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Kitano-san gave me a title “S-matrix with gravity.”



Katsuki told me that this workshop should be for brainstorming.



So, I decided to talk about what I want to work on right now:

Toward S-matrix bootstrap in de Sitter spacetime.

I will also mention some on flat space S-matrix w/gravity in this context.
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The history of particle physics says

that fundamental principles (ex. unitarity, analyticity) are useful

to predict new physics required for UV completion



Unitarity and New Physics

# Unitarity bounds on scattering amplitudes ( ):

   For 4pt scattering in 4D,  at high energy .

 ex. Weak bosons unitarize Fermi interactions

 ex. Higgs boson unitarizes weak boson scattering

0 ≤ probability ≤ 1
|ℳ | ≲ E0 E → ∞

∼ GFE2 ∼ g2E2

m2
W − E2

UV completion W



Analyticity makes it more powerful: Birth of String Theory



Strings from S-matrix (1/2)

# 4pt scattering of massless scalars in Einstein gravity

  

 - massless spin-2 pole: ,  ( ).

 - high energy behavior

  1) Regge limit (fixed momentum transfer )

      , violating the Froissart-Martin bound ( ).

  2) hard scattering limit (fixed scattering angle ) 

      , violating the unitarity bound ( ).
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2M2

Pl
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FIG. 2. Feynman diagrams relevant for MQED and MGR.
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FIG. 3. Feynman diagrams relevant for MWeak.

derivative operators representing corrections from (un-
known) UV physics, which will be taken care of in the
following discussion. As we will see, they turn out to be
irrelevant for our purpose except for the QED case.

Because the SM is a renormalizable theory, the SM am-
plitude satisfies the twice-subtracted dispersion relation,
meaning that the relations

B(2)
i (⇤) =

4

⇡

Z 1

⇤2

ds0
ImAi(s0 + i✏)

s03
(8)

have to hold for i = QED, Weak, and QCD. Here,
Ai(s) := Mi(s, t = 0) is the forward limit amplitude.

The relations (8) conclude B(2)
i (⇤ ! 1) = 0. The same

relation does not need to apply to the GR sector, how-
ever, because GR is not UV complete; as we will see,

B(2)
GR(⇤ ! 1) ! constant < 0. As ⇤ increases, the GR

contribution eventually dominates over the SM contribu-
tions, leading to violation of (6). The maximum cuto↵
scale of the SM coupled to GR is determined when the
inequality (6) is saturated.

Positivity in QED.— We begin with the light-by-light
scattering in QED coupled to GR which was discussed
recently in [25]. The leading QED contribution is the
one-loop diagram shown in the first diagram of Fig. 2.
The forward limit amplitude is given by
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in the high-energy limit |s| � m2
e, where ↵ = e2/4⇡ is the

fine-structure constant. B(2)(⇤) from the QED process
at one-loop level is

B(2)
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FIG. 4. Feynman diagrams relevant for MQCD.

for ⇤ � me. Regarding MGR, we have the tree and one-
loop diagrams up to O(M�2

Pl ) as shown in Fig. 2. The
tree level (pole) contribution is cancelled with the high-
energy integral of RHS of (4). As a result, the one-loop
diagram is the leading gravitational contribution to the
bound (6). In the high-energy limit, we obtain

B(2)
GR ⇡ �

22↵

45⇡m2
eM

2
Pl

. (11)

Whereas B(2)
QED vanishes as ⇤ ! 1, B(2)

GR approaches
a negative constant in the limit ⇤ ! 1. This is why
we obtain a nontrivial cuto↵ scale from (approximate)
positivity bounds.

We remark that the result (11) can be used even in
the later analysis beyond QED. In general, the one-loop

contribution to B(2)
GR from charged particles should be

proportional to e2/M2
Pl and the dimensional analysis con-

cludes B(2)
GR / e2/(m2M2

Pl), where m is the mass of the
propagating particle in the loop. Therefore, the lightest
charged particle should provide the dominant contribu-

tion to B(2)
GR. We thus take into account the electron loop

only to compute B(2)
GR throughout this letter.

