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Introduction



Nonequilibrium systems violate time-reversal symmetry 
p(Trajectory) ≠ p̃(Trajectory)

Entropy production (EP) 
Quantifies violation of time-reversal symmetry


Relative entropy between forward and reverse processes



Entropy production 

Σ = D(p∥p̃)

= ⟨ln
p(x⃗)
p̃(x⃗) ⟩p ≡ ⟨σ(x⃗)⟩p

EP as relative entropy: Stochastic processes

 : probability of trajectory  
           under forward process


 : probability of trajectory  
           under reverse process

p(x⃗) x⃗

p̃(x⃗) x⃗

Σ = D(p∥p̃) = sup
g:x⃗→ℝ

⟨g⟩p − ln⟨eg⟩p̃

Optimal: g*(x⃗) = σ(x⃗) := ln
p(x⃗)
p̃(x⃗)

Donsker-Varadhan Variational Representation 

Interpretation as thermodynamic 
uncertainty relation (TUR) 

Σ ≥ (⟨g⟩p − ⟨g⟩p̃)

Mean difference

− ln⟨eg−⟨g⟩p̃⟩p̃

Fluctuations



EPR as relative entropy: discrete short-time dynamics

Entropy production rate 

·Σ = D( j∥ j̃)

= ∑
ρ

jρ ln
jρ
j̃ρ

− jρ + j̃ρ

arxiv.org/abs/2412.08432

 Fluxes (one-way) 
 j = ( j1, …, jm) ∈ ℝm

+

Reverse fluxes 
j̃ = ( j−1, …, j−m) ∈ ℝm

+

Thermodynamic forces (forces) 

f := (ln
j1
j−1

, …, ln
jm
j−m

)

·Σ = max
θ∈ℝm

j⊤θ − j̃⊤(eθ − 1) Optimal: θ*ρ = fρ := ln
jρ
j̃ρ

Donsker-Varadhan Variational Representation 



EP as relative entropy: quantum systems 
Inclusive Hamiltonian approach

Bath  Y
ω

System  X
ρ

⊗

U

U(ρ⊗ω)U†

Φ(ρ) = trY(U(ρ ⊗ ω)U†)

Entropy production 

Σ = S[U(ρ⊗ω)U†∥Φ(ρ)⊗ω]
Esposito, Lindenberg, Van den Broeck, NJP, 2010

Variational Representation 
Σ = max

A∈ℋXY
[tr{U(ρ ⊗ ω)U†A} − ln tr{eln(Φ(ρ)⊗ω)+A}] A* = F

Flux-force form 

 

Force operator 

Σ = tr{U(ρ⊗ω)U† F}

F := ln U(ρ⊗ω)U† − ln Φ(ρ)⊗ω



Applications
Thermodynamic 
Decompositions

 Σ = Σ1 + Σ2

Thermodynamic 
inference

 Σ̂ = f(measurements)

Stochastic Processes 
Σ = sup

g
⟨g⟩p − ln⟨eg⟩p̃

Discrete dynamics 
·Σ = max

θ
j⊤θ − j̃⊤(eθ − 1)

Quantum
Σ = max

A
[tr{U(ρ ⊗ ω)U†A} − ln tr{eln(Φ(ρ)⊗ω)+A}]

TURs & thermodynamic 
speed limits

 Σ ≥ f(Speed)

Summary
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Inferring entropy production in many-body systems using nonequilibrium MaxEnt
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We propose a method for inferring entropy production (EP) in high-dimensional stochastic systems, including
many-body systems and non-Markovian systems with long memory. Standard techniques for estimating EP
become intractable in such systems due to computational and statistical limitations. We infer trajectory-level EP
and lower bounds on average EP by exploiting a nonequilibrium analogue of the Maximum Entropy principle,
along with convex duality. Our approach uses only samples of trajectory observables (such as spatiotemporal
correlation functions). It does not require reconstruction of high-dimensional probability distributions or rate
matrices, nor any special assumptions such as discrete states or multipartite dynamics. It may be used to
compute a hierarchical decomposition of EP, reflecting contributions from different kinds of interactions, and it
has an intuitive physical interpretation as a thermodynamic uncertainty relation. We demonstrate its numerical
performance on a disordered nonequilibrium spin model with 1000 spins and a large neural spike-train dataset.

The central quantity of interest in nonequilibrium thermo-
dynamics is entropy production (EP) [1]. EP characterizes
departure from thermodynamic equilibrium in microscopic
physical systems, where it quantifies the dissipation of ther-
modynamic free energy. More generally, EP provides an
information-theoretic measure of temporal irreversibility, in-
cluding in meso- and macroscopic systems [2–5]. There is
great interest in quantifying EP in high-dimensional com-
plex systems with many degrees of freedom and/or long non-
Markovian memory, such as nonequilibrium disordered net-
works [6], biological active matter [7, 8], and brain networks
[9–13], but this is computationally and statistically difficult.
Standard methods require reconstruction of trajectory proba-
bility distributions, an intractable problem for systems with
many spatiotemporal degrees of freedom.

In this paper, we propose a method to infer EP in high-
dimensional stochastic systems. To do so, we introduce a varia-
tional principle that is the nonequilibrium analogue of the well-
known Maximum Entropy Principle (MaxEnt) from equilib-
rium statistical physics. The dual form of this variational prin-
ciple leads to a tractable, low-dimensional optimization prob-
lem. This solution provides an approximation of trajectory-
level EP and a lower bound on the average EP, directly from
trajectory samples and without explicit knowledge of trajec-
tory probabilities. The dual principle provides a higher-order
thermodynamic uncertainty relation (TUR) [14, 15], which we
use to derive further simple bounds on EP.

Entropy production.— We consider a nonequilibrium
stochastic system measured at discrete time points. The sys-
tem’s (continuous or discrete) state at any given time is a
vector xt = (x1,t, x2,t, . . . , xN,t) of dimension N . These
dimensions may represent physical degrees of freedom, e.g.,
physical spins or particles in a many-body system. They may
also represent population counts (as in a chemical master equa-
tion), indicator functions for macrostates, coarse-grained pro-
jections, or other types of variables.

The system’s stochastic dynamics over sequences of T + 1

discrete timesteps are described by a “forward” trajectory dis-
tribution p(Éx), where each trajectory Éx = (x0,x1, . . . ,xT )
is a sequence of T + 1 states. In general, T = 1 suffices for
stationary (first-order) Markovian systems, while larger T may
describe non-Markovian and non-stationary systems. The sys-
tem is also associated with a “reverse” trajectory distribution
p̃(Éx). The trajectory EP of trajectory Éx and the average EP

across all trajectories are defined as [1]

σ(Éx) := ln
p(Éx)

p̃(Éx)
, Σ := D(p→p̃) =

〈
ln

p(Éx)

p̃(Éx)

〉

p

, (1)

where 〈. . .〉p =
∑

!x . . . p(Éx) is the expectation over p and
D(·→·) is the Kullback-Leibler divergence. EP quantifies the
violation of time-reversal symmetry. It vanishes in equilib-
rium when trajectory statistics are indistinguishable under the
forward and reverse distributions.

Our goal is to estimate σ(Éx) and Σ using samples of empir-
ical trajectories from the forward and backward distributions.
For simplicity, we mostly focus on the common case of sta-
tionary systems without odd variables (like velocity). In this
case, the statistics are invariant to time-shifting, and the reverse
distribution is related to the forward by a simple time-reversal,
p̃(Éx) = p( Éx), where Éx = (xT ,xT−1, . . . ,x0). Furthermore,
samples from the forward process p(Éx) may be generated by
dividing a long measurement timeseries into sequences of size
T + 1, and similarly for the reverse process p̃(Éx) with the
time-reversed series. However, our approach is more general,
being compatible also with nonstationary and odd systems.
In the general case, our method requires samples of multiple
trajectories from separate forward and reverse processes.

EP decomposition.— For high-dimensional systems with
many degrees of freedom (large N ) or long memory (large T ),
the set of possible trajectories is exponentially large. In such
cases, estimating trajectory probabilities p(Éx) from empirical
data becomes statistically infeasible. This prevents estimation
of trajectory-level and expected EP by direct evaluation of (1).

We propose a lower bound on EP based on a nonequilibrium
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Average EP      


Fluctuating EP  

Σ := D(p(x⃗)∥p̃(x⃗)) = ⟨σ⟩p

σ(x⃗) := ln
p(x⃗)
p̃(x⃗)

Thermodynamic inference

Time series 
data



High-dimensional systems

Trajectory over  steps:  T ≫ 1 x⃗ = (x0, x1, …, xT)

 degrees of freedom:   N ≫ 1 xt = (x0,t, x1,t, …, xN,t)

Average EP 
 

Fluctuating EP 

Σ := D[p(x⃗)∥p̃(x⃗)] = ⟨σ⟩p

σ(x⃗) := ln
p(x⃗)
p̃(x⃗)

long non-Markovian memory and/or many degrees of freedom

10.1038/s41467-023-39107-y

Nonequilibrium 
spin glass

10.1073/pnas.2104724118

Active matter
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Biological and neural 
systems



High-dimensional systems

Trajectory over  steps:  T ≫ 1 x⃗ = (x0, x1, …, xT)

 degrees of freedom:   N ≫ 1 xt = (x0,t, x1,t, …, xN,t)

Challenges for thermodynamic inference


Statistically impossible to infer trajectory distributions  and  
(e.g.,  parameters for a system with  binary spins)


 Computationally intractable to evaluate KL divergence 

p p̃
∼ 2(T+1)N N

Average EP 
 

Fluctuating EP 

Σ := D[p(x⃗)∥p̃(x⃗)] = ⟨σ⟩p

σ(x⃗) := ln
p(x⃗)
p̃(x⃗)

nonstationary, long non-Markovian memory, and/or many degrees of freedom



Trajectories characterized 
by vector of  observables d

x⃗ ↦ g(x⃗) ∈ ℝd

Example:   antisymmetric 
cross-correlations over 1 time-step: 

 

N(N − 1)/2

gij(x⃗) = xi,1xj,0 − xj,1xi,0

Dissipation due to observables  g
Σg := min

q
D[q(x⃗)∥p̃(x⃗)] such that ⟨g⟩q = ⟨g⟩p

• Lower bound: 


• Space of trajectory distributions  is exponentially large 
 → Intractable constrained optimization problem


• “Prior” distribution  not known in closed form

Σg ≤ Σ = D[p(x⃗)∥p̃(x⃗)]

q

p̃(x⃗)

EP bound from statistics of observable

arXiv:2505.10444



Convex duality

Dual problem  
 

Donsker-Varadhan representation!

