
Los espejos y la paternidad son abominables, porque 
multiplican y divulgan el universo.
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Mirrors and fatherhood are abominable, because 
they multiply and spread the universe.
鏡と父は、その宇宙を繁殖させ、拡散させるがゆ
えに忌まわしいものである。

Jorge Luis Borges, “Tlön, Uqbar, Orbis Tertius”, 1940 
(in Ficciones; Eng. trans. Andrew Hurley; Jap. trans. Kazushi Shinoda)
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normal transport

follows from diffusive (Ohm’s, Fick’s, or Fourier’s) laws
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J = C (ρL − ρR)

C ∝ A

L
J = C (ρL − ρR)

C ∝ A

L
conductance

cross-section

length
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do we get normal transport from fully 
deterministic (and non-chaotic) dynamics 
in a quenched random environment?

Lorentz gas, especially its discrete version, 
the Lorentz mirror model Lorentz 1905, Ruijgrok, Cohen 1988



Lorentz mirror model 
Hierarchical model 
numerics for the  modeld = 3



Lorentz mirror model (d=2)

 square lattice  
vertical: periodic b.c, horizontal: open b.c.
L × L

 external edges on the left and the rightL
place mirrors randomly

with  
probability 1/3

or

or



Lorentz mirror model (d=2)
with  
probability 1/3

or

or

 square lattice  
vertical: periodic b.c, horizontal: open b.c.
L × L

 external edges on the left and the rightL
place mirrors randomly



Lorentz mirror model (d=2)

a particle (or light ray) is reflected by mirrors

illustration by John Tenniel



Lorentz mirror model (d=2)

a particle (or light ray) is reflected by mirrors

illustration by John Tenniel

trajectory is reversible



Lorentz mirror model (d=2)

a particle (or light ray) is reflected by mirrors

looks like a random walk
illustration by John Tenniel

non-backtracking random walk

trajectory is reversible



Lorentz mirror model (d=2)

a particle (or light ray) is reflected by mirrors

but has strong memory!
illustration by John Tenniel

looks like a random walk
trajectory is reversible



Lorentz mirror model (d=2)

a particle (or light ray) is reflected by mirrors

many loops!

illustration by John Tenniel
but has strong memory!
looks like a random walk

trajectory is reversible



Lorentz mirror model (d=2)

illustration by John Tenniel

although there are many loops inside, a particle 
injected through an external edge must exit through 
another external edge (either on left or right)

no traps!!



from mirrors to local pairings

mirrors (and their absence) are equivalent to local pairings

with probability 1/3
oror

completely-packed loop model 

with crossings (CPLC)



matching of external edges, and crossings
with probability 1/3

oror



matching of external edges, and crossings
with probability 1/3

oror

remove loops
a random perfect matching 
(pairing) of external edges
left-right pair = crossing

 the number of crossings𝒞
conductance



Lorentz mirror model in d ≥ 2
 dimensional  hyper cubic lattice 

horizontal: open b.c., other directions: periodic b.c
d L × ⋯ × L

 external edges on the left and the rightLd−1

at each vertex, independently choose one of the 
 pairings of the  incident edges with equal 

probability
(2d − 1)!! 2d

local pairings induce random matching of the 
external edges

2Ld−1

conductance : the number of crossings (matched pairs 
of left and right external edges)

𝒞

when left and right boundaries are 
exposed to particle baths with different 

densities, the stationary current is 
proportional to 𝒞

Lefevere 2015 , Chiffaudel, Lefevere 2016



normal transport in the Lorentz mirror model
mean conductance μ̄(L) = ⟨𝒞⟩
normal transport

J = C (ρL − ρR)

C ∝ A

L

µ̄(L) ∝ A

L
=

Ld−1

L
= Ld−2

Chiffaudel, Lefevere 2016, Lefevere 2025

numerical and theoretical 
support for normal 
transport in d = 3

SM-9

FIG. SM.8. (3D Original model) Mean conductance µ̄(L) versus system size L in the original Lorentz mirror model in d = 3. Our
preliminary laptop-scale simulations are consistent with the linear growth predicted by normal transport (1). For comparison,
Fig. 6 of [18] reports large-scale simulations of µ̄(L)/L for L from 5 to 420.
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normal transport in the Lorentz mirror model
mean conductance μ̄(L) = ⟨𝒞⟩
normal transport

J = C (ρL − ρR)

C ∝ A

L

µ̄(L) ∝ A

L
=

Ld−1

L
= Ld−2

the structure of the trajectories is far from diffusive!
rigorous proof seems formidable…
tractable, yet nontrivial, hierarchical version of the model

Chiffaudel, Lefevere 2016, Lefevere 2025

numerical and theoretical 
support for normal 
transport in d = 3

SM-9

FIG. SM.8. (3D Original model) Mean conductance µ̄(L) versus system size L in the original Lorentz mirror model in d = 3. Our
preliminary laptop-scale simulations are consistent with the linear growth predicted by normal transport (1). For comparison,
Fig. 6 of [18] reports large-scale simulations of µ̄(L)/L for L from 5 to 420.
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normal (diffusive) transport without 
stochastic forcing or chaos, only from a 

quenched random environment!!



Lorentz mirror model 
Hierarchical model 
numerics for the  modeld = 3

Dyson 1969, ….

mean-field-like 
long-range interaction

correct 
dimensional scaling



basic setting

generation-  blockn

 a positive even integerA0

J = C (ρL − ρR)

C ∝ A

L

µ̄(L) ∝ A

L
=

Ld−1

L
= Ld−2

An = 2(d−1)nA0

Ln = 2n

An






generation-  block0

exactly  crossingsA0

J = C (ρL − ρR)

C ∝ A

L

µ̄(L) ∝ A

L
=

Ld−1

L
= Ld−2

An = 2(d−1)nA0

Ln = 2n

An






J = C (ρL − ρR)

C ∝ A

L

µ̄(L) ∝ A

L
=

Ld−1

L
= Ld−2

An = 2(d−1)nA0

Ln = 2n

An






An






a random 
matching of  
external edges

2An

dimension d = 1,2,3,…

 external edges on the left 
and right
A0

 external edges on 
the left and right
An
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L0 = 1

generation n = 0,1,2,…



hierarchical construction
 independent copies of generation-  blocks2d (n − 1)

 copies on the left and right2d−1

Ln�1 Ln�1

a random matching of  
external edges at the interface 
(we choose one of the  perfect 
matchings with equal probability)

2dAn−1 = 2An

(2An − 1)!!
mean-field-like 

long-range matching

correct 
dimensional scaling



hierarchical construction
a generation-  block ( , )3 d = 2 A0 = 4

mean-field-like 

long-range matching

correct 
dimensional scaling



exact recursion relationThe distribution Pn is determined by the initial con-

dition P0(!) = δ!,A0 and, for n ≥ 1, the recursion

Pn(!) =
∑

!1,...,!2d

K(! | !L, !R)
2d∏

j=1

Pn−1(!j)

where the sum is over nonnegative even !1, . . . , !2d , and

!L =
∑2d−1

j=1 !j , !R =
∑2d

j=2d−1+1 !j are the numbers of

crossings in the left and right halves, respectively. The

kernel K(! | !L, !R) is the conditional probability that

the random pairing at the interface produces exactly

! left–right pairs among the !L + !R interface edges

that are endpoints of crossings in the generation-(n−1)
subblocks, and is given by

K(! | !L, !R) =
(!R − !− 1)!!(!L − !− 1)!!

(!L + !R − 1)!!

(
!L
!

)(
!R
!

)
!!

if ! ∈ S(!L, !R), and K(! | !L, !R) = 0 otherwise, where

S(a, b) := 2Z ∩ [0,min{a, b}].

The distribution Pn is determined by the initial con-

dition P0(!) = δ!,A0 and, for n ≥ 1, the recursion

Pn(!) =
∑

!1,...,!2d

K(! | !L, !R)
2d∏

j=1

Pn−1(!j)

where the sum is over nonnegative even !1, . . . , !2d , and

!L =
∑2d−1

j=1 !j , !R =
∑2d

j=2d−1+1 !j are the numbers of

crossings in the left and right halves, respectively. The

kernel K(! | !L, !R) is the conditional probability that

the random pairing at the interface produces exactly

! left–right pairs among the !L + !R interface edges

that are endpoints of crossings in the generation-(n−1)
subblocks, and is given by

K(! | !L, !R) =
(!R − !− 1)!!(!L − !− 1)!!