Now we discuss implications of the gravitational pos-
itivity bound (6). First, we can simply discard the
O(M�2

Pl M
�2
s ) uncertainty in (6) because the GR contri-

bution (11) is much larger than the uncertainty. Second,
as we mentioned earlier, there are potential higher deriva-
tive corrections that are originated from UV physics
above the cuto↵ scale ⇤. From the EFT perspective,

its contribution to B(2) can be estimated as B(2)
UV = ↵UV

⇤4 ,
where |↵UV| . 1 characterizes the size of interactions at
the scale ⇤.

All in all, the gravitational positivity implies the bound

B(2)
QED +B(2)

UV +B(2)
GR > 0, yielding
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If the first term is dominant, we have the same bound
as [25], ⇤ .

p
emeMPl. On the other hand, if the second

term is dominant and ↵UV ⇠ 1, we find ⇤ .
p

meMPl/e,
which is the one obtained in [18] from a slightly di↵erent
setup (see footnote 2). In either case, the typical size is
⇤ < ⇤QED ⇠ 108GeV which is regarded as the maximum
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derivative operators representing corrections from (un-
known) UV physics, which will be taken care of in the
following discussion. As we will see, they turn out to be
irrelevant for our purpose except for the QED case.

Because the SM is a renormalizable theory, the SM am-
plitude satisfies the twice-subtracted dispersion relation,
meaning that the relations

B(2)
i (⇤) =
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ds0
ImAi(s0 + i✏)
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have to hold for i = QED, Weak, and QCD. Here,
Ai(s) := Mi(s, t = 0) is the forward limit amplitude.

The relations (8) conclude B(2)
i (⇤ ! 1) = 0. The same

relation does not need to apply to the GR sector, how-
ever, because GR is not UV complete; as we will see,

B(2)
GR(⇤ ! 1) ! constant < 0. As ⇤ increases, the GR

contribution eventually dominates over the SM contribu-
tions, leading to violation of (6). The maximum cuto↵
scale of the SM coupled to GR is determined when the
inequality (6) is saturated.

Positivity in QED.— We begin with the light-by-light
scattering in QED coupled to GR which was discussed
recently in [25]. The leading QED contribution is the
one-loop diagram shown in the first diagram of Fig. 2.
The forward limit amplitude is given by
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in the high-energy limit |s| � m2
e, where ↵ = e2/4⇡ is the

fine-structure constant. B(2)(⇤) from the QED process
at one-loop level is
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QED ⇡

64↵2

⇤4

✓
ln

⇤

me
�

1

4

◆
(10)

�

� �

�

P,R

Vi = ⇢,!,�

FIG. 4. Feynman diagrams relevant for MQCD.

for ⇤ � me. Regarding MGR, we have the tree and one-
loop diagrams up to O(M�2

Pl ) as shown in Fig. 2. The
tree level (pole) contribution is cancelled with the high-
energy integral of RHS of (4). As a result, the one-loop
diagram is the leading gravitational contribution to the
bound (6). In the high-energy limit, we obtain
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22↵
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. (11)

Whereas B(2)
QED vanishes as ⇤ ! 1, B(2)

GR approaches
a negative constant in the limit ⇤ ! 1. This is why
we obtain a nontrivial cuto↵ scale from (approximate)
positivity bounds.

We remark that the result (11) can be used even in
the later analysis beyond QED. In general, the one-loop

contribution to B(2)
GR from charged particles should be

proportional to e2/M2
Pl and the dimensional analysis con-

cludes B(2)
GR / e2/(m2M2

Pl), where m is the mass of the
propagating particle in the loop. Therefore, the lightest
charged particle should provide the dominant contribu-

tion to B(2)
GR. We thus take into account the electron loop

only to compute B(2)
GR throughout this letter.

Now we discuss implications of the gravitational pos-
itivity bound (6). First, we can simply discard the
O(M�2

Pl M
�2
s ) uncertainty in (6) because the GR contri-

bution (11) is much larger than the uncertainty. Second,
as we mentioned earlier, there are potential higher deriva-
tive corrections that are originated from UV physics
above the cuto↵ scale ⇤. From the EFT perspective,

its contribution to B(2) can be estimated as B(2)
UV = ↵UV

⇤4 ,
where |↵UV| . 1 characterizes the size of interactions at
the scale ⇤.