Σg = max
θ∈ℝd

θ⊤⟨g⟩p − ln⟨eθ⊤g⟩p̃
Σg = min

q
D[q(x⃗)∥p̃(x⃗)]

such that ⟨g⟩q = ⟨g⟩p

• Low-dimensional unconstrained convex optimization problem


• No inference of trajectory probabilities, only expectations


• Obeys the bounds 


• Estimate of fluctuating EP: 

0 ≤ Σg ≤ Σ

σ(x⃗) = ln p(x⃗)
p̃(x⃗)

≈ θ*⊤g(x⃗)

arXiv:2505.10444



Example: Nonequilibrium kinetic Ising model

Σ =
β
2 ∑

i>j

(wij − wji)⟨gij(x)⟩ gij(x) = xi,1xj,0 − xj,1xi,0

Spin-flip probability 
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FIG. 1. EP estimation in a disordered nonequilibrium spin model.
(a) EP estimation for di!erent inverse temperatures ω. Optimizing
Eq. (4) using a Newton-Raphson method converges to an optimum
in two steps (the first step corresponds to !TUR

g ), obtaining most of
the true steady-state EP. (b) The asymmetry of inferred coupling
parameters ε→ij are shown against the coupling asymmetries in the
model, at the critical point ω → 1.3485 .

for j →= i. Wi(x) is the spin-flip probability for spin i,

Wi(x) =
exp(↑ωxi

∑
j wijxj)

2 cosh(ω
∑

j wijxj)
, (11)

where ω is an inverse temperature and wij are (typically
asymmetric) coupling parameters. In our example, the cou-
plings are randomly sampled and quenched as an asymmetric
Sherrington-Kirkpatrick model [6] with wij ↓ N (1/N, 1/N)
except for wii = 0. Forward and reverse probabilities of
εx = (x0,x1) are p(εx) = pst(x0)T (x1|x0) and p̃(εx) =
pst(x1)T (x0|x1), where pst is the steady-state distribution.

An advantage of this model is that the steady-state EP can
be calculated in closed form if we know the model param-
eters, yielding ! = (ω/2)

∑
i,j wij(↔xi,1xj,0 ↑ xi,0xj,1↗st)

where ↔· · · ↗st indicates stationary expectations (see End Mat-
ter), providing ground truth against which compare our esti-
mators. We estimate EP for di!erent inverse temperatures ω.
In the thermodynamic limit, the model exhibits a second-order
order-disorder critical point with a peak in the EP [6]. Around
the critical point, the EP of the system is di"cult to reconstruct
using approximate methods [44].

We consider a network containing N = 1000 spins from
which we generate 106 ↘ N samples. Each sample is gen-
erated after a relaxation to approach steady state, consisting
in 128 ↘ N Glauber updates (11) from an all xi = 1 initial
state. The system has multipartite dynamics. Because each
parameter ϑij corresponds to flips of a single spin i, Eq. (4)
decomposes into a sum of N independent optimization prob-
lems of the form !g =

∑
i maxωi(ω

→
i ↔gi↗pi

↑ ln↔eω→
i gi↗p̃i),

with (ωi)j = ϑij , (gi)j = gij and pi(εx) = p(εx)ϖ
x0,x

[i]
1

. This
has a significant benefit for the performance scaling of our
algorithm in system size.

The generalized TUR !̂g in (8) recovers most of the steady-
state EP in the original model, improving over the quadratic
TUR, !TUR

g , see Fig. 1(a). As mentioned above, !̂g is equiv-
alent to a single step of the Newton-Raphson method for opti-
mizing (4). A second Newton-Raphson step (see End Matter)
converges to the optimum !g and recovers essentially all of
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FIG. 2. (a) Estimated EP in the Neuropixels Visual Behavior dataset
with bin resolution of 10ms, averaged over trials for three types of
epochs. The error bars represent the standard error of the mean. (b)
Example of the values of inferred coupling parameters ε→ij from one
trial in an active epoch, grouped by visual brain area.

the steady-state EP. As a result,our inferred parameters may be
related to the coupling constants as (see End Matter)

ϑ↑ij ↑ ϑ↑ji ≃ ω(wij ↑ wji) . (12)

This accuracy of this estimate is verified in Fig. 1(b).
As an example application of our method to biological data,

we estimate EP in spike train sequences from the Visual Be-
havior Neuropixels dataset [43], containing large-scale, stan-
dardized recordings of neural activity from 81 mice across 153
sessions during behavior. The dataset includes spiking activ-
ity from multiple brain regions, including visual cortical areas
(VISp, VISl, VISal, VISrl, VISam and VISpm) and subcorti-
cal structures. We analyze data from visual areas during three
stimulus epochs: (1) an active behavior epoch where mice per-
form a visual change detection task, (2) a passive replay epoch,
with the same stimuli but without task engagement, and (3) an
epoch involving Gabor stimuli and full-field flashes. Note that,
in this system, EP should be understood as a statistical measure
of time-irreversibility, not as energetic dissipation.

We discretize spike trains into temporal bins of length ”t =
0.01 s. This system is not multipartite because neurons can
update in parallel. We maximize (4) using PyTorch’s L-BFGS
optimizer. For improved comparison, we normalize EP in
each type of epoch by the expected number of spikes, R =∑

i (1 + ↔xi,0↗st) /2.
We calculate normalized EP values across di!erent epochs.

We study di!erent system sizes, selecting the subset of N
neurons with largest firing rates. We find that the normalized
activity grows at a rate larger than linear up to 300 neurons.
We also find that active epochs exhibiting the largest EP per
firing rate, see Fig. 2(a). In Fig. 2(b), we visualize the matrix

3

approximate optimizer θ̂ as the solution to the linear system
Kp̃θ̂ = →g〉p − →g〉p̃ ≡ →g〉p−p̃. This gives the weaker bound

Σg ≥ Σ̂g := →g〉"p−p̃ K
−1
p̃ →g〉p − ln

〈
e〈g〉

!

p−p̃
K

−1
p̃

g
〉

p̃
. (8)

Σ̂g can be shown to correspond to a single Newton-Raphson
step for maximizing (3) starting from θ = 0 [16]; it has the
advantage of not requiring optimization, only the solution a
linear system. The bound Σg ≥ Σ̂g becomes tight when g has
Gaussian statistics.

We may also compare our results to a quadratic TUR. For
stationary systems without odd variables, we find the inequal-
ity (see End Matter)

Σ ≥ ΣTUR
g :=

1

2
(→g〉p − →g〉p̃)"K−1

(p+p̃)/2(→g〉p − →g〉p̃) (9)

where K(p+p̃)/2 is the covariance matrix of g under the mix-
ture distribution (p + p̃)/2. For antisymmetric observables,
Eq. (9) may be considered the discrete-time version of the
multidimensional TUR from Ref. [22].

The bounds (8)-(9) may require solving linear systems in-
volving very large covariance matrices. For multipartite sys-
tems, it is often possible to split these bounds into N bounds
that involve smaller matrices (see End Matter).

Related work.— Eq. (3) is closely related to the Donsker-
Varadhan representation from large deviations theory [23],
previously used to estimate information-theoretic quantities in
machine learning [24] and thermodynamic inference [25–27].
However, these works did not consider the problem of thermo-
dynamic inference in high-dimensional systems using multi-
variate observables. Other approaches to EP inference have
employed compression algorithms [28–30] and deep learning
of probability flows [31].

Our Pythagorean theorem (5) is related to previous decom-
positions of EP in interacting systems [32] and systems with
nonconservative forces [15, 33, 34]. Moreover, the general
form of Eq. (2) is a Maximum Entropy (MaxEnt) problem over
trajectory distributions [35–38], sometimes called “maximum
caliber” (MaxCal) [39]. Related techniques have been used to
infer models from which the entropy flow can be estimated,
though without ensuring a lower bound [40].

Our approach differs in several other ways from earlier work
on MaxEnt and MaxCal. First, we minimize the KL divergence
relative to an unknown prior distribution p̃, from which we typ-
ically only have some samples. This makes standard approx-
imation methods for large-scale MaxEnt problems (such as
mean-field and Bethe approximations [6, 41, 42]) not directly
applicable. Second, we care not only about the parameters
θ, as is typical of MaxEnt “inverse problems”, but also about
bounding EP by the quantity Σg . Both of these issues are
resolved by the dual formulation (3).

Lynn et al. [12, 43, 44] proposed a way to decompose and
bound EP using a different information-theoretic optimization.
Although originally focused on local EP in multipartite station-
arity systems, it can be generalized to arbitrary observables g

and non-multipartite systems as

ΣL
g = min

q,q̃
D(q‖q̃) subject to →g〉q = →g〉p. (10)

Here we use assumption of stationarity and no odd variables,
so that q̃(Éx) = q( Éx). Like our bound Σg , ΣL

g can be used to
generate hierarchical decompositions of EP.

Although Eq. (10) resembles Eq. (2), it differs in that it si-
multaneously optimizes both arguments of the KL divergence,
q and q̃. As we discuss in the End Matter, the optimal distribu-
tion q∗ in Eq. (10) is not in an exponential family and in general
it lacks full support. For this reason, Eq. (10) does not have a
tractable dual expression (i.e., analogous to our dual (3)), and
there is no straightforward way to scale ΣL

g to large systems.
Examples: Nonequilibrium spin model and Neuropixels

dataset.— We illustrate our approach using two examples:
a nonequilibrium kinetic Ising model [6, 45, 46], and in

vivo spike data from the Neuropixels Visual Behavior reposi-
tory [47]. In both systems, we focus on a single time step and
binary variables xi,t ∈ {−1,+1}, i ∈ {1, . . . , N} with time
t ∈ {0, 1}, and assume stationarity.

