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Superposition Measurement Collapses to

lY) = (]0) + [1))/V?2 > |0) or |1) with
probability 1/2

Entanglement Measure state
of one qubit

= (101) + [10 > .
Entanglement W) |01) or_|_10) with
entropy S; =1In2 probability 1/2
Unentangled product state

Can measurements change the nature of many-body systems and
induce phase transitions?
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Measurement-induced phase transition (MIPT)
Random quantum circuits with non-unitary evolution

Unitary evolution + measurements
local projective or weak measurements

Tune measurement rate, measurement strength, etc., ..
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Can there be any “measurement-induced phase transition” in the
“semi-classical limit”?

Semiclassical Limit of a Measurement-Induced Transition
in Many-Body Chaos in Oscillator Chains

S. Ruidas & SB,
Phys. Rev. Lett. 132, 030402 (2024)
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g (ICTS)

14
Synchronized, A; < 0

Chaotic, 4;, > 0

Yc

Noise/dissipation (measurement) strength

Well-known stochastic synchronization transition in non-linear dynamics



Quantum model of weak i1 ; i1

position measurements + feedback mwmp

Caves and Milburn, Phys. Rev. A 36 (1987) N
System under repeated weak measurements in S Lu2m '
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Non-unitary time evolution of system density matrix ! : i+1
_LHST LHgT qmww
p({e ) =MEDe™ 1 p({Ehr tiDe ® MY(E,) Lo _fo\. _fo\.

Measurement + feedback

lyTS;inﬁi (gin - 551')2 C i
M ~ 1_[ _ aves and Milburn,
($n) . =P ( h ) =P ( 28 Phys. Rev. A (1987)
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Momentum “feedback” y ~ \/fA/A, acts like dissipation

Limit of continuous weak measurement A =0T

o — oo, T = 0 with A finite _1
Measurement strength A

Schwinger-Keldysh path integral . J:
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Action _ .
S[eha = [ de Y [7, {% X+ my i+ Cris — fi)Z} - v<{xl-s}>‘
- s=+ i

Classical (x;. = x;) and quantum (x;,) components Xi+ = X; T Xiq

y+

®
Semiclassical limit, small A — +00

A

Expand in x;, or i keeping 0( ) O(1) while scaling A ~ h?

= Stochastic Langevin equation

dzxi d'xl GV({x )
a2 V't Tm [ _ +1:(¢)
2
(mi(m; (¢) = 2y Ty Oy (E =€) Noise strength ~ y T,/ ~

o« measurement strength
Effective temperature T, ~ E ~Vh

Long-time steady state (non-equmbrlum pure steady state) =

Effective classical Boltzmann distribution ~ exp [—%}f‘})] for x and p

“Chaotic-to-non-chaotic” transition in Langevin dynamics =




Classical many-body chaos
Example: Anharmonic coupled oscillator chain

Newtonian dynamics V({x:}) = 2 E (xip1 — %;)° +%(xi+1 —x)*
&= — oV ({x;}) i
Y Ox O\ WO "N — DN -0 VN0
l=1,...,N _1 l=0 1
o ALt x{1(0) — x7(0) = &6,
A

Two trajectories with slightly different

/\f/\ Initial conditions ati =0 attimet =0
B

Classical OTOC or decorrelation function ( )
2
- _ A B
D(i,t) = <(xl (t) = x; (t)) >T Thermal initial condition

at temperature T
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Newtonian dynamics V({x}) = z E (Xi41 —x)% + % (Xi41 — x)*
. V({xd) i
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Can one meaningfully define chaos in the presence of noise?
System is randomly kicked at each instant of time.

