty

Combining all the upper bounds mentioned above, the
total operational uncertainty under the presence of ßuc-

tuation is bounded by

ø#op ! # (52)

with the total upper bound,

# := %+ ! (" ; N, q) + #app . (53)

We then introduce the relative uncertainty by the ratio
of the shift in the actual experiment to the bound of
operational uncertainty:

R :=
#

" w ($)
. (54)

With this R, one may regard that the measurement is
valid if R < 1 and invalid otherwise. We note that this
quantity R is more appropriate to see the validity of mea-
surement than looking at the direct output values which
are dependent on the choice of measurement apparatuses.
It is however noted that the quantity " w ($) is obtained
only when the full theoretical evaluation is possible. In
our examination of the two experiments to be discussed
below, we use theoretical expected shift for" w ($) since
the Gaussian mode used for the initial meter state hap-
pens to allow for a full evaluation of the shift.

IV. EXAMINATION OF TWO PRECEDING
EXPERIMENTS

We now examine, based on our theoretical framework,
the two well-known experiments mentioned in the Intro-
duction, that is, the angular deßection measurement by
Dixon et al. [17] and the observation of the spin Hall
e! ect by Hosten and Kwiat [16].

In this section, postselected state, which has been writ-
ten as |b# in some preceding sections, will be written as
|&#.

A. Angular Deßection Measurement

Dixon and his collaborators have shown that tiny an-
gular deßections of a mirror can be detected using weak
values [17]. We Þrst analyze this experiment to exam-
ine its validity as precision measurement based on our
theoretical framework.

1. Setup and Goal of the Experiment

The setup of the experiment consists of a laser, a lens,
a Sagnac interferometer and a position (quadrant) de-
tector, where one of the mirrors in the interferometer is

誤差の上限
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FIG. 4. Shift/uncertainties (left) and relative uncertainties (right) as functions of Im[ Aw ] obtained at ! d = 750µm. The zones
colored in cyan cover the actual values of Im[Aw ] used in the experiment.

beam source (see Fig.3) and! d is the beam width at the
detector tuned by the lens. In the linear approximation
in the coupling k, the result (72) reduces to

! " |öx|" " = 2k Im[Aw ]! d ! + O(k2). (74)

We note that with the unitary operator V1 in (90) we
have !#|V  

1 XV1|#" = 0 so that the condition (10) is ful-
Þlled. From this, we learn that the full shift ! w (k) corre-
sponding to (8) (where we have set$ = ! k as mentioned
before) is given by! w (k) = ! " |öx|" " in (72), while that of
the linear approximation (11) is given by

! (1)
w (k) = 2 k Im[Aw ]! d ! . (75)

The approximation uncertainty %app can be obtained
from the di" erence between these shifts.

3. Parameter Setting for Simulation and Results

To estimate the uncertainties &, ' (( ; N, q), %app of the
measurement results, we need to know the parameters
used in the actual experiment. First, to determine the
value of &, we recall that in the experiment the measure-
ment outcome is shown with Ôrandom errorÕ, which pre-
sumably refers to the statistical deviation with respect
to di " erent bunches of photons injected in every 1/200
second. This allows us to choose the value

&= 30 µm, (76)

which is the maximal size of error bar in the experiment
data.

Next, the beam used has the total wave numberk0 =
2) / * = 8 .06µm! 1, which corresponds to the wave length
* = 780 nm. The angle of the tilted mirror is Þxed in such
a way that the unampliÞed deßection at the detector is

dk = 2 .95µm (see Fig.1), which translates into the value
k = 2 .08# 10! 5µm! 1. Then, the trial number N , which
is the number of photons injected in the interferometer,
may be estimated from the laser powerP = 3 .2 mW
and the wave length * . From these values, the photon
number per second is estimated as

P*
hc

= 1 .3 # 1016 sec! 1, (77)

where h is the Planck constant and c is the speed of
light. Since the sampling rate of the detector is 200 Hz,
the photon number N is found to be

N =
P*
hc

á
1

200
= 6 .5 # 1013. (78)

In our numerical analysis, however, we adopt the number
108 for N for computational convenience. This is allowed
because one can show that a smallerN gives a larger
statistical uncertainty (see Appendix D) and hence our
examination provides a stricter condition than the actual
one. Another point that should be noted in this regard
is that, in the actual experiment, an extra 50/50 beam
splitter is inserted to observe the beam structure with a
CCD camera (which are not shown in Fig.1). Although
this beam splitter will halve the number of photons that
reach the detecter, this change is negligible since it is
much smaller than the ratio of reduction from 1013 to
108 mentioned above.