All in all, the gravitational positivity implies the bound

B(2)
QED +B(2)

UV +B(2)
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If the first term is dominant, we have the same bound
as [25], ⇤ .

p
emeMPl. On the other hand, if the second

term is dominant and ↵UV ⇠ 1, we find ⇤ .
p

meMPl/e,
which is the one obtained in [18] from a slightly di↵erent
setup (see footnote 2). In either case, the typical size is
⇤ < ⇤QED ⇠ 108GeV which is regarded as the maximum
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computed accordingly. In general, EFT must contain
higher derivative operators representing corrections from
UV physics, which will be taken care of in the following
discussion. As we will see, they turn out to be irrelevant
for our purpose except for the QED case.

Because the SM is a renormalizable theory, the SM am-
plitude satisfies the twice-subtracted dispersion relation,
meaning that the relations

B(2)
i (⇤) =

4

⇡

Z 1

⇤2

ds0
ImAi(s0 + i✏)

s03
(8)

have to hold for i = QED, Weak, and QCD. Here,
Ai(s) := Mi(s, t = 0) is the forward limit amplitude.

The relations (8) conclude B(2)
i (⇤ ! 1) = 0. The same

relation does not need to apply to the GR sector, how-
ever, because GR is not UV complete; as we will see,

B(2)
GR(⇤ ! 1) ! constant < 0. As ⇤ increases, i.e.,

as the SM coupled to GR is extrapolated to a high-energy
scale, the GR contribution eventually dominates over the
SM contributions, leading to violation of (6). The maxi-
mum cuto↵ scale of the SM coupled to GR is determined
when the inequality (6) is saturated.

Positivity in QED.— We begin with the light-by-light
scattering in QED coupled to GR which was discussed
recently in [25]. The leading QED contribution is the
one-loop diagram shown in the first diagram of Fig. 2.
The forward limit amplitude is given by
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derivative operators representing corrections from (un-
known) UV physics, which will be taken care of in the
following discussion. As we will see, they turn out to be
irrelevant for our purpose except for the QED case.

Because the SM is a renormalizable theory, the SM am-
plitude satisfies the twice-subtracted dispersion relation,
meaning that the relations

B(2)
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ImAi(s0 + i✏)
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have to hold for i = QED, Weak, and QCD. Here,
Ai(s) := Mi(s, t = 0) is the forward limit amplitude.

The relations (8) conclude B(2)
i (⇤ ! 1) = 0. The same

relation does not need to apply to the GR sector, how-
ever, because GR is not UV complete; as we will see,

B(2)
GR(⇤ ! 1) ! constant < 0. As ⇤ increases, the GR

contribution eventually dominates over the SM contribu-
tions, leading to violation of (6). The maximum cuto↵
scale of the SM coupled to GR is determined when the
inequality (6) is saturated.

Positivity in QED.— We begin with the light-by-light
scattering in QED coupled to GR which was discussed
recently in [25]. The leading QED contribution is the
one-loop diagram shown in the first diagram of Fig. 2.
The forward limit amplitude is given by
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for ⇤ � me. Regarding MGR, we have the tree and one-
loop diagrams up to O(M�2

Pl ) as shown in Fig. 2. The
tree level (pole) contribution is cancelled with the high-
energy integral of RHS of (4). As a result, the one-loop
diagram is the leading gravitational contribution to the
bound (6). In the high-energy limit, we obtain
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. (11)

Whereas B(2)
QED vanishes as ⇤ ! 1, B(2)

GR approaches
a negative constant in the limit ⇤ ! 1. This is why
we obtain a nontrivial cuto↵ scale from (approximate)
positivity bounds.

We remark that the result (11) can be used even in
the later analysis beyond QED. In general, the one-loop

contribution to B(2)
GR from charged particles should be

proportional to e2/M2
Pl and the dimensional analysis con-

cludes B(2)
GR / e2/(m2M2

Pl), where m is the mass of the
propagating particle in the loop. Therefore, the lightest
charged particle should provide the dominant contribu-

tion to B(2)
GR. We thus take into account the electron loop

only to compute B(2)
GR throughout this letter.

Now we discuss implications of the gravitational pos-
itivity bound (6). First, we can simply discard the
O(M�2

Pl M
�2
s ) uncertainty in (6) because the GR contri-

bution (11) is much larger than the uncertainty. Second,
as we mentioned earlier, there are potential higher deriva-
tive corrections that are originated from UV physics
above the cuto↵ scale ⇤. From the EFT perspective,

its contribution to B(2) can be estimated as B(2)
UV = ↵UV

⇤4 ,
where |↵UV| . 1 characterizes the size of interactions at
the scale ⇤.

