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Introduction

Lattice QCD = non-perturbative input for phenomenology

;_ f“ ": WI KIPEDI A Parameters of the Standard Model [hids]
" The Free Encyclopedia  gympoel Description Renormalization Value
' scheme (point)
1 Mme e ectron mass 0.510 998 950 69(16) MeV/c?
2 my, MuUoN mMmass 105.558 3755(23) MeV/c’
3 M tau mass 1 776.86(12) MeV/c?
4 my up quark mass ks = 2 GeV 2.16 ’_gjg MeV/c? Lattice QCD is needed
5 my down quark mass ks = 2 GeV 4.67 1019 MeV/c? Lattice QCD is needed
6 m strange quark mass s = 2 GeV 93.4 :g'i MeVic? Lattice QCD is needed
7 M charm quark mass S = Me 1.27(2) GeV/c’ Lattice QCD is needed
8 m, bottom quark mass Hvs = My 4.18 ﬁg GeV/c? Lattice QCD is needed
9 m top quark mass on-shell scheme  172.59(30) GeV/¢>
10 642 CKM 12-mixing angle 13.1° Lattice QCD is needed
11 63 CKM 23-mixing angle 2.4° Lattice QCD is needed
12 044 CKM 13-mixing angle 0.2° Lattice QCD is needed
13 & CKM CF-violating Phase 0.995 Lattice QCD is needed
14 g,org' U(1)gauge coupling s = mz 0357
15 g,org SU(2) gauge coupling Ms = Mz 0.652
16 gaorge SU(3) gauge coupling LTS = my 1.221 Lattice QCD is needed
17 6acd QCD vacuum angle ~0
18 v Higos vacuum expectation value 246.2196(2) GeV/c?
19 my Higgs mass 125.18(16) GeV/c?



Introduction

Lattice QCD = non-perturbative input for phenomenology

Experimentalist
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Introduction

Lattice QCD = non-perturbative input for phenomenology

- e “T=  Experimentalist
ud - 1 (exp)

a) b
; FIG. 4 Diagrams describing the KE:;,Y amplitude. B f3

Phenomenology |
i *

~ o~

\ f?“ Calculate

Calculate %

only from (Aqcp, Mygs ms)

Compare
Phenomenology
Latrtice form faotor : G 2 ) *’
<7 0)]?  x ‘ v,.| 1) = T
i 19273 Kz3

SM parameter




Latti ce Q C D? Akio Tomiya

Imaginary time is “Equivalent” to real time

Lattice calculation is done with “Euclidean time” and “path integral”

| 1. - ;
{0) = ~ im(Q| T e H91 6(¢) | Q) Equivalent
: T § <

g <@>=%{D¢eis[¢]@(¢)

~“Operator, real tme ~Path integral_ real Tme
A A
f— —it I —> —1f
(same Hamiltonian) (same eigenvalue of H)
\4 \4

(o) qube p—

| 1 , -
{(0) = ~ Iim(Q| T e "7 6(¢)| Q) Equivalent
T § <

) er, T Pathintegral,i i o



Latti ce Q C D? Akio Tomiya

Lattice QCD = QCD on a discretized spacetime

1 4
Quantum _ —SocplU] _
expectation value <@> - ZJDUe > O(U) DU = H HdUﬂ(n)

10! dim. integral

n€lat u=1

Finite dim. integral!
ﬂl’ dimensional lattice \

a [fm] is a lattice spacing (unit of discretization)
needed to define the theory (as differentiation)

Theory on the lattice spacetime

1 . ~(la
SocplU] = Z [_ —Re tr ' IVl 4+ (Quarks)
8
n
(after all calculations, we take a — 0 limit with tuning of g)

This is just finite multi-dimensional

(256 X 4 x 8 ~ 10! dimensional) integration.
Not a simulation but a just integration of regulated theory.

We evaluate this integral using Markov-Chain Monte Carlo




Latti ce Q C D? Akio Tomiya

Monte-Carlo integration is available

HMC: Simon Duane, Anthony Kennedy, Brian Pendleton and Duncan Roweth1987

Quantum <@> — l DUe —SQCD[U] @(U) SocplU] = SgueelU1 — log det(D[U] + m)
expectation value 7 1011 gim. integral

Monte-Carlo: Generate field configurations with “P[U] « e >erlUl”_ Stochastically estimate ()
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Monte-Carlo integration is available

HMC: Simon Duane, Anthony Kennedy, Brian Pendleton and Duncan Roweth1987

Quantum <@> — l DUe —SocplU] @(U) SocplU] = SgueelU1 — log det(D[U] + m)
expectation value 7 1011 gim. integral

Monte-Carlo: Generate field configurations with “P[U] « e >erlUl”_ Stochastically estimate ()

L SCey) = %(x2+y2+x)’) :

@ = Hybrid/Hamiltonian Monte-Carlo (HMC) : . :
(De-facto standard Exact algorithm) D Have =2+ 2 4 S0y
. 2 2 .

