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Stochastic thermodynamics
and non-Markovian dynamics
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» want to describe of &(t): two classes
° only depends on configuration
ya(t) = f(o(t) +/27TE()
° depends on of configuration

Yit) = Fa(t)) - / dUM(t— {')i(1') + \/2ATE()
0

» probability of @(t) given prior observations x(t — t1), x(t — t2),... (t1 <t2 <...)

dynamics Markovian & P(x(t)|z(t —t1),2(t — t2),...) = P(x(t)] )
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Non-Markovian stochastic thermodynamics

» in thermodynamics: interacting with an

» Markovian dynamics of system only in : “"Markov approximation”
° of environment > size of system
° of environment < relaxation time of system

» non-Markovian dynamics are the

» however: many results in restricted to dynamics

e TUR, speed limits, power-efficiency trade-off, ...
pfgg): P (&) time-reversed dynamics

in non-Markovian dynamics?

e stochastic entropy production S=In
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Time-reversal for non-Markovian dynamics

» simple example of non-Markovian dynamics:
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» control protocol A(t), ¢ € [0, 7]; initial probability po(xo)
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Time-reversal for non-Markovian dynamics

» simple example of non-Markovian dynamics:

/ dt' M(t — t)i(t') = Fae (() + n(t)

0

» control protocol A(t), ¢ € [0, 7]; initial probability po(xo)

» different notions of Pt (27)
e same A(t), M (t); only &' = (x(t —7))icio,n
e same M (t); M@= A —1t)
o MT(t) = M(r —t)
e something else?7?
» for all definitions: S=In % satisfies
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» assumption: dynamics = effective model of dynamics

» underlying Markovian dynamics should of non-Markovian dynamics
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» assumption: dynamics = effective model of dynamics
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» our approach based on
e Markovian dynamics on with same dynamics for ()
e compute ¥M of embedded Markovian dynamics
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Thermodynamics and Markov embedding

A. Dechant

Non-uniqueness of Markovian embedding

» problem: embedding is !
> extended Markovian systems result in dynamics for x(t)

> quantities (entropy production) in general
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Non-

2025/12/11

uniqueness of Markovian embedding

» problem: embedding is !
> extended Markovian systems result in dynamics for x(t)
> quantities (entropy production) in general

» ambiguity of non-Markovian time reversal — ambiguity of Markovian embedding
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» how can we use Markovian embedding for thermodynamics?

» find the embedding!
M= min Y yme
embeddings
» general — Kiyoshi Kanazawa's talk

» here:
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Generalized Langevin equation

h . . " . . . S
» ‘“semi-linear” generalized Langevin equation for system s: x° € R¢

t
/ dt" M(t,t)&°(t") = fiq (@°(t)) +n(t) (GLE)
0
° f3(z®) depends on control parameters A: can be non-linear
o linear M(t,t)
. noise <n(t)nT(t')> = N(t,t")
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Generalized Langevin equation

" - - " . . - S
» ‘“semi-linear” generalized Langevin equation for system s: a° € R?
Yy

t
/ dt’ M(t,t")a*(t') = fi (@°(t) +n(t) (GLE)
0
° f3(z®) depends on control parameters A: can be non-linear
o linear M(t,t)
. noise <n(t)nT(t')> = N(t,t")
» questions
e what types of GLEs can be obtained from models?
e what are the possible of (GLE)?
e what are their ?
e can we identify a ¥M associated with (GLE)?
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Mesoscopic model: interacting Langevin equations
» start from Markovian description of x® and

,Ysa-.:s _ fi(ws) _Ks(ms_’csawa) + \/2’Y75T s
,,Ya:ba - _K°® (ma _ ’Csams) + /Z,YaTé-a
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Thermodynamics and Markov embedding

Mesoscopic model: interacting Langevin equations
» start from Markovian description of x® and
vt = f3(x°) — K*(x° — K¥2%) + V27TE
P = (e - K%) + ErTE
P> assumptions
e only depends on control parameters
° of auxiliary degrees of freedom

e target and auxiliary system in contact with

° acting on target and auxiliary system “bipartite”
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Mesoscopic model: interacting Langevin equations
» start from Markovian description of x® and x?®
vt = f3(x°) — K*(x° — K¥2%) + V27TE
P = (e - K%) + ErTE
P> assumptions
e only depends on control parameters
° of auxiliary degrees of freedom

e target and auxiliary system in contact with

° acting on target and auxiliary system “bipartite”

> . eliminate x® = effective dynamics for x*
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Mesoscopic model:
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P> assumptions
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Semi-linear generalized Langevin equation

