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Introduction: Optimal transport problem

Optl mal tra nSpO r't prOblem Villani, C. (2009). Optimal transport: old and new (Vol. 338, p. 23). Berlin: springer.

[2-Wassersteln distance]
PO(x)

W (PO, Py = ¢infjdxfdyﬂ(x,y)ux — ]| Sand pile X ~ Castley
T

s.t.  @x,y) >0, [dyﬂ(x,y) = POx), [dxﬂ(x,y) = PU(y)

Axioms of a metric

D 7, (PO, POy > 0, W,(PO, PD) = 0 & PO = pO
@ W(P(O),P(l)) — W(P(l), p(O)) @ W(P(O), p(2)) < W(P(O), p(l)) + W(P(l), p(2))



Introduction: Benamou-Brenier Tormula

Ben d mOU—B F'en |er fO FMmu I ad J-D. Benamou & Y. Brenier. Numerische Mathematik 84, 375-393 (2000).
T 114
WZ(P(O)a P(l)) — int T[ dt[dx“u;(x)“zp;(x) F— 0 - 1/4 P(O)(x)
(Prlto<i<:  J B linear o

translation | 4}f

s.t.  0P(x)=—-V-Wx)P(x), P)x)=PYx), P(x)=P(x)

Optimal solution
t t opt 1 opt 2
utop (X) — V¢t0p (x), at¢tp (x) — = EHV¢tp (x)H

0P (x) = - V- @P@PP ), PP =PO).,  PPx) =POx)



Introduction:
Stochastic thermodynamics and optimal transport

Fokker-Planck equation (kg = 1) Entropy production rate
0,P(x) ==V - -W(x)P(x . 1
AP x) (P x)P[(x)) 5= — dxP(x)||lv,(x)||?
v(x) = uF(x) — uT Vin P(x) H
Minimal dissipation (speed limit) E. Aurell, et al. Journal of statistical physics 147, 487-505 (2012). M. Nakazato and SI. Phys. Rev. Res. 3, 043093 (2021).

T y)
J dry. > (7 5(Po, ) ) Benamou-Brenier formula
o plz

()

Optimal protocol to achieve minimal dissipation:
1. Conservative force: F(x) = — VU,(x)

wy : Dissipated work
(wy = W — AF if the initial state and the final state are equilibrium states.)

W (P, P W (P, P
2. Geodesic: lim 2P Priad) _ 2(Po, P))
At—0 At -

= const.
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Experimental implementation

Experimental implementation
PC Scanning optical tweezers
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Optimal transport protocol vs other protocols
for 1d Gaussian distribution

P(x) ~ N (u, dtz) : 1d Gaussian distribution with 1, mean and a’t2 variance

1. Conservative force: F,(x) = — VU, ,(x). = OK. (The 1d force is conservative.) Optimal protocol is discussed in M. Nakazato and SI. Phys. Rev. Res. 3, 043093 (2021).
4 4
dosic: | WP Prin) WPy, P) s WP, P p) TNt (0d ) — f gL
2. Geodesio: lim = = const. —~ lim =/ (O)" + (9d))" p, = po + =, = ). dy = dy + —(d, — dy)
At—0 At T Ar—0 At T T
(a) Optimal protocol Naive protocol Gearshift protocol
. .\\‘/é < (d) | —— Optimal (e) 4
:é), -\\/ W oo Initial (t = 0) Naive I Gearshif
- \;'/ - )% Optimal
0 300 0 300 — 100 - ~
€ *
X (nm) £ ;
o
(b) £ 300 - o g .
§ 150 - - 4 = 80+ =
é 0 =< . -d/
(C) E 120 4 .
£ " 80 - Bound by second-law
i 60 g, Final (t = T)
g - =
04 , , , , . o 400 ann 200 0 5 10 15 20
0 50 0 50 0 %0 Mean 4 (nm) Protocol speed 1/1 (1/s)

Time (ms)



Inferring the entropy production via
the 2-Wasserstein distance

N=|1/At| [W (P P )]2
Without a nonconservative force: J dtZt ~ T Z z A (ZH)N (N = o0, At — 0)

M. Nakazato and Sl. Phys. Rev. Res. 3, 043093 (2021).

= |dentity
W | AF O Conventional estimation

}Tn 3 - —g_ - 0 0 O "0~ O Inference via the 2-WD
RV, @ .
— ~

&)

= g g’
;= N = N =

o Initial 3 J Q
ks \ s
T 1 2 3 o
@ Final =
R
0

Trajectories in distribution space
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Number of segments N wWq =W — AF (kgT)



Finite-time bit erasure

Assumption: Initial state and final state are equilibrium.