(!L + !R − 1)!!

(
!L
!

)(
!R
!

)
!!

if ! ∈ S(!L, !R), and K(! | !L, !R) = 0 otherwise, where

S(a, b) := 2Z ∩ [0,min{a, b}].
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Pn(`) =
X

`1,...,`2d

K(` | `L, `R)
Q2d

j=1 Pn�1(`j)
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P0(`) = �`,A0

over nonnegative even ℓ1, …, ℓ2d
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<latexit sha1_base64="QXU9WMC8nqYo+bQaYr+Aojb6aeE=">AAACEHicbZDLSgMxFIYz9VbrbdSlm2ARK5QyI1LdCEU3gi6q2At0hiGTZtrQzIUkI5RxHsGNr+LGhSJuXbrzbcy0XdTWHwJf/nMOyfndiFEhDeNHyy0sLi2v5FcLa+sbm1v69k5ThDHHpIFDFvK2iwRhNCANSSUj7YgT5LuMtNzBZVZvPRAuaBjcy2FEbB/1AupRjKSyHP3wumQRxqzyo1XOwEks7sObdOpylx6dG45eNCrGSHAezAkUwUR1R/+2uiGOfRJIzJAQHdOIpJ0gLilmJC1YsSARwgPUIx2FAfKJsJPRQik8UE4XeiFXJ5Bw5E5PJMgXYui7qtNHsi9ma5n5X60TS+/MTmgQxZIEePyQFzMoQ5ilA7uUEyzZUAHCnKq/QtxHHGGpMiyoEMzZleeheVwxq5Xq7UmxdjGJIw/2wD4oAROcghq4AnXQABg8gRfwBt61Z+1V+9A+x605bTKzC/5I+/oFv4ibyg==</latexit>

K(` | `L, `R) = 0 otherwise

<latexit sha1_base64="W9+87YPmLGTTJOuecdtl5ZWWaIE="></latexit>

K(` | `L, `R) =
(`L � `� 1)!!(`R � `� 1)!!

(`L + `R � 1)!!

✓
`L
`

◆✓
`R
`

◆
`!

         probability that there are exactly   crossings in 
generation-  block ( )n n = 0,1,…

<latexit sha1_base64="8rJyH8BpFRESaNc6rixUSF1F4j0=">AAAB+XicbZDNSgMxFIXv1L9a/6ou3QSLoJsyI1JdFt24rGBtoR1KJr3ThmYyQ5IplKFv4saFIm59E3e+jWk7C229IXA4515y8wWJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHR086ThXDJotFrNoB1Si4xKbhRmA7UUijQGArGN3N8tYYleaxfDSTBP2IDiQPOaPGWhwa0AMJ5/AKCMKei1654lbdeZFV4eWiAnk1euWvbj9maYTSMEG17nhuYvyMKsOZwGmpm2pMKBvRAXaslDRC7WfzzafkzDp9EsbKXmnI3P09kdFI60kU2M6ImqFezmbmf1knNeGNn3GZpAYlWzwUpoKYmMwwkD5XyIyYWEGZ4nZXwoZUUWYsrJKF4C1/eVU8XVa9WrX2cFWp3+Y4inACpxanB9dQh3uLtwkMxvBsAb85mfPivDsfi9aCk88cw59yPn8A09qQkA==</latexit>

Pn(ω)
<latexit sha1_base64="5ysa1I0rf9zKZqege5XgVIi/Htw=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp1ItAzaWEYwH5AcYW9vLlmyt3fu7gkh5E/YWChiY+HfsfPfuEmu0MQHA4/3ZpiZF6SCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOokUwwbLBGJagdUo+ASG4Ybge1UIY0Dga1geDP1W4+oNE/kvRml6Me0L3nEGTVWCuEDEASIXqnsVtwZyDLxclKGHPVe6asbJiyLURomqNYdz02NP6bKcCZwUuxmGlPKhrSPHUsljVH749m9E3JqlZBEibIlDZmpvyfGNNZ6FAe2M6ZmoBe9qfif18lMdOWPuUwzg5LNF0WZICYh0+dJyBUyI0aWUKa4vZWwAVWUGRtR0YbgLb68TJrnFa9aqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAb6xO8wKvz4Dw7b877vHXFyWeO4A+czx8p747D</latexit>

ω

 crossingsℓL  crossingsℓR



behavior of the mean conductance

mean conductance
<latexit sha1_base64="ELasvjfbut+9g7DVC8FvIZXrmq4="></latexit>

µn =
P

`=0,2,... `Pn(`)

conditional mean

The distribution Pn is determined by the initial con-

dition P0(!) = δ!,A0 and, for n ≥ 1, the recursion

Pn(!) =
∑

!1,...,!2d

K(! | !L, !R)
2d∏

j=1

Pn−1(!j)

where the sum is over nonnegative even !1, . . . , !2d , and

!L =
∑2d−1

j=1 !j , !R =
∑2d

j=2d−1+1 !j are the numbers of

crossings in the left and right halves, respectively. The

kernel K(! | !L, !R) is the conditional probability that

the random pairing at the interface produces exactly

! left–right pairs among the !L + !R interface edges

that are endpoints of crossings in the generation-(n−1)
subblocks, and is given by

K(! | !L, !R) =
(!R − !− 1)!!(!L − !− 1)!!

(!L + !R − 1)!!

(
!L
!

)(
!R
!

)
!!

if ! ∈ S(!L, !R), and K(! | !L, !R) = 0 otherwise, where

S(a, b) := 2Z ∩ [0,min{a, b}].

The distribution Pn is determined by the initial con-

dition P0(!) = δ!,A0 and, for n ≥ 1, the recursion

Pn(!) =
∑

!1,...,!2d

K(! | !L, !R)
2d∏

j=1

Pn−1(!j)

where the sum is over nonnegative even !1, . . . , !2d , and

!L =
∑2d−1

j=1 !j , !R =
∑2d

j=2d−1+1 !j are the numbers of

crossings in the left and right halves, respectively. The

kernel K(! | !L, !R) is the conditional probability that

the random pairing at the interface produces exactly

! left–right pairs among the !L + !R interface edges

that are endpoints of crossings in the generation-(n−1)
subblocks, and is given by

K(! | !L, !R) =
(!R − !− 1)!!(!L − !− 1)!!

(!L + !R − 1)!!

(
!L
!

)(
!R
!

)
!!

if ! ∈ S(!L, !R), and K(! | !L, !R) = 0 otherwise, where

S(a, b) := 2Z ∩ [0,min{a, b}].

<latexit sha1_base64="z/nxfqontUDZIsTKyQ+l284cNxM="></latexit>

Pn(`) =
X

`1,...,`2d

K(` | `L, `R)
Q2d

j=1 Pn�1(`j)

for ℓL, ℓR ≫ 1

since the main contribution in the recursion should 
come from , we expectℓL ≃ ℓR ≃ 2d−1μn−1

<latexit sha1_base64="mUA0H1/1I3obN6sW0y9MQRlpz88="></latexit>

µn ' 2d�2µn�1
<latexit sha1_base64="I7YQtSDEY/CvDTlnQ2evqEVu0pw="></latexit>

µn ' 2(d�2)nµ0 = 2(d�2)nA0 =
An

Ln

normal transport!!