In order to Þnd out the value of ' (( ; N, q), we need
to choose our assurance level( of measurement. We do
this by setting ( = 0 .95 as a reasonable level of statistical
conÞdence. Another ingredient needed is the quadratic
moment of the meter state |" ",

! " |öx2|" "

=
! 2

d

!
1 + Im[ Aw ]2 + (1 $ Im[Aw ]2)(1 $ 4k2! 2)e! 2k 2 ! 2

"

1 + Im[ Aw ]2 + (1 $ Im[Aw ]2)e! 2k 2 ! 2

(79)
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FIG. 8. Shift and various uncertainties (left), the relative uncertainty R = ! / " w and its components (right) as functions of
Im[Aw ], obtained at g = 27nm for which the angle of the prism smaller than 56 ! . In this case, the actual value used in the
experiment is Im[Aw ] = 57 .3 ± 0.7 shown by the narrow strips colored in cyan.

FIG. 9. Shift and various uncertainties (left), the relative uncertainty R = ! / " w and its components (right) as functions of
the coupling constant g, obtained at Im[ Aw ] = 57. The zones colored in cyan indicate the range of g used in the experiment.
The relative uncertainty R attains the minimum at around the value g = 40.

Im[Aw ] = 57.3 ± 0.7 is close to the optimal point 64.2
of the ratio R.

b. Coupling Dependence. In the experiment, the
coupling constant is varied in the region 2 < g < 65.
We analyze the variation of the shift and uncertainties
(Fig.9; left) and the relative uncertainties (Fig.9; right)
in this region for g at the Þxed value of the weak value
Im[Aw ] = 57. From this, it is observed that the entire
region of g is in the safe zone ofR of less than 1, and
that it covers the optimal value of g around 40. We thus
Þnd that the measurement as a whole is not just valid
as prevision measurement but is almost an optimal one,
even though the measurements with values nearg = 2
are almost at the lower limit according to our criterion.

V. CONCLUSION AND DISCUSSION

In this paper, we have presented a new scheme of eval-
uating the uncertainty of weak measurement, designed
to furnish a basis on which the validity of the weak mea-
surement is examined numerically. Our scheme treats the
total uncertainty encountered in such measurements as
something consisting of components of distinct natures,
each of which can be evaluated according to their charac-
teristics and corresponding assumptions appropriate for
the settings of the experiment. Our total uncertainty,
which we call the operational uncertainty, is divided into
the experimental and the theoretical uncertainties. These
two uncertainties are further divided into four types of
uncertainties, that is, the the experimental uncertainty is
divided into the intractable and the statistical uncertain-
ties, whereas the theoretical uncertainty is divided into
the model and the approximation uncertainties. The op-

SHEL exp. US-BD exp.

初期の二つの実験に適用
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f (x) B |b!

B |b! = b|b!

f (B ) =
!

f (b)|b!" b| db

Aw (B ) =
!

Aw (b)|b!" b| db=
!

"b|A|! !
"b|! !

|b!" b| db

ReAw (B ) :=
Aw (B ) + A 

w (B )
2

Im Aw (B ) :=
Aw (B ) # A 

w (B )
2i

(A, B ) := "! |A  B |! !

(A, B ) = ( Aw (B ), B ) �y R < 1
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whose meaning is obvious, and thetheoretical uncer-
tainty ,

! th :=
!
!
!! " |X |" "app # X !

!
!
! , (22)

which is understood for the reason thatX ! = ! " |X |" "
provided that the theoretical model is accurate, as we
have stated just before. Each of the two uncertainties
are further analyzed as follows.

First, the experimental uncertainty may be classiÞed
into two distinct types of uncertainty according to the
inequality,

! exp (n) $ ! int (n) + ! st (n), (23)

with the intractable uncertainty,

! int (n) := | ÷X n # X n |, (24)

and the statistical uncertainty ,

! st (n) := |X n # X ! |. (25)

These two types of uncertainties can be dealt with more
explicitly by introducing schemes appropriate for the ex-
perimental setups one adopts.

Second, the theoretical uncertainty (22) can also be
decomposed into two distinct types of uncertainty,

! th $ ! mod + ! app , (26)

with the model uncertainty,

! mod := |! " |X |" " # X ! | , (27)

and the approximation uncertainty,

! app :=
!
!
!! " |X |" "app # ! " |X |" "

!
!
! . (28)

When the theoretical model of description over the mea-
surement interaction, time development, and the states
used for both the preselection and postselection, is ex-
act, the model uncertainty vanishes due to the law of
large numbers.

