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What is the Mpemba effect?

* Erasto B. Mpemba found that some
hot suspensions (ice cream mix) can
freeze faster than cold (1963).

* Mpemba & D. G. Osborne published

a paper (1969).
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Experimental confirmation ™~
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Kumar & Bechhoefer, Nature 584, | ] e P comar
64 (2020). \ /
They have analyzed trapped | ':E\ |
colloids in a double well om0 o
potential. Hot
y =

They observed the distance - Warm
between the distribution and

o . 01 —
equilibrium one. Cold = ¢ ¢
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Papers on Mpemba effect in arXiv - '_!mlg
(December 5th)

70 Mpemba papers in arXiv Ohga et al
Vu & HH
60
Chatterjee et al X2
50 Kumar & Bechhoefer,
Takada et al \
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Lu & Raz, Lansanta et al \
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Analysis of the Mpemba  %:-. Y:ip

THEORETICAL PHYSICS

Two equilirium initial Control of initial
conditions conditions

Vu & Hayakawa v° Takada et al
Classical Ohga et al

v' Yamashika’s talk
Quantum ? (Chatterjee et al x2)



The second scenario (Lu & Raz 2017) TP

* We use the Fokker-Planck equation in a potential V(x):

* Because FP eq. with detailed balance does not have any
degeneracy, we can write

plx, B:t) = Z e ity (x, 3 )an

T

|a?1 = [ da’l, (2, B)pi (2, B;)

l,, and 7;, are the left and right eigenvectors.

pla,t) & peqlz, ) + e 20y (2)as(Bi, B), as(B;. 3) = / da'ly (2, B)pi(x")

p; = e PV /Z(B))
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Continuous potential Biryp e

* We can use the mapping onto imaginary time Schrodinger

equation with N
X gl t) = e PV (l’)ﬁzp(ar, t)

Towg(x,t) = [T?05 — U(x)|g(x,t) = TLg(x, t)

Effective potential  U(z) := %V’(LL’)Q — %TV”(:E)
_BV(x)
mx)=e 2 @,(x)

Ih(x) =e 2 @p(x)
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Observable dynamics & condition of Mpemba effect

* An observable A obeys:
(A)(t) = eq+z —Antq (3, ?/LLITH( )A(x)

* To observe the Mpemba condition a, with small n should have
a maximum or a minimum.

» faster relax. a;
2 | |
slower relax

Fastest relax.

2| \/ .
Bi <I\/Ipemba > a ) Y-TP

December 8th, 2025 Mpemba p otentials, QTST2025 T conencatprsics 3




TTTTTTTTTTTTTTTTTT

Triple harmonic potential

* |f we adopt a triple-harmonic potential, the effective potential
is still harmonic.

Vi(z) = Bx+1)% if x <a_
Vir)= < Vii(z) = Vi — ’”2”3327 ifr. <ax<uxy,
Vin(z) ===V, + S — )2, if o> g,
K 2 k -
Ui(x) := (.:r;+1) - T3, if v <a_
U(z) = q Un(x) := ’“”” v? + Lk, if o < <ay,

Urii(x) = %(az’ — oz)2 — %km, if v >xy,



"Y TP
Solution of the triple harmonic model

Eigenvalues and approximate eigenfunctions

(@) = A Hua (e (@<as; n>1),
n 1 .
‘19}11() _ClIHn l(QH) CIEI/2_|_C € CH/Z F [_?_;Clzl:|? (I'_ <I"<I’+ ?’1;

ont (@) = M H, oy (Gu)e 2 (@ >y n> ),

)\; — k (n — 1), )\H — kip(n —1), )\EI — ki(n — 1), £ k=ky=ky
= Vk1/T(x + 1), & o= Ve /Tx, and &= Ve /T (2 — @)
H, (:z:‘) is the Hermite polynomial
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Results (1)

* We find there is the minimum for a, if k; > 1.

a T
| 10
Bini
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ol k =1a=158=4

-0.15
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Symmetric case (Yue Liu)

* So far, we analyzed relaxation in an asymmetric potential.

* The symmetric potential also exhibits the Mpemba effect,
although a, = 0 but a3 has a maximum or a minimum.

0.025
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Two-dimensional case

 We can use a parallel argument in 2D problems.

Uin('r) — @T,Q + Cin:

; - p Il'l]. 2
U(T‘) — Umid(r) — Zmid, + bmlrl Inr + led
UDU.t (T‘) — ac - 2 + buut 111 r _I_ Cout
( 2 2
in bin 111 2 bm
i, + + + — 0<r<r_,
m 2T 4T 4Tr2’ - |
Ui O a? 2
% (r ) — alllid + = 12_1_Tn]1 _l + Lil%d 2 + 4?;!2 b r — T‘ < T‘ +
2 2
aoutbout aout 2 out
a + re 4 —, r>nr..
S 2T AT ATr2 -7

LTLCIIIVTI OLll, 2VeLo
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P(r,t)

m

Eigenmode analysis - YITP
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E : , No—BU (1) /2= Am 0t ~ f N o—BU(r)/2—X1 0t
a?n:[]‘;p?n:[)(r)g ' ( )/ m,0% al,o‘wgl,ﬁ(r)e - ( )/ 1,0 :

270y, > 3
Am,n = 4 0) / drr exp [(% — Bini) U(r)] (19?71:0(7‘),
0

Z(Bini
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Summa ry By o

We have solved two bistable potential models using Fokker-Planck
equation with exact and simple analytic calculation.

— 1D bistable case and 2D bistable case

— Even relaxation in a symmetric potential exhibits the Mpemba effect.
— The relaxation modes can be obtained exactly.

Single well potential also exhibits the Mpemba effect.

Effect of disorders in potentials?=> This will be important.

So far, nobody has argued the quantum Mpemba effect starting
from two equilibrium conditions.=> This will be an important
problem.
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Thank you for your attention.