J = C (ρL − ρR)

C ∝ A

L

µ̄(L) ∝ A

L
=

Ld−1

L
= Ld−2

An = 2(d−1)nA0

Ln = 2n

An






J = C (ρL − ρR)

C ∝ A

L

µ̄(L) ∝ A

L
=

Ld−1

L
= Ld−2

An = 2(d−1)nA0

Ln = 2n

An






         probability that there are exactly   crossings in 
generation-  block ( )n n = 0,1,…

<latexit sha1_base64="8rJyH8BpFRESaNc6rixUSF1F4j0=">AAAB+XicbZDNSgMxFIXv1L9a/6ou3QSLoJsyI1JdFt24rGBtoR1KJr3ThmYyQ5IplKFv4saFIm59E3e+jWk7C229IXA4515y8wWJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHR086ThXDJotFrNoB1Si4xKbhRmA7UUijQGArGN3N8tYYleaxfDSTBP2IDiQPOaPGWhwa0AMJ5/AKCMKei1654lbdeZFV4eWiAnk1euWvbj9maYTSMEG17nhuYvyMKsOZwGmpm2pMKBvRAXaslDRC7WfzzafkzDp9EsbKXmnI3P09kdFI60kU2M6ImqFezmbmf1knNeGNn3GZpAYlWzwUpoKYmMwwkD5XyIyYWEGZ4nZXwoZUUWYsrJKF4C1/eVU8XVa9WrX2cFWp3+Y4inACpxanB9dQh3uLtwkMxvBsAb85mfPivDsfi9aCk88cw59yPn8A09qQkA==</latexit>

Pn(ω)
<latexit sha1_base64="5ysa1I0rf9zKZqege5XgVIi/Htw=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp1ItAzaWEYwH5AcYW9vLlmyt3fu7gkh5E/YWChiY+HfsfPfuEmu0MQHA4/3ZpiZF6SCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOokUwwbLBGJagdUo+ASG4Ybge1UIY0Dga1geDP1W4+oNE/kvRml6Me0L3nEGTVWCuEDEASIXqnsVtwZyDLxclKGHPVe6asbJiyLURomqNYdz02NP6bKcCZwUuxmGlPKhrSPHUsljVH749m9E3JqlZBEibIlDZmpvyfGNNZ6FAe2M6ZmoBe9qfif18lMdOWPuUwzg5LNF0WZICYh0+dJyBUyI0aWUKa4vZWwAVWUGRtR0YbgLb68TJrnFa9aqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAb6xO8wKvz4Dw7b877vHXFyWeO4A+czx8p747D</latexit>

ω

<latexit sha1_base64="vLGleRvM6eHtoFjsXKrRnf0PQ+c="></latexit>

µ̃(`L, `R) =
X

`

`K(` | `L, `R) =
`L `R

`L + `R � 1
'

⇣ 1

`L
+

1

`R

⌘�1



main theorem: normal transport

for ,  suffices (no conditions)  d = 3 A0 ≥ 2
C3 = 1 − 5/(4A0), C′ 3 = 1 + 1/(3A0)

theorem: let .  for sufficiently large  there exist 
positive constants  such that

d ≥ 3 A0
Cd, C′ d

<latexit sha1_base64="7Z20JiEmhzL/OY6QmQJL2UeGnvM=">AAACHHicbVC7TsMwFHV4lvIKMLJYVAgWqgRQYSx0YWAoEn1ITRQ5jtNatZ3IdpCqqB/Cwq+wMIAQCwMSf4P7GKDlSPY9Ovdc2feEKaNKO863tbC4tLyyWlgrrm9sbm3bO7tNlWQSkwZOWCLbIVKEUUEammpG2qkkiIeMtMJ+bdRvPRCpaCLu9SAlPkddQWOKkTZSYJ/VgsiLJcL5VSCG+a25TlyPEY9ngTAV1o7mDIFdcsrOGHCeuFNSAlPUA/vTixKccSI0Zkipjuuk2s+R1BQzMix6mSIpwn3UJR1DBeJE+fl4uSE8NEoE40SaIzQcq78ncsSVGvDQODnSPTXbG4n/9TqZji/9nIo000TgyUNxxqBO4CgpGFFJsGYDQxCW1PwV4h4ySWiTZ9GE4M6uPE+ap2W3Uq7cnZeq19M4CmAfHIBj4IILUAU3oA4aAINH8AxewZv1ZL1Y79bHxLpgTWf2wB9YXz/m6aHo</latexit>

Cd
An

Ln
� 1  µn  C 0

d
An

Ln

for all .  if , one has  and hence 
 for all .

n A0 ≫ 1 Cd ≃ C′ d ≃ 1
μn ≃ An/Ln n

rigorous derivation of normal transport solely from 
a fully deterministic and non-chaotic motion  
in a quenched random environment!

in an artificial hierarchical setting…



proof of the upper bound
mean conductance
recursion

<latexit sha1_base64="oHgfJsIe0V3bcJ0ZSTu/efPeNlA="></latexit>

Pn(`) =
P

`1,...,`2d
K(` | `L, `R)

Q2d

j=1 Pn�1(`j)

<latexit sha1_base64="KpHLbHZMQrZ15/r5a5nqXH7D/XU=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdi2gTDNpYJmAukCxhdnKSjJm9MDMrhCVPYGOhiK0+jL2N+DZOLoUm/jDw8f/nMOccPxZcacf5tjIrq2vrG9lNe2t7Z3cvt39QV1EiGdZYJCLZ9KlCwUOsaa4FNmOJNPAFNvzh9SRv3KNUPApv9ShGL6D9kPc4o9pY1VInl3cKzlRkGdw55C8/7FL8/mVXOrnPdjdiSYChZoIq1XKdWHsplZozgWO7nSiMKRvSPrYMhjRA5aXTQcfkxDhd0oukeaEmU/d3R0oDpUaBbyoDqgdqMZuY/2WtRPcuvJSHcaIxZLOPeokgOiKTrUmXS2RajAxQJrmZlbABlZRpcxvbHMFdXHkZ6mcFt1goVp18+QpmysIRHMMpuHAOZbiBCtSAAcIDPMGzdWc9Wi/W66w0Y817DuGPrLcf7+aQCQ==</latexit> =

<latexit sha1_base64="mhTvYyj/WgIWx/6z+grDez3FdEU="></latexit>

µn + C 00
d  2d�2(µn�1 + C 00

d )

<latexit sha1_base64="OOKOFDNrJI8WHcqKPAao7ed9zJg="></latexit>

C 00
d = {3(2d�2 � 1)}�1

for d ≠ 2

for d = 2

<latexit sha1_base64="zl4Q5rYIZP0z89YEb0cP0ThFun0="></latexit>

 2(d�2)n(µ0 + C 00
d )

<latexit sha1_base64="OP71e5IqzaA26IcWR3ITAfodrn0="></latexit>

µn 
X

`1,...,`2d

⇣1
4

2dX

j=1

`j +
1

3

⌘ 2dY

j=1

Pn�1(`j) = 2d�2µn�1 +
1

3

<latexit sha1_base64="tPMnrLbztyawhKmwKnMC1AVbEtQ=">AAACG3icbVDLSsNAFL2pr1pfURdS3ASLIAglUahdFt24rGAf0IYymU7aoZNJmJkIJfQ/3Lj0N9y4UMSFCC5049bPcPpAtPXCXA7nnMude7yIUals+91Izc0vLC6llzMrq2vrG+bmVlWGscCkgkMWirqHJGGUk4qiipF6JAgKPEZqXu9sqNeuiJA05JeqHxE3QB1OfYqR0lRoZuEWAoihBVwjBgSa4IMABBgSzQ10P9b98Mdnt8ycnbdHZc0CZwJypeLny87HV7bcMl+b7RDHAeEKMyRlw7Ej5SZIKIoZGWSasSQRwj3UIQ0NOQqIdJPRbQNrXzNtyw+FflxZI/b3RIICKfuBp50BUl05rQ3J/7RGrPyim1AexYpwPF7kx8xSoTUMympTQbBifQ0QFlT/1cJdJBBWOs6MDsGZPnkWVI/yTiFfuNBpnMK40rALe3AADpxACc6hDBUd9TXcwQM8GjfGvfFkPI+tKWMysw1/ynj7BlDknUo=</latexit>

