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Active Matter
Definition - Biological inspiration

Active matter is composed of large numbers of active "agents", which

consume energy and thus move or exert mechanical forces

Due to the energy consumption, these systems are intrinsically

out of thermal equilibrium

Homogeneous energy injection (not from the borders, cfr. shear)

Coupling to the environment (bath) allows for dissipation
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Active Matter
Natural & artificial systems

Experiments & observations Bartolo et al. Lyon, Bocquet et al. Paris, Cavagna et al.

Roma, di Leonardo et al. Roma, Dauchot et al. Paris, just to mention some Europeans
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Active Matter
Global goal - from our "community"

To understand the collective behaviour of active matter

from the statistical physics viewpoint

with the help of extensive numerical simulations

and theoretical arguments/analytic calculations

Statistical Physics approach

But, one has to start from the single particle modeling

7



Brownian Motion
Langevin description

A spherical particle immersed in a liquid

Force on the particle due to the coupling to the environment

No external force

Newton︷ ︸︸ ︷
mr̈ = Fenv = − γṙ︸ ︷︷ ︸

friction

+ ξ︸︷︷︸
noise

ξ Gaussian white noise with 〈ξa(t)〉 = 0 and 〈ξa(t)ξb(t
′)〉 = 2γkBTδabδ(t− t′)

a, b = 1, . . . , d

Averaged position 〈r(t)〉 = r0 the initial position
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Brownian Motion
Langevin description

A spherical particle immersed in a liquid

Force on the particle due to the coupling to the environment

No external force

Newton︷ ︸︸ ︷
mr̈ = Fenv = − γṙ︸ ︷︷ ︸

friction

+ ξ︸︷︷︸
noise

Mean-square displacement ∆2(t, 0) = 〈(r(t)− r0)2〉
At t < m/γ ballistic ∆2 ∝ t2 At t > m/γ diffusive ∆2 ∝ DT t

Diffusion coefficient DT = kBT/γ
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Active Brownian Particle
Langevin equations

Active force fact along n̂ = (cos θ, sin θ) a direction following a random walk

mr̈ = factn̂− γṙ + ξ

θ̇ = η

fact

−γṙ

θ

ξ and η Gaussian white noises

〈ξa(t)〉= 〈η(t)〉= 0, 〈ξa(t) ξb(t
′)〉 = 2γkBTδabδ(t− t′) and 〈η(t) η(t′)〉 = 2Dθδ(t− t′)

Persistence time τp = 1/Dθ and length `p = v0 τp = (fact/γ) τp

Péclet number Pe = factσ/(kBT ) measures the activity
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Active Ornstein Uhlenbeck Process
Over-damped Langevin equations

Long times, beyond the inertia time-scale t� m/γ

ṙ = v τ v̇ = −v + η

Gaussian white noise with 〈ηa(t)〉 = 0 and 〈ηa(t)ηb(t′)〉 = 2D δab δ(t−t′)

The random velocity v is correlated as

〈va(t)vb(t′)〉 = δab
D
τ e
−|t−t′|/τ

Unbalanced correlated noise and memoryless friction =⇒

out-of-equilibrium environment

Similar phenomenology as the one of the ABPs but simpler to deal with,

no additional degree of freedom Martin et al 2021
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ABP & AOUP
Mean-square displacement

∆2(t) ≡ 〈(r(t)− r(0))2〉 = 〈(r(t)− r0)2〉 = 〈(r(t)− 〈r(t)〉)2〉 ≡ Var(r(t))
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Active Brownian Particle
Mean-square displacement

Active force fact along n̂ = (cos θ, sin θ) a direction following a random walk

mr̈ = factn̂− γṙ + ξ θ̇ = η

Mean-square displacement ∆2(t) = 〈(r(t)− r(0))2〉

Time Regime ∆2 ∝ Physical Interpretation

t < m/γ ballistic kBT/m t2 Inertial thermal velocity dominates

m/γ < t < τ∗ diffusive DT t Damping 7→ thermal Brownian motion

τ∗ < t < tR ballistic f2
act/γ2 t2 Self-prop speed v0 = fact/γ dominates

tR < t diffusive DA t Rotational diff randomizes v0

Diffusion coefficients DT = kBT/γ︸ ︷︷ ︸
thermal

DA = DT + cPe2︸ ︷︷ ︸
active
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Active Brownian Particle
Aggregation close to walls

Active force fact along n̂ = (cos θ, sin θ) a direction following a random walk

mr̈ = factn̂− γṙ + ξ θ̇ = η

Motion of Janus colloids & ABPs

close to a wall in a pore

C. Bechinger, R. Di Leonardo, H. Löwen, C. Reichhardt, G. Volpe & G. Volpe 16
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Motility Induced Phase Separation
The basic mechanism

Particles collide heads-on

and cluster even in the

absence of attractive forces
→ blue 0 ← red π

The colours indicate the direction ni along which the particles are pushed by the active force fact