To calculate Σg , we optimize Eq. (3) using gradient ascent
with Barzilai–Borwein step sizes [48]. We perform early-
stopping using held-out validation data, which avoids over-
fitting even in the far-from-equilibrium regime where many
reverse transitions are not sampled. Reported EP estimates are
computed on held-out test data. Details of the data generation,
optimization, and analysis are found in the SM [16] and our
code repository [49].

The nonequilibrium spin model is specified by transition
probabilities

T (x1|x0) =
1

N

∑

i

[
Wi(x0)δx0,x

[i]
1
+ (1−Wi(x0))δx0,x1

]

Here we introduce the spin-flip operator, (x[i])i = −xi and
(x[i])j = xj for j (= i. The flip probability for spin i is

Wi(x) =
exp(−βxi

∑
j:j &=i wijxj)

2 cosh(β
∑

j:j &=i wijxj)
, (11)

where β is an inverse temperature and wij are (typically
asymmetric) coupling parameters. We consider the diluted
version of the model [50–52] with k average neighbors.
Here wij = cijzij/

√
k, with binary connections cij ∼

Bernoulli(k/(N−1)) and real-valued weights zij ∼ N (0, 1).
The steady-state EP in this model has a simple closed-form

expression, Σ = β
∑

i&=j wij→(xi,1 − xi,0)xj,0〉st, where →·〉st
indicates expectations under the stationary process p. This
provides ground truth to evaluate our estimators.

Our observables of interest are time-lagged correlations,

gij(Éx) = (xi,1 − xi,0)xj,0 for all i, j , (12)

with conjugate parameters θij . Because the system has multi-
partite dynamics and observables, Eq. (3) can be decomposed

Multipartite dynamics

arXiv:2505.10444
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FIG. 1. EP estimation in a disordered nonequilibrium spin model.
(a) EP estimation for di!erent inverse temperatures ω. Optimizing
Eq. (4) using a Newton-Raphson method converges to an optimum
in two steps (the first step corresponds to !TUR

g ), obtaining most of
the true steady-state EP. (b) The asymmetry of inferred coupling
parameters ε→ij are shown against the coupling asymmetries in the
model, at the critical point ω → 1.3485 .

for j →= i. Wi(x) is the spin-flip probability for spin i,

Wi(x) =
exp(↑ωxi

∑
j wijxj)

2 cosh(ω
∑

j wijxj)
, (11)

where ω is an inverse temperature and wij are (typically
asymmetric) coupling parameters. In our example, the cou-
plings are randomly sampled and quenched as an asymmetric
Sherrington-Kirkpatrick model [6] with wij ↓ N (1/N, 1/N)
except for wii = 0. Forward and reverse probabilities of
εx = (x0,x1) are p(εx) = pst(x0)T (x1|x0) and p̃(εx) =
pst(x1)T (x0|x1), where pst is the steady-state distribution.

An advantage of this model is that the steady-state EP can
be calculated in closed form if we know the model param-
eters, yielding ! = (ω/2)

∑
i,j wij(↔xi,1xj,0 ↑ xi,0xj,1↗st)

where ↔· · · ↗st indicates stationary expectations (see End Mat-
ter), providing ground truth against which compare our esti-
mators. We estimate EP for di!erent inverse temperatures ω.
In the thermodynamic limit, the model exhibits a second-order
order-disorder critical point with a peak in the EP [6]. Around
the critical point, the EP of the system is di"cult to reconstruct
using approximate methods [44].

We consider a network containing N = 1000 spins from
which we generate 106 ↘ N samples. Each sample is gen-
erated after a relaxation to approach steady state, consisting
in 128 ↘ N Glauber updates (11) from an all xi = 1 initial
state. The system has multipartite dynamics. Because each
parameter ϑij corresponds to flips of a single spin i, Eq. (4)
decomposes into a sum of N independent optimization prob-
lems of the form !g =

∑
i maxωi(ω

→
i ↔gi↗pi

↑ ln↔eω→
i gi↗p̃i),

with (ωi)j = ϑij , (gi)j = gij and pi(εx) = p(εx)ϖ
x0,x

[i]
1

. This
has a significant benefit for the performance scaling of our
algorithm in system size.

The generalized TUR !̂g in (8) recovers most of the steady-
state EP in the original model, improving over the quadratic
TUR, !TUR

g , see Fig. 1(a). As mentioned above, !̂g is equiv-
alent to a single step of the Newton-Raphson method for opti-
mizing (4). A second Newton-Raphson step (see End Matter)
converges to the optimum !g and recovers essentially all of
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FIG. 2. (a) Estimated EP in the Neuropixels Visual Behavior dataset
with bin resolution of 10ms, averaged over trials for three types of
epochs. The error bars represent the standard error of the mean. (b)
Example of the values of inferred coupling parameters ε→ij from one
trial in an active epoch, grouped by visual brain area.

the steady-state EP. As a result,our inferred parameters may be
related to the coupling constants as (see End Matter)

ϑ↑ij ↑ ϑ↑ji ≃ ω(wij ↑ wji) . (12)

This accuracy of this estimate is verified in Fig. 1(b).
As an example application of our method to biological data,

we estimate EP in spike train sequences from the Visual Be-
havior Neuropixels dataset [43], containing large-scale, stan-
dardized recordings of neural activity from 81 mice across 153
sessions during behavior. The dataset includes spiking activ-
ity from multiple brain regions, including visual cortical areas
(VISp, VISl, VISal, VISrl, VISam and VISpm) and subcorti-
cal structures. We analyze data from visual areas during three
stimulus epochs: (1) an active behavior epoch where mice per-
form a visual change detection task, (2) a passive replay epoch,
with the same stimuli but without task engagement, and (3) an
epoch involving Gabor stimuli and full-field flashes. Note that,
in this system, EP should be understood as a statistical measure
of time-irreversibility, not as energetic dissipation.

We discretize spike trains into temporal bins of length ”t =
0.01 s. This system is not multipartite because neurons can
update in parallel. We maximize (4) using PyTorch’s L-BFGS
optimizer. For improved comparison, we normalize EP in
each type of epoch by the expected number of spikes, R =∑

i (1 + ↔xi,0↗st) /2.
We calculate normalized EP values across di!erent epochs.

We study di!erent system sizes, selecting the subset of N
neurons with largest firing rates. We find that the normalized
activity grows at a rate larger than linear up to 300 neurons.
We also find that active epochs exhibiting the largest EP per
firing rate, see Fig. 2(a). In Fig. 2(b), we visualize the matrix

Σ =
β
2 ∑

i>j

(wij − wji)⟨gij(x)⟩

gij(x) = xi,1xj,0 − xj,1xi,0
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Asymmetry of inferred parameters, shown against the true coupling
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into N independent problems, each involving only those tran-
sitions where spin i changes, improving computational perfor-
mance for large systems.

Fig. 1(a) shows the actual and inferred EP at different É for
N = 1000, k = 6. EP increases with É, and all estimators
(ΣTUR

g , Σ̂g , Σg) agree in the near-equilibrium regime of small
É. Importantly, Σg provides a tight bound on EP even in the
far-from-equilibrium regime of large É. The gap between Σg

and Σ̂g indicates the onset of highly non-Gaussian statistics
from É → 2.

As discussed near Eq. (6),Σg → Σ implies that the trajectory
EP σ(#x) can be closely approximated by a linear combination
of observables gij . As shown in the SM, our optimal param-
eters θ∗ can be used to infer the asymmetry of the coupling
constants, θ∗ij − θ∗ji → É(wij − wji). This relation is verified
in Fig. 1(b).

In the SM, we also consider a different family of coupling
matrices, for which this model exhibits a nonequilibrium phase
transition [6]. We show that our approach accurately infers EP
in this regime, a difficult task for existing approximations [53].

Next, as an example application to biological data, we es-
timate EP in the Visual Behavior Neuropixels dataset [47],
containing spike-train recordings from 81 mice across 103
sessions. EP is here interpreted as a statistical measure of
time-irreversibility, not energetic dissipation [13]. The dataset
includes spiking activity from multiple brain regions, includ-
ing visual cortical areas (VISp, VISl, VISal, VISrl, VISam
and VISpm) and subcortical structures. We analyze data from
visual areas during three conditions: active behavior (visual
change detection task), passive replay (same stimuli but with-
out task engagement), and Gabor (receptive field characteriza-
tion with Gabor stimuli and full-field flashes). We discretize
spike trains into temporal bins of length ∆t = 10 ms and ver-
ify that most bins contain no more than one spike. We note that
neurons can update in a parallel (non-multipartite) manner.

Our observables are defined as

gij(#x) = xi,1 xj,0 − xi,0 xj,1 for all i < j , (13)

which naturally represent time-lagged correlations in non-
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FIG. 2. (a) Estimated EP per expected number of spikes R, in the
Neuropixels Visual Behavior dataset for three conditions. Error bars
indicate standard error of the mean. (b) A sample of inferred coupling
coefficients θ∗ij grouped by visual area. Here we select 200 neurons
with highest firing rate from an active trial. To improve visualization,
lower triangle shows θ∗ji ≡ −θ∗ij for i < j.

multipartite dynamics. They capture the antisymmetric part
of (12) and give more robust numerical results on this dataset.

We calculate EP estimates across different conditions and
system sizes N . For each combination of size, condition, and
recording session, we randomly select 10 subsets of neurons
and estimate Σg for each subset. For improved comparison,
we normalize EP in each condition by the expected number of
spikes per bin, R =

∑
i (1 + 〈xi,0〉st) /2.

Fig. 2(a) shows that EP grows superlinearly with size (note
that R ∝ N ). It also shows that the active condition is asso-
ciated with the largest normalized EP. Fig. 2(b) illustrates the
matrix of inferred parameters θ∗ij for 200 neurons from an ac-
tive trial, grouped by visual brain area. These parameters can
be understood as the coupling coefficients that best describe
temporal irreversibility of the in vivo neural dynamics. No-
tably, they reveal a clustered organization that is aligned with
anatomical brain regions.
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into N independent problems, each involving only those tran-
sitions where spin i changes, improving computational perfor-
mance for large systems.

