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1. Dark matter and Sommerfeld effect
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See also [Agrawal, Parikh, Reece (2020)]
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Schroedinger A1E2T\ & X H I

[Blum, Sato, Slatyer (2016)] [Parikh, Sato, Slatyer (2024)]
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Schroedinger/ A T\ & XTE

[Blum, Sato, Slatyer (2016)] [Parikh, Sato, Slatyer (2024)]
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[Blum, Sato, Slatyer (2016)] [Parikh, Sato, Slatyer (2024)]
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Schroedinger/ A T\ & XTE

[Blum, Sato, Slatyer (2016)] [Parikh, Sato, Slatyer (2024)]
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Schroedinger/ A T\ & XTE

[Blum, Sato, Slatyer (2016)] [Parikh, Sato, Slatyer (2024)]
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Sommerfeld factor
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2. Sommerfeld effect and unitarity
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Unitarity bound
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Enhancement factor SE
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[Blum, Sato, Slatyer (2016)]
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Unitarity bound & zero-energy resonance
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Wave function w/ long-range force
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Resonant points

At some specific points (mag = 1.19, 0.31, 0.139,...),

(zero energy resonance
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Zero energy resonance

Schroedinger eq
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Solution of Schroedinger eq.  mmsoswema

Schroedinger equation:
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—

[Parikh, Sato, Slatyer (2024)]
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Solution of Schroedinger eq.  sumsosems

[Parikh, Sato, Slatyer (2024)]
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Solution of Schroedinger eq. s s

[Parikh, Sato, Slatyer (2024)]

Schroedinger equation:

Vshort(1) (r < a) complex

[ d2 P+ 1)

 dr2 * r2 +2uV(r) — le u,(r) =0, V(ir) =

Vlong(r) (r=a) real

—

up should be a linear combination of © F@) (regular solutio.n) atr >a
* Gu(r) (irregular solution)

pum—

Ug<(T) (r <a)
u(r) = =

exp (i5§L) + iS{ES)) [cos 5§S)Fg(r) + sin 5;5) G{,(r)] (r=a)

1
21

-

((—i){’ exp (21‘5{@ + 2i6{§5)) DT _ i{’e—ipr)

[40]



Solution of Schroedinger eq. s s

Schroedinger equation:

(£ +1)

[Parikh, Sato, Slatyer (2024)]

Vshort(1) (r < a) complex

dZ
[_ dr? T

u, should be a linear combination of -{

uy(r) =

==

72

pum—

=

F2uv(r) - 2] (=0 V@) = -
SR b @ Viong(r) (r=a)  real

—

 F,(r) (regular solution)
* Gu(r) (irregular solution)

atr > a

Up<(1) (r<a

exp (i5§L) + iS{ES)) [cos 5§S)Fg(r) + sin 5;5) G{,(r)] (r=a)

1 : .
- 2 ((—i){) exp (21’6{9) + 2i5§5)) e'P’ — i""e“p’”)
Outgoing wave Incoming wave

[41]



Solution of Schroedinger eq.  sumsosems

Schroedinger equation:

(£ +1)

[Parikh, Sato, Slatyer (2024)]

Vehort(™) (r <a)  complex

d2
[_ dr? T

u, should be a linear combination of -{

uy(r) =

==

72

pum—

=

20V (r) — p? =0, =
+2uV(r) —p ]u{’(r) 40 Vlong(r) (r=a) real

—

 F,(r) (regular solution)
* Gu(r) (irregular solution)

atr > a

Up <(T) (r<a)

exp (i5§L) + iS{ES)) [cos 5{ES)F£(T) + sin 5;5) G{,(r)] (r=a)

1 : .
- Z—i((—i){) exp (21’5{@ + zwf)) e'P” — i‘?e"‘pr)
Outgoing wave Incoming wave

Sp

[42]



S - m a t r i X [Blum, Sato, Slatyer (2016)]

[Parikh, Sato, Slatyer (2024)]

Up (1) (r<a)
up(r) = —

exp (w{gm + i5§5)) [cos 5§S)Fg(7”) + sin 5§S)G{,(r)] (r=za)

=

1 . .
T ((—i){) exp (21’5{@ + 2i5§5>) e — i"”e“pr)
Outgoing wave Incoming wave

Sy

[43]



S - m a t r i X [Blum, Sato, Slatyer (2016)]

[Parikh, Sato, Slatyer (2024)]

Up (1) (r<a)
up(r) = =

exp (i5§L) + w{gs)) [cos 5§S)F{)(T') + sin 5;5) G{,(r)] (r=za)

=

1 ' |
27 ((—i){’ exp (21’5{@ + 2i5{§5)) elPT _ i{’e—lpr)

