Los espejos y la paternidad son abowminables, porque
multiplican y divulgan el universo.

Mirrors and fatherhood are abominable, because
they wultiply and spread the universe.
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follows from diffusive (Qhw’s, Fick’s, or Fourier’s) laws

(do we get normal transport from fully :
| deterministic (and non-chaotic) dynamics |
na quenched randow environment? '

Lorentz gas, especlally its dlscre’re version,
‘l'he LOI’GM'Z WIIYYOY WIOdel Lorentz 1905, Ruijgrok, Cohen 1988



Lorentz mirror model
Hierarchical model
numerics for the 4 = 3 model




Lorentz mirrov modgl (d=2)

with
probability 1/3

or

or

L x L square lattice
vertical: periodic b.c, horizontal: open b.c.

L external edges on the left and the right
place wmirrors randomly



Lorentz mirrov modgl (d=2)
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vertical: periodic b.c, horizontal: open b.c.
L external edges on the left and the right

place mirrors randomly



Lorentz mirrov modgl (d=2)

a particle (or light ray) is reflected by wmirrors

illustration by John Tenniel



Lorentz mirrov modgl (d=2)

a particle (or light ray) is reflected by wmirrors
trajectory is reversible

illustration by John Tenniel



Lorentz mirrov modgl (d=2)
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a particle (or light ray) is reflected by wmirrors
trajectory is reversible

looks like a random walk
hon-backtracking random walk




Lorentz mirrov modgl (d=2)
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a particle (or light ray) is reflected by wmirrors
trajectory is reversible
looks like a random walk
but has strong mewory!
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Lorentz mirror model (d=2)
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a particle (or light ray) is reflected by wmirrors
trajectory is reversible

looks like a random walk

but has strong memory!

by John Tenniel



Lorentz mirrov modgl (d=2)
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although fhere'are'mahv lbopé inside, a particle
injected through an external edge must exit through

another external edge (either on left or right)

o transt

illustration by John Tenniel



from mirrors to local

pairings

mirrors (and their absence) are equivalent to local pairings

-—» — / -— —, \ -— — -

with probability 1/3

—T— or = or :




matching of external edges, and crossings
with probability 1/3

a0 or - or N




matching of external edges, and crossings

with probability 1/3
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a randowm perfect matching
(pairing) of external edges

left-right pair = ¢rossing
conductance .
& the number of crossings



Lorentz mirror model ind > 2

d dimensional L x --- x L hyper cubic lattice
horizontal: open b.c., other directions: periodic b.c

L% external edges on the left and the right
at each vertex, independently choose one of the
(2d — 1)!! pairings of the 24 incident edges with equal
probability

local pairings induce random matching of the 2.4-!
external edges

conductance &: the number of crossmgs (matched pairs
of lett and right external edges) -

when left and right boundaries are ..-.;..-.. .
exposed to particle baths with different P

N
|

densities, the stationary current is
proportional fo &
Lefevere 2015, Chiffaudel, Lefevere 2016 l‘..’:'., N




normal transport in the Lorentz mirror model
mean conductance py =€

normal transport | A

numerical and theoretical
support for norwmal
transportind = 3

Chiffaudel, Lefevere 2016, Lefevere 2025 5
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normal transport in the Lorentz mirror model
mean conductance plL)={¢y

normal transport | A

numerical and theoretical
support for norwmal
transportind = 3

Chiffaudel, Lefevere 2016, Lefevere 2025

norwal (diffusive) transport without
stochastic forcing or chaos, only from a =
quenched random environment!!

the structure of the trajectories is far from diffusive!
rigorous proof seewms forwmidable...

tractable, yet nontrivial, hierarchical version of the model



correct
dimensional scaling

mean-field-like
long-range interaction

Lorentz mirror model  E=i%
Hierarchical model o +-.. B2
numerics for the ¢ = 3 model




basic setting
dimension d = 1,2,3,... A, apositive even integer

generationn = 0,1,2,...
generation-0 block

— — A, external edges on the left
Ao { _ __ andright

exactly A, crossings

generation-n block

A, external edges on )
the left and right n

A, =210 A,

a random
matching of 24
external edges
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hierarchical construction