= Random momentum + EOM . Initp,p, =random
Here we regard Socp as a potential for U

~Molecular dynamics with random p & given U

1
(6) = D, O1U]  (Nample = )



Introduction

Monte-Carlo integration is available

M. Creutz 1980

Quantum <@> — l DUe _SQCD[U]@(U) SocplU] = SgueelU1 — log det(D[U] + m)
expectation value 7

10! dim. integral

HMC: Hybrid (Hamiltonian) Monte-Carlo

, S0 y) =~ + 32+ xy)
De-facto standard algorithm (Exact) 2

Random momentum + EOM
= Random walk like algorithm

In each time step of “EOM”, we have to solve a linear equation ID (Dslash
= covariant derivative), which is very expensive. It dominates 50-90 % of numerical cost.

—
D - b A huge Linear equation. it is solved
— by the conjugate gradient
\ 10° dimension for L = 256 (L* is the system size)



Introduction

Correlation between samples = inefficiency of calculation

. . Sﬂ g[h]it @[F‘[F@ @i_t@@] o
Large Tac means, such simulation is mefﬂment

1 1
(O[g]) = NZ Olg] = O ) -

k Nindep o \TO) — e

2‘0.6- \
v Nampe \/

indep — ZTaC g . o

g 0.0- | | ) "“——t
F(t) - ., Z (0[¢k+t] 0)(0[¢k] — 0) ~ e _Z/T 0 10 20 30 a0



Introduction

MCMC is not “totally random” -> auto-correlation

B=6/92 Nconf Tac  Nindep k=1000

15k 47 160
Data from 20k 224 45 N, conf
Nf=3, standard staggered 20k 656 15 ]Vindep — H
with magnetic field Tac

20k 2940 3 \

19k 1306 6 Critical temp.
14k 58 116

10k 48 106
N,

conf

1
Olg] £ O( )
Nconf ; \/Nindep

Z - Dynamic critical exponent  (see 1703.03136)
Tac: algorithm dependent (N. Madras et. al 1988)

L>xN, =16 x4
ma = 0.03

(O[9]) =

Tac ™ fz ~ L~

If one finds an algorithm with small z (small tau),

we can reduce the numerical cost
Can we use ML?
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What is our final goal for our research field?

200w Bl g oo TS g el

Parameters of the Standard Model [hids]
Symbol Description LI O Value
scheme (point)
Me electron mass 0.510 998 950 69(16) MeV/c?
m, muon mass 105.558 3755(23) MeV/c”
my tau mass 1776.86(12) MeV/c?
my up quark mass Hiis =2 GeV 2.16 3: MeV/c?
F O r m fa Ct O rS y my down quark mass His =2 GeV 467 *_g:g MeV/2
. . mg strange quark mass s = 2GeV 93.4 :g'i MeV/c?
Runnlng Coupllng Ma charm quark mass S = Me 127(2)Ge\’/c’
) my, bottom quark mass Hys=my 4.18 32 GeV/c2
E u a-t i O n Of S-t at e S m top quark mass on-shell scheme  172.59(30) GeV/c?
q | 6y, CKM 12-mixing angle 13.1°
" [ g 655 CKM 23-mixing angle 24°
Topological susceptibility
o CKM CF-violating Phase 0.995
-t gyor g’ U(1) gauge coupling s =mz 0357
e C L] g-org SU(2) gauge coupling s =mz 0.652
gaor g SU(3) gauge coupling LS = m7 1.221
Baco QGCD vacuum angle ~0
v Higgs vacuum expeciation value 246.2196(2) GeV/c?

my Higes mass 126.18(16) GeV/c?




Lattice QCD?

Open source LQCD code in Julia Language

|pjm|ya

AT & Y. Nagai

_|uI

arX|V 1209.5145

Julia lang = Fast as C, Productive as Python, ML friendly, Portable
Introductive notebook: http://bit.ly/4mej3oe

Not as Python, other languages are not necessary since it is fast

~

$:LatticeQCD.jl

Measurements (chiral condensate, topological charge, etc), MPI, GPU

[ 1.D la bi )
. Downl lia binar
Start LQCD ownload Julia binary .
. : 2. Add the package through Julia package manager
IN 5 min
\ 3. Execute! )

https://github.com/akio-tomiya/LatticeQCD.jl

SJ3) Ouonchod, =472, Hoaocth

U L L

Y,
Run almost everywhere: Laptop/CoIab/Jupyter/Supercomputer;

Advantage: Portability, no-explicit compile, fast, Quick trial-and-error feedback loop
Functionality: SU(Nc)-heatbath, (R)HMC, Self-learning HMC, Dynamical fermions

arXiv:2409.03030



https://github.com/akio-tomiya/LatticeQCD.jl
http://bit.ly/4mej3oe
https://youtu.be/Z-CT8A2R_-w

Lattice QCD?

