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Can measurements change the nature of many-body systems and 
induce phase transitions?
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Li et al. (2019), Jian et al. (2019), 
Gullans et al. (2020), Nahum et al. (2021)
Sang et al. (2021), ...

Measurement-induced phase transition (MIPT) 

Random quantum circuits with non-unitary evolution

Unitary evolution + measurements

local projective or weak measurements

 
Tune measurement rate, measurement strength, etc., ..
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     SA ∼ 𝐿𝑑
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Chaotic to non-chaotic phase transitions

Other systems – non-interacting fermions,

 interacting bosons, Luttinger liquids, ..



Can there be any “measurement-induced phase transition” in the 

“semi-classical limit”?

Noise/dissipation (measurement) strength

Semiclassical Limit of a Measurement-Induced Transition 
in Many-Body Chaos in Oscillator Chains

Sibaram Ruidas 

   (ICTS) 

S. Ruidas & SB, 
Phys. Rev. Lett. 132, 030402 (2024)
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Chaotic, 𝜆𝐿 > 0 Synchronized, 𝜆𝐿 < 0

𝛾

𝛾𝑐

𝜀𝑒𝜆𝐿𝑡 

Well-known stochastic synchronization transition in non-linear dynamics 



Quantum model of weak 
position measurements + feedback
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Measurement strength   Δ−1

Δ = 𝜎𝜏Limit of continuous weak measurement

     𝜎 → ∞, 𝜏 → 0 with Δ  finite

Schwinger-Keldysh path integral
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Momentum “feedback” 𝛾 ∼ ℏ/Δ, acts like dissipation
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Classical (𝑥𝑖𝑐 ≡ 𝑥𝑖) and quantum (𝑥𝑖𝑞) components 𝑥𝑖± = 𝑥𝑖 ± 𝑥𝑖𝑞
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Semiclassical limit, small ℏ

⇒  Stochastic Langevin equation
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Long-time steady state (non-equilibrium pure steady state) ⇒

Effective classical Boltzmann distribution ∼ exp −
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“Chaotic-to-non-chaotic” transition in Langevin dynamics ⇒



Classical many-body chaos

Newtonian dynamics

ሷ𝑥𝑖 = −
𝜕𝑉 𝑥𝑖

𝜕𝑥𝑖

𝑖 = 1, … , 𝑁

Example: Anharmonic coupled oscillator chain
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Two trajectories with slightly different

initial conditions at 𝑖 = 0 at time 𝑡 = 0
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⟨⋯ ⟩
Thermal initial condition

at temperature 𝑇

𝑒𝜆𝐿𝑡

∼ 𝜀2𝑒𝜆𝐿𝑡  ⇒ Chaotic 
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Classical OTOC or decorrelation function
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Light cone spread

with butterfly velocity 𝑣𝐵 ≠ 0
Harmonic

o 𝜆𝐿 > 0 in the interacting case 𝑢 ≠ 0.

Two chaos parameters  

𝜆𝐿 , 𝑣𝐵



Can one meaningfully define chaos in the presence of noise?
System is randomly kicked at each instant of time.

Take exactly the same noise realizations for the two copies 

𝜂𝑖
𝐴 𝑡 = 𝜂𝑖

𝐵 𝑡  ∀𝑡

Momentum OTOC
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𝐵 𝑡
2

𝑇,{𝜂}

with perturbation at 𝑖 = 0, 𝑡 = 0 

➢ Thermal initial condition at temperature 𝑇 is generated using

 Langevin dynamics

𝜀𝑒𝜆𝐿𝑡 ??
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Noise strength, 𝛾 ≠ 0



Anharmonic oscillators
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Noise-induced chaotic to non-chaotic transition

OTOC 𝐷 𝑖, 𝑡 = 𝑝𝑖
𝐴 𝑡 − 𝑝𝑖

𝐵 𝑡
2
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0 1−1

o Transition from exponential 

growth to exponential decay 

as a function of decreasing 𝑢 

or 𝑢/𝛾

o 𝜆𝐿 > 0 → 𝜆𝐿 < 0 for 𝑢 < 𝑢𝑐 𝛾  or 𝛾 < 𝛾𝑐 𝑢  

Lyapunov exponent



𝑢 > 𝑢𝑐

𝑢 < 𝑢𝑐

Light cone and butterfly velocity

o Light cone is destroyed for 𝑢 < 𝑢𝑐 𝛾 .

4

(a)

(b)

(c)

FIG. 3. B ut t er fl y veloci t y and fi ni t e-size scal ing in t he

non-int egr able chain: (a) vB as a funct ion of u for different
noisest rength γ . (b) Thesystem size (L ) dependence of vB (u)

is shown for γ = 0.08 in the inset , and the finite-size scaling
collapse is shown in the main panel with exponents ∆ v = 1.04

and ⌫= 0.27 for uc = 0.24. (c) vB as a funct ion of γ for
u = 1.0 for different Ls.