2¢ independent copies of generation-(n — 1) blocks
2¢4=1 copies on the left and right

_ —~ .
1 n-1 A n-1 corvect

o 1 . d‘\mens'\owa\ gealing | ﬂ
_ @ _

: n—1 _QE n—1 :

_ ) _

H/_/
Ln—l n—1

a random wmatching of 294 | =24,

external edges at the inferface
et field-like
an-field-1ike.
\omv;‘franqe matching

(we choose one of the (24, — 1)!!p
matchings with equal probability)




hierarchical construction




exact recursion relation

P, (¢) probability that there are exactly ¢ crossings in
generation-n block (» = 0.1,...)

PO(K) — 55,140
P, (0) = Z K (€| tr, tr) TT;=; Pa-1(4))

.....

___________________ over nonnegativeevenz,, ..., %,

% B C ly, = Z?d:_ll £

23 OI’OSSMQS fR Crossings od

____________________

(L — =) (g — £ =) (L) (IR
K (€]t fr) = (0L + g — D! (z)(z)ﬂ

if ¢ is an even integer 8.f. 0 < ¢ < min{lg, (r}
K|, ) =0 otherwise




behavior of the mean conductance

P, (¢) probability that there are exactly ¢ crossings in
generation-n block (» = 0.1,...)

mean conductance 1n = (oo ¢ Pu(f)

conditional mean
by LR 1 1

1
i(fL, IR ) _ZZK“&”&O by +4r — 1 (KL KR)

since the main contribution in the recursion should
come from 7, ~ 7, ~ 2% 1 ., we expect

norwmal transport!!

61 E d d—1 4 ‘
| | 2 — 2 . ¥
=il k=



main theorem: normal transport

‘theorem: let > 3. for sufficiently large A, there exist ) ,
positive constants C,, C, such that

A A i
< < " |

W Cag, 1= Hm=Cag ‘
forall n. if A, > 1, onehas C, ~ C, ~ 1 and hence |

L u, = A, /L, tor all . }

e — — — — — = — ————— e — _———

ford =3, Aq > 2 suffices (no conditions|
Cy =1 —5/(4A,), C, = 1 + 1/(3A,)

rigorous derivation of normal transport solely from
a fully deterministic and non-chaotic motion
in a quenched random environment!

in an artificial hierarchical setting...



proof of the upper bound

mean conduetance un =>_,¢ P, (¢)
recursion P,(0)=>, ., K({|lL, (r) H?il Pr-1(45)

gL:Z?d:_llgj e, _ ngR < €L+€R | 1

n S ) G ij T %) H Ppo1(4;) =27 prn—1 + %

suggests weakly anomalous
transport with a log correction



proof of the lower bound
mean of the inverse 7, =>,(¢(+1)71P,(¢)

2d—1

d—1 1
Un = Zfl €yd—1 (2321 gj ™ 1) szl Pn(gj)

.....

Jensen's inequality implies pn >0, —1
recursion P,(0) =, , K(£|f,fx) [I2, Pao1(ty)

..... 9

1, + /g + 1 B 1 | 1 1
(b, + (g +1) fo+1 lr+1 (b, +1)(lg +1)

recursive identity 7n = 2un—1 — (un_1)
ford=1,whereu =1, n, < 20,1 < 2% = 2"/(Ap + 1)

Uy = (A() + 1)/Ln — 1

for 4 > 3, we use further clever concavity argument

ﬁ(ﬁL,ER) —




Gaussian approximation

P, (¢) probability that there are exactly ¢ crossings in
generation-» block (» = 0,1,...)

mean conductance 1n = (oo L Pu(f)
sample-to-sample variance v, =D, (£ — pin)?Pr(¥)

7777

2
ansatz P,(¢) x eXP{ ! ;:@n) }
approximation (b — 0 (b — € — 1) (60
K]t fr) = (b, + fr — 1)!! (z)(z)ﬂ
X eXP[ & ;;éil: éS)}Q}
Al lr) = 7B O(lL,lR) = (ﬁi%f: (%)(6134(—621 11))2



recursion relations for ., and v,

(Z - UH)Q}

2V,

ansatz P,(¢) x exp{

T 2
approximation K(¢|4y,(r) ocexp[ W — Al r) }

204y, IR)
. ~ 200 0r (fL—1) (fr—1
Al fr) = £L+£RR 1 Ol fR) = (eL+eRR( 3)(eL)J(reRR 1))2
recursion | P =S K tr) T P ()]
| Oho oy i