T

0

Finite-time bit erasure

[%2(})09 PT)]Z

W>TIn2A

: 1
dtZt — ?(W — AF)

HT

AF ~1n?2

(Bit erasure)

Time (ms)
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Accuracy of bit erasure vs dissipated work

10 .I - QOptimal-transport bound 0.5
> SLecczjnd-law bound s « . Lower bOl{nd
g (Landauer bound) 1 ——— by optimal transport theory
EJ &) 04 ........... by second Iaw
kY,
~— 6 -
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%c » 03
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Introduction: Minimal entropy production rate

. 1 1 .
2 = ﬁjdet(x)\\Vt(x)\lz > ﬁ [ lim

Equality condition: F(x) = — VU,(x)

Excess entropy production rate

>
(>0)

zex — L lim Wz(Pt» Pt+At)
" uT | a0 At

Housekeeping entropy production rate

sh._ ¥ _ gey > ()

2
<i%?/éZ(JF)t’Jl)t4-ZSt)

M. Nakazato and Sl. Phys. Rev. Res. 3, 043093 (2021).

At—(

C. Maes and K. NetoCny, Journal of Statistical Physics, 154, 188-203 (2014).

A. Dechant, S-l Sasa and SI. Phys. Rev. Res. 4, L012034 (2022).
A. Dechant, S-I Sasa and SI, Phys. Rev. E. 106, 024125 (2022).

Inthe steady state, >=.°| =0 Xkl =3
St St St

Conservative force, 27" =2, yhk = ()



Introduction: Geometric decomposition

A. Dechant, S-I Sasa and Sl. Phys. Rev. Res. 4, L012034 (2022).
A. Dechant, S-I Sasa and SI, Phys. Rev. E. 106, 024125 (2022).

Fokker-Planck equation Entropy production rate
OPx) =~V jx) = — V - (L) 5 = de[ﬁ(x)]TL,(x)ﬁ(x) — (o)
F (x) .
fr(x) — Vin P(x) : Thermodynamic driving force

T
L.(x) = D,P/(x) : Onsager matrix

Potential ¢t°pt(x) (corresponding to optimal solution of Benamou-Brenier formula)
Asolutionof —V - (L(x)f(x)) = — V - (L,(x) VP (x))
Excess entropy production rate Housekeeping entropy production rate Orthogonality

zfx — <V¢topt, V¢t0pt>Lt 2?1( F— Zt . E?X — <f; _ V¢t0pt,f; _ V¢fopt>Lt <V¢t0pt’ft . V¢t0pt>Lt —



Housekeeping entropy production rate
and oscilllation

Excess entropy production rate Housekeeping entropy production rate

[

S =(VEPLVG) L Shko S S = (f VA f, — Vo)

V- (L)L) = VP (x)]) = 0

Oscillatory contributions

(Figure from) D. Sekizawa, Sl, M. Oizumi, Phys. Rev. X 14, 041003 (2024).

Q: Could we discuss the oscillatory contributions to
the housekeeping entropy production rate (or the steady-state entropy production rate)?



Oscillatory dynamics based on the housekeeping velocity field
and 1ts Koopman mode

Local mean velocity vy = v, + Vt

Oscillatory dynamics (deterministic) @’ robability “
i B P

hk (
—X(s) = v, (x(s)) l *
The conservatlve part The remainder
WIth the same £t non-conservative part

L
ds
Excess part v, Housekeeplng part Vt

Housekeeping velocity field: ¥*(x) := D [f(x) — Vo oP(x)]
v, = —D;VU
,,.44 Op 0——V [ pe]
/)\\ e =

d
For any g(x(s)). d—Sg(x(S)) = Hgx(s)) := Vg(x(s)) - v(x(s))

Koopman operator #

Koopman eigenmode y;(x(s)) [Oscillatory mode]

d Im[4 ]
—(x(s)) = Ay(x(s)) = Ay(x(s)) X = .frequency
ds 2T




Koopman mode decomposition of
the housekeeping entropy production rate

An expression of identity function

Id(x) =x = ) vayx) * PR x) = HId@x) = ) Ay (x)

l

Koopman mode decomposition of the housekeeping entropy production rate

Complex conjugate
l

yhk = (D P, Dtl/thk>|_t = (27)° Z (x)* (D7, Dy,

Frequency Intensity

") Skew-symmetric property degz(X)Pt(x)[%gl(X)] = — | dx[Z g,(x)]P(x)g,(x)