light cone becomes progressively ill-defined and we could
not ext ract vB all the way up to the transit ion. Un-
like λL , vB shows percept ible and systemat ic L depen-
dence [Fig.3(b)(inset)], especially for the transit ion as
funct ion of u. Thus we perform a finite-size scaling
analysis of the data for γ = 0.08, where we collapse
the data for different L and δu = (u − uc) > 0 using
vB (u, L ) = L − ∆ v F ((δu)L 1/ ⌫). Here F (x) is a scaling
funct ion (SM, Sec.S5). Reasonably, good scaling collapse
is obtained with ∆ v ' 1.03± 0.03 and⌫' 0.30± 0.05, for
the range uc = 0.21− 0.25, which is close to the uc ' 0.25
obtained from λL in Fig.2(c). The scaling form implies
that for L ! 1 , vB ⇠ (δu)β with β = ⌫∆ v ' 0.28,
and a correlat ion length ⇠diverges as (δu)−⌫ in the
chaot ic phase. The correlat ion length exponent ⌫' 0.3
is different from that for the usual universality classes of
STs, such as mult iplicat ive noise or directed percolat ion,
found in earlier studies in CMLs19,20,23,25,31,32, cellular
automaton33 and kinet ically constrained model34,35. We
note that exponents different from the known universal-
ity classes have been found for some cases in previous
works on CMLs as well20.

The dynamical t ransit ion in the stochast ic evolut ion
of a non-integrable oscillator chain is not seen in the
usual dynamical propert ies of a single t rajectory. It can
only bedetected through many-body chaos by comparing
two t rajectories. To reconfirm that a single t rajectory is
oblivious to the chaos transit ion, we compute the average
mean-squaredisplacement (MSD) for the trajectories, i.e.
h∆ q2(t)i = (1/ N )

P
i h[x i (t) − x i (0)]2i (SM, Sec.S6). For

γ = 0, in the harmonic chain (u = 0) with periodic

boundary condit ion, h∆ q2(t)i ⇠ t exhibits a diffusive
behaviour as shown in ref.59. The diffusive behaviour
persists for u 6= 0 and γ = 0. However, turning on γ 6= 0,
dynamics becomes subdiffusive with h∆ q2(t)i ⇠

p
t even

for u = 0. This is well understood in the context of
monomer subdiffusion in polymers60. Again, for u 6= 0
this subdiffusive behavior remains without any change
across the ST seen via many-body chaos.

We now compare the many-body chaos in the non-
integrable chain with that in the integrableclassical Toda
chain. The results for λL and vB as a funct ion of γ for
the Toda chain with a = 0.07 and b = 15.0 are shown
in Figs. 4(a) and (b) (see SM, Sec.S4 for more details).
As expected, the integrable limit with γ = 0 does not
show any exponent ial growth, implying λL = 0. How-
ever, the cOTOC st ill exhibits ballist ic spreading in this
limit (Fig.S7, SM), yielding a non-zero vB as shown in
Fig.4(b).

As soon as γ becomes nonzero, the dynamics be-
comes chaot ic with both exponent ial growth and ballist ic
spreading of cOTOC. As shown in Figs.4(a) and (b), the
ext racted λL increases57,61 rapidly as γ0.3 and vB ex-
hibits a jump near the integrable limit with increasing
γ. Thus integrable limit appears singular with respect
to vB for γ ! 0+ . Further increasing γ, vB monotoni-
cally decreases and approaches zero at a crit ical γ = γc,
indicat ing a transit ion to a non-chaot ic phase. In con-
t rast , λL shows a non-monotonic dependence on γ, with
a maximum at an intermediate γ. Nevertheless, λL even-
tually vanishes at γc, becoming negat ive for γ > γc, as in
the non-integrable model. Thus, the noise/ dissipat ion,
though init ially making the integrable model chaot ic,
eventually dest roy chaos due to the stochast ic synchro-
nizat ion. The fact that λL = 0 for γ = 0 and γ > γc, and
λL > 0 for small γ due to thebreaking of int igribility57,61,
dictates that λL (γ) is non-monotonic.

(a) (b)

FIG. 4. Tr ansi t ions in m any-body chaos in Toda
m odel : (a) Lyapunov exponent λ L and (b) but terfly velocity

vB as funct ion of noise st rength γ for different system sizes.
For γ ! 0, λ L ⇠ γ0.26 as shown by the dashed line in (a).

The shaded region in (a) corresponds to λL < 0. The chaos
t ransit ion occurs around γc ' 3.30 (dashed line) for both λL

and vB .

Discussions.— In summary, we show that the dynam-
ics of quantum part icles under cont inuous weak posit ion
measurementsmaps to standard stochast ic Langevin evo-
lut ion in the semiclassical limit of small ~. The Langevin
dynamics for non-integrable and integrable chains, re-

Butterfly velocity

o 𝑣𝐵 → 0 for 𝑢 ≲  𝑢𝑐 𝛾 .



Integrable model

Noise-induced chaotic to non-chaotic transitions in Toda chain

𝑉 𝑥𝑖 = ෍
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𝑏
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o 𝜆𝐿 → 0, 𝑣𝐵 → large in the 

integrable limit 𝛾 → 0.

o 𝜆𝐿 , 𝑣𝐵 → 0 for 𝛾 > 𝛾𝑐.

Lyapunov exponent

o Weak noise induces weak chaos in 

integrable model

Lam and Kurchan, J. Stat. Phys. 156 
(2014)

Butterfly velocity

(a) (b)



What is this chaotic-non chaotic transition?