2 o od '
=l R b

for d > 3, fhe leading terms are

vy 2 2970, g 4297

normal transport!!



universal “2/3 law”
for 4 > 3, the leading terms are

m ﬁiQd_2

Un 1 1 Un—1

Mn—1 Up = 2d_glun—l =+ 2d_4vn—1

| d-independent recursion relation

Hn 2 4 Hn—1
j"ig;.:;;-ié,,,,,

2/3
0.6 -

0.4 4

Un/Un

0.2 1

0.0

rapidly as n 1 co in any dimension d > 3 '

—

=

1

nuwerical results
for d = 3withA, =2



Lorentz mirror model
Hierarchical model
numerics for the 4 = 3 model




Monte Carlo simulation of the original

Lorentz mirror model on the cublc lattice

the L x L x L cubic lattice
L=2"withn=12,....7

choose one of the 5!! = 15

pairings af each vertex

generate 6.4 x 10° independent envuronmenfs

for each realization of the environment, faithfully
count the number of crossings &, i.e., the conductance

mean conductance (L) = (€)
variance v(L) = ( (€ — a(L))*)

Y

~

N—"

we recover normal fransport =

Chiffaudel, Lefevere 2016 S e . o I



variance-to-mean ratio ety
mean conductance ji(L) = (6) =tie
variance v(L) = ( (€ — i(L))*)

0.675

A

~
=t 0.650

~

=~ 0.6250
)

0.600+

0.575r

l l

2816 32 61 758

Monte Carlo with 6.4 X 10° samples
error bars indicate 95% confidence intervals



variance-to-meanratio ...

‘orthogonal rule” o et e
particles never go straight Gaall
choose one of the 8 orthogonal i O or A

pairings at each vertex Py & ~

oy 2
still — 1M1
3

Monte Carlo with 6.4 X 10° samples
error bars indicate 95% confidence intervals



the marginal dimension 4 =2

A J,d—1
normal fransport ji(L) o« - = —— =L

“constan..




the marginal dimension 4 =2
hierarchical model (Gaussian approximation *nuwerics)

zm

n log L, Un,
asn T oo

_521210g2 y 3

Hn

weakly anomalous transport with a logarithwmic correction

prediction: the original Lorentz wmirror model in d = 2
also exhibits a logarithwic growth and the 2/3 law



the marginal dimension 4 =2
hierarchical model (Gaussian approximation *nuwerics)

n log L, Un, 2 m

Mn:E:UlogQ L, "3 asn 1 o

weakly anomalous transport with a logarithwmic correction

retrodiction: the original Lorentz mirror wmodel in 4 = 2
also exhibits a logarithmic growth and the 2/3 law
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the universal “2/3 law”

(sample-to-sample variance of conductance) 2

(mean conductance) 3

observed theoretically (but not proved!) in the
hierarchical Lorentz mirror model in ¢ > 2, and
numerically in the original Lorentz wirror

model ind = 2,3 emerges IF the effective description in

terwms of a nonlinear sigma wmodel is valid

ratio, and fhe value 2/3 signifies a universality class of |

 systewms (including ours) exhibiting normal transport
\induced by random matching of conserved current

what wodels belong to this universality class?
any models in continvum like the Lorentz gas?



summary

& the Lorentz mirror model (both original and hierarchical)
provides a clean setting to study transport generated
solely by a quenched random environment

™ in the hierarchical version, we proved normal

transport in d > 3 (normal transport in d > 3 in the original
model has been expected)

& in the marginal dimension ¢ = 2, the hierarchical
model reproduces known results

Awe found the “2/3 law” for the variance-to-mean
ratio of conductance, and propose that it is a
signature of a universality class of normal
transport induced by randowm current matching

v/u = 1 if the trajectories were independent!

illustration by John Tenniel