µn  n

3
+ µ0

with
suggests weakly anomalous 

transport with a log correction

<latexit sha1_base64="baJj5o8nAcTZZTN4Byq4NRT5QnA=">AAACJXicbZDLSgMxFIbPeK31VnUpyGApKEiZcVHdCEU3LivYC7RDyaRpG5pkhiQjlNJHcSMUX8WNC4t4WfkU7k2nxUvrCSFf/nMOyfn9kFGlHefdmptfWFxaTqwkV9fWNzZTW9slFUQSkyIOWCArPlKEUUGKmmpGKqEkiPuMlP3OxShfviFS0UBc625IPI5agjYpRtpIQWoPBsAhgjoIODOsDHNzGwABZtbPeQSFuOrgWzusp9JO1onDngV3Aul85vPt9TbZKtRTw1ojwBEnQmOGlKq6Tqi9HpKaYkb6yVqkSIhwB7VI1aBAnCivF0/ZtzNGadjNQJottB2rvzt6iCvV5b6p5Ei31XRuJP6Xq0a6eer1qAgjTQQeP9SMmK0De2SZ3aCSYM26BhCW1PzVxm0kEdbG2KQxwZ0eeRZKx1k3l81duen8OYwjAbuwb+x04QTycGnsLQKGO3iAJxha99aj9Wy9jEvnrEnPDvwJ6+MLmfef4w==</latexit>

µn =
P

` `Pn(`)

<latexit sha1_base64="d87DD9It7HnXoCPPljhlZ+80Z4M="></latexit>

µn =
P

`1,...,`2d

P
` `K(` | `L, `R)

Q2d

j=1 Pn�1(`j)

The distribution Pn is determined by the initial con-

dition P0(!) = δ!,A0 and, for n ≥ 1, the recursion

Pn(!) =
∑

!1,...,!2d

K(! | !L, !R)
2d∏

j=1

Pn−1(!j)

where the sum is over nonnegative even !1, . . . , !2d , and

!L =
∑2d−1

j=1 !j , !R =
∑2d

j=2d−1+1 !j are the numbers of

crossings in the left and right halves, respectively. The

kernel K(! | !L, !R) is the conditional probability that

the random pairing at the interface produces exactly

! left–right pairs among the !L + !R interface edges

that are endpoints of crossings in the generation-(n−1)
subblocks, and is given by

K(! | !L, !R) =
(!R − !− 1)!!(!L − !− 1)!!

(!L + !R − 1)!!

(
!L
!

)(
!R
!

)
!!

if ! ∈ S(!L, !R), and K(! | !L, !R) = 0 otherwise, where

S(a, b) := 2Z ∩ [0,min{a, b}].

The distribution Pn is determined by the initial con-

dition P0(!) = δ!,A0 and, for n ≥ 1, the recursion

Pn(!) =
∑

!1,...,!2d

K(! | !L, !R)
2d∏

j=1

Pn−1(!j)

where the sum is over nonnegative even !1, . . . , !2d , and

!L =
∑2d−1

j=1 !j , !R =
∑2d

j=2d−1+1 !j are the numbers of

crossings in the left and right halves, respectively. The

kernel K(! | !L, !R) is the conditional probability that

the random pairing at the interface produces exactly

! left–right pairs among the !L + !R interface edges

that are endpoints of crossings in the generation-(n−1)
subblocks, and is given by

K(! | !L, !R) =
(!R − !− 1)!!(!L − !− 1)!!

(!L + !R − 1)!!

(
!L
!

)(
!R
!

)
!!

if ! ∈ S(!L, !R), and K(! | !L, !R) = 0 otherwise, where

S(a, b) := 2Z ∩ [0,min{a, b}].

<latexit sha1_base64="+H7gCAAU52zTmDwtyWEqLXVWopU="></latexit>

µ̃(`L, `R) =
`L `R

`L + `R � 1
 `L + `R

4
+

1

3



proof of the lower bound
mean of the inverse

recursion
<latexit sha1_base64="oHgfJsIe0V3bcJ0ZSTu/efPeNlA="></latexit>

Pn(`) =
P

`1,...,`2d
K(` | `L, `R)

Q2d

j=1 Pn�1(`j)

<latexit sha1_base64="KpHLbHZMQrZ15/r5a5nqXH7D/XU=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdi2gTDNpYJmAukCxhdnKSjJm9MDMrhCVPYGOhiK0+jL2N+DZOLoUm/jDw8f/nMOccPxZcacf5tjIrq2vrG9lNe2t7Z3cvt39QV1EiGdZYJCLZ9KlCwUOsaa4FNmOJNPAFNvzh9SRv3KNUPApv9ShGL6D9kPc4o9pY1VInl3cKzlRkGdw55C8/7FL8/mVXOrnPdjdiSYChZoIq1XKdWHsplZozgWO7nSiMKRvSPrYMhjRA5aXTQcfkxDhd0oukeaEmU/d3R0oDpUaBbyoDqgdqMZuY/2WtRPcuvJSHcaIxZLOPeokgOiKTrUmXS2RajAxQJrmZlbABlZRpcxvbHMFdXHkZ6mcFt1goVp18+QpmysIRHMMpuHAOZbiBCtSAAcIDPMGzdWc9Wi/W66w0Y817DuGPrLcf7+aQCQ==</latexit>=

recursive identity
for , where ,d = 1 un = ηn

<latexit sha1_base64="+uEWqIIAQq9vLUZ/bwNmwltEBJ8="></latexit>

⌘n =
P

`1,...,`2d

P
`(`+ 1)�1K(` | `L, `R)

Q2d

j=1 Pn�1(`j)
<latexit sha1_base64="QJJKBzeafneU49ZrHU/NEdxhYTQ="></latexit>

⌘̃(`L, `R)

Jensen’s inequality implies
<latexit sha1_base64="wK/5XjYZtG85+w+neZGSMm0obdA=">AAACE3icbVDLSsNAFL3xWeurKq7cBIvgxpKIVJdFNy4r2Ae0sUymt+3QySTMTIQS+g9u/AR/wY0LRdy6ceffOEm70NYDczmccy937vEjzpR2nG9rYXFpeWU1t5Zf39jc2i7s7NZVGEuKNRryUDZ9opAzgTXNNMdmJJEEPseGP7xK/cY9SsVCcatHEXoB6QvWY5RoI4WFfXiCAGLogDCsD2gqggaSKXeQwAm4ME5rp1B0Sk4Ge564U1KEKaqdwle7G9I4QKEpJ0q1XCfSXkKkZpTjON+OFUaEDkkfW4YKEqDykuymsX1klK7dC6V5QtuZ+nsiIYFSo8A3nQHRAzXrpeJ/XivWvQsvYSKKNQo6WdSLua1DOw3I7jKJVPORIYRKZv5q0wGRhGoTY96E4M6ePE/qpyW3XCrfnBUrl9M4cnAAh3BswjyHClxDFWpA4QGe4RXerEfrxXq3PiatC9Z0Zg/+wPr8ATz1ltg=</latexit>

µn � ⌘�1
n � 1

<latexit sha1_base64="NGKuMQEDFGFybzIgP0ml47I9fDk="></latexit>

⌘n =
P

`(`+ 1)�1Pn(`)
<latexit sha1_base64="gxbBlc3K+bdKX1EEE/z8Z6eNbQ8="></latexit>

un =
P

`1,...,`2d�1

�P2d�1

j=1 `j + 1
��1 Q2d�1

j=1 Pn(`j)

<latexit sha1_base64="ABa96S0KGYu5JAxMDIrK2mJk04I=">AAACBHicbZDLSsNAFIYn9VbrLeqym9AiVKQl6aK6EYJuXFawF2himEwn7dDJJMxMhBC6cOMT+A5uXCji1odw17dxello6w8DH/85hzPn92NKhDTNiZZbW9/Y3MpvF3Z29/YP9MOjtogSjnALRTTiXR8KTAnDLUkkxd2YYxj6FHf80fW03nnAXJCI3ck0xm4IB4wEBEGpLE8vOlhCj13WEy9jVWtcrSzg9L7u6WWzZs5krIK1gLJdcs6eJ3ba9PRvpx+hJMRMIgqF6FlmLN0MckkQxeOCkwgcQzSCA9xTyGCIhZvNjhgbJ8rpG0HE1WPSmLm/JzIYCpGGvuoMoRyK5drU/K/WS2Rw4WaExYnEDM0XBQk1ZGRMEzH6hGMkaaoAIk7UXw00hBwiqXIrqBCs5ZNXoV2vWY1a49Yq21dgrjwoghKoAAucAxvcgCZoAQQewQt4A+/ak/aqfWif89actpg5Bn+kff0Aw06Z4A==</latexit>