Fig. 1(a) shows the actual and inferred EP at different É for
N = 1000, k = 6. EP increases with É, and all estimators
(ΣTUR

g , Σ̂g , Σg) agree in the near-equilibrium regime of small
É. Importantly, Σg provides a tight bound on EP even in the
far-from-equilibrium regime of large É. The gap between Σg

and Σ̂g indicates the onset of highly non-Gaussian statistics
from É → 2.

As discussed near Eq. (6),Σg → Σ implies that the trajectory
EP σ(#x) can be closely approximated by a linear combination
of observables gij . As shown in the SM, our optimal param-
eters θ∗ can be used to infer the asymmetry of the coupling
constants, θ∗ij − θ∗ji → É(wij − wji). This relation is verified
in Fig. 1(b).

In the SM, we also consider a different family of coupling
matrices, for which this model exhibits a nonequilibrium phase
transition [6]. We show that our approach accurately infers EP
in this regime, a difficult task for existing approximations [53].

Next, as an example application to biological data, we es-
timate EP in the Visual Behavior Neuropixels dataset [47],
containing spike-train recordings from 81 mice across 103
sessions. EP is here interpreted as a statistical measure of
time-irreversibility, not energetic dissipation [13]. The dataset
includes spiking activity from multiple brain regions, includ-
ing visual cortical areas (VISp, VISl, VISal, VISrl, VISam
and VISpm) and subcortical structures. We analyze data from
visual areas during three conditions: active behavior (visual
change detection task), passive replay (same stimuli but with-
out task engagement), and Gabor (receptive field characteriza-
tion with Gabor stimuli and full-field flashes). We discretize
spike trains into temporal bins of length ∆t = 10 ms and ver-
ify that most bins contain no more than one spike. We note that
neurons can update in a parallel (non-multipartite) manner.

Our observables are defined as

gij(#x) = xi,1 xj,0 − xi,0 xj,1 for all i < j , (13)

which naturally represent time-lagged correlations in non-
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FIG. 2. (a) Estimated EP per expected number of spikes R, in the
Neuropixels Visual Behavior dataset for three conditions. Error bars
indicate standard error of the mean. (b) A sample of inferred coupling
coefficients θ∗ij grouped by visual area. Here we select 200 neurons
with highest firing rate from an active trial. To improve visualization,
lower triangle shows θ∗ji ≡ −θ∗ij for i < j.

multipartite dynamics. They capture the antisymmetric part
of (12) and give more robust numerical results on this dataset.

We calculate EP estimates across different conditions and
system sizes N . For each combination of size, condition, and
recording session, we randomly select 10 subsets of neurons
and estimate Σg for each subset. For improved comparison,
we normalize EP in each condition by the expected number of
spikes per bin, R =

∑
i (1 + 〈xi,0〉st) /2.

Fig. 2(a) shows that EP grows superlinearly with size (note
that R ∝ N ). It also shows that the active condition is asso-
ciated with the largest normalized EP. Fig. 2(b) illustrates the
matrix of inferred parameters θ∗ij for 200 neurons from an ac-
tive trial, grouped by visual brain area. These parameters can
be understood as the coupling coefficients that best describe
temporal irreversibility of the in vivo neural dynamics. No-
tably, they reveal a clustered organization that is aligned with
anatomical brain regions.
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Example: Real-world neural data

https://allenswdb.github.io/physiology/ephys/visual-behavior/VB-Neuropixels.html

Spike data (500 neurons)
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into N independent problems, each involving only those tran-
sitions where spin i changes, improving computational perfor-
mance for large systems.

Fig. 1(a) shows the actual and inferred EP at different É for
N = 1000, k = 6. EP increases with É, and all estimators
(ΣTUR

g , Σ̂g , Σg) agree in the near-equilibrium regime of small
É. Importantly, Σg provides a tight bound on EP even in the
far-from-equilibrium regime of large É. The gap between Σg

and Σ̂g indicates the onset of highly non-Gaussian statistics
from É → 2.

As discussed near Eq. (6),Σg → Σ implies that the trajectory
EP σ(#x) can be closely approximated by a linear combination
of observables gij . As shown in the SM, our optimal param-
eters θ∗ can be used to infer the asymmetry of the coupling
constants, θ∗ij − θ∗ji → É(wij − wji). This relation is verified
in Fig. 1(b).

In the SM, we also consider a different family of coupling
matrices, for which this model exhibits a nonequilibrium phase
transition [6]. We show that our approach accurately infers EP
in this regime, a difficult task for existing approximations [53].

Next, as an example application to biological data, we es-
timate EP in the Visual Behavior Neuropixels dataset [47],
containing spike-train recordings from 81 mice across 103
sessions. EP is here interpreted as a statistical measure of
time-irreversibility, not energetic dissipation [13]. The dataset
includes spiking activity from multiple brain regions, includ-
ing visual cortical areas (VISp, VISl, VISal, VISrl, VISam
and VISpm) and subcortical structures. We analyze data from
visual areas during three conditions: active behavior (visual
change detection task), passive replay (same stimuli but with-
out task engagement), and Gabor (receptive field characteriza-
tion with Gabor stimuli and full-field flashes). We discretize
spike trains into temporal bins of length ∆t = 10 ms and ver-
ify that most bins contain no more than one spike. We note that
neurons can update in a parallel (non-multipartite) manner.

Our observables are defined as

gij(#x) = xi,1 xj,0 − xi,0 xj,1 for all i < j , (13)

which naturally represent time-lagged correlations in non-
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FIG. 2. (a) Estimated EP per expected number of spikes R, in the
Neuropixels Visual Behavior dataset for three conditions. Error bars
indicate standard error of the mean. (b) A sample of inferred coupling
coefficients θ∗ij grouped by visual area. Here we select 200 neurons
with highest firing rate from an active trial. To improve visualization,
lower triangle shows θ∗ji ≡ −θ∗ij for i < j.

multipartite dynamics. They capture the antisymmetric part
of (12) and give more robust numerical results on this dataset.

We calculate EP estimates across different conditions and
system sizes N . For each combination of size, condition, and
recording session, we randomly select 10 subsets of neurons
and estimate Σg for each subset. For improved comparison,
we normalize EP in each condition by the expected number of
spikes per bin, R =

∑
i (1 + 〈xi,0〉st) /2.

Fig. 2(a) shows that EP grows superlinearly with size (note
that R ∝ N ). It also shows that the active condition is asso-
ciated with the largest normalized EP. Fig. 2(b) illustrates the
matrix of inferred parameters θ∗ij for 200 neurons from an ac-
tive trial, grouped by visual brain area. These parameters can
be understood as the coupling coefficients that best describe
temporal irreversibility of the in vivo neural dynamics. No-
tably, they reveal a clustered organization that is aligned with
anatomical brain regions.
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into N independent problems, each involving only those tran-
sitions where spin i changes, improving computational perfor-
mance for large systems.

Fig. 1(a) shows the actual and inferred EP at different É for
N = 1000, k = 6. EP increases with É, and all estimators
(ΣTUR

g , Σ̂g , Σg) agree in the near-equilibrium regime of small
É. Importantly, Σg provides a tight bound on EP even in the
far-from-equilibrium regime of large É. The gap between Σg

and Σ̂g indicates the onset of highly non-Gaussian statistics
from É → 2.

As discussed near Eq. (6),Σg → Σ implies that the trajectory
EP σ(#x) can be closely approximated by a linear combination
of observables gij . As shown in the SM, our optimal param-
eters θ∗ can be used to infer the asymmetry of the coupling
constants, θ∗ij − θ∗ji → É(wij − wji). This relation is verified
in Fig. 1(b).

In the SM, we also consider a different family of coupling
matrices, for which this model exhibits a nonequilibrium phase
transition [6]. We show that our approach accurately infers EP
in this regime, a difficult task for existing approximations [53].

Next, as an example application to biological data, we es-
timate EP in the Visual Behavior Neuropixels dataset [47],
containing spike-train recordings from 81 mice across 103
sessions. EP is here interpreted as a statistical measure of
time-irreversibility, not energetic dissipation [13]. The dataset
includes spiking activity from multiple brain regions, includ-
ing visual cortical areas (VISp, VISl, VISal, VISrl, VISam
and VISpm) and subcortical structures. We analyze data from
visual areas during three conditions: active behavior (visual
change detection task), passive replay (same stimuli but with-
out task engagement), and Gabor (receptive field characteriza-
tion with Gabor stimuli and full-field flashes). We discretize
spike trains into temporal bins of length ∆t = 10 ms and ver-
ify that most bins contain no more than one spike. We note that
neurons can update in a parallel (non-multipartite) manner.

Our observables are defined as

gij(#x) = xi,1 xj,0 − xi,0 xj,1 for all i < j , (13)

which naturally represent time-lagged correlations in non-
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FIG. 2. (a) Estimated EP per expected number of spikes R, in the
Neuropixels Visual Behavior dataset for three conditions. Error bars
indicate standard error of the mean. (b) A sample of inferred coupling
coefficients θ∗ij grouped by visual area. Here we select 200 neurons
with highest firing rate from an active trial. To improve visualization,
lower triangle shows θ∗ji ≡ −θ∗ij for i < j.

multipartite dynamics. They capture the antisymmetric part
of (12) and give more robust numerical results on this dataset.

We calculate EP estimates across different conditions and
system sizes N . For each combination of size, condition, and
recording session, we randomly select 10 subsets of neurons
and estimate Σg for each subset. For improved comparison,
we normalize EP in each condition by the expected number of
spikes per bin, R =

∑
i (1 + 〈xi,0〉st) /2.