Noise strength, y + 0

—1 0 1
x2(0) —xP(0) = €6; o

Take exactly the same noise realizations for the two copies
i@} =} vt
Momentum OTOC
D(i,t) = <(p{4(t) —p? (t))2> with perturbationati =0,t =0
T,{n}

» Thermal initial condition at temperature T is generated using
Langevin dynamics



Noise-induced chaotic to non-chaotic transition

Anharmonic oscillators O-WW-O-WW-O-WW-0-WW-0

LEDEDY
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OTOC D(i,t) = <(pi (t) —p; (t)) >
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Light cone and butterfly velocity
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Noise-induced chaotic to non-chaotic transitions in Toda chain

a . a
Integrable model  V({x;}) = z [E e ) 4 a(xy,, —x;) - E]
i
Lyapunov exponent o A, = 0, vy — large in the
integrable limity — 0.
V0.8, .
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Lam and Kurchan, J. Stat. Phys. 156 : : :
(2014) ~



What is this chaotic-non chaotic transition?

Stochastic synchronization transition (ST) in extended systems
Coupled map lattices (CML)

Bagnoli et al. PRE (1999); Baroni et al. PRE (2001); Cencini et al. PRE (2001);
Ginelli et al. PRE (2003), ...

Multiplicative noise/KPZ and Directed percolation universality classes
Ahlers and Pikovsky, PRL (2002); Munoz et al. PRL (2003); ...
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Yc
Noise/dissipation (measurement) strength

Stochastic ST as an MIPT in the semiclassical limit



Dynamical transition and finite-size scaling

5 ou=u—u,>0

1500
vp(u, L) = L‘gf(csu LY/V)
= 1000 B\t
500 L L= 1024 0.61 g’ 1] Vg ~ (5U)‘8
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o The transition shows critical scaling.

o The critical exponents do not match with known universality classes
like directed percolation (DP) or multiplicative noise (MN)

Recent works on chaotic transition in classical systems
Willsher et al. PRB (2022); Deger et al. PRLs (2022)
- DP universality class



Summary (Part 1)

o Semiclassical limit of a model of continuous weak -~ SITTIR00.009 -
measurements A A A
= Stochastic Langevin equation

noise/dissipation «« “measurement strength”

o Noise/measurement induced chaotic to non-chaotic transition
Stochastic synchronization transition

A\
n(t@ %&ﬁ
S

Chaotic, 1, > 0 )/
Noise/dissipation (measurement) strength

Synchronized, A; < 0



Inverse Superconductor-Insulator Transition in Weakly Monitored
Josephson Junction Arrays (JJAs)

—
— Insulator

Supercond

o Do repeated measurements and feedback by observer behave like a bath?
How similar or dissimilar are the observer baths to usual equilibrium

thermal/quantum baths?
) Obsez-er bath

(a)

heat bagl\r;w
JJA system “u,

-

M\i}fsipa’cin

Temperature T
Compare fluctuation-dissipation relation (FDR)

Effective temperature T, (7

e Correlation hw
Thermal equilibrium at temperature T = coth| —
Response 2T



Inverse Superconductor-Insulator Transition in Weakly Monitored
Josephson Junction Arrays (JJAs)

Purnendu Das

(IISc UG- TU Munich)
P. Das & SB

Phys. Rev. B (Letfter)
112,L180503 (2025)
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Superconductor-insulator quantum phase transitions

Variational approximation based on Free-energy =

F<{(H—-H,),—InZ,

Z, = Trlexp(—fH,)]

Self-consistent harmonic approximation (SCHA)
2
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Phase stiffness
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var

Typically first order transition



Dissipative phase transition in JJA Ohmic heat bath

Chakravarty et al. PRL (1986), PRB (1988) (a)
heat batyb\“
H = }[]]A + Hygen + H, JJA system *i_
? o
H = EZEn +]z(1—cos(9—9)) § & ey

<ij>

}[bath - z Eml (xfl] + wlle%l]) AHl] = Hi o 9]

<ij>

}[ 2 AQL]Zfll]xll]