All in all, the gravitational positivity implies the bound
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UV +B(2)
GR > 0, yielding
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If the first term is dominant, we have the same bound
as [25], ⇤ .

p
emeMPl. On the other hand, if the second

term is dominant and ↵UV ⇠ 1, we find ⇤ .
p

meMPl/e,
which is the one obtained in [18] from a slightly di↵erent
setup (see footnote 2). In either case, the typical size is
⇤ < ⇤QED ⇠ 108GeV which is regarded as the maximum
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for ⇤ � me. Regarding MGR, we have the tree and one-
loop diagrams up to O(M�2

Pl ) as shown in Fig. 2. The
tree level (pole) contribution is cancelled with the high-
energy integral of RHS of (4). As a result, the one-loop
diagram is the leading gravitational contribution to the
bound (6). In the high-energy limit, we obtain

B(2)
GR ⇡ �

22↵

45⇡m2
eM

2
Pl

. (11)

Whereas B(2)
QED vanishes as ⇤ ! 1, B(2)

GR approaches
a negative constant in the limit ⇤ ! 1. This is why
we obtain a nontrivial cuto↵ scale from (approximate)
positivity bounds.

It is also convenient to remark that the result (11)
can be used even in the later analysis beyond QED. In

general, the one-loop contribution to B(2)
GR from charged

particles should be proportional to e2/M2
Pl and the di-

mensional analysis concludes B(2)
GR / e2/(m2M2

Pl), where
m is the mass of the propagating particle in the loop.
Therefore, the lightest charged particle should provide

the dominant contribution to B(2)
GR. We thus take into

account the electron loop only to compute B(2)
GR through-

out this letter.

Now we discuss implications of the gravitational pos-
itivity bound (6). First, we can simply discard the
O(M�2

Pl M
�2
s ) uncertainty in (6) because the GR contri-

bution (11) is much larger than the uncertainty. Second,
as we mentioned earlier, there are potential higher deriva-
tive corrections that are originated from UV physics
above the scale ⇤. From the EFT perspective, its contri-

bution to B(2) can be estimated as B(2)
UV = ↵UV

⇤4 , where
the dimensionless parameter ↵UV characterizes the size
of interactions at the scale ⇤ and satisfies |↵UV| . 1.

All in all, the gravitational positivity implies the bound

B(2)
QED +B(2)

UV +B(2)
GR > 0, yielding

64↵2
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If the first term is dominant, we have the same bound
as [25], ⇤ .

p
emeMPl. On the other hand, if the second

term is dominant and ↵UV ⇠ 1, we find ⇤ .
p

meMPl/e,
which is the one obtained in [18] from a slightly di↵erent
setup (see footnote 2). In either case, the typical size is

Q. Can we improve UV behavior respecting unitarity & analyticity?



Strings from S-matrix (2/2)

# 4pt scattering of massless scalars in type II superstring

  

 - reproduce GR amplitude at IR .

 - analytic on the complex -plane except , -poles on the real axis.

 ※ each pole contains a finite number of higher spin resonances

     identified w/excitation modes of the string. → string theory!

 - mild UV behavior

  (1) Regge:  (compatible w/FM bound)

  (2) hard: 

Mstring(s, t) = 1
2M2

Pl

s4 + t4 + u4

stu ×
Γ(1 − α′ s

4 )Γ(1 − α′ t
4 )Γ(1 − α′ u

4 )
Γ(1 + α′ s

4 )Γ(1 + α′ t
4 )Γ(1 + α′ u

4 )
.

( |α′ s | , |α′ t | ≪ 1)

s s u

Mstring(s, t) ∼ s2+ α′ 
2 t

Mstring(s, t) ∼ exp [− α′ 

2 (s ln s + t ln t + u ln u)]

m2

s0
Regge trajectory∼ exp [−(wolrdsheet area)]



In this manner,

unitarity & analyticity of scattering amplitudes were used to connect UV & IR.

※ They are historical examples for S-matrix bootstrap in high-energy physics.