𝜂(𝑡1)
𝜂(𝑡2)

Chaotic, 𝜆𝐿 > 0 Synchronized, 𝜆𝐿 < 0 𝛾𝛾𝑐

Stochastic synchronization transition (ST) in extended systems

            Coupled map lattices (CML)

Bagnoli et al. PRE (1999); Baroni et al. PRE (2001); Cencini et al. PRE (2001);
Ginelli et al. PRE (2003), ...

Multiplicative noise/KPZ and Directed percolation universality classes
Ahlers and Pikovsky, PRL (2002); Munoz et al. PRL (2003); ...

Noise/dissipation (measurement) strength

Stochastic ST as an MIPT in the semiclassical limit



Dynamical transition and finite-size scaling
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non-int egr able chain: (a) vB as a funct ion of u for different
noise st rength γ . (b) The system size (L ) dependence of vB (u)

is shown for γ = 0.08 in the inset , and the finite-size scaling
collapse is shown in the main panel with exponents ∆ v = 1.04

and ⌫= 0.27 for uc = 0.24. (c) vB as a funct ion of γ for
u = 1.0 for different L s.

light cone becomes progressively ill-defined and we could
not extract vB all the way up to the transit ion. Un-
like λL , vB shows percept ible and systemat ic L depen-
dence [Fig.3(b)(inset)], especially for the transit ion as
funct ion of u. Thus we perform a finite-size scaling
analysis of the data for γ = 0.08, where we collapse
the data for different L and δu = (u − uc) > 0 using
vB (u, L ) = L − ∆ v F ((δu)L 1/ ⌫). Here F (x) is a scaling
funct ion (SM, Sec.S5). Reasonably, good scaling collapse
is obtained with ∆ v ' 1.03± 0.03 and⌫' 0.30± 0.05, for
the range uc = 0.21− 0.25, which is close to the uc ' 0.25
obtained from λL in Fig.2(c). The scaling form implies
that for L ! 1 , vB ⇠ (δu)β with β = ⌫∆ v ' 0.28,
and a correlat ion length ⇠diverges as (δu)−⌫ in the
chaot ic phase. The correlat ion length exponent ⌫' 0.3
is different from that for the usual universality classes of
STs, such as mult iplicat ive noise or directed percolat ion,
found in earlier studies in CMLs19,20,23,25,31,32, cellular
automaton33 and kinet ically constrained model34,35. We
note that exponents different from the known universal-
ity classes have been found for some cases in previous
works on CMLs as well20.

The dynamical t ransit ion in the stochast ic evolut ion
of a non-integrable oscillator chain is not seen in the
usual dynamical propert ies of a single t rajectory. It can
only bedetected through many-body chaos by comparing
two trajectories. To reconfirm that a single t rajectory is
oblivious to the chaos transit ion, we compute the average
mean-squaredisplacement (MSD) for the trajectories, i.e.
h∆ q2(t)i = (1/ N )

P
i h[x i (t) − x i (0)]2i (SM, Sec.S6). For

γ = 0, in the harmonic chain (u = 0) with periodic

boundary condit ion, h∆ q2(t)i ⇠ t exhibits a diffusive
behaviour as shown in ref.59. The diffusive behaviour
persists for u 6= 0 and γ = 0. However, turning on γ 6= 0,
dynamics becomes subdiffusive with h∆ q2(t)i ⇠

p
t even

for u = 0. This is well understood in the context of
monomer subdiffusion in polymers60. Again, for u 6= 0
this subdiffusive behavior remains without any change
across the ST seen via many-body chaos.

We now compare the many-body chaos in the non-
integrablechain with that in the integrableclassical Toda
chain. The results for λL and vB as a funct ion of γ for
the Toda chain with a = 0.07 and b = 15.0 are shown
in Figs. 4(a) and (b) (see SM, Sec.S4 for more details).
As expected, the integrable limit with γ = 0 does not
show any exponent ial growth, implying λL = 0. How-
ever, the cOTOC st ill exhibits ballist ic spreading in this
limit (Fig.S7, SM), yielding a non-zero vB as shown in
Fig.4(b).

As soon as γ becomes nonzero, the dynamics be-
comes chaot ic with both exponent ial growth and ballist ic
spreading of cOTOC. As shown in Figs.4(a) and (b), the
extracted λL increases57,61 rapidly as γ0.3 and vB ex-
hibits a jump near the integrable limit with increasing
γ. Thus integrable limit appears singular with respect
to vB for γ ! 0+ . Further increasing γ, vB monotoni-
cally decreases and approaches zero at a crit ical γ = γc,
indicat ing a t ransit ion to a non-chaot ic phase. In con-
t rast , λL shows a non-monotonic dependence on γ, with
a maximum at an intermediate γ. Nevertheless, λL even-
tually vanishes at γc, becoming negat ive for γ > γc, as in
the non-integrable model. Thus, the noise/ dissipat ion,
though init ially making the integrable model chaot ic,
eventually dest roy chaos due to the stochast ic synchro-
nizat ion. The fact that λL = 0 for γ = 0 and γ > γc, and
λL > 0 for small γ due to the breaking of int igribility57,61,
dictates that λL (γ) is non-monotonic.
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FIG. 4. Tr ansi t ions in m any-b ody chaos in Toda
m odel : (a) Lyapunov exponent λL and (b) but terfly velocity

vB as funct ion of noise st rength γ for different system sizes.
For γ ! 0, λ L ⇠ γ0.26 as shown by the dashed line in (a).