⌘n = 2un�1 � (un�1)2

<latexit sha1_base64="opj8aosN2dz4lrs0m4OpixeEHBM=">AAACE3icbZDLTgIxFIbP4A3xNmpcuZlATDREnHGBLlE3LlxgIpcECOmUAg1tZ9J2TAjhHVzoI/gKblxojFs37ngby8BCwZM0+fr/56Q9vx8yqrTrjqzEwuLS8kpyNbW2vrG5ZW/vlFUQSUxKOGCBrPpIEUYFKWmqGamGkiDuM1Lxe1djv3JPpKKBuNP9kDQ46gjaphhpIwX2HjwDhwiaIAx1gMAhXJibC1nw4AhO4Cb2jsFr2hk358blzIM3hUwhXc8+jgr9YtP+rrcCHHEiNGZIqZrnhroxQFJTzMgwVY8UCRHuoQ6pGRSIE9UYxDsNnQOjtJx2IM0R2onV3xMDxJXqc990cqS7atYbi/95tUi3zxsDKsJIE4EnD7Uj5ujAGQfktKgkWLO+AYQlNX91cBdJhLWJMWVC8GZXnofyac7L5/K3Jo1LmFQS9iFtwvXgDApwDUUoAYYHeIE3eLeerFfrw/qctCas6cwu/Cnr6wfKZZhI</latexit>

µn � (A0 + 1)/Ln � 1

<latexit sha1_base64="0WfN0gl6bDSRic8OcqfRDFhJwdI="></latexit>

⌘n  2⌘n�1  2n⌘0 = 2n/(A0 + 1)

for , we use further clever concavity argumentd ≥ 3
suggested by ChatGPT 5.2 Pro!!

<latexit sha1_base64="OS80f4UIkimxe5pywmuJ+dShruM="></latexit>

⌘̃(`L, `R) =
`L + `R + 1

(`L + 1)(`R + 1)
=

1

`L + 1
+

1

`R + 1
� 1

(`L + 1)(`R + 1)



Gaussian approximation

mean conductance
<latexit sha1_base64="ELasvjfbut+9g7DVC8FvIZXrmq4="></latexit>

µn =
P

`=0,2,... `Pn(`)

sample-to-sample variance
<latexit sha1_base64="oCKcvScAK9GvSSCwKSvgzQu/RYg="></latexit>

vn =
P

`=0,2,...(`� µn)2Pn(`)

<latexit sha1_base64="YS8URMUHLsl2AOq5TSB/CLPycNA="></latexit>

ṽ(`L, `R) =
2`L`R(`L�1)(`R�1)

(`L+`R�3)(`L+`R�1)2

<latexit sha1_base64="QbafIDHlcd3HtBCzFhP+jm84l5g="></latexit>

/ exp
h
�{`� µ̃(`L, `R)}2

2 ṽ(`L, `R)

i

<latexit sha1_base64="Lcc5CrwtjDEGVZDbrT0gP7SPIjQ="></latexit>

=
(`L � `� 1)!!(`R � `� 1)!!

(`L + `R � 1)!!

✓
`L
`

◆✓
`R
`

◆
`!

<latexit sha1_base64="NyVRDzFoXrNa8ESjR1zd85uO1yg=">AAACDnicbZC7TsMwFIadcivlFmBksVpVKqKqEobCWMGCBENB9CI1UeS4bmvVTiLbQapCn4CFgRdhYQAhVma2vg3uZSgtv2Tp83/OkX1+P2JUKssaGamV1bX1jfRmZmt7Z3fP3D+oyzAWmNRwyELR9JEkjAakpqhipBkJgrjPSMPvX47rjQciJA2DezWIiMtRN6AdipHSlmfmrwsOYcwpPjrFMXiJIzi8Gc5d7obHnpmzStZEcBnsGeQqWefkZVQZVD3zx2mHOOYkUJghKVu2FSk3QUJRzMgw48SSRAj3UZe0NAaIE+kmk3WGMK+dNuyEQp9AwYk7P5EgLuWA+7qTI9WTi7Wx+V+tFavOuZvQIIoVCfD0oU7MoArhOBvYpoJgxQYaEBZU/xXiHhIIK51gRodgL668DPXTkl0ulW91GhdgqjQ4AllQADY4AxVwBaqgBjB4Aq/gHXwYz8ab8Wl8TVtTxmzmEPyR8f0Lz9eeVA==</latexit>

K(` | `L, `R)

ansatz
<latexit sha1_base64="3QVX0qA09r+Yv02jmV90dkWQ6MM="></latexit>

Pn(`) / exp
h
� (`� µn)2

2vn

i

approximation

         probability that there are exactly   crossings in 
generation-  block ( )n n = 0,1,…

<latexit sha1_base64="8rJyH8BpFRESaNc6rixUSF1F4j0=">AAAB+XicbZDNSgMxFIXv1L9a/6ou3QSLoJsyI1JdFt24rGBtoR1KJr3ThmYyQ5IplKFv4saFIm59E3e+jWk7C229IXA4515y8wWJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHR086ThXDJotFrNoB1Si4xKbhRmA7UUijQGArGN3N8tYYleaxfDSTBP2IDiQPOaPGWhwa0AMJ5/AKCMKei1654lbdeZFV4eWiAnk1euWvbj9maYTSMEG17nhuYvyMKsOZwGmpm2pMKBvRAXaslDRC7WfzzafkzDp9EsbKXmnI3P09kdFI60kU2M6ImqFezmbmf1knNeGNn3GZpAYlWzwUpoKYmMwwkD5XyIyYWEGZ4nZXwoZUUWYsrJKF4C1/eVU8XVa9WrX2cFWp3+Y4inACpxanB9dQh3uLtwkMxvBsAb85mfPivDsfi9aCk88cw59yPn8A09qQkA==</latexit>

Pn(ω)
<latexit sha1_base64="5ysa1I0rf9zKZqege5XgVIi/Htw=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp1ItAzaWEYwH5AcYW9vLlmyt3fu7gkh5E/YWChiY+HfsfPfuEmu0MQHA4/3ZpiZF6SCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOokUwwbLBGJagdUo+ASG4Ybge1UIY0Dga1geDP1W4+oNE/kvRml6Me0L3nEGTVWCuEDEASIXqnsVtwZyDLxclKGHPVe6asbJiyLURomqNYdz02NP6bKcCZwUuxmGlPKhrSPHUsljVH749m9E3JqlZBEibIlDZmpvyfGNNZ6FAe2M6ZmoBe9qfif18lMdOWPuUwzg5LNF0WZICYh0+dJyBUyI0aWUKa4vZWwAVWUGRtR0YbgLb68TJrnFa9aqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAb6xO8wKvz4Dw7b877vHXFyWeO4A+czx8p747D</latexit>

ω

<latexit sha1_base64="zZ8fDwxU15eQIJNQj4QFVZoamXs="></latexit>

µ̃(`L, `R) =
`L `R

`L+`R�1



recursion relations for  and μn vn

approximation
<latexit sha1_base64="YS8URMUHLsl2AOq5TSB/CLPycNA="></latexit>

ṽ(`L, `R) =
2`L`R(`L�1)(`R�1)

