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Stochastic thermodynamics
and non-Markovian dynamics



A. Dechant Thermodynamics and Markov embedding

Non-Markovian dynamics
▶ classical system with configuration x(t) at time t (e. g. positions of interacting particles)

▶ want to describe time-evolution of x(t): two classes

• Markovian dynamics only depends on current configuration

γẋ(t) = f(x(t)) +
√

2γT ξ(t)

• non-Markovian dynamics depends on history of configuration

γẋ(t) = f(x(t)) −
∫ t

0
dt′M(t − t′)ẋ(t′) +

√
2γT ξ(t)

▶ probability of x(t) given prior observations x(t − t1), x(t − t2), . . . (t1 < t2 < . . .)

dynamics Markovian ⇔ P (x(t)|x(t − t1), x(t − t2), . . .) = P (x(t)|x(t − t1))
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√
2γT ξ(t)

▶ probability of x(t) given prior observations x(t − t1), x(t − t2), . . . (t1 < t2 < . . .)

dynamics Markovian ⇔ P (x(t)|x(t − t1), x(t − t2), . . .) = P (x(t)|x(t − t1))

2025/12/11 1



A. Dechant Thermodynamics and Markov embedding

Non-Markovian dynamics
▶ classical system with configuration x(t) at time t (e. g. positions of interacting particles)

▶ want to describe time-evolution of x(t): two classes
• Markovian dynamics only depends on current configuration
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A. Dechant Thermodynamics and Markov embedding

Non-Markovian stochastic thermodynamics

▶ in thermodynamics: system interacting with an environment

▶ Markovian dynamics of system only in specific limits: “Markov approximation”
• size of environment ≫ size of system
• relaxation time of environment ≪ relaxation time of system

▶ non-Markovian dynamics are the general case

▶ however: many results in stochastic thermodynamics restricted to Markovian dynamics

• TUR, speed limits, power-efficiency trade-off, . . .
• stochastic entropy production Σ̂ = ln P(x̂)

P†(x̂†) : P†(x̂†) time-reversed dynamics
meaning of time-reversal in non-Markovian dynamics?
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A. Dechant Thermodynamics and Markov embedding

Time-reversal for non-Markovian dynamics
▶ simple example of non-Markovian dynamics: generalized Langevin equation∫ t

0
dt′ M(t − t′)ẋ(t′) = fλ(t)(x(t)) + η(t)

▶ control protocol λ(t), t ∈ [0, τ ]; initial probability p0(x0)

▶ different notions of time-reversed process P†(x̂†)

• same λ(t), M(t); only reverse trajectory x̂† = (x(t − τ))t∈[0,τ ]

• same M(t); reverse trajectory and protocol λ†(t) = λ(τ − t)
• reverse trajectory, protocol and memory M†(t) = M(τ − t)
• something else???

▶ for all definitions: “stochastic entropy” Σ̂ = ln P(x̂)
P†(x̂†) satisfies〈

Σ̂
〉

≥ 0
〈

e−Σ̂
〉

= 1
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A. Dechant Thermodynamics and Markov embedding

Non-Markovian stochastic thermodynamics via Markov embedding
▶ assumption: non-Markovian dynamics = effective model of underlying Markovian dynamics

▶ underlying Markovian dynamics should fix time-reversal of non-Markovian dynamics

▶ our approach based on Markovian embedding

• Markovian dynamics on larger state space with same dynamics for x(t)
• compute entropy production ΣM of embedded Markovian dynamics
• want to assign ΣM = Σ

2025/12/11 4
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A. Dechant Thermodynamics and Markov embedding

Non-uniqueness of Markovian embedding

▶ problem: embedding is not unique!

▶ different extended Markovian systems result in same dynamics for x(t)

▶ thermodynamic quantities (entropy production) in general not invariant

▶ ambiguity of non-Markovian time reversal → ambiguity of Markovian embedding
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A. Dechant Thermodynamics and Markov embedding

Embedding and thermodynamic reversibility

▶ how can we use Markovian embedding for thermodynamics?

▶ find the “most reversible” embedding!