Tailleur & Cates 08
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Quantum Active Particles
Sketches of three models - playing with the environments
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<latexit sha1_base64="3ZC99pVldnItX0N+dvE8kHSunxY=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswl0KtQzaWEYwH5AcYW+zSZbs7Z27s0I48iNsLBSx9ffY+W/cJFdo4oOBx3szzMyLUikM+v63t7a+sbm1Xdgp7u7tHxyWjo6bJrGa8QZLZKLbETVcCsUbKFDydqo5jSPJW9H4dua3nrg2IlEPOEl5GNOhEgPBKDqp9WipQhv3SmW/4s9BVkmQkzLkqPdKX91+wmzMFTJJjekEfophRjUKJvm02LWGp5SN6ZB3HFU05ibM5udOyblT+mSQaFcKyVz9PZHR2JhJHLnOmOLILHsz8T+vY3FwHWZCpRa5YotFAysJJmT2O+kLzRnKiSOUaeFuJWxENWXoEiq6EILll1dJs1oJLivBfbVcu8njKMApnMEFBHAFNbiDOjSAwRie4RXevNR78d69j0XrmpfPnMAfeJ8/tTiPzw==</latexit>

quantum
<latexit sha1_base64="IEvR7+l0d5oXIZJ6jV/JZkpwA54=">AAAB63icbVDLSgMxFL2pr1pfVZdugkVwVWa6UJdFNy4r2Ae0Q8mkmTY0yQxJRihDf8GNC0Xc+kPu/Bsz7Sy09UDgcM695NwTJoIb63nfqLSxubW9U96t7O0fHB5Vj086Jk41ZW0ai1j3QmKY4Iq1LbeC9RLNiAwF64bTu9zvPjFteKwe7SxhgSRjxSNOic2lkNjJsFrz6t4CeJ34BalBgdaw+jUYxTSVTFkqiDF930tskBFtORVsXhmkhiWETsmY9R1VRDITZIusc3zhlBGOYu2esnih/t7IiDRmJkM3KV04s+rl4n9eP7XRTZBxlaSWKbr8KEoFtjHOD8cjrhm1YuYIoZq7rJhOiCbUunoqrgR/9eR10mnU/au6/9CoNW+LOspwBudwCT5cQxPuoQVtoDCBZ3iFNyTRC3pHH8vREip2TuEP0OcPF+iORQ==</latexit>

bath

<latexit sha1_base64="bl8Rm6C8dgAlgNTBbibQDCI692Y=">AAAB8HicbVC7TsMwFL3mWcqrwMhiUSExVUkHYKxgYSwSfaA2qhzXaa3aTmQ7SFXUr2BhACFWPoeNv8FNM0DLkSwdn3Ovfe8JE8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64ST27nfeWLa8Fg92GnCAklGikecEuukRyqIMe4iBpWqV/Ny4FXiF6QKBZqDyld/GNNUMmXzR3q+l9ggI9pyKtis3E8NSwidkBHrOaqIZCbI8oFn+NwpQxzF2h1lca7+7siINGYqQ1cpiR2bZW8u/uf1UhtdBxlXSWqZoouPolRgG+P59njINaNWTB0hVHM3K6Zjogm1LqOyC8FfXnmVtOs1/7Lm39erjZsijhKcwhlcgA9X0IA7aEILKEh4hld4Qxq9oHf0sShdQ0XPCfwB+vwB/V6Qhw==</latexit>

classical
<latexit sha1_base64="CZspO51YoPfph7ylYkcAn5E6y3M=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQ9qMeiF48VTFtoQ9lsJ+3SzW7Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Oj6vFJW8tMUQyo5FJ1I6KRM4GBYYZjN1VIkohjJ5rczf3OEyrNpHg00xTDhIwEixklxkqBkEzjoFrz6t4C7jrxC1KDAq1B9as/lDRLUBjKidY930tNmBNlGOU4q/QzjSmhEzLCnqWCJKjDfHHszL2wytCNpbIljLtQf0/kJNF6mkS2MyFmrFe9ufif18tMfBPmTKSZQUGXi+KMu0a688/dIVNIDZ9aQqhi9laXjoki1Nh8KjYEf/XlddJu1P2ruv/QqDVvizjKcAbncAk+XEMT7qEFAVBg8Ayv8OYI58V5dz6WrSWnmDmFP3A+fwD/PI7O</latexit>

noise
<latexit sha1_base64="igzTDEEQrMTJYjq8YCFlXj87IpA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahXkoioh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsTqEScJ9yM6VCIUjKKV2j2OtIrn/XLFrblzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui5l3VvIfLSv02j6MIJ3AKVfDgGupwDw1oAoMxPMMrvDmJ8+K8Ox+L1oKTzxzDHzifP6nHjyE=</latexit>

⌘(t)
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Quantum Active Particles
Purely quantum models (a) and (c)

Take a system with a time-independent Hamiltonian Ĥ
in a generic mixed state described by the density operator ρ̂ =