(`L+`R�3)(`L+`R�1)2

<latexit sha1_base64="QbafIDHlcd3HtBCzFhP+jm84l5g="></latexit>

/ exp
h
�{`� µ̃(`L, `R)}2

2 ṽ(`L, `R)

i
<latexit sha1_base64="NyVRDzFoXrNa8ESjR1zd85uO1yg=">AAACDnicbZC7TsMwFIadcivlFmBksVpVKqKqEobCWMGCBENB9CI1UeS4bmvVTiLbQapCn4CFgRdhYQAhVma2vg3uZSgtv2Tp83/OkX1+P2JUKssaGamV1bX1jfRmZmt7Z3fP3D+oyzAWmNRwyELR9JEkjAakpqhipBkJgrjPSMPvX47rjQciJA2DezWIiMtRN6AdipHSlmfmrwsOYcwpPjrFMXiJIzi8Gc5d7obHnpmzStZEcBnsGeQqWefkZVQZVD3zx2mHOOYkUJghKVu2FSk3QUJRzMgw48SSRAj3UZe0NAaIE+kmk3WGMK+dNuyEQp9AwYk7P5EgLuWA+7qTI9WTi7Wx+V+tFavOuZvQIIoVCfD0oU7MoArhOBvYpoJgxQYaEBZU/xXiHhIIK51gRodgL668DPXTkl0ulW91GhdgqjQ4AllQADY4AxVwBaqgBjB4Aq/gHXwYz8ab8Wl8TVtTxmzmEPyR8f0Lz9eeVA==</latexit>

K(` | `L, `R)
The distribution Pn is determined by the initial con-

dition P0(!) = δ!,A0 and, for n ≥ 1, the recursion

Pn(!) =
∑

!1,...,!2d

K(! | !L, !R)
2d∏

j=1

Pn−1(!j)

where the sum is over nonnegative even !1, . . . , !2d , and

!L =
∑2d−1

j=1 !j , !R =
∑2d

j=2d−1+1 !j are the numbers of

crossings in the left and right halves, respectively. The

kernel K(! | !L, !R) is the conditional probability that

the random pairing at the interface produces exactly

! left–right pairs among the !L + !R interface edges

that are endpoints of crossings in the generation-(n−1)
subblocks, and is given by

K(! | !L, !R) =
(!R − !− 1)!!(!L − !− 1)!!

(!L + !R − 1)!!

(
!L
!

)(
!R
!

)
!!

if ! ∈ S(!L, !R), and K(! | !L, !R) = 0 otherwise, where

S(a, b) := 2Z ∩ [0,min{a, b}].

The distribution Pn is determined by the initial con-

dition P0(!) = δ!,A0 and, for n ≥ 1, the recursion

Pn(!) =
∑

!1,...,!2d

K(! | !L, !R)
2d∏

j=1

Pn−1(!j)

where the sum is over nonnegative even !1, . . . , !2d , and

!L =
∑2d−1

j=1 !j , !R =
∑2d

j=2d−1+1 !j are the numbers of

crossings in the left and right halves, respectively. The

kernel K(! | !L, !R) is the conditional probability that

the random pairing at the interface produces exactly

! left–right pairs among the !L + !R interface edges

that are endpoints of crossings in the generation-(n−1)
subblocks, and is given by

K(! | !L, !R) =
(!R − !− 1)!!(!L − !− 1)!!

(!L + !R − 1)!!

(
!L
!

)(
!R
!

)
!!

if ! ∈ S(!L, !R), and K(! | !L, !R) = 0 otherwise, where

S(a, b) := 2Z ∩ [0,min{a, b}].

<latexit sha1_base64="z/nxfqontUDZIsTKyQ+l284cNxM="></latexit>

Pn(`) =
X

`1,...,`2d

K(` | `L, `R)
Q2d

j=1 Pn�1(`j)

for , the leading terms ared ≥ 3
<latexit sha1_base64="o0thJY9C0qf/xws6XcEvnN/r/zg=">AAACBXicbVC7TsMwFHV4lvIqMMJgUSGxtEoqVBgrWBiLRB9SGyLHcVqrthNsB6mKsrDwKywMIMTKP7DxNzhtB2g50pWOzrlX997jx4wqbdvf1tLyyuraemGjuLm1vbNb2ttvqyiRmLRwxCLZ9ZEijArS0lQz0o0lQdxnpOOPrnK/80CkopG41eOYuBwNBA0pRtpIXumozxNP9BXl5B7W7tKgUstyKRUVJ/NKZbtqTwAXiTMjZTBD0yt99YMIJ5wIjRlSqufYsXZTJDXFjGTFfqJIjPAIDUjPUIE4UW46+SKDJ0YJYBhJU0LDifp7IkVcqTH3TSdHeqjmvVz8z+slOrxwUyriRBOBp4vChEEdwTwSGFBJsGZjQxCW1NwK8RBJhLUJrmhCcOZfXiTtWtWpV+s3Z+XG5SyOAjgEx+AUOOAcNMA1aIIWwOARPINX8GY9WS/Wu/UxbV2yZjMH4A+szx/IKZgg</latexit>

µn ' 2d�2µn�1
<latexit sha1_base64="sj4z4R8Kmb9tzJcXxjwHl/fxyLw=">AAACEnicbVDLTgIxFO34RHyhLt00EhONgcwgQZdENy4xkUfC4KRTCjS0nbHtkJDJfIMbf8WNC41x68qdf2OBWSh4kpucnnNveu/xQ0aVtu1va2l5ZXVtPbOR3dza3tnN7e03VBBJTOo4YIFs+UgRRgWpa6oZaYWSIO4z0vSH1xO/OSJS0UDc6XFIOhz1Be1RjLSRvNzpyBOuopw8wNJ93C2cJy6PvFgUnORsKpST0ezp5fJ20Z4CLhInJXmQoublvtxugCNOhMYMKdV27FB3YiQ1xYwkWTdSJER4iPqkbahAnKhOPD0pgcdG6cJeIE0JDafq74kYcaXG3DedHOmBmvcm4n9eO9K9y05MRRhpIvDso17EoA7gJB/YpZJgzcaGICyp2RXiAZIIa5Ni1oTgzJ+8SBqlolMpVm7L+epVGkcGHIIjcAIccAGq4AbUQB1g8AiewSt4s56sF+vd+pi1LlnpzAH4A+vzB8lYnOw=</latexit>

vn ' 2d�3µn�1 + 2d�4vn�1

ansatz
<latexit sha1_base64="3QVX0qA09r+Yv02jmV90dkWQ6MM="></latexit>

Pn(`) / exp
h
� (`� µn)2

2vn

i

recursion

<latexit sha1_base64="rXdOORadAybw5NpWLwBpHjFU8ww="></latexit>

µn ' (const)2(d�2)n / An

Ln

normal transport!!

<latexit sha1_base64="zZ8fDwxU15eQIJNQj4QFVZoamXs="></latexit>

µ̃(`L, `R) =
`L `R

`L+`R�1



universal “  law”2/3
for , the leading terms ared ≥ 3

<latexit sha1_base64="o0thJY9C0qf/xws6XcEvnN/r/zg=">AAACBXicbVC7TsMwFHV4lvIqMMJgUSGxtEoqVBgrWBiLRB9SGyLHcVqrthNsB6mKsrDwKywMIMTKP7DxNzhtB2g50pWOzrlX997jx4wqbdvf1tLyyuraemGjuLm1vbNb2ttvqyiRmLRwxCLZ9ZEijArS0lQz0o0lQdxnpOOPrnK/80CkopG41eOYuBwNBA0pRtpIXumozxNP9BXl5B7W7tKgUstyKRUVJ/NKZbtqTwAXiTMjZTBD0yt99YMIJ5wIjRlSqufYsXZTJDXFjGTFfqJIjPAIDUjPUIE4UW46+SKDJ0YJYBhJU0LDifp7IkVcqTH3TSdHeqjmvVz8z+slOrxwUyriRBOBp4vChEEdwTwSGFBJsGZjQxCW1NwK8RBJhLUJrmhCcOZfXiTtWtWpV+s3Z+XG5SyOAjgEx+AUOOAcNMA1aIIWwOARPINX8GY9WS/Wu/UxbV2yZjMH4A+szx/IKZgg</latexit>