> generalized Langevin equation for
t
)+ [ A M= )F) = £ 0) + VETED +X(0) + (uolt)
M (1) = KoKPe 0K, <x<t>xT<t'>>=TN<t,t'>
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A. Dechant Thermodynamics and Markov embedding

Stationary GLE

» under what conditions is GLE driven by and ?
| 4

e auxiliary system po(z®[z®) = p;SStfixed (x*)

e requires 7™ < min (7", 7P)

» in this limit: target system — auxiliary system
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Irreversible circulation and entropy production

» write Langevin equations as

1':5 _ Aaa AaS wS é‘S
(o) =3 ) () (§)

» steady state covariance E from Lyapunov equation AZ + ZAT = 27T

1

C = ﬁ(AE ~-BA") & A=T(I+C)E!
» intuitively: C quantifies
1
0= 5tr(CE™ICT)
» introduce oc=0°4+0°

Cs 0 s 1 S (mm—1\Ss /¥S a 1 a/m—1\aaa
C= <0 Ca> = o :ftr(C ) C'T), o :Ttr(C (=1 C'T)

» no currents target and auxiliary system
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A. Dechant Thermodynamics and Markov embedding

Equilibrium and non-equilibrium noise

» C*=0and C°#£0:

0®=0 and N%(t) = N*(-t)
but and

» C*=0and C* #0:
0°=0 and N%(t)= M()O(t)+ M (—t)O(-t)

but and contains

> : 02 > 0 can be detected from correlations of x°®
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Thermodynamics and Markov embedding

Conditions for stationary generalized Langevin equation

target auxiliary
system system

(non-linear) (linear)

extended system (initial equilibrium)

environment

or

target auxiliary
system system

(linear) (linear)

extended system (initial NESS)

environment

2025/12/11

YE(t) — /27y TE(t)

+/0 dt’ M(t —t')&*(t") — x(t)

with

= fw(@ () — Az(t)
(x(Ox" (")) = TN*(t —t)
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Embedding problem

> : Langevin equation — derive GLE (“easy”)
> : GLE — Langevin equation ( )
» explicit construction possible
t
oS (t) +/0 dt' M(t —t")a*(t') = = VU3 (2°(t) + /27T
» possible form of memory kernel

N*(t) = Zbka ekt >0

> candidate Langevin equation

{Oék,bk} = {Ks,Ka,’Csa,’Cas}
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P auxiliary dynamics
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A. Dechant Thermodynamics and Markov embedding

Uniqueness of embedding

P auxiliary dynamics
» in equilibrium

. z® — Qx°

e adding/removing degrees of freedom
» essence of proof: symmetric matrices with the same eigenvalues are orthogonally similar
» both transformations

» linear GLE in equilibrium — Markovian entropy production
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Markovian entropy production

> : non-Markovian evolution of
t
753':5(75)4—/ dt' M(t —t")a*(t') = = VU3 (2°(t) + /27T
0
1
with  N(t) = Zbka ot and  p§(x°) x exp < — ?(U;fg) (ms)))
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A. Dechant Thermodynamics and Markov embedding

Markovian entropy production

> : non-Markovian evolution of

t

753':5(75)4—/ dt' M(t —t")a*(t') = = VU3 (2°(t) + /27T
0
1
T s, eff
with  N(t) = Zbkb ot and  p§(x°) x exp < — f(UA(o) (ms)))

» assign (assuming linear embedding)

» ¥M is entropy production of Markovian Langevin equation

P&, &%) P(#) \ _ g
SM=(In—————-) > (1 =%
(i sitart o) (B
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Thermodynamics and Markov embedding

Markovian time-reversed process

» time-reversal PT(£5T, 22T) in Markovian Langevin equation

° (QST,@aT) = (z°(r — ), 2% (7 — t))tE[O,T]
. M) =A(r—1t)
e start from pi(x®, 2?) = pr(x°, @)
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Thermodynamics and Markov embedding

Markovian time-reversed process

2025/12/11

» time-reversal PT(£5T, 22T) in Markovian Langevin equation

[ ] (CﬁsT, :%BT) = (ms(’r — t), fl:a (T — t))tE[O,T]
. M) =A(r—1t)
e start from pi(x®, 2?) = pr(x°, @)

» final state p,(x°, ?) is for (1)

» GLE for time-reversed process has

> notion of time-reversal may be necessary for non-Markovian systems
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Uniqueness of entropy production