Fig. 2(a) shows that EP grows superlinearly with size (note
that R ∝ N ). It also shows that the active condition is asso-
ciated with the largest normalized EP. Fig. 2(b) illustrates the
matrix of inferred parameters θ∗ij for 200 neurons from an ac-
tive trial, grouped by visual brain area. These parameters can
be understood as the coupling coefficients that best describe
temporal irreversibility of the in vivo neural dynamics. No-
tably, they reveal a clustered organization that is aligned with
anatomical brain regions.
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• Variational method allows inference EP in high-dimensional systems


• Future work: hierarchical decomposition

Summary

k-point correlations 

g(k)(x⃗) = { ∏
(i,t)∈S

xi,t : S ⊆ V : |S | = k}
Hierarchical decomposition of EP 

0 ≤ Σ(1) ≤ Σ(2) ≤ Σ(3) ≤ … ≤ Σ
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Inferring entropy production in many-body systems using nonequilibrium MaxEnt
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We propose a method for inferring entropy production (EP) in high-dimensional stochastic systems, including
many-body systems and non-Markovian systems with long memory. Standard techniques for estimating EP
become intractable in such systems due to computational and statistical limitations. We infer trajectory-level EP
and lower bounds on average EP by exploiting a nonequilibrium analogue of the Maximum Entropy principle,
along with convex duality. Our approach uses only samples of trajectory observables (such as spatiotemporal
correlation functions). It does not require reconstruction of high-dimensional probability distributions or rate
matrices, nor any special assumptions such as discrete states or multipartite dynamics. It may be used to
compute a hierarchical decomposition of EP, reflecting contributions from different kinds of interactions, and it
has an intuitive physical interpretation as a thermodynamic uncertainty relation. We demonstrate its numerical
performance on a disordered nonequilibrium spin model with 1000 spins and a large neural spike-train dataset.

The central quantity of interest in nonequilibrium thermo-
dynamics is entropy production (EP) [1]. EP characterizes
departure from thermodynamic equilibrium in microscopic
physical systems, where it quantifies the dissipation of ther-
modynamic free energy. More generally, EP provides an
information-theoretic measure of temporal irreversibility, in-
cluding in meso- and macroscopic systems [2–5]. There is
great interest in quantifying EP in high-dimensional com-
plex systems with many degrees of freedom and/or long non-
Markovian memory, such as nonequilibrium disordered net-
works [6], biological active matter [7, 8], and brain networks
[9–13], but this is computationally and statistically difficult.
Standard methods require reconstruction of trajectory proba-
bility distributions, an intractable problem for systems with
many spatiotemporal degrees of freedom.

In this paper, we propose a method to infer EP in high-
dimensional stochastic systems. To do so, we introduce a varia-
tional principle that is the nonequilibrium analogue of the well-
known Maximum Entropy Principle (MaxEnt) from equilib-
rium statistical physics. The dual form of this variational prin-
ciple leads to a tractable, low-dimensional optimization prob-
lem. This solution provides an approximation of trajectory-
level EP and a lower bound on the average EP, directly from
trajectory samples and without explicit knowledge of trajec-
tory probabilities. The dual principle provides a higher-order
thermodynamic uncertainty relation (TUR) [14, 15], which we
use to derive further simple bounds on EP.

Entropy production.— We consider a nonequilibrium
stochastic system measured at discrete time points. The sys-
tem’s (continuous or discrete) state at any given time is a
vector xt = (x1,t, x2,t, . . . , xN,t) of dimension N . These
dimensions may represent physical degrees of freedom, e.g.,
physical spins or particles in a many-body system. They may
also represent population counts (as in a chemical master equa-
tion), indicator functions for macrostates, coarse-grained pro-
jections, or other types of variables.

The system’s stochastic dynamics over sequences of T + 1

discrete timesteps are described by a “forward” trajectory dis-
tribution p(Éx), where each trajectory Éx = (x0,x1, . . . ,xT )
is a sequence of T + 1 states. In general, T = 1 suffices for
stationary (first-order) Markovian systems, while larger T may
describe non-Markovian and non-stationary systems. The sys-
tem is also associated with a “reverse” trajectory distribution
p̃(Éx). The trajectory EP of trajectory Éx and the average EP

across all trajectories are defined as [1]

σ(Éx) := ln
p(Éx)

p̃(Éx)
, Σ := D(p→p̃) =

〈
ln

p(Éx)

p̃(Éx)

〉

p

, (1)

where 〈. . .〉p =
∑

!x . . . p(Éx) is the expectation over p and
D(·→·) is the Kullback-Leibler divergence. EP quantifies the
violation of time-reversal symmetry. It vanishes in equilib-
rium when trajectory statistics are indistinguishable under the
forward and reverse distributions.

Our goal is to estimate σ(Éx) and Σ using samples of empir-
ical trajectories from the forward and backward distributions.
For simplicity, we mostly focus on the common case of sta-
tionary systems without odd variables (like velocity). In this
case, the statistics are invariant to time-shifting, and the reverse
distribution is related to the forward by a simple time-reversal,
p̃(Éx) = p( Éx), where Éx = (xT ,xT−1, . . . ,x0). Furthermore,
samples from the forward process p(Éx) may be generated by
dividing a long measurement timeseries into sequences of size
T + 1, and similarly for the reverse process p̃(Éx) with the
time-reversed series. However, our approach is more general,
being compatible also with nonstationary and odd systems.
In the general case, our method requires samples of multiple
trajectories from separate forward and reverse processes.

EP decomposition.— For high-dimensional systems with
many degrees of freedom (large N ) or long memory (large T ),
the set of possible trajectories is exponentially large. In such
cases, estimating trajectory probabilities p(Éx) from empirical
data becomes statistically infeasible. This prevents estimation
of trajectory-level and expected EP by direct evaluation of (1).

We propose a lower bound on EP based on a nonequilibrium

arXiv:2505.10444



• Does this limitation apply to variational inference of EP?


• Can any distribution-free method infer EP values of ?


• Are there “no-go theorems” for thermodynamic inference?

Σ ≫ ln N

Thermodynamic Inference: open problem

Takeaway: distribution-free lower bounds on relative entropy cannot 
be accurate when , where  is number of samples.DKL ≫ ln N N

Proc of Machine Learning Research, 2020



Application 2: 
Thermodynamic decompositions



EPR as relative entropy: discrete short-time dynamics

 Fluxes (one-way) 
 j = ( j1, …, jm) ∈ ℝm

+

Reverse fluxes 
j̃ = ( j−1, …, j−m) ∈ ℝm

+

Thermodynamic forces (forces) 

f := (ln
j1
j−1

, …, ln
jm
j−m

)

·Σ = max
θ∈ℝm

j⊤θ − j̃⊤(eθ − 1) Optimal: θ*ρ = fρ := ln
jρ
j̃ρ

Variational Representation 

Entropy production rate 

·Σ = D( j∥ j̃)

= ∑
ρ

jρ ln
jρ
j̃ρ

− jρ + j̃ρ



Optimization restricted to subset Θ ⊆ ℝm

·ΣΘ = max
θ∈Θ

j⊤θ − j̃⊤(eθ − 1)

Decomposition of EP 
 

  : contribution from forces inside  
: contribution from forces outside 

·Σ = ·ΣΘ + ·Σ⊥Θ
·ΣΘ Θ
·Σ⊥Θ Θ

Decomposition of forces 



 
 is “best approximation” of 

f = θ*⏟
Inside Θ

+ ( f − θ*)

Outside Θ

θ* f

Decomposition of fluxes 

j = j̃ ∘ eθ*

Inside Θ

+ ( j − j̃ ∘ eθ*)

Outside Θ
When , 

“outside” terms vanish
f ∈ Θ

·Σ = max
θ∈ℝm

j⊤θ − j̃⊤(eθ − 1)



Special case:  is a -dimensional linear subspaceΘ d

Convex Duality 

 

 

·ΣΘ = max
ϕ∈ℝd

j⊤Mϕ − j̃⊤(eMϕ − 1)

= min
j′￼∈ℝm

+

D( j′￼∥ j̃) where M⊤j′￼= M⊤j

j* = j̃ ∘ eMϕ*

Pythagorean Decomposition of EP 
D( j∥ j̃)

·Σ

= D( j*∥ j̃)
·ΣΘ

+ D( j∥j*)
·Σ⊥Θ

Decomposition of fluxes 

j = j*

⏟
Within subspace

+ ( j − j*)

Outside subspace

j*
j̃

j
·Σ

·ΣΘ

·Σ⊥Θ

{ j̃ ∘ eMϕ : ϕ ∈ ℝd}

{ j′￼: M⊤j′￼= M⊤j}Θ = {Mϕ : ϕ ∈ ℝd}



·Σ = ·Σhk + ·Σex

Case study: Excess vs. housekeeping decomposition

Housekeeping

Nonconservative contribution


Associated w/ stationary cyclic fluxes


Excess

Conservative contribution


Associated w/ free energy potential

Non-stationary contribution

Is it possible to define a general and 
operationally meaningful decomposition?



