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Introduction




Nonequilibrium systems violate time-reversal symmetry

p(Trajectory) # p(Trajectory)

~y Entropy production (EP)
- ' Quantifies violation of time-reversal symmetry

Relative entropy between forward and reverse processes



EP as relative entropy: Stochastic processes

Entropy production
p(X) : probability of trajectory X
under forward process > = D(p||p)
P(X) : probability of trajectory X p(X) .
under reverse process = <ln — >p = <(7(x)>p
p(x)

Donsker-Varadhan Variational Representation

Y — D( p|| 15) = sup < g>p —1In < eg)ﬁ Interpretation as thermodynamic

eFoR uncertainty relation (TUR)

p(f) 2> (<g>p — <g>p) — hl(e(g’_(g)ﬁ)l5

Optimal: g*(x) = o(x) :=In

-

~ = . )
p(x) Mean difference Fluctuations



EPR as relative entropy: discrete short-time dynamics

Fluxes (one-way)

= (y..0rj,,) € RY :
J =0 dm) € RY Entropy production rate

Reverse fluxes : o~
7 ] ; m El::l)

J=Ugseorjom) € RY (J1ly)
. JP . v
Thermodynamic forces (forces) — Z Jp In ]T —Jp + ] P

: : p p
fi= <ln S ﬂ)
J-1 J—m

Donsker-Varadhan Variational Representation

. . J
> =maxjT0—jT(e?—1) Optimal: % = f, := In =
OcR™ jp

arxiv.org/abs/2412.08432



EP as relative entropy: quantum systems
Inclusive Hamiltonian approach

System X R Bath Y Entropy production
‘ ¢ 3 = S[U(p@a)U [ ®(p)@w)
|U
UpQ@a)U’ Flux-force form
| 2 =tr{U(p®w)U" F}
D(p) = try(U(p @ w)U") Force operator

F=InU(pRQo)U —1In®(p)Qw

Variational Representation
¥ = max [tr{U(p ® )U'A} — Intr{e®P®»)+4}] A% — F

AEX vy



Summary

Stochastic Processes Discrete dynamics
2 = Sllp(g)p — ln<€g>]5 2 — mngjTH _j'T(eH . 1)
g
Quantum
>, = max [tr{ Ulp Q@ w)U'A} — In tr{eln@(p)@w)“}]
A
Applications
Thermodynamic Thermodynamic TURs & thermodynamic
inference Decompositions speed limits

> = f(measurements) =2+ 2 2 > f(Speed)
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Application 1: Thermodynamic inference

Inferring entropy production in many-body systems using nonequilibrium MaxEnt

Miguel Aguilera,’?* Sosuke Ito,>* and Artemy Kolchinsky> 3 T

arXiv:2505.10444
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Basque Center of Applied Mathematics University of Tokyo



Thermodynamic inference
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Average EP X := D(p(X)||p(X)) = <6>p
p(x)
p(x)

Fluctuating EP ¢(X) := In



High-dimensional systems

long non-Markovian memory and/or many degrees of freedom

Ave_l:age_)EP Trajectory over T > 1 steps: X = (X, X, ..., X7)
Y := D[px)|[px)] = (o),

Fluctuating EP

olX) .= B(%) N > 1 degrees of freedom: x, = (X, X; ;5 ..., Xy )
Nonequilibrium Active matter Biological and neural
spin glass systems
| | | ™ 5 A [4mnl
e
B bk

T e AN e mmmm\w«mmw
e }nywﬁ gy, "W""‘NW

1"‘1 AW, NWVW"‘&WW "'\\M"‘MM‘ WA "‘W“'

= "\ﬁﬂuﬂw-v—y "“‘"“"\«"/ WM

E AR, \Mmm'“b- M*wnf:'\‘,;'w g NNy o
oA W by 4L AN, o, w«-Mw«w
‘W-vw"vw %"-‘r«“f‘ww M\;,/M el M e ST

T TR TR TR T

10.1038/541467-023-39107-y 10.1073/pnas.2104724118

10.1038/srep40211



High-dimensional systems

nonstationary, long non-Markovian memory, and/or many degrees of freedom

Ave_l:age_)EP Trajectory over T > 1 steps: X = (X, X1, ..., X7)
Y := D[px)|[px)] = (o),