※ More recent progress is mentioned in the next section.
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Two motivations for de Sitter spacetime:

- Inflation as a probe of high-energy physics

- de Sitter spacetime vs quantum gravity 



インフレーション 
宇宙初期の加速度膨張

暗黒エネルギーによる 
加速度膨張

銀河や惑星の誕生

宇宙の晴れ上がり 
38万年

過去 現在
ビッグバン膨張138億年

accelerated expansion
driven by dark energy

recombination
(400,000 yrs)

nowpast

Big Bang expansion
 (14 billions yrs)

Cosmic Inflation:
accelerated expansion of the early universe

Hubble scale during inflation is .
→ Use inflation as a probe of very high energy physics!

H ≃ r
0.01 × 2 × 1013 GeV



The inflationary universe is full of very high-energy particles!

※ Recall  for early universe inflation.

※ Primordial fluctuations are nothing but the thermal fluctuation.

H ≃ r
0.01 × 2 × 1013 GeV

Inflationary Universe = Thermal Bath

T = H
2π



Inflation is a natural particle collider “Cosmological Collider”!

→ Imprints of new particles on cosmological correlators.

Cosmological Collider Program

T = H
2π

[Chen-Wang ’10, Baumann-Green ’12, TN-Yamaguchi-Yokoyama ’13, ArkaniHamed-Maldacena ’15, …]



In the past 10 years+, inflation as a probe of HEP has been studied

based on analogy w/collider experiments & scattering amplitudes.



So far, it has been well studied

how to explore new particles near the Hubble scale (e.g., in SUGRA)

by analogy with resonance signals at ordinary particle colliders.



Q. Can we probe physics above the Hubble scale? (ex. GUT, extra dim)

cf. weak bosons from fermi interactions

H ≃ r
0.01 × 2 × 1013 GeV



On flat spacetime,

dispersion relations that follow from unitarity & analyticity can be used

to obtain UV information from IR effective theory.



Consider an -  symmetric scattering amplitude  in the forward limit.s u ℳ(s, t)

analytic structure of ℳ(s, t = 0)

s

m2
th−m2

th

C0
IR expansion in the forward limit: 

 ,

 .

ℳ(s, t = 0) = ∑
n

a2n s2n

a2n = ∮C0

ds
2πi

ℳ(s, t = 0)
s2n+1

Warmup: Dispersion relations of forward amplitudes



analytic structure of ℳ(s, t = 0)

s

m2
th−m2

th

IR expansion in the forward limit: 

 ,

 .

ℳ(s, t = 0) = ∑
n

a2n s2n

a2n = ∮C0

ds
2πi

ℳ(s, t = 0)
s2n+1

Deform the integration contour to rewrite it in the UV language:

 .a2n = 2
π ∫

∞

m2
th

ds
Imℳ(s, t = 0)

s2n+1 + ∮C∞

ds
2πi

ℳ(s, t = 0)
s2n+1

※ used the -  symmetry and  s u Disc ℳ(s, t = 0) = 2i Im ℳ(s, t = 0)

Consider an -  symmetric scattering amplitude  in the forward limit.s u ℳ(s, t)

Warmup: Dispersion relations of forward amplitudes



analytic structure of ℳ(s, t = 0)

s

m2
th−m2

th

IR expansion in the forward limit: 

 ,

 .

ℳ(s, t = 0) = ∑
n

a2n s2n

a2n = ∮C0

ds
2πi

ℳ(s, t = 0)
s2n+1

Deform the integration contour to rewrite it in the UV language:

 .a2n = 2
π ∫

∞

m2
th

ds
Imℳ(s, t = 0)

s2n+1 + ∮C∞

ds
2πi

ℳ(s, t = 0)
s2n+1

※ used the -  symmetry and  s u Disc ℳ(s, t = 0) = 2i Im ℳ(s, t = 0)

If |ℳ(s, t = 0) | < |s |2n

Consider an -  symmetric scattering amplitude  in the forward limit.s u ℳ(s, t)

Warmup: Dispersion relations of forward amplitudes



In local gapped theories, unitarity implies .

This leads to the following dispersion relation and universal positivity [Adams et al ’06]:

                for     

|ℳ(s, t = 0) | < s ln2 s (s → ∞)

a2n = 2
π ∫

∞

m2
th

ds
Imℳ(s, t = 0)

s2n+1 ≥ 0 2n = 2,4,…

(Froissart bound)

Positive because of unitarity! 