These provide the upper bound for the operational un-
certainty,

! op (n) $ ! int (n) + ! st (n) + ! mod + ! app . (29)

B. Uncertainty under the Fluctuation of the
Output Number

At this point, we need to take account of the actual
experimental situation of weak measurement where we
cannot specify the number n of outputs on account of

the fact that the positive results of postselection are not
guaranteed for which we retrieve the meter variableX .
One may cope with this situation by resorting the pro-
cedure where one performs a Þxed numberN of trials
of postselection and considers the probability distribu-
tion P(n) of the number n of getting positive results out
of N . This yields the average position of the measured
meter position,

÷X N :=
N"

n =1

P(n) ÷X n . (30)

With this, we may deÞne the operational uncertainty av-
eraged over the ßuctuation,

ø! op :=
!
!
! ÷X N # ! " |X |" "app

!
!
! . (31)

Obviously, if we repeat our same argument given above,
we end up with the inequality,

ø! op $ ø! int + ø! st + ! mod + ! app , (32)

where now we have

ø! int := | ÷X N # X N |, (33)

with

X N :=
N"

n =1

P(n) X n , (34)

and

ø! st := |X N # X ! |. (35)

In the present case of weak measurement, the probabil-
ity distribution P(n) is furnished in the following man-
ner. Let q be the success rate of getting positive output
in the postselection,

q := || !#| U($) |%" |&" ||2. (36)

Then, the probability distribution of the success number
n is described by the binomial distribution,

P(n) = Bi( n; N, q) :=
#

N
n

$
qn (1 # q)N " n , (37)

where
#

N
n

$
:=

N !
n!(N # n)!

(38)

with n = 0 , . . . , N .

C. Uncertainty Analysis

In the actual experiment, in order to evaluate the four
types of uncertainties introduced here, we need to pro-
vide a model for each of them such that they represent
the respective uncertainties appearing in the experiment
reasonably well. To this end, we shall adopt the following
set of models:

S. Higashino et al., Phys. Rev. D. (2021)

Belle II 実験での評価
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FIG. 1. The time distribution P(! t |B 0 ! Bdecay ) for
various |r | in the case of |p| = |q|, ! m = 0 .506 GeV,
1/ " = 1 .519 ps, and ! = 0.

FIG. 2. The ratio between the lifetime of B meson " (B 0)
and the e#ective lifetime (41). The e #ective lifetime can be
extended about 2.6 times larger than " (B 0) in this case when
|r | " 0.2 and sin(! # #) " # 1.

The denominator of (39) is the same as (37). The nu-
merator is

! !

0
d! t" ! t "

"
"!Bdecay |B 0(! t ")"

"
"2

=
#

|r |2

2
+

|q|2|s|2

2|p|2

$ #
1

2" 2
L

+
1

2" 2
H

$

+
#

|r |2

2
#

|q|2|s|2

2|p|2

$
" 2 # (! m)2

%
" 2 + ( ! m)2

&2

+
|r ||q||s|

|p|
cos (! # " )

#
1

2" 2
L

#
1

2" 2
H

$

#
|r ||q||s|

|p|
sin (! # " )

2(! m)"
%

" 2 + ( ! m)2
&2 . (40)

When we have|" L # " H |/ " $ 1 and hence are allowed
to put " L = " H = " approximately, then the e#ective
lifetime (39) admits the closed form,

#e! (B 0 % Bdecay ) =

'
1 + |q|2 |s|2

|p|2 |r |2

(
1

" 2 +
'

1 # |q|2 |s|2

|p|2 |r |2

(
" 2 # (# m )2

{ " 2 +( # m )2 } 2 + |q|| s|
|p|| r | sin (! # " ) 4(# m )"

{ " 2 +( # m )2 } 2

'
1 + |q|2 |s|2

|p|2 |r |2

(
1
" +

'
1 # |q|2 |s|2

|p|2 |r |2

(
"

" 2 +( # m )2 + |q|| s|
|p|| r | sin (! # " ) 2# m

" 2 +( # m )2

,

=

'
1 + |Aw |2

(
1

" 2 +
'

1 # |Aw |2
(

" 2 # (# m )2

{ " 2 +( # m )2 } 2 + 4Im [ Aw ] (# m )"

{ " 2 +( # m )2 } 2

'
1 + |Aw |2

(
1
" +

'
1 # |Aw |2

(
"

" 2 +( # m )2 + 2Im [ Aw ] # m
" 2 +( # m )2

. (41)

Here,Aw is the weak value (1), which now takes the form,

Aw =
|q||s|
|p||r |

cos(! # " ) + i
|q||s|
|p||r |

sin(! # " ), (42)

as one can conÞrm readily by using|i " = |B 0", |f " =
|Bdecay " and öA deÞned in (5) together with (19).