µn ' 2d�2µn�1

<latexit sha1_base64="sj4z4R8Kmb9tzJcXxjwHl/fxyLw=">AAACEnicbVDLTgIxFO34RHyhLt00EhONgcwgQZdENy4xkUfC4KRTCjS0nbHtkJDJfIMbf8WNC41x68qdf2OBWSh4kpucnnNveu/xQ0aVtu1va2l5ZXVtPbOR3dza3tnN7e03VBBJTOo4YIFs+UgRRgWpa6oZaYWSIO4z0vSH1xO/OSJS0UDc6XFIOhz1Be1RjLSRvNzpyBOuopw8wNJ93C2cJy6PvFgUnORsKpST0ezp5fJ20Z4CLhInJXmQoublvtxugCNOhMYMKdV27FB3YiQ1xYwkWTdSJER4iPqkbahAnKhOPD0pgcdG6cJeIE0JDafq74kYcaXG3DedHOmBmvcm4n9eO9K9y05MRRhpIvDso17EoA7gJB/YpZJgzcaGICyp2RXiAZIIa5Ni1oTgzJ+8SBqlolMpVm7L+epVGkcGHIIjcAIccAGq4AbUQB1g8AiewSt4s56sF+vd+pi1LlnpzAH4A+vzB8lYnOw=</latexit>

vn ' 2d�3µn�1 + 2d�4vn�1

<latexit sha1_base64="20r7Db1+aCI0u5OTUEat2CpyyEw=">AAACMXicbZDLSgMxFIYz9VbrrerSTbAIglhmSqkui266rGAv0Cklk2ba0CQzJplCGeaV3Pgm4qYLRdz6EqadKtp6IOTjP+cnOb8XMqq0bU+tzNr6xuZWdju3s7u3f5A/PGqqIJKYNHDAAtn2kCKMCtLQVDPSDiVB3GOk5Y1uZ/3WmEhFA3GvJyHpcjQQ1KcYaSP18jXXlwjH455IYpdH5nIV5eQBprqTxKXk4ofLyfd4LC6dJLWk2MsX7KI9L7gKzgIKYFH1Xv7Z7Qc44kRozJBSHccOdTdGUlPMSJJzI0VChEdoQDoGBeJEdeP5xgk8M0of+oE0R2g4V387YsSVmnDPTHKkh2q5NxP/63Ui7V93YyrCSBOB04f8iEEdwFl8sE8lwZpNDCAsqfkrxENkMtEm5JwJwVleeRWapaJTKVbuyoXqzSKOLDgBp+AcOOAKVEEN1EEDYPAIXsAreLOerKn1bn2koxlr4TkGf8r6/AIlUKv8</latexit>

vn
µn

' 1

2
+

1

4

vn�1

µn�1
-independent recursion relationd

<latexit sha1_base64="Rc8SPqQ3lDSBvP36cCHs0jKrmzc=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSExVUlBhbGChbFI9CE1UeS4TmvVdiLbqVRFGVn4FRYGEGLlE9j4G9w2A7Qc6eoenXOv7HvChFGlHefbWlldW9/YLG2Vt3d29/btg8O2ilOJSQvHLJbdECnCqCAtTTUj3UQSxENGOuHodup3xkQqGosHPUmIz9FA0IhipI0U2CdeJBHOxoHIM4+npnk6nmu1PLvIA7viVJ0Z4DJxC1IBBZqB/eX1Y5xyIjRmSKme6yTaz5DUFDOSl71UkQThERqQnqECcaL8bHZIDs+M0odRLE0JDWfq740McaUmPDSTHOmhWvSm4n9eL9XRtZ9RkaSaCDx/KEoZ1DGcpgL7VBKs2cQQhCU1f4V4iEwK2mRXNiG4iycvk3at6tar9fvLSuOmiKMEjsEpOAcuuAINcAeaoAUweATP4BW8WU/Wi/VufcxHV6xi5wj8gfX5Ax0Tmq4=</latexit>

vn
µn

! 2

3
rapidly as  in any dimension n ↑ ∞ d ≥ 3

numerical results  
for  with d = 3 A0 = 2

SM-6

FIG. SM.2. (3D Hierarchical model) Mean conductance µn in d = 3 with initial crossing A0 = 2. Left: log2 µn versus iteration
n = log2 Ln. The linear growth is consistent with the normal-transport scaling µn / Ln = 2n. Right: As n increases, the ratio
µn/2

n converges to a constant (the conductivity).

FIG. SM.3. (3D Hierarchical model) Ratio vn/µn versus iteration n = log2 Ln in d = 3 with initial crossing A0 = 2. The ratio
converges quickly toward 2/3 (thick red line).

To reduce such discreteness e�ects, we choose here a larger initial crossing number, A0 = 90. Then, after a single
application of the recursion (2), we obtain P1(`) = K(` | 180, 180), which is already close to a Gaussian by the
asymptotics of the kernel.

Figure SM.4 shows µn versus n, together with a linear regression for n � 10. The best-fit slope is

µn ' a+ b n (as n " 1), b ' 0.08346, (SM.3)

which essentially coincides with the Gaussian-closure prediction b = 1/12 = 0.08333 · · · .
The variance-to-mean ratio vn/µn is also well behaved. As shown in Fig. SM.5, vn/µn stabilizes near the universal

value 2/3 after only a short transient.
SM.4.4 Convergence to Gaussianity in d = 3

As mentioned in the main text, for the hierarchical model with d = 3 the distribution Pn rapidly approaches a
Gaussian shape as n grows. To quantify this, we use the Kolmogorov distance between the standardized crossing
number and the standard normal distribution.

Let ˆ̀
n denote the number of crossings in the generation-n block and define the standardized variable

Zn :=
ˆ̀
n � µnp

vn
. (SM.4)

Let Fn(z) = Prob[Zn  z] be the cumulative distribution function (CDF) of Zn, and let �(z) be the CDF of the
standard normal N (0, 1). We define the Kolmogorov distance by

dK(n) := sup
z2R

��Fn(z)� �(z)
��. (SM.5)

<latexit sha1_base64="cPBCrYEICzFDBJtBwm2TqRZLu50=">AAAB+XicbZDLSgMxFIbP1Futt6pLN8EiuKozUmqXBTcuK9gLtEPJpJk2NMkMSaZQhr6JGxeKuPVN3Pk2ZtpZaOsPgZ//nMM5+YKYM21c99spbG3v7O4V90sHh0fHJ+XTs46OEkVom0Q8Ur0Aa8qZpG3DDKe9WFEsAk67wfQ+q3dnVGkWySczj6kv8FiykBFsbMRgBkOQcAOvICDJ/LBccavuUmjTeLmpQK7WsPw1GEUkEVQawrHWfc+NjZ9iZRjhdFEaJJrGmEzxmPatlVhQ7afLyxfoyiYjFEbKPmnQMv09kWKh9VwEtlNgM9HrtSz8r9ZPTNjwUybjxFBJVovChCMToQwDGjFFieFzazBRzN6KyAQrTIyFVbIQvPUvb5rObdWrV+uPtUqzkeMowgVcwjV4cAdNeIAWtIFYyM8W8JuTOi/Ou/Oxai04+cw5/JHz+QOGn5D8</latexit> v n
/µ

n

<latexit sha1_base64="xmz7An+5+0CXJThurlQ0Dx3yBfo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUlINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXift64pXrVSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A16GM8w==</latexit>n

Ln�1 Ln�1

fluctuation from 
random matching fluctuation from 

generation n − 1



Lorentz mirror model 
Hierarchical model 
numerics for the  modeld = 3



Monte Carlo simulation of the original 
Lorentz mirror model on the cubic lattice

the  cubic lattice  
 with 

L × L × L
L = 2n n = 1,2,…,7

generate  independent environments6.4 × 105

for each realization of the environment, faithfully 
count the number of crossings , i.e., the conductance𝒞
mean conductance μ̄(L) = ⟨𝒞⟩
variance v̄(L) = ⟨(𝒞 − μ̄(L))2⟩

SM-9

FIG. SM.8. (3D Original model) Mean conductance µ̄(L) versus system size L in the original Lorentz mirror model in d = 3. Our
preliminary laptop-scale simulations are consistent with the linear growth predicted by normal transport (1). For comparison,
Fig. 6 of [18] reports large-scale simulations of µ̄(L)/L for L from 5 to 420.
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Chiffaudel, Lefevere 2016
we recover normal transport

choose one of the  
pairings at each vertex

5!! = 15



variance-to-mean ratio
mean conductance μ̄(L) = ⟨𝒞⟩
variance v̄(L) = ⟨(𝒞 − μ̄(L))2⟩