ℒ = − 1
2 ∂μϕ∂μϕ + α(∂μϕ∂μϕ)2 + ⋯

ℒ = − 1
4 FμνFμν + α1(FμνFμν)2 + α2(Fμν F̃ μν)2 + …

α, α1, α2 ≥ 0



Extension to non-forward amplitude can be used to read off spins of UV spectra
[Kim-Takeuchi-TN-Zhou ’19]



Extension to non-forward amplitudes

Dispersion relations imply that  are universally positive,

whereas sign of  depends on spins of intermediate UV states.

→ spins of UV states from signs of IR coefficients!

g2, g4

g3

ℳ(s, t) = g2 (s2 + t2 + u2) + g3 stu + g4 (s2 + t2 + u2)2 + ⋯

ex. IR expansion of 4pt scattering of identical massless scalars

g3

No standard UV completion!

UV completable by 
heavy scalars only.

Requires heavy 
states w/spin .≥ 2

g2



Potential application to EFT of inflation:

KK graviton vs heavy scalars in GUT from sign of non-Gaussianities!

※ Extension to QFT on de Sitter spacetime is required.

※ Extension to Lorentz symmetry broken phase is required for .fNL ≳ 1



Two motivations for de Sitter spacetime:

- Inflation as a probe of high-energy physics

- de Sitter spacetime vs quantum gravity 



Q. Can we discover “string theory” on de Sitter spacetime

similarly to the history of “Strings from S-matrix”?

See, e.g., a nice review [Danielsson-Van Riet ’18] for proposals & debates 

on dS construction in string theory.



To motivate this question, let me advertise my old work [TN-Takeuchi-Zhou ’19]

on string Regge trajectories on de Sitter spacetime.



Regge trajectory on flat spacetime

m2

s0

string theory on flat spacetime:

- higher spin Regge states are crucial for UV completion

- leading Regge trajectory is linear: α′ m2 = s − 2

For large spin, the spectrum on the leading Regge trajectory

can be studied by classical rotating folded strings! → next slide



[ex. Zwiebach’s textbook]

Boundaries of the Nambu-Goto string 
propagate with the speed of light.

- string tension vs centrifugal force 
- causality implies string speed  
- bound is saturated at boundaries

≤ 1

� = !t

r

radius: r = ω−1

E = r
α′ 

, S = r2

2α′ 

energy: angular momentum:

→ linear Regge trajectory E2 = 2
α′ 

S

Rotating folded string on flat spacetime



In [TN-Takeuchi-Zhou ’19],

we studied the Regge trajectory of folded strings on de Sitter spacetime,

extending analysis in AdS spacetime (called GKP string in AdS/CFT context).



Regge trajectory on de Sitter spacetime
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Regge trajectory on de Sitter spacetime

large ω = short strings 
→ linear Regge trajectory of flat space
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Regge trajectory on de Sitter spacetime

large ω = short strings 
→ linear Regge trajectory of flat space

0.0 0.1 0.2 0.3 0.4 0.50.0

0.1

0.2

0.3

0.4

0.5

S

E2

E ∼ M2
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trajectory turns back!

Higuchi bound



Regge trajectory on de Sitter spacetime

large ω = short strings 
→ linear Regge trajectory of flat space

0.0 0.1 0.2 0.3 0.4 0.50.0

0.1

0.2

0.3

0.4

0.5

S

E2

E ∼ M2
s

H
, S ∼ Ms

H

trajectory turns back!

small ω = long strings 

E = finite, S = 0

Higuchi bound



small ω region: horizon and causality



� = !t

r

in the small ω limit, we find r → H−1

※ boundaries touch the horizon!

when boundaries touching the horizon, 

causality requires  to avoid superluminal propagation

→ . This is an origin of the maximal spin.

ω = 0
E = finite, S = 0

small ω region: horizon and causality



How UV completion of gravity is achieved in dS?

Regge trajectory on dS is qualitatively different from flat & AdS ( ). 

 - Is the stringy UV completion achieved in the standard manner?

 - Are there any constraints on dS in string theory/quantum gravity?

  cf. conservative bound: dS temp < Hagedorn temp .

E2 ∼ S2

Ms < H

0.0 0.1 0.2 0.3 0.4 0.50.0

0.1

0.2

0.3

0.4

0.5

S

E2

Turning point appears below the 4D Planck scale,

if the condition    is satisfied.

cf.  for inflation.