<ij>

R e

oo dissipation

Integrate out the bath, assume Ohmic spectral density (~ w) of the bath

Imaginary-time action

h
Seff :j dt 2E ”) “ T 4e?R
0 <ij>
.|_4£ z a|wn||A3ij(wn)| R, normal-state resistance
T

n,<ij>



Self-consistent harmonic approximation =
Chakravarty et al. PRL (1986), PRB (1988)

SCHA
T=0

Second-order
transition at

a = % Independent of JJ coupling

T # 0 (fixed )
INE

i

ol

i



Monitored Josephson junction array (JJA)

ei 81+1

i—1 1+ 1

w w Detectors coupled to junctions < ij >
IIII|IIII IIII|IIII IIII|IIII

H(t) = Hyjp+ 1 z 6(t — nT)AHijpij,n

Ei n ™
w(fij,n) ~ eXp <_ 210_ ) <ij>n
Schwinger-Keldysh action Readings {$;; }
[ 1
Z{ZE <_) is z fU 4A z (AHLJS fl }
S[{¢3, 6] J dt Z " JENN; JENN;
o s=t —J] ) (1 —cosAbjs)
@ > '
to Jir:fOO] Generating function Z = [ DéDOeSIO]
® <l

Observables averaged over measurement outcomes or quantum trajectories
(Lindblad evolution)

a1 iS[0,
(A) = ZfDEDGA[H]e 6,51 — SCHA



Self-consistent harmonic approximation (SCHA) for trajectory
averaged steady state

Variational harmonic action. S, [¢, 6] o
Variational parameter

1
—J Z<ij>(1 — COS AHl'j,s) - Ez<ij> DAHizj,s D
What is the variational principle?
No "free energy” for non-equilibrium statel

Variational principle for a quantum trajectory in a monitored dynamics
— Maximize Born probability Z[¢§] = e~FI]

FIE < Bl = — (£)45 = 5,0, ~ InZ, €

Self-consistency condition — D(t) = J{cos Af;; ;(t)),

(Aﬁizj’s(t))v>

2

For steady state averaged over trajectories

D =]exp<—

Superfluid stiffness D + 0 = Superconductor
D =0 = Insulator



SC-Insulator transition in monitored Josephson junction array
and phase diagram Three parameters

o Josephson coupling J/E.

o Measurement strength AA™1/E,

o Feedback strength Ay /E.

M, C .
(hy © 01 oy os Dissipative
(C) o ay DVE, 43
‘)‘
05
= o2
\
0.
ik I & 4 0

hylE,
Reentrant superconductor-insulator
transitions



|s the measured JJA very different from dissipative JJA?
Trajectory averaged Green'’s function for non-equilibrium steady state (t; — o)
and effective temperature

K R
6" (q,w) G7(q, “’)] Causal structure
G4(q, w) 0

G(q,w) =

SCHA= D = J exp [—%((eii@ - el-ﬂ,i(t))z)‘

Measured and dissipative JJA can be directly compared within SCHA

Measured Dissipative
Measurement .
strength A~1 Feedback y = —  Dissipation
G*(q, )
GR(C[,CU)—GA(C[,(U) - Coth<h_w> 224_@4_...
temperature hw — 8Tesy
h2E, (A1 o Ingeneral, T, r(w)
w — 0 or h small Terr =— y o No T,z — 0 limit



Measured Dissipative

Very different  (d) 03 IVE o4 as (€) 0:™Eos 08

Always
an insulator
—

Reentrant
transition

-
| Iy

1S

o

Ty lE,
TIE,

ODs

MIPT
Insulator-SC “-) L
transition

0
0% 0% On ! { 02 9% o)xm% !