Demo!
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Machine learning

History of 3rd Al boom (4th industrial revolution )

Year Event Tomiya

2012 Breakthrougrlml_\gi\t/rlmq gNZIC\)l1 2AlexNet wins Master’s degree

2013 Higgs discovery

2015 PhD @ U. of Osaka = Wuhan
2016 AlphaGo wins | started machine learning
2017 Transformer

2018 Wuhan -> BNL

2020 GPT-3 Invited Talk in PPP, ML+Phys
2021 AlphaFold2 BNL — IPUT Osaka (Faculty)
2022 ChatGPT released. 'ZEYIEZF (MLPhys)
2024 (HO'\;‘;Z%,PH”if]‘t*O‘;‘),Pg-‘rfgﬁsw IPUT Osaka — TWCU (Faculty)
2025 ? Invited Talk in PPP, ML+Phys
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What is machine learning?

E.g. Linear regression € Supervised learning

Data: D = {(x(l),y(l)), (x®), y@h, }

o . X

Akio Tomiya



What is machine learning?

E.g. Linear regression € Supervised learning

Data: D = {(x(l),y(l)), (x®), y@h, }

1
f{a,b,c}(x) = ax*+bx+c E = 5 Z
d

a, b, c, are determined by minimizing £
” (training = fitting by data)

Akio Tomiya



What is machine learning?

E.g. Linear regression € Supervised learning

Data: D = {(x(l),y(l)), (x®), y@h, }

V1

f{a,b,c}(x) = ax’+ bx+c

- X

2
f{ a,b,c}(x(d)) _ y(d)

1
f{a,b,c}(x) = ax*+bx+c E = 5 Z
d

a, b, c, are determined by minimizing £
N (training = fitting by data)

Akio Tomiya
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What is machine learning?

E.g. Linear regression € Supervised learning

Data: D = {(x(l),y(l)), (x®), y@h, }

V1

f{a,bac}(x) = ax’+ bx+c

Use of fitted function =

Inference
> X

X0
Now we can predict y value which not in the data

In physics language, variational method

Akio Tomiya



What is the neural networks?

Neural network is a universal approximation function

Example: Recognition of hand-written numbers (0-9)

6x6

&

Input

How can we formulate this “Black box”?
Ansatz?




What is the neural networks?

Neural network is a universal approximation function

Example: Recognition of hand-written numbers (0-9)

(O 000\ AP -
: robabilit
6x6 0.000 y
0.8434
10756 | _ =
= 10.3456 | ="
: 0.64 - . H =
Image is a vector | ;-5 Regarding >
(6x6=36 dim) | : | 1 & 3 4
R jRegard
36 dimension

4
®

‘ Images of “2”

10 dimension

Input

yno

BT $
O

Images of “1”

Image recognition = Find a map between two vector spaces




What is the neural networks?

Neural network is a universal approximation function

Example: Recognition of hand-written numbers (0-9)

(0.000 )
6x6 0.000
0.8434

o756 | _ =

= 10.3456 | ="

_ 0.64 _
Image is a vector | -5 Regarding
(6x6=36 dim) | :
A

36 dimension Neural net

<
‘.

’ Images of “2”

Input

Y S
Q

Images of “1”




What is the neural networks?

Affine transformation + element-wise transformation

Layers of neuralnets /| =23.... L yV =% W, bD are fit parameters

Z(l) — W(l)ﬁ(l—l) 4 [;(l) Affine transformation

(b=0 called linear transformation)

u(l) _ (l)(Z(l)) Element-wise (local) non-linear.
i i hyperbolic tangent-ish function

A fully connected neural net = composite function (Linear&non-linear)
1) = cOWOeD(WDR + p@) + p3)

0 is a set of parameters: wg), bl.(l),

- Input = vectors, output = vectors
- Neural net = a nested function with a lot of parameters (W, b)
- Parameters (W, b) are determined from data (fitting/training)

Neural network = map between vectors and vectors
Physicists terminology: Variational ansatz



What is the neural networks?

Neural network is a universal approximation function

Example: Recognition of hand-written numbers (0-9)

( \ N
ox6 0000 tProbability
0.8434
o756 |_=
= 03456 | =X
. 0.64 _
Image is a vector | (-5 Regarding
(6x6=36 dim) | : |
A ﬁg(x) 6(3)(W(3)6(2)(W(2)x + b(Z)) + b(3))
36 dimension Input Neural net
. B
Images of “2”
' Input Output

Tt variational
.Images of “1” map
Fact: Neural network can mimic any function Deep Leaming

. o ) and Physics
= A systematic variational function.

In this example, NN mimics image (36-dim vector) and label (10-dim vector)




Machine learning

Neural network have done good job
Protein Folding (AlphaFold, John Jumper+, Nature, 2020+), Transformer neural net

100

Score:
Higher is better

82

60

GOT

40

22

)
CASET  CASPE  CASPA  CA Pl
2006 2000 2010

CASPN ca ﬁP
2004

CASP

ALFHAFOLD 2

——] ’6"'- )
{ Y [ [@rreere)
G g te e
ALPHAFOLD 7| ctm “2'
—t \'é T
JsA
/
\
N~
— O |l
o -
—
Tor g
h \_

\KPI CASPIC

~ Nohel prize 2024!