* (4 Z)dew,(x)a(x)vfxx) =0




Example: Noisy FitzHugh-Nagumo model

(1) M _ 1,373 — @ _ 7 Langevin description
x=(" F(x) = i o N D =TI o
x? (xV +a - bxP)/z [%(7) = F(x(1)) +/ 2TE@)]

Freguency [Hz] Oscillatory dynamics in the steady state

0.0 05 —*—Sum

—_— —e-True [limitcycle] 4=0b=051=0T=10"
%107

10° 7= 5 E
ot * hk th;)( 1009 - ?& m T — 7.9
DI Zt t st 10-2 - :E F > "”f
0.0 0.1 02 03 04 0.5
Frequency [HZz]
10° 77—
ke ol b A T =12.5
Zt A o?fr”.‘.
st 1024414 Camen
-hk; i e 2 2
25 75 125 175 225 . mFregﬁenc:?/?Hz]O'4 U0 E= Qo) O DYWL Dy,

-



Example: Noisy FitzHugh-Nagumo model
[Hopt bifurcation]

[=0.5 I=1

Oscillatory dynamics
in the steady state

22
| \\
22
.
)

. : g g g D
[Hopf bifurcation] ) | - |
e e () (1)
a=0,b=051=125T=10"" 02 102
L T = :
RN 100 lA’/\/" :. . Ol B 100 M\~
w St10—2 17 | E St10_2-.
. I 1 1 1 1 I 1 1
IO 00 01 02 03 04 05 00 01 02 03
, Sum O 102 102
2.0 'X1O - o= True g . hk)( Oo " I — 0'5 th)(l 100 -
00 8 2, Nl s t %ﬁ
- st 1072 42 st1072 {23 % . .
15 - T T T I i ’ “ T T i..'_dl_
| 00 01 02 03 04 05 00 01 02 03 04 05
Sst_ yohk 10° 10°
> Zl‘ y 0- Z?ka)(l 100 - .f, | 1 Z?k’)(l 100 A $
wio2 i ¥ s110-2 | 27ty st .
0.5 - 00 01 02 03 04 05 00 01 02 03 04 05
Frequency [HZz] 102
- hk: I =24
th,)(l 100 n e
0.0 - ‘ st10-2 & s
00 05 10 15 20 25 0"1%4 . | |
I 00 01 02 03 04 05

Frequency [Hz]



Example: Noisy FitzHugh-Nagumo model
[Stochastic resonance]

Oscillatory dynamics
in the steady state

[Stochastic resonance]

2(2)

a=0,b=2,1=0,7r=12.5

Cov[xP@OxV(t + )]

TCOI'I’

:=[ ds
0

x 101

Var[x(D(?)]

10—4.0 10—3.5 10—3.0 10—2.5 10—2.0 10—1.5 10—1.0
T

T =104 T =10"3° T =103 T =10"2°
| X o X 4 sl |
xx " | % X | e e
() (1)
i 100_ -
th,)(l
% 101 t St10—2 = . s
10—4 ] T - T
4 - 0.0 0.1 0.2
b
- pra—
@ 3 - ~hky, 102 ] ‘ T =10 3?
I
D - 107" - *
., 00 01 02 03 04 05
107 5 T=10"
-hk;y; -
3t ﬂ(‘th_F/&—w o
"10-4 . YRR At
0.0 0.1 0.2 0.3 0.4 0.5
0.5 g Frequency [Hz]
-
O
-
Q
=
00 &
C

10° - T =102
1072 - !%ﬁ |
st 104 - ' - M
0.0 0.1 02 03 04 05
10Y - T = 10—1 o
0] 1 o ‘
st 0_4 . t .dL
10 . - -
0.0 01 02 03 04 05
100 -
1072 - /j{ |
St 10—4 4% r

072 073
Frequency [HZ]

0.0 0.1
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Can we generalize the thermodynamic framework
based on optimal transport for guantum systems?

Open quantum dynamics [GKSL equation]

1
0,p = —ilH.pl + D(p), D(p) = ) 1, (Lka;j — E{L,ij,p})
k

Q. Can we generalize the thermodynamic framework for qguantum systems?

We can discuss the geometric decomposition of the entropy production rate
iInto the excess entropy production rate and the housekeeping entropy production rate.