ΣM = min
embeddings

Σ ≤ Σtrue

▶ general non-Markovian jump processes → Kiyoshi Kanazawa’s talk

▶ here: generalized Langevin equations
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(Semi)-linear generalized Langevin equation



A. Dechant Thermodynamics and Markov embedding

Generalized Langevin equation

▶ “semi-linear” generalized Langevin equation for system s: xs ∈ Rds

∫ t

0
dt′ M(t, t′)ẋs(t′) = f s

λ(t)(x
s(t)) + η(t) (GLE)

• force f s
λ(xs) depends on control parameters λ: can be non-linear

• linear memory kernel M(t, t′)
• colored noise

〈
η(t)ηT(t′)

〉
= N(t, t′)

▶ questions

• what types of GLEs can be obtained from “mesoscopic” models?
• what are the possible Markovian representations of (GLE)?
• what are their thermodynamic properties?
• can we identify a unique Markovian entropy production ΣM associated with (GLE)?
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A. Dechant Thermodynamics and Markov embedding

Mesoscopic model: interacting Langevin equations
▶ start from Markovian description of target system xs and auxiliary system xa

γsẋs = f s
λ(xs) − Ks(xs − Ksaxa)

+
√

2γsTξs

γaẋa = −Ka(
xa − Ksaxs) +

√
2γaTξa

▶ assumptions

• only target system force depends on control parameters
• linear dynamics of auxiliary degrees of freedom
• target and auxiliary system in contact with equilibrium environment T

• independent noises acting on target and auxiliary system “bipartite”

▶ coarse-graining: eliminate xa ⇒ effective dynamics for xs
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A. Dechant Thermodynamics and Markov embedding

Semi-linear generalized Langevin equation

▶ non-Markovian generalized Langevin equation for target system

γsẋs(t) +
∫ t

0
dt′ M(t − t′)ẋs(t′) = f s,eff

λ(t)(x
s(t)) +

√
2γsTξs(t) + χ(t) + ⟨u0(t)⟩

M(t) = KsKsae−(γa)−1KatKas,
〈
χ(t)χT(t′)

〉
= TN(t, t′)

▶ formally exact, but fundamental problems

• noise correlations non-stationary N(t, t′) ̸= N st(t − t′) even for initial steady state
• equation depends on xs(0) and xa(0) via χ(t) and ⟨u0(t)⟩

▶ in general: GLE is not a closed equation for target system

2025/12/11 9
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A. Dechant Thermodynamics and Markov embedding

Stationary GLE

▶ under what conditions is GLE driven by stationary noise and independent of xs(0)?

▶ scenario 0: time-scale separation

• auxiliary system conditionally stationary pa
0(xa|xs) = pa,st

xs fixed(xa)
• requires τ a,rel ≪ min(τ s,rel, τ prot)

▶ in this limit: target system Markovian → auxiliary system renormalizes friction coefficient
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A. Dechant Thermodynamics and Markov embedding

Stationary GLE in equilibrium

▶ scenario 1: equilibrium
• conservative forces: f s

λ(xs) = −∇xs U s
λ(xs), K = KT

• extended system has equilibrium state for fixed λ

▶ initial state equilibrium for λ(0)

• stationary noise N(t, t′) = M(|t − t′|) fluctuation-dissipation theorem
• GLE closed if target system in equilibrium at t = 0

▶ no constraints on protocol: out of equilibrium at t > 0
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A. Dechant Thermodynamics and Markov embedding

Stationary GLE out of equilibrium

▶ scenario 2: non-equilibrium for linear forces

• linear forces: f s
λ(xs) = −Ks

λ

(
xs − aλ

)
• steady state ⇔ covariance matrix Ξλ and irreversible circulation Cλ = −CT

λ

▶ if initial state is steady state for λ(0) and Cλ(0) =
(

Cs 0
0 Ca

)

• stationary noise N(t, t′) = N st(t − t′)
• GLE closed if target system in steady state at t = 0

▶ no constraints on protocol: time-dependent driving for t > 0
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A. Dechant Thermodynamics and Markov embedding