The shaded region in (a) corresponds to λL < 0. The chaos
t ransit ion occurs around γc ' 3.30 (dashed line) for both λ L

and vB .

Discussions.— In summary, we show that the dynam-
ics of quantum part icles under cont inuous weak posit ion
measurementsmaps to standard stochast ic Langevin evo-
lut ion in the semiclassical limit of small ~. The Langevin
dynamics for non-integrable and integrable chains, re-

𝛿𝑢 = 𝑢 − 𝑢𝑐 > 0

𝑣𝐵 𝑢, 𝐿 = 𝐿−
𝛽
𝜈 ℱ(𝛿𝑢 𝐿1/𝜈)

𝑣𝐵 ∼ 𝛿𝑢 𝛽

𝜉 ∼ 𝛿𝑢 −𝜈

𝛽 ≃ 0.28,  𝜈 ≃ 0.3

o The transition shows critical scaling.

o The critical exponents do not match with known universality classes 
like directed percolation (DP) or multiplicative noise (MN) 

Recent works on chaotic transition in classical systems
Willsher et al. PRB (2022); Deger et al. PRLs (2022)   
                   -  DP universality class  



Summary (Part 1)

o Semiclassical limit of a model of continuous weak 

measurements

         ⇒ Stochastic Langevin equation

         noise/dissipation ∝   “measurement strength”

o Noise/measurement induced chaotic to non-chaotic transition

             Stochastic synchronization transition 

𝜂(𝑡1)
𝜂(𝑡2)

Chaotic, 𝜆𝐿 > 0 Synchronized, 𝜆𝐿 < 0

𝛾

𝛾𝑐

Noise/dissipation (measurement) strength



Compare fluctuation-dissipation relation (FDR)
Correlation

Response
= coth

ℏ𝜔

2𝑇
Thermal equilibrium at temperature 𝑇

o Do repeated measurements and feedback by observer behave like a bath? 

How similar or dissimilar are the observer baths to usual equilibrium 

thermal/quantum baths? 

Observer bath

Feedbac

k

Temperature 𝑇
Effective temperature 𝑇𝑒𝑓𝑓?

Inverse Superconductor-Insulator Transition in Weakly Monitored 
Josephson Junction Arrays (JJAs)

Supercond

uctor
Insulator



Inverse Superconductor-Insulator Transition in Weakly Monitored 
Josephson Junction Arrays (JJAs)

Purnendu Das 

   (IISc UG→ TU Munich) 

𝐻𝐽𝐽𝐴 = ෍

𝑖

1

2
𝐸𝑐𝑛𝑖

2 + 𝐽 ෍

<𝑖𝑗>

(1 − cos(𝜃𝑖 − 𝜃𝑗))

𝐸𝑐 =
4𝑒2

𝐶
𝜃𝑖 , 𝑛𝑗 = 𝑖𝛿𝑖𝑗

P. Das & SB
Phys. Rev. B (Letter) 
112, L180503 (2025)

H. van der Zant, et al. 
Phys. Rev. B (1996) 

R. Fazio & H. van der Zant, 
Phys. Rep. (2001) 



Superconductor-insulator quantum phase transitions

Self-consistent harmonic approximation (SCHA) 

 𝐽 σ<𝑖𝑗> cos(𝜃𝑖 − 𝜃𝑗) →
1

2
𝐷 σ<𝑖𝑗> 𝜃𝑖 − 𝜃𝑗

2
⇒ 𝐻𝑣

Phase stiffness

𝐷 = 𝐽 exp −
1

2
𝜃𝑖 − 𝜃𝑗

2

𝑣𝑎𝑟
 

Typically first order transition

Variational approximation based on Free-energy ⇒

𝐹 ≤ 𝐻 − 𝐻𝑣 𝑣 − ln 𝑍𝑣 𝑍𝑣 = Tr exp(−𝛽𝐻𝑣)



Dissipative phase transition in JJA 
Ohmic heat bath

Δ𝜃𝑖𝑗 = 𝜃𝑖 − 𝜃𝑗

Chakravarty et al. PRL (1986), PRB (1988) 

𝛼 =
ℎ

4𝑒2𝑅

𝑅, normal-state resistance

ℋ = ℋ𝐽𝐽𝐴 + ℋ𝑏𝑎𝑡ℎ + ℋ𝑐

ℋ = ෍

𝑖

1

2
𝐸𝑐𝑛𝑖

2 + 𝐽 ෍

<𝑖𝑗>

(1 − cos(𝜃𝑖 − 𝜃𝑗))

ℋ𝑏𝑎𝑡ℎ = ෍

<𝑖𝑗>

1

2
𝑚𝑙  ( ሶ𝑥𝑙,𝑖𝑗

2 + 𝜔𝑙
2𝑥𝑙,𝑖𝑗

2 )