Akio Tomiya

\ o
\ /
191424
) e -
oS
% - o
3 U \
=)
| O iy .
88 thvay) e —
& Bocey
’
0 wuwoue

Neural network wave function for many body (Carleo Troyer, Science 355, 602 (2017) )

102

T —3
1073

- (lower is better)
10—4 | | |

' Variational energy

#lof units élc Q

8 16 32 -

Neural net is very useful for science!
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Machine learning

Type 1, fully connected neural networks

Layers of neuralnets /| =23.... L yV =% W, bD are fit parameters

Z(l) — W(l)ﬁ(l—l) 4 [;(l) Affine transformation

(b=0 called linear transformation)

u(l) — G(Z)(Z(Z)) Element-wise (local) non-linear.
l l hyperbolic tangent-ish function

units

Pros
- Easy to implement
- Good for first trial

Cons

> - Not efficient/performant
Layers




Configuration generation in LQCD "™

Type 2, convolutional neural networks

Filter on image

%r Laplacian filter
‘ ' 0/1]0
1121

0|10

Edge detection

(Discretization of 0°)

If input is shifted, output is shifted= respects transnational symmetry
“Equivariant ” = Operation and filtering is commutable



Configuration generation in LQCD "™
Convolution layer = trainable filter

Filter on image

Laplacian filter

O|11]0
1 -2 1 — Edge detection
O|11]0

(Discretization of 0°)

If input is shifted, output is shifted= respects transnational symmetry
“Equivariant ” = Operation and filtering is commutable

Convolution layer

Fukushima, Kunihiko (1980)

Edge deteCtiOn Gaussian filter
W11 [|W12| W13 | LT,
=  Smoothing Bk
W21 W22 | W23 — (Gaussian filter) T
W31 | W32 | W33 | (Training and data determines what kind of filter is realized)

Extract features

Convolutional NN (layers) respects transnational symmetry!



Akio Tomiya

Equivariance and convolution

Convolutional Neural network have been good job but local ...

conv ~ neural net with n-th nearest neighbor connections (local)

nv
Q{W
€.g. _ . Long range correlation in input is
1d Input image _ captured by deep layers

since operation is local

However, 1 step of convolutional layer can pick up only local correlation
and representability of neural networks is limited. Global correlations are

sometimes important.
How can we overcome these difficulties?
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Attention layer used in Transformers (GPT etc) arXiv:1706.08762

Cutput @ OpenAl
Frcbabilities
L linear )
([ Adc % Norm ]45\
Focd
Forward
I
(~EEmmm) || e
l':f?::rd I Attenticn -
Nix — | Adc & Norm | 2N
—{_Adc & Norm J Pt
Muiti-Haad M.iti-Haac
Attenticn Allerlion
=\ y Attention layer (in transformer model) has been
asitional . O\ ~ositional . . .
Encocing ®_(¢9 @-@ Enc:-(?:\g |ntr0duced |n a paper t|t|ed
nput Outpu: - -
Emberding Emterding “Attentlon IS a" you need” (1 70603762)
Inouts Ouipus State of the art architecture of language
(shifted ~igh")

processing.
Attention layer is essential.

Figurc 1: The Transformer - model architecture.
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Attention layer can capture non-local correlations axi:170s.0s7:2
Modifier in language can be non-local

‘e T

Eg.| am Akio Tomiya living in Japan, who studies machine learning and physics

In physics terminology, this is non local correlation.
The attention layer enables us to treat non-local correlation
with a neural net!

Simplified version of Attention/Transformer

| Skip connection

I »| WX | M = W WKX)T
/" | Non-local product v
X = am B WKX (Non-local
Akio correlation)
. — VY x Add & normalization |— X’
| ReLUM)W'X | — T
Weighted
Array of word vectors Block-
spin

Word~vector Transt. _
X: matrix (Trainable) Self-Attention

These can be reieated




Configuration generation in LQCD "™

Transformer shows scaling lows (power law) rXiv: 200108361
7 4.2
6 —— L=(D/5.4-1013)700% | 5.6 —— L=(N/8.8-101%)"0076
3.9
4.8
o 5
2 3.6 4.0
- 4
® 3.3 3.2
= 3
3.0
2.4
L= (Cmm/2.3 . 108)—0'050
2 . - - - 2.7 Y . - - .
107 1077 107> 103 10°! 10! 108 109 10° 107 107
Compute Dataset Size Parameters
PF-days, non-embedding tokens non-embedding

Figure 1 Language modeling performance improves smoothly as we increase the model size, datasetset
size, and amount of compute’ used for training. For optimal performance all three factors must be scaled
up in tandem. Empirical performance has a power-law relationship with each individual factor when not
bottlenecked by the other two.

- Transformers requires huge data
(e.g. GPT uses all electric books in the world)
Because it has few inductive bias (no equivariance)
- It can be improved systematically
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Generative models

EXt ra Ct/ Probability distribution
modeling =~ Sampling I

P[]—l
Ty

Written in
fields/local variables

oy Extract/ _
m \“Q . modellng Probability distribution Sampllng

of images

3 i ’b‘
Pls] =7
Written in

W A Neural net —
st IKIPEDI en
‘“ Y The Fre ‘¢ Encyclopedia ChatGPT
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Machine learning

Surrogate model = NN approximated solution/Trajectory

An “effective model” approach for numerical solutions

unn(x; 0) = u(x)

Neural network surrogate models can mimic the effective
dynamics: instead of solving PDE/ODE numerically, NN gives
an approximate trajectory or solution with reduced
computational cost.