Irreversible circulation and entropy production
▶ write Langevin equations as(

ẋs

ẋa

)
= −

(
Aaa Aas

Asa Aaa

) (
xs

xa

)
+

√
2T

(
ξs

ξa

)

▶ steady state covariance Ξ from Lyapunov equation AΞ + ΞAT = 2TI

C = 1
2T

(
AΞ − ΞAT)

⇔ A = T
(
I + C

)
Ξ−1

▶ intuitively: C quantifies steady-state currents

σ = 1
T

tr
(
CΞ−1CT)

▶ introduce partial entropy production σ = σs + σa

C =
(

Cs 0
0 Ca

)
⇒ σs = 1

T
tr

(
Cs(Ξ−1)ssCs,T)

, σa = 1
T

tr
(
Ca(Ξ−1)aaCa,T)

▶ no currents between target and auxiliary system
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A. Dechant Thermodynamics and Markov embedding

Equilibrium and non-equilibrium noise

▶ Ca = 0 and Cs ̸= 0: target system out of equilibrium

σa = 0 and N st(t) = N st(−t)
but σs > 0 and N st(t) ̸= M(t)

▶ Cs = 0 and Ca ̸= 0: auxiliary system out of equilibrium

σs = 0 and N st(t) = M(t)Θ(t) + MT(−t)Θ(−t)
but σa > 0 and M(t) ̸= MT(t) contains oscillations

▶ thermodynamic infererence: σa > 0 can be detected from finite-time correlations of xs
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A. Dechant Thermodynamics and Markov embedding

Conditions for stationary generalized Langevin equation

γsẋs(t) −
√

2γsTξs(t)

+
∫ t

0
dt′ M(t − t′)ẋs(t′) − χ(t)

= f s
λ(t)(x

s(t)) − Asxs(t)

with
〈
χ(t)χT(t′)

〉
= TN st(t − t′)

2025/12/11 15



Embbeding and Markovian entropy production



A. Dechant Thermodynamics and Markov embedding

Embedding problem
▶ coarse-graining: Langevin equation → derive GLE (“easy”)

▶ embedding: GLE → construct Langevin equation (difficult)

▶ explicit construction possible in equilibrium

γsẋs(t) +
∫ t

0
dt′ M(t − t′)ẋs(t′) = −∇xsU s,eff

λ(t)(x
s(t)) +

√
2γsTξs(t) + χ(t)

▶ possible form of memory kernel

N st(t) = M(t) =
∑

k

bkbT
k e−αkt, αk > 0

▶ reconstruct candidate Langevin equation

{αk, bk} ⇒ {Ks, Ka, Ksa, Kas}
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A. Dechant Thermodynamics and Markov embedding

Uniqueness of embedding

▶ auxiliary dynamics not unique

▶ in equilibrium unique up to

• invertible variable transformations xa → Qxa

• adding/removing non-participating degrees of freedom

▶ essence of proof: symmetric matrices with the same eigenvalues are orthogonally similar

▶ both transformations leave entropy production invariant

▶ linear GLE in equilibrium → unique Markovian entropy production

2025/12/11 17
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A. Dechant Thermodynamics and Markov embedding

Markovian entropy production

▶ given: non-Markovian evolution of target system

γsẋs(t) +
∫ t

0
dt′ M(t − t′)ẋs(t′) = −∇xsU s,eff

λ(t)(x
s(t)) +

√
2γsTξs(t) + χ(t)

with N st(t) = M(t) =
∑

k

bkbT
k e−αkt and ps

0(xs) ∝ exp
(

− 1
T

(
U s,eff

λ(0)(x
s)

))

▶ assign unique Markovian entropy production ΣM (assuming linear embedding)

▶ ΣM is entropy production of Markovian Langevin equation

ΣM =
〈

ln P(x̂s, x̂a)
P†(x̂s†, x̂a†)

〉
≥

〈
ln P(x̂s)

P†(x̂s†)

〉
= ΣNM
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A. Dechant Thermodynamics and Markov embedding

Markovian time-reversed process

▶ time-reversal P†(x̂s†, x̂a†) in Markovian Langevin equation
• reverse trajectory (x̂s†, x̂a†) = (xs(τ − t), xa(τ − t))t∈[0,τ ]

• reverse protocol λ†(t) = λ(τ − t)
• start from final state p†

0(xs, xa) = pτ (xs, xa)

▶ final state pτ (xs, xa) is not equilibrium for λ(τ)

▶ GLE for time-reversed process has same memory but non-stationary noise!