Note that we have obtained the result (41) without re-
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Weak measurement via Ramsey resonance! "

¥ Known parameters: ! 0, ! , ! 1, " , and T

¥ Unknown parameter: #

¥ Condition of weak measurement:#T ! 1
# $
Then, for t0 + " / 2 " t < t 0 + " / 2 + T, the corresponding
Hamiltonian in ( 61) is rewritten as

HRamsey (t) = #
! 0

2
$3 #

#
2

$3. (70)

According to the above setup, we choose the two
operators H0 and V in (22) as

H0 = #
! 0

2
$3, V = #

#
2

$3. (71)

and also the coe! cients appearing in Eq. (23) as

h :=
! 0

2
, n(h)

0 := 0 , %n(h) = (0 , 0, # 1) ,

v :=
#
2

, n(v)
0 := 0 , %n(v) := (0 , 0, # 1) . (72)

Since %n(h) $ %n(v) = 0 holds, we are in the
commutative case mentioned in Sec.II . If we choose
|&i % := ei ! ( t 0 + " / 2)#3 / 2e! i ! 1 "# 1 / 2e! i ! t 0 #3 / 2|± %, and
|&f % = ei ! ( t 0 + " / 2+ T )#3 / 2ei ! 1 "# 1 / 2e! i ! ( t 0 + " + T )#3 / 2|± %,
then from Eqs. (34) and (70) the transition probability
from |&i %to |&f %is given by

PrRamsey
± " ± (#) & PrRamsey

± " ± (0)
!
1 # #T Im $W

3

"
, (73)

where

PrRamsey
± " ± (#) :=

#
#
#
#' &f |e! i

$ t 0 + ! / 2+ T
t 0 + ! / 2 dtH Ramsey ( t ) |&i %

#
#
#
#

2

,

(74)

and

$W
3 =

' &f |e! iH 0 T $3|&i %
' &f |e! iH 0 T |&i %

=
' &f |$3e! iH 0 T |&i %
' &f |e! iH 0 T |&i %

. (75)

In particular, for ! 1" = ' / 2, the following relations
hold:

' &f |e! iH 0 T $3|&i %= e± i ! ( " + T ) / 2' &f (( Ramsey )|e! i ! 1 "# 1 $2|&i (( Ramsey )%, (76)

' &f |e! iH 0 T |&i %= e± i ! ( " + T ) / 2' &f (( Ramsey )|e! i ! 1 "# 1 |&i (( Ramsey )%, (77)

where

|&i (( Ramsey )%= |&f (( Ramsey )%:= e! i $ Ramsey #2 / 2|± %,
(78)

with

( Ramsey := ( ! # ! 0)
T
2

(79)

From Eqs. (76) and (77), we Þnd he weak value,

$W
3 = # $W

2,L (( Ramsey ) = $W
2,R (( Ramsey ) = i cot ( Ramsey .

(80)

and also the transition probability for #= 0,

PrRamsey
± " ± (0) =

#
#' &f (( Ramsey )|e! i ! 1 "# 1 |&i (( Ramsey )%

#
#2

= sin 2 ( Ramsey . (81)

With these, Eq. (74) is evaluated as

PrRamsey
± " ± (#) & PrRamsey

± " ± (0)
!
1 + )Ramsey Im $W

2,L (( Ramsey )
"

,
(82)

where )Ramsey := #T is the measurement strength for
the Ramsey resonance, and Im$W

2,L is given in Eq. (57).

Similarly to the Rabi resonance, in the limit ( Ramsey = 0
the probability ( 82) becomes zero and the weak value
(80) diverges. This indicates that the Ramsey resonance
can be regarded as weak value ampliÞcation with the
measurement strength)Ramsey .

It is notable that, except for the magnitude of
measurement strength, the two probability formulae,
Eqs. (59) and (82), become identical at T = t. In
particular, we obtain ( Ramsey = ( Rabi as well as
)Ramsey = )Rabi , if we replace T with 2t/ ' . This
implies that the weak measurement o" ers a uniÞed
framework for resonances in inherently di" erent types,
one being commutative and the other non-commutative
in the classiÞcation given in Sec.II . It also shows that
the measurement strength presents a means to quantify
how sensitive the resonance is against small changes in
resonance conditions. Such parallel becomes available
due to our di" erent choices of the initial and Þnal states,
|&i %and |&f %, for the Ramsey and Rabi resonances.