Fluctuating EP
p(x)
px)

o(x) :=In N > 1 degrees of freedom: x, = (X, X; ;5 ..., Xy )

Challenges for thermodynamic inference

Statistically impossible to infer trajectory distributions p and p
(e.g., ~ RI+DN parameters for a system with NV binary spins)

Computationally intractable to evaluate KL divergence



EP bound from statistics of observable

Example: N(N — 1)/2 antisymmetric

Trajectories characterized . . _
cross-correlations over 1 time-step:

by vector of d observables

X g(¥) € R4 8@,’(36) = Xi 14,0 — 4,140

Dissipation due to observables g

T, = min D[g(@)||p()] suchthat (g), = (g),
q

» Lower bound: X, < X = D[pX)|[p>)]

« Space of trajectory distributions ¢ is exponentially large
— Intractable constrained optimization problem

» “Prior” distribution p(X) not known in closed form

arXiv:2505.10444



Convex duality

. 1y Dual problem
2. = min D|g(x X -
¢ = min Dlg@I|pE) S~ max07(g), - In(e’"®),
OcR?

such that (g) = (g)
! P Donsker-Varadhan representation!

 Low-dimensional unconstrained convex optimization problem

* No inference of trajectory probabilities, only expectations

Obeys the bounds 0 < 2z, < X

p(x)

~ 7=

. Estimate of fluctuating EP: 6(X) = In ~ H*Tg(f)

arXiv:2505.10444



Example: Nonequilibrium kinetic Ising model

Multipartite dynamics

1
T(@:|zo) = 5 Y |Wil@o)d,, o + (1= Wil@0)de, |
Spin-flip probability
exp(—fBx; )0 ; wi;T;)
WZ(w) N 2COSh(5 ijwz-j:cj)
p
2= 2] Z (Wij — Wji)<gij(x)> &'j(x) = X140 — X140

1>]

arXiv:2505.10444



Example: Nonequilibrium kinetic Ising model

Spin-flip probability 2 = g 2 (w;; — wji)(gl-j(x))
Wi(x) = eXp(—pzi ) ; Wi ;) >
2 COSh(ﬁ Zj wijilfj) gl.j(x) — i,lxj,O — xj,lxi,O

Inference on N = 1000 spin system (10° samples)

Average EP Parameter inference
1.00{ --% 4-
ZTUR "
9 L4
0.751 _gg L? - 2
EP _Zg l' o
0.50 J 0
4 Sa)
0.251 =21 %
4
0.00
0 2 4 —4 -2 0 2 4
5 Blwi; — wj;)
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Example: Real-world neural data

Spike data (500 neurons)

Experimental session overview
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Summary

Inferring entropy production in many-body systems using nonequilibrium MaxEnt

Miguel Aguilera,’?* Sosuke Ito,>* and Artemy Kolchinsky> 3

e Variational method allows inference EP in high-dimensional systems

* Future work: hierarchical decomposition

k-point correlations Hierarchical decomposition of EP

gME@) = { H X, SCV:|S] =k}
(ines

arXiv:2505.10444



Thermodynamic Inference: open problem

Formal Limitations on the Measurement of Mutual Information

David McAllester Karl Stratos
Toyota Technological Institute at Chicago Rutgers University

Proc of Machine Learning Research, 2020

Takeaway: distribution-free lower bounds on relative entropy cannot
be accurate when Dg; > In N, where N is number of samples.

* Does this limitation apply to variational inference of EP?

« Can any distribution-free method infer EP values of 2 > In N?

* Are there “no-go theorems” for thermodynamic inference?