Outgoing wave Incoming wave

Sy

-

up’ _ up<'  cos 5§S)F{§ + sin 5{@ Gy
— is continuous atr = a = G (5
Up Up< cos o6, Fp +sind, "Gy

[44 ]



S - m a t r i X [Blum, Sato, Slatyer (2016)]

[Parikh, Sato, Slatyer (2024)]

Up (1) (r<a)
up(r) = =

exp (i5§L) + i5§5)) [cos 5§S)F{)(T') + sin 5;5) G{,(r)] (r=za)

=

1 . .
- 57 ((—i)f exp (2i5§L) + 2i5§5)) e'P’ — i{)e_lpr)
Outgoing wave Incoming wave

Sy

up' . ' _ F+tand;’ Gy
— is continuous atr = a = )
Uyp Up < Fp+tand, G,

[45]



S - m a t r i X [Blum, Sato, Slatyer (2016)]

[Parikh, Sato, Slatyer (2024)]

Up (1) (r<a)
up(r) = =

exp (i5§L) + w{gs)) [cos 5§S)F{)(T') + sin 5;5) G{,(r)] (r=za)

=

1 . .
- 57 ((—i){) exp (2i5§L) + 2i5§5)) e'P’ — i{)e_lpr)
Outgoing wave Incoming wave

Sy

up . NOM Fp — Fp (up</up<)
— is continuous atr = a tano, ~ =

Uy G — G (wp</tec)
S, = exp (Zi(S{gL)) X exp (21’5{@)

[46]



S - m a t r i X [Blum, Sato, Slatyer (2016)]

[Parikh, Sato, Slatyer (2024)]

Up (1) (r<a)
up(r) = =

exp (i5§L) + w{gs)) [cos 5§S)F{)(T') + sin 5;5) G{,(r)] (r=za)

=

1 . .
- 57 ((—i){) exp (2i5§L) + 2i5§5)) e'P’ — i{)e_lpr)
Outgoing wave Incoming wave

Sy

up . NOM Fp — Fp (up</up<)
— is continuous atr = a tano, ~ =

Up Gy =Gy (uyfug<)

1+ itan 5{55)
1 —itan 6155)

S, = exp(Zi(S{gL)) X

[47 ]



S-matrix
[Blum, Sato, Slatyer (2016)]
[Parikh, Sato, Slatyer (2024)]

1+ itan S{ES)
1 —itan 6{55)

& Fr—Fo(up/upe)

(L)
— 2 0p " =
S, exp( i6, ) X tan o, Gp— Gp (up o fup<)

[48]



S-matrix
[Blum, Sato, Slatyer (2016)]
[Parikh, Sato, Slatyer (2024)]

1+ itan S{ES) F, — F, (u}'</u{,’<)

: (L) S) _
S, = exp|2id X tand,” = —— -
( ¢ ) 1 —itan 6{55) ¢ G, — Gy (ue,</u{’,<)
Solutions for V(1) = Vjppng4(7)
v 2+1 2t-1Dl 241
F = ~
") = G e Ge(r) =~ (pr)

[49]



S-matrix

1+ itandgs)
1— itané'{gs)

S, = exp(Zi(S{gL)) X

Solutions for V(1) = Vjppng4(7)

Fg r€+1

L) = m T Ger i

[Blum, Sato, Slatyer (2016)]
[Parikh, Sato, Slatyer (2024)]

o o= fo (up</up<)

tan s = _p2€+1C€ ’ ,
¢ gr — ge (up o /us<)

c 26— 1)1
ge(r) = p—f;Ge =~

rt

[50]



S-matrix

1+ itandgs)
1— itané'{gs)

S, = exp(Zi(S{gL)) X

Solutions for V(1) = Vjppng4(7)

Fg r€+1

fe(r) = =

Cptt - 2P+ D

g — ge(we</uec)

k,(p) =

tan 5% fo = fo(up</te<)

[Blum, Sato, Slatyer (2016)]
[Parikh, Sato, Slatyer (2024)]

6{55)  _p2evic? f{:’ — fe (u%,</u{’,<)
gp— 9o (up /up<)

tan

c 26— 1)1
ge(r) = p—f;Ge =~

rt

k,(p) is *almost* independent on p
(will be discussed later)

[51]



S-matrix

S{):

1+ itandgs)

exp (ZiS{EL)) X

Solutions for V(1) = Vjppng4(7)

fe(r) = fe

20412
PTG

kf (p) = tan 6§S)

Up (1)
fe(r)
ge(r)

~

C{)p{,’+1 _

1 —itan 6{55)

r{’+1

2e+ 1!