MaChine Iearning Akio Tomiya

Physics informed neural net (PINN),

The physical law (PDE operator F) and boundary conditions

(BCs) are encoded directly into the loss function.
Training forces the NN to satisfy physics, not only data.

Nata o) NPhYS [ 11°
: data TG :
UNN (xi, 9) — U + A E F lunN <xj, «9)

F=0 is the physics law




Machine learning

Equivariance

Let f,(X) be a neural net, (0 is a set of parameters)

which takes a value in the same domain of Xx.

If a transformation X — T'x acts as
fo(Tx) = Tfy(X),

this neural net is equivariant.
Same concept of covariant in particle physics.

Commutativity with fyand T

Convolution layer

W11

W12

W13

W21

W22

W23

W31

W32

W33

Trainable filter

Edge detection

Smoothin

(Gaussian Tilter)

Akio Tomiya

Fukushima, Kunihiko (1980)
Zhang, Wei (1988) + a lot!

Gaussian filter
1 2 1

|
— |1 24| 2

16

112 (1

(Training and data determines what kind of filter is realized)
Extract features
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Smearing = Smoothing of gauge fields
Coarse image Smoothened image

We want to smoothen gauge field configurations
with keeping gauge symmetry

APE-type smearin
Two types: P 9 M. Albanese+ 1987

Stout-type smearing e



Smea ring Akio Tomiya

Smoothing with gauge symmetry, APE type
APE-type smearing

M. Albanese+ 1987
R. Hoffmann+ 2007

Normalization

M
fat,\ — * — ect
Uy(n) = U(n) = A [(1 ~ @)U, n) + gVﬂ[U]m)] M = e Orprofectr
VZ[U](H) = Z Uy(n) Uﬂ(n + D) Uj(n + )+ - VJ[U](n)& U, (n) shows same transformation
UFv *U;at[U](n) is as well
Schematically,

— =N [o-o—>—+iZF1+14 ]

In the calculation graph,

H{E ()

This smoothing is commutable with gauge transformation




Configuration generation in LQCD "™

Smearing ~ neural network with fixed parameter!

. ) ] ] AT Y. Nagai arXiv: 2103.11965
General form of smearing (~smoothing, averaging in space)

Zﬂ(n) = Wi Uﬂ(”) + wr,G[U]  Summation with gauge sym

fate\ — A local function
U, m) = A(z,(n)) (Projecting on the gauge group)

(Index i in the neural net corresponds to n & g in smearing. Information processing with NN is evolution of scalar field)

Multi-level smearing = Deep learning (with given parameters)
As same as the convolution, we can train weights.

z,(n) =wU,(n) + w,G[U]

Configuration Configuration



Self-learning Monte-Carlo

Equivariant Attention layer e 208 11807

We can construct effective hamiltonian with output of Attention layer
because “output of Attention = smeared fields with non-local correlation”
Hel;f%near — Z JeffS?ff ) S]eff +E,
(i.J)

\

Smeared fields
SO = <s<l—1> +S )

p. 4

4 4

Rot. equivariant
Trsl. equivariant

e Add & Norm I ™ 3 '
S t / Self-Attention bl}ek// trainable!
3 I Self-Attention block I v
Z Y Sy = ReLUM)W " S| <+
—>|  Add&Norm | T
2
'c_%l I Self-Attention block |<I< M = WQS(WKS)T
A
T T Smearing
Q K \Y .
Q — AW S ) Vol Rot. equivariant
T T Trsl. equivariant
trainable!

\_ S /




CASK: Covariant Transformer

Previous work for a spin system arXiv: 2306.11527 + update

We simulate a classical spin-electron system in 2d (~ Kondo system) as a toy model.
It is not gauge theory but good for a testbed. We utilize self-learning MC with

a covariant transformer as a surrogate [AT, Y Nagai 2024]. We see that scaling law!
How about lattice QCD? .

— 10 . . - ——— Self-Attention block

? Transformers © ] 5. = ReLUGT) 1 } &
! Linear ] i

Model w/o \€ %\ --
- attention ®—@

0 3 t_t
- Models with the attention
Line is just for

5.6 —— L=(N/8.8-10%3)-0.076

O
—h

Estimated LOSS (MSE

O 48
guiding eyes @,
i -
NO Meanin |
(no meaning) fitraige @
1 10 100 4| Scaling in LLM [1

o gos num. of trainable parameters 10° o7 o
JUIla (1 layer ~ 30 parameters) Parameters

[1] arXiv:2001.08361 fit ~(7.1/%)A(1.1)



CASK: Covariant Transformer

Lattice Gauge covariant attention arXiv: 250116955

Attention matrix in transformer ~ correlation function (with block-spin transformed spin)

-> we replace it with “correlation function of links” in a covariant way

~ Re tr U,()U/())