Application 2:
Thermodynamic decompositions



EPR as relative entropy: discrete short-time dynamics

Fluxes (one-way)

= (Ji---rJ,) € RY :
J =0 dm) € RY Entropy production rate

Reverse fluxes : o~
7 7 ; m Zl::,l)
J=U_pr-rJm) € RY (1)

. j; . o
= Z.lpln? -, +J,

Thermodynamic forces (forces)

Jp
fi= <ln.]—1,...,ln.]i) ?
J-1 J—m
Variational Representation
: T T, 0 . jp
2=maxj 0 —j'(e"—1) Optimal: € = f, := In —

OcR™ ]p



Optimization restricted to subset ® C R"

> =maxj 0 —j' (e —1)
OcR™

Decomposmon of EP

Y : contribution from forces inside ©
Y| o: contribution from forces outside ©

When f € O,
“outside” terms vanish

Yo=maxj 0 —jT (- 1)
0O

Decomposition of forces

f= 0" + (09

Inside ®  QOutside ®

0* is “best approximation” of f

Decomposmon of quxes

In31de Q) Out81de ®



Special case: 0 is a d-dimensional linear subspace

— : d
®={M¢:¢ e R UM = M)

Convex Duality
Yo =max j M¢ —j (M - 1)
PpcR?
= min D(j'||j) where Mj' = Mj
JERY
JE=joeM

/{j°€M¢:¢:€ Rd}
Decomposition of fluxes Pythagorean Decomposition of EP

N——

j= 7+ G-JH D(j|lj) = DG*II7) + D(jllj*)

Within subspace Outside subspace 3 I I



Case study: Excess vs. housekeeping decomposition

‘

Excess

Housekeepin
PINg Conservative contribution

Nonconservative contribution . .
Associated w/ free energy potential

Associated w/ stationary cyclic fluxes _ .
Non-stationary contribution

Is it possible to define a general and
operationally meaningful decomposition?



Case study: Excess vs. housekeeping decomposition

Generalized free energy and excess entropy production for active systems

Artemy Kolchinsky,!? Andreas Dechant,® Kohei Yoshimura,* and Sosuke Ito**

arXiv:2412.08432

Andreas Dechant Kohei Yoshimura Sosuke Ito




Case study: Excess vs. housekeeping decomposition

Dynamics x € RI :distribution/concentration vector
: : € R :forward one-way fluxes
x(f) = VT] _ pext J + y

V € 7™ : stoichiometric matrix

pXt - axternal fluxes

(discrete continuity equation)

Passive systems Active systems
relax to equilibrium relax to NESS / limit cycles / chaos
conservative forces nonconservative forces
J o d
f=InZ=-V¢ fi=InZ=#-V¢ forany ¢
J J

4 - 102 5. Dexlx
#9 =In =5 = 0, D)

l



Case study: Excess vs. housekeeping decomposition

Restricted optimization

Y — manTH —fT(e‘9 — 1) over span of matrix —V
OcR™
conservative forces Y. = max —j'Vep —jT(e VP - 1)
f — _ V¢eq PpeR”

¢ * is generalized free energy

arXiv:2412.08432



Case study: Excess vs. housekeeping decomposition

2ex = Inax _jTV¢ _fT(e—qu — 1)

pER’ For system without
Ve external fluxes, excess
jE=joe VO EPR vanishes in

stationarity
> . = min D(j'||j) where V'j'=VTj

jeR?”
Decomposmon of EP
> = ZGX + th
Decomposition of fluxes Decomposition of forces
J= J  + G-=J9 J= =Vé* + (f+Vo¥)
Nonstationary flux Cychc ﬂux Conse;vative Noncongervative

arXiv:2412.08432



Excess vs. housekeeping: Metabolic network example

E. Coli metabolism
net fluxes

Glycolysis i PPP

Glucose | »G6P———>6PGL—>6PG

v o }

F6P | X5P<—Ru5P

13BPG @ S7P
Serine (*--3PG 10!
: =
* 5 10° @
¥ <
: 1072
_PEP : 103 E
‘k'/ * 104 L
TCA [<--- Pyr :