M4
s ≲ M2

PlH2 ∼ Vinf

Vinf ≃ r
0.01 × (1016 GeV)4

AdS flat



Q. What are consistent “stringy scattering amplitudes” in dS?

cf. progress in S-matrix bootstrap on flat space

 - finite energy sum rule for gravitational Regge amplitudes
                                     [de Rham-Jaitly-Tolley ’22,  TN-Tokuda ’22]

 - bootstrap Regge trajectory in large N QCD
                                     [Albert-Henrikssonf-Rastelli-Vichi ’23]



Contents

1. S-matrix bootstrap: an old idea

2. Motivation for de Sitter spacetime

3. Toward S-matrix bootstrap in dS

4. Summary and prospects



There appeared interesting papers (not mine!) by Melville & Pimentel.
[Melville-Pimentel ’23, ’24]



Ordinary Cosmological Correlators for Inflation

future boundary
t = ∞

time t

space x

ds2 = − dt2+e2Htdx2



Ordinary Cosmological Correlators for Inflation

future boundary
t = ∞

time t

space x

ds2 = − dt2+e2Htdx2

x x xx
ϕ ϕ

- In the context of the early universe inflation, 

   we are interested in correlation functions at the end of inflation,

   which specify the initial conditions of Big Bang Cosmology.

- More concretely, we compute

   .

  ※  : vacuum @  (Bunch-Davies vacuum) 

⟨∏
i

ϕki
(t = ∞)⟩ = ⟨0 |∏

i
ϕki

(t = ∞) |0⟩

|0⟩ t = − ∞

ϕ ϕ

σ



A proposal for S-matrix in de Sitter spacetime
[Melville-Pimentel ’23, ’24]

future boundary
t = ∞

time t

space x

ds2 = − dt2+e2Htdx2

x x
ϕ ϕ

- Define in/out states by excitation of BD vacuum in the free theory:

   ex.  ,     .

- Define S-matrix based on the adiabatic hypothesis

   ex.    (interaction picture).

 ※ : modes  are sufficiently super/sub-horizon

 ※ Well motivated at least in IR-finite theories.

|k1, k2⟩in = a†
k1

a†
k1

|0⟩in |k1, k2⟩out = a†
k1

a†
k1

|0⟩out

S2→2 =out⟨k3, k4 |U(t+, t−) |k1, k2⟩in

t± ki

x x
ϕ ϕ

σ



# S-matrix defined in this manner

 - satisfies standard properties such as LSZ, crossing and optical theorem.

 - violates energy conservation due to cosmic expansion.

 → A framework suitable for S-matrix theory on de Sitter spacetime??



Long to-do list, now becoming tractable!

- partial wave unitarity & unitarity bound

- analyticity in “Mandelstam variables”

- dispersion relations connecting UV & IR

- analyticity in spin & Regge theory

- cosmological Veneziano amplitudes, …



Summary and prospects



g3

No standard UV completion!

UV completable by 
heavy scalars only.

Requires heavy 
states w/spin .≥ 2

g2
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# S-matrix bootstrap: connect UV & IR by unitarity, analyticity etc.

# Its dS extension would make it possible

 - to explore physics above inflation scale through EFT of inflation

  ex. KK graviton vs heavy scalars in GUT

 - to explore “string theory on dS” similarly to history on flat space

  cf. Regge trajectories on dS are qualitatively different from flat/AdS.



# A proposal for dS S-matrix [Melville-Pimentel ’23, ’24] 

 - a natural framework for bootstrap in dS

 - shares various similarities with flat space S-matrix

 - violates energy conservation due to cosmic expansion

 - there are a lot more to explore along this line!

!ank you!

A proposal for S-matrix in de Sitter spacetime
[Melville-Pimentel ’23, ’24]

future boundary
t = ∞

time t

space x

ds2 = − dt2+e2Htdx2

x x
ϕ ϕ

- Define in/out states by excitation of BD vacuum in the free theory:

   ex.  ,     .

- Define S-matrix based on the adiabatic hypothesis

   ex.    (interaction picture).

 ※ : modes  are sufficiently super/sub-horizon

 ※ Well motivated at least in IR-finite theories.

|k1, k2⟩in = a†
k1

a†
k1

|0⟩in |k1, k2⟩out = a†
k1

a†
k1

|0⟩out

S2→2 =out⟨k3, k4 |U(t+, t−) |k1, k2⟩in

t± ki

x x
ϕ ϕ

σ