Case study: Excess vs. housekeeping decomposition

Andreas Dechant Sosuke ItoKohei Yoshimura

arXiv:2412.08432



Dynamics

 

(discrete continuity equation)

·x(t) = ∇⊤j − vext

Passive systems 
relax to equilibrium

conservative forces 

 

 

f := ln
j
j̃

= − ∇ϕeq

ϕeq
i = ln

xi

xeq
i

= ∂xi
D(x∥xeq)

Active systems 
relax to NESS / limit cycles / chaos


nonconservative forces 

     for any     f := ln
j
j̃

≠ − ∇ϕ ϕ

Case study: Excess vs. housekeeping decomposition

    	 : distribution/concentration vector 
     	 : forward one-way fluxes 

 : stoichiometric matrix


             : external fluxes

x ∈ ℝn
+

j ∈ ℝm
+

∇ ∈ ℤm×n

vext



Restricted optimization 
over span of matrix    

 

 
 is generalized free energy

−∇

·Σex = max
ϕ∈ℝn

−j⊤ ∇ϕ − j̃⊤(e−∇ϕ − 1)

ϕ⋆

 
 

conservative forces 
 

 

·Σ = max
θ∈ℝm

j⊤θ − j̃⊤(eθ − 1)

f = − ∇ϕeq

Case study: Excess vs. housekeeping decomposition

arXiv:2412.08432



·Σex = max
ϕ∈ℝn

−j⊤ ∇ϕ − j̃⊤(e−∇ϕ − 1)

Case study: Excess vs. housekeeping decomposition

arXiv:2412.08432

Decomposition of EP ·Σ = ·Σex + ·Σhk

Decomposition of fluxes 

j = j*

⏟
Nonstationary flux

+ ( j − j*)

Cyclic flux

Decomposition of forces 
f = −∇ϕ*

Conservative

+ ( f + ∇ϕ*)

Nonconservative

·Σex = min
j′￼∈ℝm

+

D( j′￼∥ j̃) where ∇⊤j′￼= ∇⊤j

j* = j̃ ∘ e−∇ϕ*

For system without 
external fluxes, excess 

EPR vanishes in 
stationarity




Excess vs. housekeeping: Metabolic network example

arXiv:2412.08432
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Figure 8. Metabolic networks for E. coli, yeast, and mammalian cells, based on data from Ref. [125]. (a) Net fluxes and dissipation for
individual reactions in E. coli for glycolysis and the pentose phosphate pathway (PPP) pathways. Arrow width indicates net flux (Jω = jω→jω̃),
color indicates ω(ω)

rev from Eq. (16), reaction-level EPR incurred by reversible reaction. EPR is in units of kT per incoming glucose molecule.
(b) Our TSL ω ↑ 2Ẇ tanh→1(Ẇ/A) bounds EPR needed to sustain external fluxes in steady state. (c)-(d) The original network does not
have housekeeping EPR. To illustrate our excess/housekeeping decomposition, we chemostat R5P (gray) to represent cellular homeostasis of
R5P for nucleotide demand. This creates an emergent housekeeping cycle that runs through PPP and back to upper glycolysis. Here we show
the excess/housekeeping contributions to net fluxes (58) and EPR (59) at the level of individual reversible reactions.

pathway is less thermodynamically e!cient. Arguably, this is
not surprising, since the main function of PPP is synthesis of
precursor metabolites rather than energy conversion.

In our final analysis, we demonstrate our ex-
cess/housekeeping decomposition. As mentioned, the
metabolic networks considered above have maximum rank and
thus no housekeeping EPR. In biological terms, their stoichio-
metric matrix does not permit “futile cycles” (sequences of
reactions that contribute to EPR but have not net e”ect on
metabolites). However, the definition of futile cycle depends
on which metabolites are tracked internally, and “emergent
cycles” [129] can appear when metabolites are removed from
the stoichiometric matrix and treated as chemostatted.

To illustrate this phenomenon, we removed ribose-5-
phosphate (R5P) from the stoichiometric matrix of the E.
coli network. Biologically, this may represent chemostat-
ting of R5P by homeostatic mechanisms that bu”er nucleotide
demand. This reduces the rank of the stoichiometric ma-
trix to 16, leading to an emergent cycle and a non-trivial
excess/housekeeping decomposition. Figure 8(c)-(d) shows
excess/housekeeping fluxes and dissipation at the level of indi-
vidual reversible reactions (see Eqs. (58) and (59)). Thus, by
treating R5P as chemostatted, we reveal a maintenance cycle
that circulates carbon through the PPP back to upper glycol-
ysis. This cycle is captured by the housekeeping fluxes jhk
shown in Figure 8(d).

IX. COMPARISON TO PREVIOUS APPROACHES

Several other generalizations of the free energy potential and
excess/housekeeping decompositions have been proposed, in-
cluding in some recent publications. Here, we compare our

approach to several existing proposals. In the first subsection,
we compare to other “variational” proposals, which define the
generalized potential and EPR decomposition via an optimiza-
tion problem. In the second subsection, we compare to the
steady-state approach, as previously reviewed in Section III B.

We will draw attention to several points of comparison (sum-
marized in Table II):

1. Variational definition: are the quantities defined in a
variational way?

2. Large deviations: do the quantities have an interpreta-
tion in terms of a large deviations principle?

3. Thermodynamic inference: do the quantities permit ther-
modynamic inference using local-in-time statistics?

Hatano-
Sasa

Euclidean-
Onsager [22]

Hessian
geometry [51]

Ours

Variational
definition

↭ ↭ ↭

Large deviations ↭ ↭ ↭
Thermodynamic

inference
↭

Minimum EP
principle

↭

Additive
invariance

↭

Coarse-graining MJPs ↭

Table II. Comparison between our approach and several other gen-
eralized potentials and excess/housekeeping decompositions. See
Section IX for details.
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Figure 8. Metabolic networks for E. coli, yeast, and mammalian cells, based on data from Ref. [125]. (a) Net fluxes and dissipation for
individual reactions in E. coli for glycolysis and the pentose phosphate pathway (PPP) pathways. Arrow width indicates net flux (Jω = jω→jω̃),
color indicates ω(ω)

rev from Eq. (16), reaction-level EPR incurred by reversible reaction. EPR is in units of kT per incoming glucose molecule.
(b) Our TSL ω ↑ 2Ẇ tanh→1(Ẇ/A) bounds EPR needed to sustain external fluxes in steady state. (c)-(d) The original network does not
have housekeeping EPR. To illustrate our excess/housekeeping decomposition, we chemostat R5P (gray) to represent cellular homeostasis of
R5P for nucleotide demand. This creates an emergent housekeeping cycle that runs through PPP and back to upper glycolysis. Here we show
the excess/housekeeping contributions to net fluxes (58) and EPR (59) at the level of individual reversible reactions.

pathway is less thermodynamically e!cient. Arguably, this is
not surprising, since the main function of PPP is synthesis of
precursor metabolites rather than energy conversion.

In our final analysis, we demonstrate our ex-
cess/housekeeping decomposition. As mentioned, the
metabolic networks considered above have maximum rank and
thus no housekeeping EPR. In biological terms, their stoichio-
metric matrix does not permit “futile cycles” (sequences of
reactions that contribute to EPR but have not net e”ect on
metabolites). However, the definition of futile cycle depends
on which metabolites are tracked internally, and “emergent
cycles” [129] can appear when metabolites are removed from
the stoichiometric matrix and treated as chemostatted.

To illustrate this phenomenon, we removed ribose-5-
phosphate (R5P) from the stoichiometric matrix of the E.
coli network. Biologically, this may represent chemostat-
ting of R5P by homeostatic mechanisms that bu”er nucleotide
demand. This reduces the rank of the stoichiometric ma-
trix to 16, leading to an emergent cycle and a non-trivial
excess/housekeeping decomposition. Figure 8(c)-(d) shows
excess/housekeeping fluxes and dissipation at the level of indi-
vidual reversible reactions (see Eqs. (58) and (59)). Thus, by
treating R5P as chemostatted, we reveal a maintenance cycle
that circulates carbon through the PPP back to upper glycol-
ysis. This cycle is captured by the housekeeping fluxes jhk
shown in Figure 8(d).

IX. COMPARISON TO PREVIOUS APPROACHES

Several other generalizations of the free energy potential and
excess/housekeeping decompositions have been proposed, in-
cluding in some recent publications. Here, we compare our

approach to several existing proposals. In the first subsection,
we compare to other “variational” proposals, which define the
generalized potential and EPR decomposition via an optimiza-
tion problem. In the second subsection, we compare to the
steady-state approach, as previously reviewed in Section III B.

We will draw attention to several points of comparison (sum-
marized in Table II):

1. Variational definition: are the quantities defined in a
variational way?

2. Large deviations: do the quantities have an interpreta-
tion in terms of a large deviations principle?

3. Thermodynamic inference: do the quantities permit ther-
modynamic inference using local-in-time statistics?

Hatano-
Sasa

Euclidean-
Onsager [22]

Hessian
geometry [51]

Ours

Variational
definition

↭ ↭ ↭

Large deviations ↭ ↭ ↭
Thermodynamic

inference
↭

Minimum EP
principle

↭

Additive
invariance

↭

Coarse-graining MJPs ↭

Table II. Comparison between our approach and several other gen-
eralized potentials and excess/housekeeping decompositions. See
Section IX for details.

Park et al., Nat Chem Bio, 2016



Thermodynamic speed limit for steady-state open systems

Optimal EPR 




Minimal excess EPR given fixed external fluxes  
and dynamical activity 


 closely related to 1-Wasserstein distance

·ΣTSL = min
j′￼∈ℝm

+

·Σex( j′￼) where ∇⊤j′￼= vext, ∑ j′￼ρ = A

vext

A = ∑ jρ

·ΣTSL 22
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Figure 8. Metabolic networks for E. coli, yeast, and mammalian cells, based on data from Ref. [125]. (a) Net fluxes and dissipation for
individual reactions in E. coli for glycolysis and the pentose phosphate pathway (PPP) pathways. Arrow width indicates net flux (Jω = jω→jω̃),
color indicates ω(ω)

rev from Eq. (16), reaction-level EPR incurred by reversible reaction. EPR is in units of kT per incoming glucose molecule.
(b) Our TSL ω ↑ 2Ẇ tanh→1(Ẇ/A) bounds EPR needed to sustain external fluxes in steady state. (c)-(d) The original network does not
have housekeeping EPR. To illustrate our excess/housekeeping decomposition, we chemostat R5P (gray) to represent cellular homeostasis of
R5P for nucleotide demand. This creates an emergent housekeeping cycle that runs through PPP and back to upper glycolysis. Here we show
the excess/housekeeping contributions to net fluxes (58) and EPR (59) at the level of individual reversible reactions.

pathway is less thermodynamically e!cient. Arguably, this is
not surprising, since the main function of PPP is synthesis of
precursor metabolites rather than energy conversion.

In our final analysis, we demonstrate our ex-
cess/housekeeping decomposition. As mentioned, the
metabolic networks considered above have maximum rank and
thus no housekeeping EPR. In biological terms, their stoichio-
metric matrix does not permit “futile cycles” (sequences of
reactions that contribute to EPR but have not net e”ect on
metabolites). However, the definition of futile cycle depends
on which metabolites are tracked internally, and “emergent
cycles” [129] can appear when metabolites are removed from
the stoichiometric matrix and treated as chemostatted.