K. Yoshimura, Y. Maekawa, R. Nagayama and Sl. Phys. Rev. Res. 7, 013244 (2025).



An analogy between the continuity equation
and the GKSL equation
GKSL equation

J,p = —i[H,p] + D(p),

1 1
D(p) = 2 [Yk (Lka]j — E{L,ij,P}> T 7k <L—kajk — E{LT"Lk’pO] L = ij

k

“Continuity equation”

: 0 J_
D(p) = VJ cf.) o P(x) =—V -jx) Jp) = P <Jk ok)
k
ViD= ) (U L] + [T L)) — D (0 L,
k | L, O

1
Jp) =S = VL) VD = trg[J, L]



Thermodynamic driving force
and Onsager operator

Thermodynamic driving force

—p(° Fp) = 25 ) L + (L, Inp]
T F, 0 k(p) =1 — k ko 1P
k V—k
Onsager operator £,
1
vi!2 0 VP! 2 0
0 k ) X )

Zrgy(F) = cf) L (x)f(x) =j(x)



Entropy production rate

Entropy production rate (kg = 1)

Y = — tr[D(p)ln p] + Z ln< )[yktr(L L.p) — y_ktr(ijL_kp)]
= tr{[F]"J] = t{[F]' Zrg,(P)] = (FF) o,

of) 3, = def(x) Ji(x) = [dxf(x) - L) = (f Jo,



Gradient operator

“(Negative) divergence” operator
Y := T V*Y—Z([Y L, ]+1[Y_,L
._@ Y, O L - ko —k o Li])
“Gradient” operator

- 0 IX, L]
VLX._@([X,L,C] ) )

Adjointness

tr[(Y)TVlX] = tr[(V[fY)TX] cf.) Ia’xY(x) [ VX(x)] = de[ — V- Y(x)]X(x)



Geometric decomposition of
the entropy production rate

Potential ¢°F" cf.) (0P(x)=)—-V - (Lx)fx)=—V-(Lx)VeP(x))

A solutionof (D(p) = )Vfgr@w(ﬂz) — V?Cgrg)p(vubopt)

Orthogonality (V, ¢°P', [F — qubol’t)gmp =0 cf.) (V. fi— V) =0

Geometric decomposition of the entropy production rate

L= (RF)g, =(Vi¢P.V )y +(F=V §P . F—V ™), =343k

S = (Vg Vi) g (20), E = (F= Vi ¢P F~V ¢y (20)

cf) I = (VHPLVE™), I i=(f = Vo f— V™),



Excess entropy production rate and housekeeping
entropy production rate in the GKSL equation

Property of the excess entropy production rate

X = (Vi pP, Vi ¢ g, =0 it D(p)=0 0,0 = — i[H, p] # O]

Zero dissipator (# the steady state)

Property of the housekeeping entropy production rate

yhk _ <[|:_ Vﬂ_quPt, F— Vﬂ_¢opt>3r®p = () if =13 F = V”_¢

eg.,) ¢=—Inp+InePH

Conservative driving force



summary

For classical systems (overdamped Langevin systems),

The optimal-transport framework provides the formula of minimal dissipation.
The mlnlmal d|33|pat|o_n IS given by the 2-W_asserste|n cﬁstance. S. Oikawa, Y. Nakayama, SI, T. Sagawa and
We experimentally verify the formula to achieve the optimal protocol. S. Toyabe, Nature Communications 16, 10424 (2025).

The optimal-transport framework provides the decomposition of the entropy production rate
into conservative (excess) and nonconservative (housekeeping) contributions.
Especially, the housekeeping contribution can be decomposed into each oscillatory mode.

We analyze the nonlinear oscillatory phenomena ( limit cycle, Hopf bifurcation and stochastic resonance)
using this decomposition.

D. Sekizawa, SI, M. Oizumi, arXiv:2510.21340 (2025).
For quantum systems (the GKSL equation),

We decompose the entropy production rate into conservative (excess) and non-conservative (housekeeping) contributions,
in parallel with the classical case. K. Yoshimura, Y. Maekawa, R. Nagayama and SI. Phys. Rev. Res. 7, 013244 (2025).

(We also derived thermodynamic uncertainty relations, variational expressions...etc.)

Review: Sl, Information Geometry 7, Suppl 1, 441-483 (2024).

Thank you for listening!