Attention for Kondo spins Aiyju
aij ~ Si . Sj ____________________ S ________________________________ _____________________________ T | |
U not invariant

~ (with activation)

o lmeetaten) ' 1 (cannotbe used)
_______ Vel T

l
l J Lattice gauge qovariapt atteption
invariant Gauging g [T invariant under
under global O(3) | local SU(N)
a; ~ (RS)!RS; =SS, ] J
In total, output is covariant Qi ju ™~ Re tr V (l)U T(] ) (with activation)
2310.13222 AT+,2306.11527 AT+ In total, output is covariant




CASK: Covariant Transformer

CASK for SU(2), SU(3) gauge theory + fermions O —

Comparison Covariant convolution (CovNet) and Covariant transformer (CASK)

UCASK) — (CASK)USH) CASK (transformer based)

£ NN-ou U = gH(COVNet) U™  CovNet (convolution based, baseline)
H 8¢

2

S@uark)r [7(NN=out). 11— (9 4] — §@arL 7. 1 = 0.3] S@a U m] = ) T (DLUT+m) ¢

Loss = 2

data

Energy function

10" [
# of layers | —— CASK2 * Dynamical simulation
—— CASK3
—— CASK4
m CoCovet] o 1% = 4% SU@2), ma=0.3
Z 33% larger mass in MD
~ _ Covlet | e CASK has better expressibility
I than CovNet (Covariant CNN)
0L, ] ) ) !
10°% 2500 5000 7500 10000 ¢ SU(3) works as well

Trai. (Epoch)
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Latti ce QC D? Akio Tomiya

Monte-Carlo integration is available

HMC: Simon Duane, Anthony Kennedy, Brian Pendleton and Duncan Roweth1987

Quantum <@> — l DUe —SocplU] @(U) SocplU] = SgueelU1 — log det(D[U] + m)
expectation value 7 1011 gim. integral

Monte-Carlo: Generate field configurations with “P[U] « e >erlUl”_ Stochastically estimate ()

@ = Hybrid/Hamiltonian Monte-Carlo (HMC) . :
(De-facto standard Exact algorithm)  Hue =2+ 4500

= Random momentum + EOM . Initp,p, =random
Here we regard Socp as a potential for U

~Molecular dynamics with random p & given U

1
(6) = D, O1U]  (Nample = )



CASK: Covariant Transformer

Self-learning HMC = Surrogate + Correction = Exact =Xy 230811527

and ref. therein

1 step of Hybrid/Hamiltonian Monte-Carlo (HMC) [llaYe]el=Te]fe]al=Xe]} thes}
Update A using S to

_ ensure a distribution
using S, MD
(Hard)

Copy

i g :
& '-P' K P p."
Copyl> &ty
py " i ' e
PR W Ty
r a
e Uiy I

1 step of Self-Learning HMC

Update
using SMY MD

Accept one of thes.R
using S to
ensure a distribution

calculations corrected



Self-learning MC

Linear effective action/Hamiltonian

We want expectation values with W|[¢| o exp[—/S[¢]]
using Wl o< exp[—pS.4[@]] How can we design?

Example in the first paper, classical magnet (Ising like theory)

=+ _ Q Q. 2nd term prevents global
Si=%1 H ]Z SZS] K Z SlSJSkSl update algorithm

(if) ijkle[]
~ E,. J, are determined
— I . . I O, . 1 . . . .
Hefp = £y = J, 2 55 (linear) by fit. Minimizing (H — Heff)2
(i)
(i) Trial simulation by local update (ii) Leaming o - - Local
0 030 - « Scifleamirg
Machine + Naive-Wolff
._=n ._= n_= Leamning T~
[ | O o0 =S 0.025)
o 2

R i —
0 1€0200 300400 500G0D 70C 801

(iii) (iv) Simulating

;o

£ o
" @ [ © [fer]
- - ~

O LI a 0.005

o —_— E- ...‘. —_> - .El
Propose g N Detailed
trial Conf. balance




Self-learning MC

CASK & spin transformer arXiv: 250116955

Comparison Covariant convolution (CovNet) and Covariant transformer (CASK)
and a spin transformer simulations have been done with
SL(HMC

o Transformers 0
T Gauge SN Linear O
| 9 —— CASK2 , g
| —— CASK3 , 3
' —— CASK4 L
—_ — — CovNet 1t S
N R
= o
a \\
. 0.1 | @\% |
f \@@Q f
0 ’ Spin
1077, 2500 5000 7500 10000 0.01
1 10 100

num. of trainable parameters



Flow based sampling algorithm

Change of variables makes problem easy

[nge‘5[¢]0[qb] = JDZ detaa—¢
4

=] acogian=J

e—S[¢[z]]0[¢[Z]]

Seilz] = Sl@lz]] —log J[Z]

= JDZe‘ O p[z]]

I this is easy to sample (or integrate),
like flat measure/Gaussian, we are happy

arxiv 1904.12072, 2003.06413, 2008.05456 and more.