To illustrate this phenomenon, we removed ribose-5-
phosphate (R5P) from the stoichiometric matrix of the E.
coli network. Biologically, this may represent chemostat-
ting of R5P by homeostatic mechanisms that bu”er nucleotide
demand. This reduces the rank of the stoichiometric ma-
trix to 16, leading to an emergent cycle and a non-trivial
excess/housekeeping decomposition. Figure 8(c)-(d) shows
excess/housekeeping fluxes and dissipation at the level of indi-
vidual reversible reactions (see Eqs. (58) and (59)). Thus, by
treating R5P as chemostatted, we reveal a maintenance cycle
that circulates carbon through the PPP back to upper glycol-
ysis. This cycle is captured by the housekeeping fluxes jhk
shown in Figure 8(d).

IX. COMPARISON TO PREVIOUS APPROACHES

Several other generalizations of the free energy potential and
excess/housekeeping decompositions have been proposed, in-
cluding in some recent publications. Here, we compare our

approach to several existing proposals. In the first subsection,
we compare to other “variational” proposals, which define the
generalized potential and EPR decomposition via an optimiza-
tion problem. In the second subsection, we compare to the
steady-state approach, as previously reviewed in Section III B.

We will draw attention to several points of comparison (sum-
marized in Table II):

1. Variational definition: are the quantities defined in a
variational way?

2. Large deviations: do the quantities have an interpreta-
tion in terms of a large deviations principle?

3. Thermodynamic inference: do the quantities permit ther-
modynamic inference using local-in-time statistics?

Hatano-
Sasa

Euclidean-
Onsager [22]

Hessian
geometry [51]

Ours

Variational
definition

↭ ↭ ↭

Large deviations ↭ ↭ ↭
Thermodynamic

inference
↭

Minimum EP
principle

↭

Additive
invariance

↭

Coarse-graining MJPs ↭

Table II. Comparison between our approach and several other gen-
eralized potentials and excess/housekeeping decompositions. See
Section IX for details.
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Figure 8. Metabolic networks for E. coli, yeast, and mammalian cells, based on data from Ref. [125]. (a) Net fluxes and dissipation for
individual reactions in E. coli for glycolysis and the pentose phosphate pathway (PPP) pathways. Arrow width indicates net flux (Jω = jω→jω̃),
color indicates ω(ω)

rev from Eq. (16), reaction-level EPR incurred by reversible reaction. EPR is in units of kT per incoming glucose molecule.
(b) Our TSL ω ↑ 2Ẇ tanh→1(Ẇ/A) bounds EPR needed to sustain external fluxes in steady state. (c)-(d) The original network does not
have housekeeping EPR. To illustrate our excess/housekeeping decomposition, we chemostat R5P (gray) to represent cellular homeostasis of
R5P for nucleotide demand. This creates an emergent housekeeping cycle that runs through PPP and back to upper glycolysis. Here we show
the excess/housekeeping contributions to net fluxes (58) and EPR (59) at the level of individual reversible reactions.

pathway is less thermodynamically e!cient. Arguably, this is
not surprising, since the main function of PPP is synthesis of
precursor metabolites rather than energy conversion.

In our final analysis, we demonstrate our ex-
cess/housekeeping decomposition. As mentioned, the
metabolic networks considered above have maximum rank and
thus no housekeeping EPR. In biological terms, their stoichio-
metric matrix does not permit “futile cycles” (sequences of
reactions that contribute to EPR but have not net e”ect on
metabolites). However, the definition of futile cycle depends
on which metabolites are tracked internally, and “emergent
cycles” [129] can appear when metabolites are removed from
the stoichiometric matrix and treated as chemostatted.

To illustrate this phenomenon, we removed ribose-5-
phosphate (R5P) from the stoichiometric matrix of the E.
coli network. Biologically, this may represent chemostat-
ting of R5P by homeostatic mechanisms that bu”er nucleotide
demand. This reduces the rank of the stoichiometric ma-
trix to 16, leading to an emergent cycle and a non-trivial
excess/housekeeping decomposition. Figure 8(c)-(d) shows
excess/housekeeping fluxes and dissipation at the level of indi-
vidual reversible reactions (see Eqs. (58) and (59)). Thus, by
treating R5P as chemostatted, we reveal a maintenance cycle
that circulates carbon through the PPP back to upper glycol-
ysis. This cycle is captured by the housekeeping fluxes jhk
shown in Figure 8(d).

IX. COMPARISON TO PREVIOUS APPROACHES

Several other generalizations of the free energy potential and
excess/housekeeping decompositions have been proposed, in-
cluding in some recent publications. Here, we compare our

approach to several existing proposals. In the first subsection,
we compare to other “variational” proposals, which define the
generalized potential and EPR decomposition via an optimiza-
tion problem. In the second subsection, we compare to the
steady-state approach, as previously reviewed in Section III B.

We will draw attention to several points of comparison (sum-
marized in Table II):

1. Variational definition: are the quantities defined in a
variational way?

2. Large deviations: do the quantities have an interpreta-
tion in terms of a large deviations principle?

3. Thermodynamic inference: do the quantities permit ther-
modynamic inference using local-in-time statistics?

Hatano-
Sasa

Euclidean-
Onsager [22]

Hessian
geometry [51]

Ours

Variational
definition

↭ ↭ ↭

Large deviations ↭ ↭ ↭
Thermodynamic

inference
↭

Minimum EP
principle

↭

Additive
invariance

↭

Coarse-graining MJPs ↭

Table II. Comparison between our approach and several other gen-
eralized potentials and excess/housekeeping decompositions. See
Section IX for details.
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Figure 8. Metabolic networks for E. coli, yeast, and mammalian cells, based on data from Ref. [125]. (a) Net fluxes and dissipation for
individual reactions in E. coli for glycolysis and the pentose phosphate pathway (PPP) pathways. Arrow width indicates net flux (Jω = jω→jω̃),
color indicates ω(ω)

rev from Eq. (16), reaction-level EPR incurred by reversible reaction. EPR is in units of kT per incoming glucose molecule.
(b) Our TSL ω ↑ 2Ẇ tanh→1(Ẇ/A) bounds EPR needed to sustain external fluxes in steady state. (c)-(d) The original network does not
have housekeeping EPR. To illustrate our excess/housekeeping decomposition, we chemostat R5P (gray) to represent cellular homeostasis of
R5P for nucleotide demand. This creates an emergent housekeeping cycle that runs through PPP and back to upper glycolysis. Here we show
the excess/housekeeping contributions to net fluxes (58) and EPR (59) at the level of individual reversible reactions.

pathway is less thermodynamically e!cient. Arguably, this is
not surprising, since the main function of PPP is synthesis of
precursor metabolites rather than energy conversion.

In our final analysis, we demonstrate our ex-
cess/housekeeping decomposition. As mentioned, the
metabolic networks considered above have maximum rank and
thus no housekeeping EPR. In biological terms, their stoichio-
metric matrix does not permit “futile cycles” (sequences of
reactions that contribute to EPR but have not net e”ect on
metabolites). However, the definition of futile cycle depends
on which metabolites are tracked internally, and “emergent
cycles” [129] can appear when metabolites are removed from
the stoichiometric matrix and treated as chemostatted.

To illustrate this phenomenon, we removed ribose-5-
phosphate (R5P) from the stoichiometric matrix of the E.
coli network. Biologically, this may represent chemostat-
ting of R5P by homeostatic mechanisms that bu”er nucleotide
demand. This reduces the rank of the stoichiometric ma-
trix to 16, leading to an emergent cycle and a non-trivial
excess/housekeeping decomposition. Figure 8(c)-(d) shows
excess/housekeeping fluxes and dissipation at the level of indi-
vidual reversible reactions (see Eqs. (58) and (59)). Thus, by
treating R5P as chemostatted, we reveal a maintenance cycle
that circulates carbon through the PPP back to upper glycol-
ysis. This cycle is captured by the housekeeping fluxes jhk
shown in Figure 8(d).

IX. COMPARISON TO PREVIOUS APPROACHES

Several other generalizations of the free energy potential and
excess/housekeeping decompositions have been proposed, in-
cluding in some recent publications. Here, we compare our

approach to several existing proposals. In the first subsection,
we compare to other “variational” proposals, which define the
generalized potential and EPR decomposition via an optimiza-
tion problem. In the second subsection, we compare to the
steady-state approach, as previously reviewed in Section III B.

We will draw attention to several points of comparison (sum-
marized in Table II):

1. Variational definition: are the quantities defined in a
variational way?

2. Large deviations: do the quantities have an interpreta-
tion in terms of a large deviations principle?

3. Thermodynamic inference: do the quantities permit ther-
modynamic inference using local-in-time statistics?

Hatano-
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Euclidean-
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geometry [51]
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Variational
definition

↭ ↭ ↭

Large deviations ↭ ↭ ↭
Thermodynamic

inference
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↭
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Table II. Comparison between our approach and several other gen-
eralized potentials and excess/housekeeping decompositions. See
Section IX for details.