ℋ𝑐 = ෍

<𝑖𝑗>

Δ𝜃𝑖𝑗 ෍

𝑙

𝑓𝑙,𝑖𝑗𝑥𝑙,𝑖𝑗

Imaginary-time action

𝑆𝑒𝑓𝑓 = න
0

𝛽

𝑑𝜏 ෍

𝑖

ሶ𝜃𝑖
2

2𝐸𝑐
+ 𝐽 ෍

<𝑖𝑗>

1 − cos Δ𝜃𝑖𝑗  

+
𝛽

4𝜋
෍

𝑛,<𝑖𝑗>

𝛼 𝜔𝑛 Δ𝜃𝑖𝑗 𝜔𝑛
2

Integrate out the bath, assume Ohmic spectral density (∼ 𝜔) of the bath



𝑇 = 0

SCHA

Chakravarty et al. PRL (1986), PRB (1988) 

Second-order 

transition at

𝛼 =
1

𝑑
   Independent of JJ coupling

Self-consistent harmonic approximation ⇒

𝑇 ≠ 0 (fixed 𝛼)



Detectors coupled to junctions < 𝑖𝑗 > 

𝜓 𝜉𝑖𝑗,𝑛 ∼ exp −
𝜉𝑖𝑗,𝑛

2

2𝜎

𝜃𝑖 − 𝜃𝑖+1

𝐻 𝑡 = 𝐻𝐽𝐽𝐴 + 𝜆 ෍

<𝑖𝑗>,𝑛

𝛿 𝑡 − 𝑛𝜏 Δ𝜃𝑖𝑗𝑝𝑖𝑗,𝑛

Observables averaged over measurement outcomes or quantum trajectories

(Lindblad evolution)

⟨𝐴⟩ =
1

𝑍
∫ 𝒟𝜉𝒟𝜃𝐴 𝜃 𝑒𝑖𝑆[𝜃,𝜉] 

Readings {𝜉𝑖𝑗,𝑛}Schwinger-Keldysh action

𝑆 𝜉 , 𝜃 = න
𝑡0

𝑡𝑓

𝑑𝑡 ෍

𝑠=±

𝑠

෍

𝑖

1

2𝐸𝑐
 ሶ𝜃𝑖𝑠

2 +
𝛾

𝐸𝑐
 ሶ𝜃𝑖𝑠 ෍

𝑗∈𝑁𝑁𝑖

𝜉𝑖𝑗 +
𝚤𝑠ℏ

4Δ
෍

𝑗∈𝑁𝑁𝑖

Δ𝜃𝑖𝑗𝑠 − 𝜉𝑖
2

 

−𝐽 ෍

<𝑖𝑗>

(1 − cos Δ𝜃𝑖𝑗𝑠)

Generating function    𝑍 = ∫ 𝒟𝜉𝒟𝜃𝑒𝑖𝑆[𝜃,𝜉]𝑡𝑓

⇐  SCHA

Monitored Josephson junction array (JJA)



Self-consistent harmonic approximation (SCHA) for trajectory
averaged steady state

Variational harmonic action. 𝑆𝑣 𝜉, 𝜃
Variational parameter

                   𝐷

Variational principle for a quantum trajectory in a monitored dynamics

                    – Maximize Born probability  𝑍 𝜉 = 𝑒−𝐹[𝜉]

𝐹 𝜉 ≤ 𝐹𝑣 𝜉 = −
𝑖

ℏ
𝑆 − 𝑆𝑣 𝑣 − ln 𝑍𝑣[𝜉]

Self-consistency condition →  𝐷 𝑡 = 𝐽⟨cos Δ𝜃𝑖𝑗,𝑠(𝑡)⟩𝑣

For steady state averaged over trajectories

𝐷 = 𝐽 exp −
Δ𝜃𝑖𝑗,𝑠

2 𝑡
𝑣

2

Superfluid stiffness  𝐷 ≠ 0 ⇒ Superconductor

 𝐷 = 0 ⇒ Insulator 

−𝐽 σ<𝑖𝑗> 1 − cos Δ𝜃𝑖𝑗,𝑠 →
1

2
σ<𝑖𝑗> 𝐷Δ𝜃𝑖𝑗,𝑠

2

What is the variational principle? 

       No “free energy” for non-equilibrium state! 



SC-Insulator transition in monitored Josephson junction array 
and phase diagram Three parameters

o Josephson coupling 𝐽/𝐸𝑐

o Measurement strength ℏΔ−1/𝐸𝑐

o Feedback strength ℏ𝛾/𝐸𝑐

Reentrant superconductor-insulator 

transitions

Dissipative



Is the measured JJA very different from dissipative JJA? 