Flow based sampling algorithm

Viewpoint: Change of variables makes problem easy

Simplest example: Box Muller { 7 = e—%(xzﬂz) Change

tand = y/x  of variables

= = 1.2 1.2 2 1
[ de dy e 2" 720 — l[ d@J dz
—00  J—0o 2 ) 0

Target integral: hard Easy

Change of variables sometimes problem easier (this case, it makes the measure flat)

RHS is flat measure 51 ~ (0,271')

—We can sample like right eq.

(uniform) 52 ~ (O,l)

We can reconstruct X = 7 COS 9 9 — 51

a field config x,y

for original theory

like right eq. y —=r Sin 6 r = \/_2 log 52

arxiv 1904.12072, 2003.06413, 2008.05456 and more.



Flow based sampling algorithm

Trivializing map realized using neural network
Normalizing flow? = Change of variable with neural nets
Tractable Jacobian is realized by checker-board technique

. I,
v ~
. ‘l ’ .
\ f .
\ " )
' 0
~ ' - 1
£, ; \ !
’ . ,’
-
-

.
-
ke Lk Cnam=”
N 7T 0":-': AN G‘:-'j A
N N L ] LN A0
L L IO T IO T
- ; - F. N G ~ . "
< < e p _( ¢ ’
J
’ ! ‘
-1 -1 -] -1
'
8 | 8 1 8 i+1 9n
.o .o -

(a) Normalizing flow between prior and output distributions

decoie‘W@ OlFlpl]l ~ Jque—SW]O[qb]

Problem: Jacobian is difficult = O( VA3) - l. .- -

-> Introduce checker-board decomposition - ..- T ]
2 B B

arxiv 1904.12072, 2003.06413, 2008.05456 and more. Eredit: Daniel Hacket (Ml




Flow based sampling algorithm

Flow based ML for QFT MIT + Deepmind + ...
Dpe=1"01] ~ T | dose™" 11 O1Flg]]
l
Original integral: hard Easy
- - Vol Vol
Flow-based sampling algorithm He‘v(%‘) = Hr(gol-) (DEmbarrassedly parallel sampling

from trivial theory
(no kinetic term, no topology)

No auto-correlation

No correlation for points ( e e ”
@“un-trivializing map

“Cooling = change of variable”
via trained neural net

(@Metropolis-Hastings with
Only sequential

Correct correlations %

| L. Auto-correlation
Small auto-correlation ~

> "X ~ Rejection rate

Reject Reject
(Use left conf.) (Use left conf.)



Flow based sampling algorithm

We make new convolutional layer for QFT in d-dim

50 A 'Tffif‘%wf:wffft S Yo M
Lt W Ve AT PR
=~ 40 Yy T el W A \
U " (N R W, Y
© ARG LWL : :
g3  Jue *We implement CombiConv for flow-based
= i1 sampling algorithm for d-dimensional scalar
£ field th the latti
8 20 /)/ | B 3dimgnsional convolution e eory on e 1attice
2.0 oot o «3d convolution is available on GomalizingFlow.jl
j// ~ ombiConv-a 502) [1], opl)en sc|>urce h|mplementa’c|on of flow-based
—— sampling algorithm
0 -l 1 1 1 Il 1
0 100 200 300 400 400 n!
| nCk =
o1 no. MM .v"m“"ﬂ"*' ) k ' (n - k) ' f
A VA WY Ay *In 3d, the acceptance rate is improved for
) | M NS ’II B \ | L.,’J\‘ﬂ“ V) ¢ ) . . .
S [V VW \ Wy CombiConv compared with the conventional 3d
@ 20 [ Al ATV RN convolution
> A [T ST eIn 4d, it works well for any combination of lower
- A R dimensional convolution
,' [ g 4\"1‘ P
Ja- ] " -.'I‘ lrﬂ Y . . . .
@ 10 S Lo B D ————— *This works in any number of dimensions.
< vy, ——— CombiConv-b (4C2)
——— CombiConv-b (4C3)
0} pa

0 100 200 300 400 400
Training step

[1] https://github.com/AtelierArith/GomalizingFlow.jl 56



Flow based sampling algorithm

Full QCD in L=4

B4 1IMC (Chrome)
B4 Flow (512PF)

©
UHTE LS 0825 LES 0375 0400 0
I
(a) Plaquette

B HMC (Chroma)
B4 Flow (512 PF)

W

UL I LR R S SO | I I A

C-11]

A0 DA 1AM

(¢) Pion correlation function at xg = 1

* Very heavy pion but dynamical QCD

[N K5

Akio Tomiya

% HMC [Cluoma)
3.0 0% Flow (312 PF)