▶ more general notion of time-reversal may be necessary for non-Markovian systems
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A. Dechant Thermodynamics and Markov embedding

Uniqueness of entropy production
▶ more generally: arbitrary conservative interactions with energy separation

Uλ(xs, xa) = U s
λ(xs)︸ ︷︷ ︸

controllable

+ U int(xs, xa)︸ ︷︷ ︸
uncontrollable

▶ work and equilibrium free energy difference only depend on target system

W = W s ∆F = ∆F s

▶ for any embedding that results in the correct dynamics of xs

W s = ∆F s + TΣM if initial and final state in equilibrium

▶ ΣM is unique for equilibrium-to-equilibrium processes
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A. Dechant Thermodynamics and Markov embedding

Non-uniqueness of embedding out of equilibrium

▶ explicitly construct embedding of equilibrium GLE using non-conservative forces

▶ entropy production different from conservative embedding

ΣM,nc = ΣM + τσhk σhk constant housekeeping entropy production rate

▶ continuous family of non-conservative embeddings → entropy production not unique

▶ embedding of non-equilibrium GLE → ???
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Underdamped generalized Langevin equation



A. Dechant Thermodynamics and Markov embedding

Underdamped Langevin equations

▶ start from underdamped equations

msv̇s = −γsvs − ∇xsU s
λ(xs) − Ks(xs − Ksaxa)

+
√

2γsTξs

mav̇a = −γaẋa + −Ka(
xa − Ksaxs) +

√
2γaTξa

▶ in equilibrium: stationary underdamped generalized Langevin equation for (xs, vs)

msv̇s(t) = −γsvs(t) −
∫ t

0
dt′ M(t − t′)vs(t′) − ∇xsU s,eff

λ(t)(x
s(t)) +

√
2γsTξs(t) + χ(t)

▶ satisfies fluctuation-dissipation relation〈
χ(t)χT(t′)

〉
= TM(|t − t′|)

▶ M(t) can contain oscillations
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xa − Ksaxs) +

√
2γaTξa

▶ in equilibrium: stationary underdamped generalized Langevin equation for (xs, vs)

msv̇s(t) = −γsvs(t) −
∫ t

0
dt′ M(t − t′)vs(t′) − ∇xsU s,eff

λ(t)(x
s(t)) +

√
2γsTξs(t) + χ(t)

▶ satisfies fluctuation-dissipation relation〈
χ(t)χT(t′)

〉
= TM(|t − t′|)

▶ M(t) can contain oscillations

2025/12/11 22



A. Dechant Thermodynamics and Markov embedding

Reversible and irreversible oscillations

▶ underdamped equilibrium GLE and overdamped non-equilibrium GLE exhibit oscillations

▶ can we model non-equilibrium effects using reversible dynamics?

▶ compare memory kernel

dtM
over(t)

∣∣
t=0 ≠ 0 but dtM

under(t)
∣∣
t=0 = 0

▶ in general no!

▶ reversible and irreversible oscillations are different → how?
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A. Dechant Thermodynamics and Markov embedding

Summary and outlook

▶ can Markovian embedding be useful for thermodynamics → yes!

▶ unique Markovian entropy production for

• equilibrium-to-equilibrium processes
• linear overdamped GLE starting from equilibrium
• linear overdamped GLE relaxing to equilibrium

▶ no unique Markovian entropy production for non-conservative embedding

▶ open issues

• construct embedding for non-equilibrium/underdamped GLE
• minimum entropy production embedding → define ΣM?
• explicit examples for non-linear GLE? formulation of fluctuation-dissipation theorem?
• gauge invariance of entropy production ↔ excess/housekeeping decomposition
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Thank you for your attention!
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