JIE, (§) JIE,

Seemingly low-temperature normal
state (insulator)
— high-temperature superconductor

= Inverse superconductor-
Insulator transition

Phase diagram valid beyond SCHA

1. High temperature or semiclassical limit 4 — 0.

2. Strong measurement/ weak feedback limit A= /y > 1.
3. Strong feedback limit Ay > J, E..

4. Weak coupling ] « E,. RG.



Conclusions (Part 2)

o Monitored quantum many-body systems — New paradigm for
(non-unitary) quantum dynamics, non-equilibrium statistical mechanics,

dynamical phase transitions and universality.

o Model of weak quantum measurements + feedback on JJA

Ab;; = 0; — 041

, — ' i+1 i42

1 —1 )
_ - I I I

Measurements + feedback

A
w -
i ks 08 074 |
(I} IE,

(d) o  o0:Dos  os




Classical Chaos

Single-particle chaos
Sensitivity to initial condition =
ge't < 0(1)
€ ///\L .
yapunov regime
1
At<t<t*~2tog (E)

ox(t) ALt Non chaotic Chaotic billiard
5x(0) billiar

Iy
(177044
i

A, Lyapunov exponent

NN
NN

{
1345




Many-body chaos in integrable Toda chain
a=0.07,b =15

—6
10 100.0
80.0
= 60.0
= 1077 {
I 40.0
‘5’ 20.0
3 0.0
10 512 —256 0 256 512
0 50 100
t Light cone spread
with butterfly velocity
vg #0

o No exponential growth (1, = 0) in the integrable Toda chain.
o Non zero butterfly velocity



Is the transition visible in usual dynamical properties?

(Ag?(t))

104

10% L

100 L

1072

u=0.0
u=0.5

~ 2Dt

D =047, o =1.01

109

102

Diffusive fory = 0
u = 0 (harmonic limit)

Diffusion constant

T [ 1
2 . |mk

Florencio and Lee, Phys. Rev. A 31 (1985)



Unlike chaos, there is no transition in usual dynamical properties, e.g.
diffusion

10°
10 : :
—7 =10.00 0 , a~0.51
— =005 - 107+
102 L v =0.08
—~=0.10 =T 05 Lot
__ 10'L u=0.0 = i
= ) u = 0.10
3 < o0l M =050 |
~ 107¢ — = —MSD ~ bt*
us = 0.10
Lo 10711 2 us = 0.80 |
L us = 020
3 uz = 0.80
-2
102 ‘ ‘ 10 ‘ :
100 102 10 10?

t

e Monomer subdiffusin in ploymers
v # 0, subdiffusion e.g. Weber et dl., Phys. Rev. E 82 (2010)



Similar model of weak measurements + feedback on JJA

A0y =0 = 0i4q Detectors coupled to phase difference
- : P @—. Jjunctions < ij >
""'ﬂ' H(t) - H]]A + z 6(t - nT)AQijpij,n
<ij>n

Detectors [&;; ,, Dijn] = i
System under repeated

t t,_ t .
:0 :” 1 :n weak measurements in
, : e Wjjat/h intervals of ©
I [ > |
I —— | " ' > t, = nt
T p({ﬁt}» tn—l)
+
t, tn tln
P — 1 J‘ |! i 1 -!:+ -3 =1 i _| - ) . 1 L= ki & i
oo a0 T
oA A BRI O 3
Apply Readings
7 {&iin}
. ~ — ],n — . . . s l]'n
lp(f” ") exp ( 20 ) Z §(t —n1)Ab;;ijn Projective
<ij>n

measurements



Non-unitary time evolution of JJA density matrix

LHyjaT LH
o6t = e (6 e 0 WWW
(fij,n—Agij)z T)

2A

Measurement or Kraus operator, M(,,) ~ exp (—

With only measurements system heats up indefinitely gﬁ;’:ssx ﬁ("('f;‘g;")

Measurement + feedback

A 2
o (g _Ag..)
MED ~ | [exp(oresinri-np) exp(— Sy a—
(i)
l l
I

“Feedback” y, acts like dissipation

Limit of continuous weak measurement A=ot

o — oo, 7 — 0 with A finite Measurement strength A1

Schwinger-Keldysh path integral for non-unitary
dynamics S[€.6] .