Trajectory averaged Green’s function for non-equilibrium steady state (𝑡𝑓 → ∞) 

and effective temperature

𝐺 𝑞, 𝜔 =
𝐺𝐾(𝑞, 𝜔) 𝐺𝑅(𝑞, 𝜔)

𝐺𝐴(𝑞, 𝜔) 0
Causal structure

SCHA ⇒   𝐷 = 𝐽 exp −
1

2
𝜃𝑖± 𝑡 − 𝜃𝑖+1,± 𝑡

2

𝐺𝐾 𝑞, 𝜔

𝐺𝑅 𝑞, 𝜔 − 𝐺𝐴(𝑞, 𝜔)

=
2𝑇𝑒𝑓𝑓

ℏ𝜔
+

ℏ𝜔

8𝑇𝑒𝑓𝑓

Effective 

temperature

≡
coth

ℏ𝜔

2𝑇
≃

2𝑇

ℏ𝜔
+

ℏ𝜔

6𝑇
+ ⋯

𝜔 → 0  or ℏ small  𝑇𝑒𝑓𝑓 =
ℏ2𝐸𝑐

4

Δ−1

𝛾

o In general, 𝑇𝑒𝑓𝑓(𝜔)

o No 𝑇𝑒𝑓𝑓 → 0 limit

Measured and dissipative JJA can be directly compared within SCHA

Measured Dissipative

Feedback   𝛾 =
𝐸𝑐𝛼

2𝜋
     Dissipation

Measurement 

strength   Δ−1



Measured Dissipative

Very different

at low 𝑇𝑒𝑓𝑓

Always

an insulator

⇒
Reentrant

transition

MIPT

Insulator-SC

 transition

Seemingly low-temperature normal 

state (insulator) 

→  high-temperature superconductor

⇒ Inverse superconductor-
Insulator transition

Phase diagram valid beyond SCHA

1. High temperature or semiclassical limit ℏ → 0.

2. Strong measurement/ weak feedback limit Δ−1/𝛾 ≫ 1.

3. Strong feedback limit ℏ𝛾 ≫ 𝐽, 𝐸𝑐.

4. Weak coupling 𝐽 ≪ 𝐸𝑐 RG. 



Conclusions (Part 2)

Supercond

uctor
Insulator

Measurements + feedback

o  Model of weak quantum measurements + feedback on JJA

Δ𝜃𝑖𝑗 = 𝜃𝑖 − 𝜃𝑖+1

o  Monitored quantum many-body systems – New paradigm for

(non-unitary) quantum dynamics, non-equilibrium statistical mechanics, 

dynamical phase transitions and universality. 



Classical Chaos

Non chaotic 

billiard
Chaotic billiard𝛿𝑥 𝑡

𝛿𝑥 0
∼ 𝑒𝜆𝐿𝑡

𝜆𝐿,  Lyapunov exponent

Sensitivity to initial condition ⇒

𝜀

𝜀𝑒𝜆𝐿𝑡 ≲ 𝒪(1)

Single-particle chaos

Lyapunov regime

𝜆𝐿
−1 < 𝑡 < 𝑡∗ ∼ 𝜆𝐿

−1 log
1

𝜀



o No exponential growth (𝜆𝐿 = 0) in the integrable Toda chain. 

o Non zero butterfly velocity 

Many-body chaos in integrable Toda chain

Light cone spread

with butterfly velocity

𝑣𝐵 ≠ 0

𝑎 = 0.07, 𝑏 = 15



Diffusive for 𝛾 = 0

𝑢 = 0 (harmonic limit)

Diffusion constant

𝐷 =
T

2

1

𝑚𝑘

Florencio and Lee, Phys. Rev. A 31 (1985)

Is the transition visible in usual dynamical properties?

𝑖 𝑖 + 1𝑖 − 1



Unlike chaos, there is no transition in usual dynamical properties, e.g. 
diffusion

𝛾 ≠ 0, subdiffusion
Monomer subdiffusin in ploymers
e.g. Weber et al., Phys. Rev. E 82 (2010)



Similar model of weak measurements + feedback on JJA

Δ𝜃𝑖𝑗 = 𝜃𝑖 − 𝜃𝑖+1 Detectors coupled to phase difference 

junctions < 𝑖𝑗 > 

𝐻 𝑡 = 𝐻𝐽𝐽𝐴 + ෍

<𝑖𝑗>,𝑛

𝛿 𝑡 − 𝑛𝜏 Δ𝜃𝑖𝑗𝑝𝑖𝑗,𝑛

System under repeated 

weak measurements in 

intervals of 𝜏

𝑡𝑛 = 𝑛𝜏

𝜏

𝑡0 𝑡𝑛−1 𝑡𝑛

𝜌( 𝜉 , 𝑡𝑛−1
+ )

𝑒−𝚤𝐻𝐽𝐽𝐴𝜏/ℏ

𝑡𝑛
−

𝜓 𝜉𝑖𝑗,𝑛 ∼ exp −
𝜉𝑖𝑗,𝑛

2

2𝜎

𝑡𝑛

Apply

෍

<𝑖𝑗>,𝑛

𝛿 𝑡 − 𝑛𝜏 Δ𝜃𝑖𝑗𝑝𝑖𝑗,𝑛

𝑡𝑛
+

Readings

     {𝜉𝑖𝑗,𝑛}

Projective 

measurements

Detectors [ መ𝜉𝑖𝑗,𝑛, Ƹ𝑝𝑖𝑗,𝑛] = 𝑖



Measurement strength   Δ−1

Δ = 𝜎𝜏
Limit of continuous weak measurement

     𝜎 → ∞, 𝜏 → 0 with Δ  finite

Schwinger-Keldysh path integral for non-unitary

dynamics

𝑍 𝜉 = 𝑇𝑟 𝜌 𝜉 𝑡 = ∫ 𝒟𝑥 𝑒
𝚤𝑆 𝜉,𝜃

ℏ

𝜌 𝜉 𝑛, 𝑡𝑛
+ = 𝑀 𝜉𝑛 𝑒−

𝚤𝐻𝐽𝐽𝐴𝜏

ℏ 𝜌 𝜉 𝑛−1, 𝑡𝑛−1
+ 𝑒

𝚤𝐻𝐽𝐽𝐴𝜏

ℏ 𝑀†(𝜉𝑛)