Preview: excess/housekeeping for quantum systems

Variational Representation 
Σ(ρ) = max

A∈ℋXY
[tr{U(ρ ⊗ ω)U†A} − ln tr{eln(Φ(ρ)⊗ω)+A}]

Ryusuke Hamazaki Sosuke ItoKohei Yoshimura

(in preparation)

Entropy production 

 

 
 

Force operator 

Σ(ρ) = S[U(ρ⊗ω)U†∥Φ(ρ)⊗ω]
= tr{U(ρ⊗ω)U† F}

F := ln U(ρ⊗ω)U† − ln Φ(ρ)⊗ω



Preview: excess/housekeeping for quantum systems

Entropy production 

 

 
 

Σ(ρ) = S[U(ρ⊗ω)U†∥Φ(ρ)⊗ω]
= tr{U(ρ⊗ω)U† F}

F := ln U(ρ⊗ω)U† − ln Φ(ρ)⊗ω

Result: System is conservative iff force belongs to linear subpace  
F ∈ Ωcons := {U(L ⊗ 𝕀Y)U† − M ⊗ 𝕀Y, L ∈ ℋX, M ∈ ℋX}

Definition of excess EP 

Σex(ρ):= max
A∈Ωcons

[tr{U(ρ ⊗ ω)U†A} − ln tr{eln(Φ(ρ)⊗ω)+A}]

Definition: conservative system 
if  for some Σ(ρ) = 0 ρ

Variational Representation 
Σ(ρ) = max

A∈ℋXY
[tr{U(ρ ⊗ ω)U†A} − ln tr{eln(Φ(ρ)⊗ω)+A}]

(in preparation)
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• Variational expression of EP useful for thermodynamic inference, 
thermodynamic decompositions, and thermodynamic bounds (TUR/TSL)


• Unified formalism for continuous/discrete, Markovian/non-Markovian, 
classical/quantum systems



Supplemental Material



Open problem: uniqueness result

·Σex = max
ϕ∈ℝn

−j⊤ ∇ϕ − j̃⊤(e−∇ϕ − 1)
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Hessian geometry of nonequilibrium chemical reaction networks and
entropy production decompositions
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We derive the Hessian geometric structure of nonequilibrium chemical reaction networks on the flux and
force spaces induced by the Legendre duality of convex dissipation functions and characterize their dynamics
as a generalized flow. With this geometric structure, we can extend theories of nonequilibrium systems with
quadratic dissipation functions to more general cases with nonquadratic ones, which are pivotal for studying
chemical reaction networks. By applying generalized notions of orthogonality in Hessian geometry to chemical
reaction networks, two generalized decompositions of the entropy production rate are obtained, each of which
captures gradient-flow and minimum-dissipation aspects in nonequilibrium dynamics.

DOI: 10.1103/PhysRevResearch.4.033208

I. INTRODUCTION

Thermodynamics aims at establishing the general descrip-
tion of macroscopic systems. Although such a description
was obtained for equilibrium situations [1,2], its extension
to nonequilibrium ones has been limited to specific systems
and models. For near-equilibrium situations, Onsager and
Machlup evaluated the entropy production rate using the lin-
ear approximation known as the force-flux relation [3–6],
which corresponds to a quadratic dissipation function. With
the recent development of macroscopic fluctuation theory and
stochastic thermodynamics [7–9], this result was extended
to far-from equilibrium situations in fluid dynamics and dif-
fusion processes in a continuous space, but the dissipation
functions are still quadratic even though they are general-
ized to be state-dependent. Those systems are characterized
geometrically via the inner product structure induced by the
quadratic functions and associated formal Riemannian geom-
etry. However, the knowledge obtained from such systems
and models is not directly applicable to other systems with
a discrete state space or with nonlinearities in the governing
equations, where the natural dissipation functions may not be
quadratic.1 In such cases, the inner product structure is no
longer an adequate mathematical basis. Although Wasserstein
geometry has recently been introduced into the thermody-
namics of diffusion processes as a new geometric approach
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1Mathematically, for a given governing equation, there can exist
multiple dissipation functions, all of which can induce the same
governing equation. Thus, we need to find or choose dissipation
functions that are physically natural and relevant to the target system
and related problems [10,11].

[12,13], it also employs the formal Riemannian geometric
structure associated with the Wasserstein distance via the
Benamou-Brenier formula and thereby is not directly appli-
cable to systems characterized by nonquadratic dissipation
functions [14–16].

In this paper, we clarify that this problem can be resolved
by using the Hessian (information) geometric structure of
the flux and force spaces. Hessian geometry or information
geometry [17–19] enables us to relate the force and flux
by a nonlinear Legendre transformation induced by the con-
vex dissipation functions.2 Because the Riemannian metric
is regarded as the Legendre transformation with quadratic
dissipation functions, Hessian geometry can work as a non-
linear extension of the inner product structure in Riemannian
geometry. Even with being a nonlinear extension, Hessian
geometry still preserves many important aspects of the inner
product structure in the form of generalized orthogonalities
and Pythagorean theorem, among others [18,19]. Therefore,
we can naturally and consistently extend various previous re-
sults for systems with quadratic dissipation functions to those
with nonquadratic ones.

We derive and demonstrate the structure by focusing
mainly on chemical reaction networks (CRN) because they
are representative thermodynamic systems with both discrete
state space and nonlinearity in the governing rate equa-
tions [20–23]. CRN also include Markov jump processes
(MJP) on a graph, which is an important class of systems in
stochastic thermodynamics with a discrete state space but with
a linear governing equation.3 In addition, CRN are also impor-
tant in light of their biological and engineering applications
[24–26]. The relevant dissipation functions of these systems

2When the dissipation functions are quadratic, the force and the
corresponding flux are related by a linear transformation induced by
the associated Riemannian metric.

3It should be noted that a linear governing equation does not nec-
essarily mean that its dissipation functions are quadratic.
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Is there a “right” definition that uniquely satisfied desired properties?
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Housekeeping and excess entropy production for general nonlinear dynamics

Kohei Yoshimura ,1,* Artemy Kolchinsky ,2,† Andreas Dechant ,3,† and Sosuke Ito 1,2

1Department of Physics, The University of Tokyo, 7-3-1 Hongo, Bunkyo-ku, Tokyo 113-0033, Japan
2Universal Biology Institute, The University of Tokyo, 7-3-1 Hongo, Bunkyo-ku, Tokyo 113-0033, Japan

3Department of Physics No. 1, Graduate School of Science, Kyoto University, Kyoto 606-8502, Japan

(Received 3 June 2022; revised 29 June 2022; accepted 21 December 2022; published 17 January 2023)

We propose a housekeeping/excess decomposition of entropy production for general nonlinear dynamics in a
discrete space, including chemical reaction networks and discrete stochastic systems. We exploit the geometric
structure of thermodynamic forces to define the decomposition; this does not rely on the notion of a steady state,
and it even applies to systems that exhibit multistability, limit cycles, and chaos. In the decomposition, distinct
aspects of the dynamics contribute separately to entropy production: the housekeeping part stems from a cyclic
mode that arises from external driving, generalizing Schnakenberg’s cyclic decomposition to nonsteady states,
while the excess part stems from an instantaneous relaxation mode that arises from conservative forces. Our
decomposition refines previously known thermodynamic uncertainty relations and speed limits. In particular, it
not only improves an optimal-transport-theoretic speed limit, but it also extends the optimal transport theory of
discrete systems to nonlinear and nonconservative settings.

DOI: 10.1103/PhysRevResearch.5.013017

I. INTRODUCTION

The notion of “nonequilibrium” has two aspects:
breaking of detailed balance, and nonstationarity. The
housekeeping/excess decomposition of entropy production
rate (EPR) is a way to deal with these two aspects of nonequi-
librium systems [1–4]. Such a decomposition has previously
been formulated based on steady states: the housekeeping
EPR characterizes how detailed balance is broken in a steady
state, while the excess part quantifies the additional dissipa-
tion that is needed to transition between steady states. The best
known decomposition of this kind was proposed by Hatano
and Sasa (HS) [2] (also known as the adiabatic/nonadiabatic
decomposition [3]), while an important alternative decompo-
sition was proposed by Maes and Netočný (MN) [4]. The
practical utility of these decompositions is that they provide
meaningful thermodynamic bounds for nonequilibrium sys-
tems where the integrated entropy production (EP) diverges
by discounting the housekeeping EP, which also diverges, to
give a finite excess EP [1].

However, previously known decompositions have a crucial
limitation. Namely, they are not defined for general nonlinear
dynamics, such as general chemical reaction networks. Such
systems are not always globally stable and can exhibit various
nontrivial phenomena such as limit cycles, bifurcations, and
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multistability, in contrast to existing EPR decompositions,
which assume global stability. More precisely, the HS decom-
position has been generalized to chemical reaction networks
only if there is a special steady state, called a complex bal-
anced steady state [5,6], which is always globally stable [7].
However, even if a chemical reaction network has a stable
steady state, it may not be complex balanced. In that case,
it is possible for the HS decomposition to give a negative
value of excess EPR, which makes it difficult to interpret
the decomposition physically. Because a complex balanced
steady state is “almost detailed balanced” in the sense that
it always shows global stability and cannot exhibit genuine
nonlinear phenomena such as multistability or chaos [8], this
particular generalization does not help us to understand the
various physically interesting situations that play a key role in
biology and other complex chemical systems [9].

In this paper, we propose an EPR decomposition that ap-
plies to general nonlinear dynamics in a discrete space, which
includes Markov jump processes and chemical reaction net-
works as special cases (Fig. 1). Because the decomposition is
defined based on the geometric structure of thermodynamic
forces, it does not require any information about the steady
state or even its existence. Since it is not related to steady
states, the decomposition is not only applicable to a wider
range of dynamics, but it also provides crucial insights into
the physical meaning of the individual terms: it allows us to
interpret each term of the decomposition based on physical
modes of dynamics, beyond the notion of stationarity. The
housekeeping part reflects a cyclic mode on the graph of states
that does not affect the apparent dynamics, and it quantifies
how external driving breaks detailed balance at a given instant
of time. As a result, we generalize Schnakenberg’s cyclic
decomposition of steady-state dissipation into contributions
stemming from cycles in the graph of states [10]. On the
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·Σons
ex = max

ϕ∈ℝn
−2j⊤ ∇ϕ − ϕ⊤ ∇⊤L∇ϕ Lρρ =

( jρ − j̃ρ)/2

ln jρ − ln j̃ρ

Alternative variational excess EPR definitions have been proposed…



Comparison to Kim-Otsubo variational principle

Donsker-Varadhan form 
 

Σg = max
θ∈ℝd

θ⊤⟨g⟩p − ln⟨eθ⊤g⟩p̃

Kim-Otsubo variational form 
 

 

 
Kim et al., Jeong, H. PRL 2020.


Otsubo, et al, Comm Physics, 2022. 

ΣKO
g = max

θ∈ℝd
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