ZIEl =Trlp{E@PD] = [ Dxe 15.0 +00

v+

| A



Alternative description of the monitored dynamics with continuous
weak measurements and feedback

o Quantum state diffusion (QSD) or stochastic Schrodinger equation (SSE)
for the normalized state of the system

Z Gije(Lyj — <5éij))] [(t))
(ij)
23 apl(E = (86,)) Ly — (L — (86,,)))(86,;) [w(®))

lY(t + 6t)) = [1 — i Hj 46t +

Lij = 0; = 6; + iyA(A; — 7)) §0;; =0, —0;,60; =7, — A

1
((ij,t> =0 (Zij,tzkl,t’> - ﬁSt(st,t/5(ij),(kl)

o Dynamics of the trajectory averaged density matrix p(t) = |y (t) )}y (t)|
dp e~ - . 1.4 2
Y = —ilp) 45 (Luelly -3 (T T0))

P. Das & SB, arXiv:2412.04556



Self-consistent harmonic approximation =

First-order transition

Chakravarty et al. PRL (1986), PRB (1988)

. 2|J/E.=0.1
SCHA T=0 5

O _

= NS
S 05

(C) o a1y DVE, 0

SC

1.217/E. = 0.035

Second-order
0 0s 13 : transition at

NS

SC

0.8
dissipation o

1

a = % Independent of JJ coupling

1.2



Beyond self-consistent harmonic approximation (SCHA)

(b) Measurement model with 27y = 0.2

Semi-classical limit (high effective temperature) 0.16
! 0.12
SCHA= D = Jexp (—T;l’;f) ;

ff

Same in measurement and dissipative model

o

04

T

1 . Y\ . 1
ty z {ZE is T (E_c> Ois jezm:v fij} % 0.1875 L0375 0365075
S[{e}, 6] = j dt Z l .
6w = Z (86— )" =) ) (1~ cos ) he ——
l]ENN <ij> ® f
Classical (6;c = 6;) and quantum (x;,) components 0+ =0, £ 0

Expand in 6;, or h keeping 0( ) 0(1) while scaling A ~ h?

= Stochastic Langevm equation A2
(nij(t)nkl(t,)) = ﬁ6ij6kl6(t —t")
0 +v Z (6: = 6)) = l—] z sin(6; — 6;) + Z ﬂij] h?
JENN; JENN; jENN; m=—
E
h2E, (A1 B
Tefr = x \y Usual thermal phase transitions,

e.g., BKT transition in 2D



Large feedback (“damping”) limit % > 1

Dynamics is effectively classical over a time scale > my/J

= Fast mode 07(t) = ]/my‘;—;) Tltg ()
Slow mode 655(t) = f({/myZ—: e~itg; (w)
Effective dynamics of slow modes

0= +v z 67 —6°) =— \—]eff sin(9i< —67°) + Z m,}

JENN; JENN; JENN;
2 . . .
( <(A9icj> >> ( , ) Dissipative case
Jerr =1 > J(1 =3 Jerr =1 (1-=m(1+Z)) a»1
Phase stiffness decreases with y Jess — ] forlarge dissipation
— Insulator for large y — Superconducting for large «
& WA T=0
5 (@) hA—'/E.= 0.5 .

O 03 06 09 1.2
dissipation «



Weak coupling limit | «< E. : Perturbative RG

Fast mode 67(t) = fwc/bczl: ot (w) b = dl
=e

Slow mode 675(t) = fw"/b Czl: Tty (w)

Dissipative case

Treat the Josephson coupling J perturbatively
= RG flow equation

J ]< : (A‘jﬂz)) a=1(1—d—2)

SCHA T =0

0.3

Strong coupling

hA-YE,

coupling J/E,

(b) Measurement model with 27y = 0.2
0.16

0.12 3 4 5 . .
hyiEe dissipation «

or A71

.08

fr

0.04

T,

0
0

SCHA

0.1875 0.375 0.5625 0.75
coupling J/E,
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