Non-unitary time evolution of JJA density matrix

Measurement + feedback

𝑀 𝜉𝑛 ∼ ෑ

⟨𝑖𝑗⟩

exp 𝚤𝛾𝜏𝜉𝑖𝑗,𝑛( ො𝑛𝑖− ො𝑛𝑗)  exp −
𝜉𝑖𝑗,𝑛 − Δ መ𝜃𝑖𝑗

2

2Δ
𝜏

“Feedback” 𝛾, acts like dissipation

Caves and Milburn, 
Phys. Rev. A (1987)

With only measurements system heats up indefinitely

Measurement or Kraus operator, 𝑀 𝜉𝑛 ∼ exp −
𝜉𝑖𝑗,𝑛−Δ෡𝜃𝑖𝑗

2

2Δ
𝜏



Alternative description of the monitored dynamics with continuous
weak measurements and feedback

o Quantum state diffusion (QSD) or stochastic Schrodinger equation (SSE)

for the normalized state of the system

𝜓 𝑡 + 𝛿𝑡 = 1 − 𝑖 𝐻𝐽𝐽𝐴𝛿𝑡 + ෍

𝑖𝑗

𝜁𝑖𝑗,𝑡
෠𝐿𝑖𝑗 − 𝛿 መ𝜃𝑖𝑗 𝜓 𝑡

                                    −
𝛿𝑡

4Δ
σ 𝑖𝑗

෠𝐿𝑖𝑗
† − 𝛿 መ𝜃𝑖𝑗  ෠𝐿𝑖𝑗 − ෠𝐿𝑖𝑗 − 𝛿 መ𝜃𝑖𝑗 𝛿 መ𝜃𝑖𝑗 |𝜓 𝑡 ⟩ 

෠𝐿𝑖𝑗 = መ𝜃𝑖 − መ𝜃𝑗 + 𝑖𝛾Δ( ො𝑛𝑖 − ො𝑛𝑗) 𝛿 መ𝜃𝑖𝑗 = መ𝜃𝑖 − መ𝜃𝑗  , 𝛿 ො𝑛𝑖𝑗 = ො𝑛𝑖 − ො𝑛𝑗  

𝜁𝑖𝑗,𝑡 = 0 𝜁𝑖𝑗,𝑡𝜁𝑘𝑙,𝑡′ =
1

2Δ
𝛿𝑡𝛿𝑡,𝑡′𝛿 𝑖𝑗 ,⟨𝑘𝑙⟩

o Dynamics of the trajectory averaged density matrix 𝜌 𝑡 = |𝜓 𝑡 ⟩⟨𝜓(𝑡)|

𝑑𝜌

𝑑𝑡
= −𝑖 ෩𝐻𝑠 , 𝜌 +

1

2Δ
෍

⟨𝑖𝑗⟩

෠𝐿𝑖𝑗𝜌෠𝐿𝑖𝑗
† −

1

2
෠𝐿𝑖𝑗

† ෠𝐿𝑖𝑗 , 𝜌

P. Das & SB, arXiv:2412.04556



𝑇 = 0SCHA

Chakravarty et al. PRL (1986), PRB (1988) 
First-order transition

Second-order 

transition at

𝛼 =
1

𝑑
   Independent of JJ coupling

Self-consistent harmonic approximation ⇒



Beyond self-consistent harmonic approximation (SCHA) 

Semi-classical limit  (high effective temperature)

𝑇 𝑒
𝑓

𝑓
  

o
r 

Δ
−

1
 

𝑆 𝜉 , 𝜃 = න
𝑡0

𝑡𝑓

𝑑𝑡 ෍

𝑠=±

𝑠

෍

𝑖

1

2𝐸𝑐
 ሶ𝜃𝑖𝑠

2 +
𝛾

𝐸𝑐
 ሶ𝜃𝑖𝑠 ෍

𝑗∈𝑁𝑁𝑖

𝜉𝑖𝑗  

+
𝚤𝑠ℏ

4Δ
෍

𝑖𝑗∈𝑁𝑁𝑖

Δ𝜃𝑖𝑗𝑠 − 𝜉𝑖
2

− 𝐽 ෍

<𝑖𝑗>

(1 − cos Δ𝜃𝑖𝑗𝑠)

Classical (𝜃𝑖𝑐 ≡ 𝜃𝑖) and quantum (𝑥𝑖𝑞) components 𝜃𝑖± = 𝜃𝑖 ± 𝜃𝑖𝑞

SCHA ⇒  𝐷 = 𝐽exp −
𝑇𝑒𝑓𝑓

𝑑𝐷

Same in measurement and dissipative model

Usual thermal phase transitions,

e.g., BKT transition in 2D

𝜂𝑖𝑗 𝑡 𝜂𝑘𝑙 𝑡′ =
ℏ2

2Δ
𝛿𝑖𝑗𝛿𝑘𝑙𝛿(𝑡 − 𝑡′)