Lo : ﬁ

Sufiatttiniosienesneenaidiiad
@0.5
-1lu -5 ..r'_; 3 1a

(d) Topological charge at t/a” = 4

https://arxiv.org/abs/2208.03832



Akio Tomiya

Production of configurations

Monte-Carlo integration is available

(K, A) = (Key Ae), L/a =64, T'/a = 512

D—-1
—— CFT result ¥ SNF CNN O [ 0S4
. NE-MCMC f NF FCNN — )
(.05
I & SNFFCNN & NF CNN |8A| ol
o™
O 0.007 Sa=—=Tr(palnpa), pa="Tryp,
—0.051 A
, 04 0.2 0.0 - S =,
—~1.0 —0.5 0.0 0.5 1.0 A T o gl 1
cos(ml/L) e Ay
TS -_' :;::9 ica 2
Flow based model tho Euslitons tina dircetion). Farplo ks connact dificrent
. . 'y . replicas; dashed lines separate A and B. Wher defect cou-
mimics the partition function pling layers act on the corfiguration, the lattice is divided in
Lhree partss L environmenl (black sites), which does not en-
-> 0one can CaICUIate the entanglement ter t.l‘.:: couplipg layer, frozen sites (empty cyan cicles), tha:
are the neural network input: active sites (orange diamonds),
en‘tro py which ere transfcrmed oy the layer.

https://arxiv.org/abs/2201.08862 https://arxiv.org/abs/2412.00200 https://arxiv.org/abs/2410.14466



Production of configurations

Diffusion model as the stochastic quantization

u .
&b\) %- @£+ gifn (. .\) d—t = [F&.t) -gt_x}"i'ol-:»gp,(qb)]+s(:_u; (,a\\’
¥ (D) mmm e — - ————————-— >
N NG N
M P iy As same as diffusion model
| A I N T VR TR AT ha i — for generative Al,
— {1 \ n, }‘T “) L 4 .'5_ ) J t;l. [ Y “)' "--l > = i\ .1 '“ ‘ ‘.I o f.'
- M\ N " . \ - N ‘)ﬂ' w | \ N v ¥ o
Sy N Rl A LTARMATTI U GRS R 4 we can sample
A T e 4] [ e M WY . ,
],, ““"m,-""“..ﬂ.‘ M, :,_ ‘«“)‘"\ {"{ ‘A"'.Zi'.xj v\ n ~w'| gauge Conﬂgura'non
Po o1 s "L using backward Langevin

with Metropolis test

Figurc 2: A sketch of the forward diffusion process (left panel) and the reverse denoising
process (right panel). The two stochastic processes are desceribed by two stochastic differ-
ential equations. T'he target distribution is typically unknown but learnt from the training

data.
— HMC 3= 7 i i 3 C m | mmm HMCE=7
€ o DM g 17 il | . ———
[ Y
sap [
Zrank I =06
~ : 1+1 U(1)
g 3} i 1 .
g Lattice gauge theory
21 3
o o?.
12 ]
g 0 k6 088 ver  nsz 03 . - =3 =2 w2 € 1 2 °3
W_.) Toposlogice! Charge

Figure 2: Comparison of distributions for the Wilson loop (left) and the topological charge (right)
at i — 7 from the test data-set (HMC) and from the DM trained at /7 — 1 but conditioned at 7 — 7.
The number of independent configurations is 1,024 in both cases.

https://arxiv.org/abs/2309.17082, L. Wang , G. Aarts and K. Zhou https://arxiv.org/abs/2410.19602



Production of configurations

Misc




Production of configurations

Perfect action

If a lattice action is close to a fixed point,
it has no discretization effects

critical
surface

fixed » FP action
point ;ﬁ

|

Ela = oo

h 4
A

According to P. Hasenfratz’s proposal,
we can realize a (classical) “perfect action”

A saddle point solution of the Boltzmann weight

https://arxiv.org/abs/2401.06481 https://arxiv.org/abs/2504.15870



Production of configurations

Perfect action

exp (~f'STV1) = | DUexp(-p{S[UT + T[U, V1})

Blocking kernel

> ~ CO + - C 1 ‘ :’/ (and highly parametrized

via gauge cov net)

alfm]
0.04 0.06 0.08 0.10 0.12 0.14
1.775 1 1 1 1 1 L
[ -
& wilson (plaquette)
1750~ P Wilson (clover) l'2<E(l')> = C
4~ Symanzik (plaquette) = =t
1.7254 ¥ Symanazik (clover) A —tc
1.700 A 2 4
s fo.5(a) l.s a
% L ers | =2 l+b—+0(—
1 fp3(a) I3 I3 I53
a=0
1.650 1 *
1.625 4
< FIG. 1. Continuum-limit extrapolations for the ratios
1.600 - @ ln.a /'wﬁq and &n.5/tn.3. Results from Wilson and Symanzik
MC simulations are shown using plaquette and clover dis-

co o1 02 03 04 05 06 07 08 09 Ccretizations of the action density.

https://arxiv.org/abs/2401.06481 https://arxiv.org/abs/2504.15870
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Production and measurement need numerical cost

Machine learning is useful for natural science/physics/Lattice QCD
* to reduce cost in different ways

e Supervised learning requires data ahead of training

e Self-learning does not require it (SLHMC&Flow).

Now, machine learning techniques are bias free

 (Gauge case, architectures are gauge covariant!

 \We can remove bias from ML

Some results show better than existing algorithms (not all)

e KAKENHI: 20K14479, 22H05112, 22H05111, 22K03539 Thanks!


http://bit.ly/3JrEjIs