We also note that from Eq. (82) the imaginary
component of the weak value is obtained as

Im $W
2,L (( Ramsey ) =

1

PrRamsey
± " ± (0)

dPrRamsey
± " ± (#)

d)Ramsey

#
#
#
#
%Ramsey =0

.

(83)

感受性としての弱値：中性子EDM測定？ D. Ueda and I.T., Phys. Scr. (2025)
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2. Non-locality measure

We Þrst introduce the CHSH correlation function [38]

S =

!
!
!
!
!

"

x,y

(! 1)xy [P(A = B |xy) ! P(A "= B |xy)]

!
!
!
!
!
, (22)

where P(A = B |xy) is the conditional probability of the
outcome coincidence given the pair of the measurement
axes (x, y) and P(A "= B |xy) is that of the non-coincident
outcomes. The CHSH correlation function has the upper
bound S # 2 for any LHVTs [38] whereas for quantum
mechanics it exceeds the bound and attains 2

$
2 % 2.828

[39]. We employ the CHSH correlation function as the
measure of non-locality.

C. Results of the empirical analyses

1. Quantum coin tosses

We discuss whether there is a di! erence in the random-
ness of the bit strings created by a QRNG (quantum com-
puter) and PRNGs including simulators by considering
the simplest setup, i.e., quantum coin toss games. Fig-
ure 4 shows the randomness measures (the algorithmic
complexity measures mentioned above) of our datasets.

As to the (normalized) LZ complexity, the bit strings
obtained from the simulator with the device noise model
and ChaCha20 are comparable to those obtained from
the QRNG. The bit strings from the simulator (without
the device noise model) have a slightly higher algorith-
mic complexity than those from the QRNG. This is pre-
sumably because the mean relative frequency of the data
obtained from the simulator is almost 0.5, which is sig-
niÞcantly higher than that of the dataset from the actual
device.

In contrast, the Borel normality measure distinguishes
all the cases.

Let us look at the above observation by using the hy-
pothesis testing (WelchÕst-test) on whether the simu-
lations have no di! erence from the actual device: For
the case of noiseless simulation against the actual device,
we found the statistic t % ! 3.01 with its p-value being
2.96 & 10! 3 for the LZ complexity and normalized one,
whereast % 20.69 with its p-value being 2.15& 10! 51 for
the Borel normality measure. This suggests that these
two ways of creating the random bit strings are distin-
guishable from each other if we focus on the average val-
ues of the randomness measures.

In contrast, for the case of simulation with the device
noise model against the actual device, we observed the
statistic t % ! 1.25 with its p-value being 0.213 for the
LZ complexity and normalized one, while t % 7.58 with
its p-value being 1.33 & 10! 12 for the Borel normality
measure. This shows that these two ways of creating
the random bit strings are indistinguishable from each

FIG. 4. The box plots of the randomness measures for the
quantum coin tosses: (Above) the LZ complexity, (Middle)
the normalized LZ complexity, and (Below) the Borel normal-
ity measure. Throughout this paper, we draw the box-and-
whisker plots as follows. Given the data and their attributes
to be plotted, the length of the upper (lower) whisker is set as
a maximum (minimum) value not exceeding 1.5 times the in-
terquartile range (IQR, the height of the box). Data whose at-
tribute values are outside this range are called outliers, which
are plotted as dots.

other if we employ the (normalized) LZ complexity as
shown in Theorem 1, if their relative frequency is com-
parable. Moreover, for the case of PRNG, the statistic is
t % ! 0.32 and its p-value is 0.749 for the LZ complexity
and normalized one, whilet % ! 0.33 with its p-value be-
ing 0.739 for the Borel normality measure. Thus, the bit
strings created by ChaCha20 are indistinguishable for all
the complexity measures we have employed, supporting
our theorems.

2. Innsbruck experiment

Motivated by our theorems and the discussion pre-
sented in Sec. III B, we proceed to the analyses of the
Innsbruck experiment, or the longdist dataset. More con-
cretely, we shall show the descriptive statistics of the ran-

T.  Tsurumaru et al., Phys. Rev. A (2024)
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（方針）今はまだ量子力学の限界
が見えていないから、その正しさ
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