» more generally: interactions with energy separation

Ux(z®, ) = Us(z®) +U™(z%, 2°)
N —

controllable uncontrollable

2025/12/11 20



A. Dechant Thermodynamics and Markov embedding

Uniqueness of entropy production
» more generally: interactions with energy separation
Ux(z®, ) = Us(z®) +U™(z%, 2°)
~—
controllable uncontrollable

» work and equilibrium free energy difference only depend on

W =Wws AF = AF®

2025/12/11 20



A. Dechant Thermodynamics and Markov embedding

Uniqueness of entropy production

» more generally: interactions with energy separation

U(@*,@%) = Ui(a®) + U™ (%, a?)
~—
controllable uncontrollable

» work and equilibrium free energy difference only depend on
W =Wws AF = AF*®
» for that results in the correct dynamics of x*
Ws=AF+TxM if state in equilibrium

» “Mis unique for processes
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A. Dechant Thermodynamics and Markov embedding

Uniqueness of entropy production

» more generally: arbitrary conservative interactions with energy separation

protocol A(t) equilibration

» wor

pMprot 4 yMrel 5\ ays unique
> for EMprot ynique for linear GLE
= xMrel ynique for linear GLE

» ¥Mis unique for equilibrium-to-equilibrium processes
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Non-uniqueness of embedding out of equilibrium

» explicitly construct embedding of using

» entropy production from conservative embedding

yMne — M 7ok o™ constant entropy production rate

2025/12/11 21



Thermodynamics and Markov embedding

A. Dechant

Non-uniqueness of embedding out of equilibrium

» explicitly construct embedding of using

» entropy production from conservative embedding

yMne — M 7ok o™ constant entropy production rate

of non-conservative embeddings — entropy production

21
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A. Dechant

Non-uniquen

> explicitly,
» entropy

3

» continuo

conservative
auxiliary
system 1

target
system

extended system 1

conservative
auxiliary
system 2

target
system

non-Markovian >
target

system N

extended system 2

non-
conservative
auxiliary
system

target
system

extended system 3

Fes
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unique
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Thermodynamics and Markov embedding

Non-

2025/12/11

uniqueness of embedding out of equilibrium

» explicitly construct embedding of using
» entropy production from conservative embedding

yMne — M 7ok o™ constant entropy production rate
> of non-conservative embeddings — entropy production

» embedding of — 777
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Underdamped Langevin equations

» start from equations

m*o® = —y°v° — V. U3 (2°) — K*(2° — K¥2%) + \/27TE
ma,ba — _7adja 4 _Ka(ma _ Ksams) 4 /2’)/3T a
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A. Dechant Thermodynamics and Markov embedding

Underdamped Langevin equations

» start from equations

m*o® = —y°v° — VU3 (2°) — K*(2° — K¥2?) 4+ /29°T¢°
ma,ba — _,yad:a + _Ka(ma _ K:sams) 4 2’)’3T a

» in equilibrium: stationary equation for (x°, v°®)

t
moo(t) = —y*vi(t) — / dt' M(t — t")o*(t') = VU3 (2°(t)) + /27T E(t)
0
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A. Dechant Thermodynamics and Markov embedding

Underdamped Langevin equations

» start from equations

m*o® = —y°v° — VU3 (2°) — K*(2° — K¥2?) 4+ /29°T¢°
ma,ba — _,yad:a + _Ka(ma _ K:sams) 4 2’)’3T a

» in equilibrium: stationary equation for (x°, v°®)
¢
moo(t) = —y*vi(t) — / dt' M(t — t")o*(t') = VU3 (2°(t)) + /27T E(t)
0
» satisfies relation

(x(Ox"(t')) =TM(Jt —t'))

» M (t) can contain
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A. Dechant

Thermodynamics and Markov embedding

Reversible and irreversible oscillations

2025/12/11

> GLE and GLE exhibit oscillations
» can we model using reversible dynamics?
» compare memory kernel

dtMover(t)|t:0 ?é 0 but dtMUnder(t)|t:0 =0
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A. Dechant Thermodynamics and Markov embedding

Reversible and irreversible oscillations

> GLE and GLE exhibit oscillations
» can we model using reversible dynamics?
» compare memory kernel

dtMover(t)|t:0 ?é 0 but dtMUnder(t)|t:0 =0

v

reversible and irreversible oscillations are — how?
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A. Dechant Thermodynamics and Markov embedding

Summary and outlook

» can be useful for thermodynamics —
» unique for
) processes

e linear overdamped GLE

e linear overdamped GLE

Markovian entropy production for embedding
>
e construct embedding for GLE
° embedding — define ¥M?
e explicit examples for ? formulation of fluctuation-dissipation theorem?

° of entropy production <+ excess/housekeeping decomposition
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Thank you for your attention!
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