.92 — e (u:?,</u€,<)

fr = fo(up</ue<)

: pindependent
: pindependent

: *almost™ p independent

ke(p) — ip**1C;

Sy = exp (21’6{@)

X ko(p) + ip?t*1C2

>

[Blum, Sato, Slatyer (2016)]
[Parikh, Sato, Slatyer (2024)]

6§S)  _p2evic? f{:’ — fe (u%,</u{’,<)
gp— 9o (up /up<)

tan

Cy

2¢—-1)!
s, _ -1

rt

ge(r) =

k,(p) is *almost™ independent on p
(will be discussed later)

[52]



S-matrix

[Blum, Sato, Slatyer (2016)] [Parikh, Sato, Slatyer (2024)]

2“16} g} - ge(u2,</u£,<)

fi = fo(up /up<)

ke(p) —ip
ke(p) + ip**1C;

Sy, = exp (21’6{9)) X ke(p)

[53]



S-matrix

[Blum, Sato, Slatyer (2016)] [Parikh, Sato, Slatyer (2024)]

ke(p) — ip?t*1c; 9r— ge(up/ue<)
_ - o(L) k,(p) ’ '
S, = 2i6 X , ¢\D ; ,
e = exp(2i0,") ko (p) + ip?+1C7 fi = folup < /us<)
Solutions for V(1) = Vjpng(1)
P+
e = Grypu
¢ -1 rt+1

[54]



S-matrix

[Blum, Sato, Slatyer (2016)] [Parikh, Sato, Slatyer (2024)]

ko(p) — ip***iCj gr — go(up o /up<)
Sy = exp (21’6{9)) X 3 12 ke(p) ; p
/(p) +ip C; fe— f{’(uf,</u{’,<)
Solutions for V(1) = Vjpng(1)
r£’+1
fo0) = Gerpm T
Leading term
") (22 -1 ot 2) TR N
Gell) = T2 R T D T
(basically) leading term Sizable in some cases

[55]



S-matrix

[Blum, Sato, Slatyer (2016)] [Parikh, Sato, Slatyer (2024)]

c . (2'6(L)) y ke(p) — ip**1CF k(1) 9o — ge(up/us<)
= X l , ! !
g PR 7 kp(p) + ip?1CF fi = fo(uh</ue<)
Solutions for V(1) = Vjpng(1)
r£+1
fo0) = Gerpm T
Leading term
(22 -1 TR
~ + ...+
(basically) leading term Sizable in some cases
S (2 8(L)) ki’,O + Z{’(p) — ip2£+1C£’2
ki) = kpo + zp(p) ¢ = €Xplaloy ) X kpo + zo(p) + ip2t*1C?
(basically) Sizable in some cases

Leading term

[56]



SE for Spherical-well potential

pvR
pvR

1072 107t 10° 10" 102
pR

[57]



/ function for Spherical-well potential

. ) 1010 .
108 107, ! 108 ‘
. |
10 l \ 10°) 10°
| 1 A N .
1 \ 5 \ 103 e ~ 4 R
Qg 10% ‘\\\ \\\ \\\\ ‘Ed 101 \"""--\ “‘\ ta': 102 \“-"\
L 100 | \\‘ ‘\‘ ‘|‘ Wy [ . Iy 0% .
v i 107t '," 100 | ”"' !
10_1 I 10—3_ :l ' 10—2 | :’ . .
1072 S L L R SRS (e
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10
pvR pvR pvR

[58]



SE for finite range Coulomb potential

1.5 e 1.5] 15
1.0 1.0 1.0
E 0.5 'E 0.5 E 0.5
< ~ Y < 7
& X =
= 00 = 00 = 0.0
a0 00 gp 0.0 e 0.0
i=) 2 2
05 -05 0.5
~10 10 1.0
-2.0 =15 =10 =05 0.0 05 10 15 -2.0 =15 =10 =05 00 05 1.0 15 -20 -15 =10 =05 0.0 05 1.0 15
logo[pas] log,o[pas] logo[pas]

[59]



Z function for finite range Coulomb potential

% R3

102' —pyR=m/2-01 — pyR=mn/2
— pyR=1/2—0.01 — pyR = /2 +0.01

_________________ e — pyR=m/2401

~
Y

- Sea
- -
‘‘‘‘‘‘

0.01 005 0.1 05 1 0.01 005 01 05 1
pR pR

10°
10*
10%
10%

1
10 | —pvR=m
10[]I—p|,zR=7r+0.01 — pyR=n-0.1

— pyR=m+0.1 — pyR=m =001
0.01 0.05 0.1 0.01 005 0.1 05 1
PR PR

[60 ]
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