𝑇𝑒𝑓𝑓 =
ℏ2𝐸𝑐

4

Δ−1

𝛾

Expand in 𝜃𝑖𝑞  or ℏ keeping 𝒪
1

ℏ
, 𝒪(1)  while scaling Δ ∼ ℏ2 

ሷ𝜃𝑖 + 𝛾 ෍

𝑗∈𝑁𝑁𝑖

( ሶ𝜃𝑖 − ሶ𝜃𝑗) =
1

 𝑚
−𝐽 ෍

𝑗∈𝑁𝑁𝑖

sin 𝜃𝑖 − 𝜃𝑗 + ෍

𝑗∈𝑁𝑁𝑖

𝜂𝑖𝑗

⇒  Stochastic Langevin equation

𝑚 =
ℏ2

𝐸𝑐



Large feedback (“damping”) limit  
ℏ𝛾

𝐸𝑐
≫ 1 

Dynamics is effectively classical over a time scale ≫ 𝑚𝛾/𝐽

⇒    Fast mode  𝜃𝑗𝑠
> 𝑡 = ∫

𝐽/𝑚𝛾

𝛾 𝑑𝜔

2𝜋
𝑒−𝑖𝜔𝑡𝜃𝑗𝑠(𝜔)

       Slow mode 𝜃𝑗𝑠
< 𝑡 = ∫

0

𝐽/𝑚𝛾 𝑑𝜔

2𝜋
𝑒−𝑖𝜔𝑡𝜃𝑗𝑠(𝜔)

ሷ𝜃𝑖
< + 𝛾 ෍

𝑗∈𝑁𝑁𝑖

( ሶ𝜃𝑖
< − ሶ𝜃𝑗

<) =
1

 𝑚
−𝐽𝑒𝑓𝑓 ෍

𝑗∈𝑁𝑁𝑖

sin 𝜃𝑖
< − 𝜃𝑗

< + ෍

𝑗∈𝑁𝑁𝑖

𝜂𝑖𝑗

Effective dynamics of slow modes

𝐽𝑒𝑓𝑓 = 𝐽 1 −
Δ𝜃𝑖𝑗

𝑐> 2

2
≈ 𝐽 1 −

𝛾

4Δ−1

Phase stiffness decreases with 𝛾 

→  Insulator for large 𝛾

Dissipative case

𝐽𝑒𝑓𝑓 = 𝐽 1 −
1

2𝛼𝑑
ln 1 +

𝛼

2𝜋
   𝛼 ≫ 1

𝐽𝑒𝑓𝑓 → 𝐽  for large dissipation 

→  Superconducting for large 𝛼

𝑇 = 0



Weak coupling limit 𝐽 ≪ 𝐸𝑐 : Perturbative RG

Fast mode  𝜃𝑗𝑠
> 𝑡 = ∫

𝜔𝑐/𝑏

𝜔𝑐 𝑑𝜔

2𝜋
𝑒−𝑖𝜔𝑡𝜃𝑗𝑠(𝜔)

Slow mode 𝜃𝑗𝑠
< 𝑡 = ∫

0

𝜔𝑐/𝑏 𝑑𝜔

2𝜋
𝑒−𝑖𝜔𝑡𝜃𝑗𝑠(𝜔)

𝑏 = 𝑒𝛿𝑙

Treat the Josephson coupling 𝐽 perturbatively  

⇒ RG flow equation

𝑑𝐽

𝑑𝑙
= 𝐽 1 −

1

4𝜋𝛾𝑑

Δ−1

𝛾2
+

𝛾2

Δ−1

Hence, the flow equat ion becomes,

J 00 = J 0(1 + δl )e
− 1

4⇡ γ d

✓
∆ − 1

γ 2 + γ 2

∆ − 1 (1− 1
( 1+ δl ) )

◆

=)
dJ 0

dl
= J 0

✓

1−
1

4⇡γd

✓
∆ − 1

γ2
+

γ2

∆ − 1

◆◆

=)
dJ

dl
= J

✓

1−
1

4⇡γd

✓
∆ − 1

γ2
+

γ2

∆ − 1

◆◆

(108)

which is the same as the previous case of γ > 1. In the regions where the quant ity is > 0, the

J flows to strong coupling, and in the regions where the quant ity is < 0, the J flows to zero.

The plot is shown in Fig.[], where ” light grey” denotes > 0 region and ” dark grey” denotes

< 0 region.

Figure 14: The value of
⇣

1− 1
4⇡ γd

⇣
∆ − 1

γ2 + γ2

∆ − 1

⌘⌘
for d = 1 is plot ted
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Strong coupling

Weak coupling

Dissipative case

𝑑𝐽

𝑑𝑙
= 𝐽 1 −

1

𝑑𝛼

𝑇 = 0SCHA

𝑇 𝑒
𝑓

𝑓
  
o

r 
Δ

−
1

 

SCHA
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