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Introduction



Interaction in QFT
model building (construct Lagrangian)

Check the Lagrangian by scattering 

scattering amplitude         is important  
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1

p2 →m2 + iω

•Off-shell (Virtual)

•On-shell
divergence

finite
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iω

propagator

Divergence in scattering amplitude



Physical interpretation

Pole of s-channel = inverse decay × decay
➡ Mediator is unstable

Pole of t-channel = decay× inverse decay
➡ Mediator can be stable

s-channel

t-channel
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×

t



Inverse decay and decay 
→Intermediate particles 

are unstable
Tree propagator
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1

p2 →m2 + iω

One-loop propagator

Imaginary part is decay width      
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!

s-channel amplitude
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1

p2 →m2 + im!

propagator is modified by finite decay width!  
Does not diverge at the pole.

Resonance rather than singularity

Breit‒Wigner distribution

M M∗

=

t

×

t
M M∗



t-channel amplitude
Decay and Inverse decay 

→ Intermediate particles 
can be stable.

Tree propagator
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1

p2 →m2 + iω

How can we regularize the amplitude ?

true singularity？
Stable mediator → no decay width!

=
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Previous works & our focus
Previous work
• introducing effective scattering width (collider )

K. Melnikov, G. L. Kotkin, and V. G. Serbo. PRD, 54:3289‒3295, 1996.

• Just to ignore as it(divergent part) is included in inverse 
decay(cosmology )

M. Escudero, Dan Hooper, G. Krnjaic, M. Pierre. JHEP, 03:071, 2019

• numerical subtraction of divergent part 
Kento Asai, Tomoya Asano, Joe Sato, and Masaki J. S. Yang. PTEP, 2024(7):073E01, 2024.
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Not applicable to cosmology

Is it realistic?

High computational cost 



Analytic 
prescription



12

Structure of divergence 
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The on-shell contribution is a divergence of 1/ε.
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If

If

Structure of divergence 

on-shell term that should be subtracted
To avoid double counting : already included 
by Decay & Inverse Decay

Calculation of t-channel singularity part

No on-shell terms

on-shell terms



Application



• Interaction of majoron 𝜙 (pNGB)

• Interaction of Zʼ e.g. Phys.Rev.D 100 (2019) 9, 095012

decay & inverse decay scattering

Majoron production 
(         model)



Majoron (pNGB of lepton number) may have been created in the early universe.
→ The effective d.o.f. of neutrinos and cosmic expansion rate may change.
Letʼs discuss                  model

(inverse) decay 𝒁! − 𝝓 scattering (New!)

M. Escudero, Dan Hooper, G. Krnjaic, M. Pierre.
JHEP, 03:071, 2019 

Majoron production
in the early universe 
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𝑍!𝜈" ↔ 𝜙𝜈̅# in t-channel diagram

Intermediate particle can be on-shell
→ Amplitude.         is divergent

Regularized by our new method
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t-channel singularity 
in Majoron production



Generation of Majoron φ in the early universe 
is evaluated by Boltzmann eq.

thermal averaged event rates of scattering and inverse decay

Net production rate 



Calculation procedure  

By on-shell subtraction



Figure 3: Comparison between the production e�ciencies of the inverse decay and the scattering. Horizontal axis
is the temperature of the Universe normalized by the Majoron mass, and the vertical axis shows the interaction
rate. The scattering rate can dominate over the inverse decay rate at high temperatures. We fix the Majoron mass
m� = 0.1 MeV. We limit our discussion to the regime after the QCD phase transition.

where n�,eq is the number density of the species � in the equilibrium. By applying the Gamow’s criteria to
these quantities, the decoupling of the interactions are evaluated. The process is in the thermal equilibrium for
h�S,IDi/H > 1. Here, we assume that the Majoron � did not exist in the early Universe and consider the net
contribution from Majoron production direction.

Figure 3 compares the e�ciency of the scattering and the inverse decay processes. The vertical axis represents
the ratio of the interaction rates h�S,IDi to the Hubble parameter H, and the horizontal axis is the temperature
evolution normalized by the Majoron mass. Here, all of the Majoron-neutrino couplings h↵� in Eq. (15) are assumed
to be the same for simplicity. The masses of Z 0 and � are fixed to mZ0 = 13 MeV and m� = 0.1 MeV in this figure.
The Gamow’s criteria is shown as the dotted(black) horizontal line. Above the dotted line, the interaction is in
thermal equilibrium while below the line it is regarded as being decoupled. As shown in the Fig. 3, the scattering
can dominate over the inverse decay at high temperatures, and it can satisfy the Gamow’s criteria for h = 10�8,
i.e., the process is e�cient enough for the Majoron production. In other words, the picture neglecting the scattering
contributions for the Majoron production can be applicable only for h < 10�9. This bound is stronger than those
obtained in previous works [24, 25].

4 Summary

In this work, we propose an analytic method to remove the divergence in the t-channel singularity without in-
troducing any new quantities such as temperature cuto↵s or beam widths. Such a divergence appears when the
intermediate stable particle becomes an on-shell state. The expansion of the integrated scattering amplitude in
terms of the Feynman prescription parameter ✏ yields terms proportional to 1/✏, which is identified as the contri-
bution from the real particle. By removing these terms, we can successfully separate the contributions from the
scattering and the inverse decay or decays in particle production.

As an demonstration, we apply the scheme to the U(1)Lµ�L⌧⇥ U(1)L model. In previous works, the Majoron
has been considered to be solely produced by the inverse decay. However, by separating the contribution from the
scattering processes, we find that the scattering can be frequent enough and dominate over the inverse decay for
producing Majorons in the early Universe. Its phenomenological implications to the U(1)Lµ�L⌧⇥ U(1)L models are
discussed in our future works. The scheme of this work can also be applied in much wider contexts, such as giving
an interpretation of the finite-beam size e↵ects in muon collider experiments with mathematical support.
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Majoron φ can have been made a lot in the early universe?
→previous works could underestimate Majoron effects

Production efficiency 

early late

Gamov Criterion

For Majoron 
to be thermalized !



Summary 
•Generally, divergence occurs when intermediate 
particles become on-shell.
• s-channel: regulated by the decay width.
• t-channel: divergence can appear.

• In this study, we proposed an analytical method 
to eliminate the t-channel singularity.
• divergent part 〜 1/ε： subtracted

real particle contribution = decay & Inverse decay
• scattering part ：remains



•We plan to perform parameter scan for cosmological 
systems. 
• Constraints  on new particles  such as Majoron can be  more stringent.

•We apply our method to 

Future Work
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Back up
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