Park et al., Nat Chem Bio, 2016

excess fluxes

Glucose [»G6P+———6PGL+—6PG
F6P  : X5P—>Ru5P
E4P
Serine [*--3PG 10t
* : 100 g
2PG -1
\ 4 2
1072 @
t * 104
TCA <--- Pyr

housekeeping fluxes

Glucose -'GGP—§>6PGL—>6PG
F6P | X5P<—Ru5P
>E4P
13BPG @ S7P

Serine <--3PG T =

: o

2PG 2

10 S

1072 é

PEP s 3

P -

{ 10t T

TCA <--- Pyr

arXiv:2412.08432



Thermodynamic speed limit for steady-state open systems

E. Coli metabolism

Optimal EPR
' i S (i T _ o ext y Glycolysis i PPP
Y, = min X, (j) where V'j =y ,Z];—A YEOUsIs
JER? 5
Glucose ->G€P—E—>6PGL—>6I1G
Minimal excess EPR given fixed external fluxes v X! F6P X5P<—Ru5P
and dynamical activity A = Z ] ' !
g 4 Jo R5P
XTSL closely related to 1-Wasserstein distance ~E4P
Glycolysis _
30 :f;
= 5
o) : =
= PEP 5 o
3 “/,' * 1073 &
oC - : 10—
0 Actual EPR

E. Coli Yeast Mammal
Park et al., Nat Chem Bio, 2016



Preview: excess/housekeeping for quantum systems

(in preparation)

Ryusuke Hamazaki Kohei Yoshimura Sosuke Ito

Entropy production

2(p) = S|U(p@w)UT||D(p) @]

Variational Representation
= tr{U(p@w)U" F}

>(p) = max [tr{ Ulp @ w)U'A} —1n tr{eln(q)(p)®w)+A}]

EH xy

Force operator
F=hhU(pQo)U —In®(p)Qw



Preview: excess/housekeeping for quantum systems

Variational Representation

Entropy production
— TAY In(@(p)@a)+A
2(p) = S[UG@)U @)@ )= max U @ o)U7A] ~Inire ]
= tr{U(pQw)U" F}
Definition: conservative system
F=lhU(pQo)U —In®(p)Qw if X(p) = 0 for some p

Result: System is conservative iff force belongs to linear subpace
FeQ.  ={ULRQINU -MQIly,LE HME )

cons

Definition of excess EP

S (p)i= max [tr{U(p ® w)UTA} — In tr{ @8 +4}]
A€

cons

(in preparation)



Summary and thanks

- Variational expression of EP useful for thermodynamic inference,
thermodynamic decompositions, and thermodynamic bounds (TUR/TSL)

« Unified formalism for continuous/discrete, Markovian/non-Markovian,
classical/quantum systems

Universitat
COI Iaborat_o 'S upf Pompeu Fabra [b 4 993 P I 70 BERS
Miguel Aguilera Barcelona Universal Biology Institute

Andreas Dechant
Ryusuke Hamazaki
Sosuke Ito

Kohei Yoshimura JOHN TEMPLETON
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Supplemental Material



Open problem: uniqueness result

S =max —j Vp—j eV 1)
PpeR”

Alternative variational excess EPR definitions have been proposed...

Housekeeping and excess entropy production for general nonlinear dynamics

Kohei Yoshimura®,">" Artemy Kolchinsky ©,%" Andreas Dechant®,*" and Sosuke Ito® -2

Z(G))I(ISzmaX —ZjTV¢—¢TVTLV¢ [ = (]P_]p)/%
PER” PP Inj, —1Inj,

Hessian geometry of nonequilibrium chemical reaction networks and
entropy production decompositions

Tetsuya J. Kobayashi®,” Dimitri Loutchko, Atsushi Kamimura®, and Yuki Sughiyama

Is there a “right” definition that uniquely satisfied desired properties?



Comparison to Kim-Otsubo variational principle

Donsker-Varadhan form

_ T . 0'g
Zg—gé‘ﬁg@ (&), — In(e” #);

Donsker-Varadhan
bound is always tighter:

KO
5, > Xk

Kim-Otsubo variational form

KO _ T _ (.09 _ 1\
2o —ggﬂggé’ (8), — (e 1);

Kim et al., Jeong, H. PRL 2020.
Otsubo, et al, Comm Physics, 2022.

Non-antisymmetric

Antisymmetric

15

10

EP

0 D 10 15 20 0 D 10 15 20
Driving strength A Driving strength A

arXiv:2505.10444