∑
α
pα|ψα〉〈ψα|

with, e.g. {|ψα〉} a basis of Hilbert space &
∑
α
pα = 1

and in contact with an environment

The density operator ({pα}) depends on time and ρ̂ obeys the Lindblad eq

∂tρ̂ = − i

~
[Ĥ, ρ̂]︸ ︷︷ ︸

Heisenberg

+
∑
n

(
L̂nρ̂L̂

†
n−

1

2
{L̂†nL̂n, ρ̂}

)
︸ ︷︷ ︸

effect of the bath

where {L̂n} are operators describing the effect of the environment

NB this eq is local in time - no memory Choose Ĥ and {L̂n}
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Quantum Active Particles
Purely quantum models (a) and (c)

Take a system with a time-independent Hamiltonian Ĥ
in a generic mixed state described by the density operator ρ̂ =

∑
α
pα|ψα〉〈ψα|

with, e.g., {|ψα〉} a basis of the Hilbert space &
∑
α
pα = 1

and in contact with an environment

The observables are calculated as, e.g.,

Var(x̂(t)) = 〈(x̂(t)− 〈x̂(t)〉)2〉

with 〈Â(t)〉 = Tr(Âρ̂(t))

a bit like the Fokker-Planck description of the classical problems (no memory)

Choose Ĥ and {L̂n}
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Environment-assisted hopping
on a one dimensional lattice with periodic boundary conditions

Ĥ = J
∑
i=1

(
ĉ†i ĉi+1 + ĉ†i+1ĉi

)
where i labels the lattice sites and J is the coherent symmetric hopping rate

Dissipative hopping with L̂i,L =
√

ΓL ĉ
†
i ĉi+1 and L̂i,R =

√
ΓR ĉ

†
i+1ĉi

2Γ+ = ΓL + ΓR

Crossover times

τ∗ = Γ+/J2

tR = 1/Γ+

Effective Péclet

Pe = J/Γ+

Diffusive Ballistic Diffusive D = Γ+

2

(
1 + 4J2

Γ2
+

)
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Environment-assisted hopping
on an open one dimensional lattice with length L

Ĥ = J
∑
i=1

(
ĉ†i ĉi+1 + ĉ†i+1ĉi

)
where i labels the lattice sites and J is the coherent symmetric hopping rate

Dissipative hopping with L̂i,L =
√

ΓL ĉ
†
i ĉi+1 and L̂i,R =

√
ΓR ĉ

†
i+1ĉi

Asymptotic density profile

Γ− = ΓL − ΓR > 0

ni/n1 = e−(i−1)/ξ

ξ ∼ D
Γ−

= Diffusion
Drift

as in Tailleur & Cates 08, Razin 20

for classical active particles

Lindblad skin effect
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Quantum ABP
Additional - internal - two-level variable

The internal spin flips couple to left-right motion on the continuous line

Ĥ =
p̂2

2m
+ λ p̂σ̂z

with L̂↑ =
√

Γ↑ σ̂+ L̂↓ =
√

Γ↓ σ̂− L̂d =
√

Γd p̂

2σ̂± = σ̂x ± iσ̂y

Translation & internal d.o.f. feel different baths

D =
Γd
2

(
1 +

2λ2

Γd(Γ↑ + Γ↓)

)
last ballistic regime
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Quantum Active Particles
similar to Ornstein-Uhlenbeck

ĤqAOUP =
p̂2

2m
+ Ĥbath(x̂) + gx̂η(t)

Ohmic quantum dissipation

Ĥbath(x̂) =
∑
α

( p̂2α
2mα

+
mαω2

α

2
x̂2α

)
+x̂
∑
α

gαx̂α

spectrum J(ω) =
∑
α

g2α
mαωα

δ(ω − ωα)

= 4γω exp(−ω/ωc)

The classical noise η(t) has zero mean and 〈η(t)η(t′)〉 =
Dη
τ e−|t−t

′|/τ

Schwinger-Keldysh - Closed time path integral

Diffusive – Ballistic – Diffusive

D̃a = Dη/4γ2

D = DT + D̃a
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Quantum Active Particles
Realizations

(a) Environment assisted hopping on a lattice

- Laser assisted hopping

(b) Quantum Ornstein - Uhlenbeck particles

- Superconducting circuits & Josephson junctions

- Impurities in cold atoms

- Optomechanics

(quantum Brownian motion) supplemented by a colored

non-Markovian classical noise

(c) Quantum Active Brownian Particles

- Spin-to-momentum coupling can be engineered in atomic physics
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Plan

1. Classical Active Matter

- Real and artificial systems

- Models

- Phenomenology

2. Quantum Active Matter

- Models

- Phenomenology

- Realizations?

3. Perspectives
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Perspectives
Collective behaviour

Gray zone at high Pe

Motility induced

phase separation (MIPS)

gas & dense

Cates & Tailleur

Ann. Rev. Cond. Matt. 6, 219 (2015)

Farage, Krinninger & Brader

PRE 91, 042310 (2015)

Pressure P (φ, Pe)(EOS), correlations GT (r), G6(r), and distributions of φi, |ψ6i|
Digregorio, Levis, Suma, LFC, Gonnella & Pagonabarraga, PRL 121, 098003 (2018)
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