Monte Carlo with  samples 
error bars indicate 95% confidence intervals

6.4 × 105

 !!2
3



variance-to-mean ratio
“orthogonal rule”

Monte Carlo with  samples 
error bars indicate 95% confidence intervals

6.4 × 105

particles never go straight
ororchoose one of the  orthogonal 

pairings at each vertex
8

still  !!!!2
3



the marginal dimension d = 2
normal transport

J = C (ρL − ρR)

C ∝ A

L

µ̄(L) ∝ A

L
=

Ld−1

L
= Ld−2

constant…



the marginal dimension d = 2
hierarchical model (Gaussian approximation +numerics)
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prediction: the original Lorentz mirror model in  d = 2
weakly anomalous transport with a logarithmic correction

 law!2/3

also exhibits a logarithmic growth and the  law 2/3



the marginal dimension d = 2
hierarchical model (Gaussian approximation +numerics)
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retrodiction: the original Lorentz mirror model in  d = 2
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Gk, a simple calculation following [50] gives

Gk(r⇤, K) =
Gk

�
1, K + 2�n

2⇡ ln ⇤r
�

�
1 + 2�n

2⇡K ln ⇤r
�↵k

, (31)

where the exponent in the denominator depends on k and
on the loop fugacity n:

↵k =
k (k + n � 2)

2 � n
. (32)

The correlation function in the numerator of (31), which
is evaluated at a separation of the order of the new UV
cuto↵, tends to a constant for large r. Thus the asymp-
totic behaviour of the watermelon correlation functions
Gk(r) is given by a universal power of log r:

Gk(r) =
Ck

(ln r/r0)
↵k

, r0 = ⇤�1e�
2⇡K
2�n , (33)

with nonuniversal Ck, r0.
It is interesting to note that although the sti↵ness K

flows to infinity in the Goldstone phase – which we would
usually think of as implying long range order — all the
correlation functions G2l decay to zero at large distances
for n > 0. Correlators Gk with odd k have no meaning in
the RPn�1 sigma model or in the CPLC, but can be de-
fined in loop models described by the O(n) sigma model
without a Z2 gauge symmetry; such models allow oper-
ators which insert dangling ends. For n = 1, G1 tends
to a constant, indicating that the entropic force between
the ends of an open strand inserted into such a soup of
closed loops vanishes at large separations.

We may contrast this with the case n = 0, which de-
scribes the universality class of the dense polymer with
crossings [10] — a single loop whose length is compara-
ble with the number of lattice sites. Here, G2(x) is a
constant at large separations, in consequence of this fact.
On the other hand G1(x) has a negative exponent ↵1,
indicating that if the polymer is an open strand the two
ends su↵er a weak entropic repulsion.

We might have expected the logarithmic form of (33)
to prevent us from seeing the universal exponents ↵k nu-
merically, but this is not the case. Fig. 8 shows G2(L/2)
and G4(L/2) for L ⇥ L systems with periodic boundary
conditions, with L ranging up to L = 106 for G2 and
L = 104 for G4 (see Sec. VI for further details). Simula-
tions are at p = q = 1/2. We fit G2 and G4 to the form
Gk = C̃k(ln L/rk)�↵̃k , leading to exponents consistent
with (32):

↵̃2 = 1.9(1) ↵̃4 = 12.5(10). (34)

We have ln r2 = �15.4(14), ln r4 = �18(2), consistent
with the fact that r0 is shared between di↵erent Gk in
Eq. 33.

B. Spanning number

The logarithmic RG flow of the sigma model sti↵ness
K can be seen empirically: this sti↵ness is directly related
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FIG. 9. The logarithmic increase of the mean spanning num-
ber hnsi with system size in the Goldstone phase. Main panel:
p = 1/2, q = 1/2; lower inset: p = 1/3, q = 1/2. Fits are
to 1

2⇡ (lnL/L0 + ln lnL/L0) with lnL0 ' �13.78, �8.06 for
p = 1/2 and p = 1/3 respectively. Upper inset shows the nu-
merical estimates for the slopes d hnsi /d lnL plotted against
lnL – they are expected to converge to 1/2⇡ (horizontal line).

to the mean ‘spanning number’ for an L⇥L cylinder on
which curves are allowed to terminate on the boundary.
This is the number ns of curves which traverse the cylin-
der from one boundary to the other. Note that ns must
be even if L is even and odd if L is odd.

To calculate ns, the correspondence of Sec. III E be-
tween the loop model and a spin model must be extended
to the case with dangling boundary links. We simply take
the spins on the dangling links to be fixed, with

~Stopp
n

= (cos ✓, sin ✓, 0, . . . , 0),
~Sbottomp

n
= (1, 0, . . . , 0)

on the top and bottom boundaries (above we temporarily
revert to the lattice normalization of ~S). The graphical
expansion then goes through as before, except that span-
ning curves acquire an additional weight cos ✓.[77]

Denoting the partition function with the above bound-
ary conditions by Z(✓), we therefore have

h(cos ✓)nsi =
Z(✓)

Z(0)
. (35)

In the Goldstone phase the sti↵ness flows to large val-
ues in the infra-red, so to calculate the right hand side
we need consider only classical solutions with the appro-
priate boundary conditions. Letting x be the coordinate
along the cylinder, these are

~S = ±(cos �(x), sin �(x), 0, . . . , 0), �(x) =
x(✓ + ⇡m)

L
.

Both odd and even values of m are allowed — the bound-
ary condition is satisfied only up to a sign — but when

PHYSICAL REVIEW B 87, 184204 (2013)

Loop models with crossings

Adam Nahum,1 P. Serna,2 A. M. Somoza,2 and M. Ortuño2

1Theoretical Physics, Oxford University, 1 Keble Road, Oxford OX1 3NP, United Kingdom
2Departamento de Fı́sica–CIOyN, Universidad de Murcia, Murcia 30.071, Spain

(Received 10 March 2013; published 28 May 2013)

The universal behavior of two-dimensional loop models can change dramatically when loops are allowed to
cross. We study models with crossings both analytically and with extensive Monte Carlo simulations. Our main
focus (the “completely packed loop model with crossings”) is a simple generalization of well-known models that
shows an interesting phase diagram with continuous phase transitions of a new kind. These separate the unusual
“Goldstone” phase observed previously from phases with short loops. Using mappings to Z2 lattice gauge theory,
we show that the continuum description of the model is a replica limit of the σ model on real projective space
(RP n−1). This field theory sustains Z2 point defects, which proliferate at the transition. In addition to studying
the new critical points, we characterize the universal properties of the Goldstone phase in detail, comparing
renormalization group (RG) calculations with numerical data on systems of linear size up to L = 106 at loop
fugacity n = 1. (Very large sizes are necessary because of the logarithmic form of correlation functions and other
observables.) The model is relevant to polymers on the verge of collapse, and a particular point in parameter space
maps to self-avoiding trails at their " point; we use the RG treatment of a perturbed σ model to resolve some
perplexing features in the previous literature on trails. Finally, one of the phase transitions considered here is a
close analog of those in disordered electronic systems—specifically, Anderson metal-insulator transitions—and
provides a simpler context in which to study the properties of these poorly understood (central-charge-zero)
critical points.
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I. INTRODUCTION

It is tempting to think that two-dimensional critical phe-
nomena are completely classified and understood, thanks to
conformal field theory and other exact techniques, but this is
far from true. One class of problems which remains mysterious
is that containing classical loop models and models for
polymers, together with models for noninteracting fermions
subject to disorder. These systems are tied together by field
theory descriptions with continuous replica-like symmetries
(or alternatively global supersymmetries). Examples include
de Gennes’ mapping of polymers to the O(N ) model in the
limit N → 0, the various replica σ models for the integer
quantum Hall transition and other localization problems, and
the σ models describing cluster boundaries in percolation and
similar soups of loops.1–13

Classical loop models yield the simplest examples of
this class of problems, but even they are not yet fully
understood. The best-studied examples are those in which the
loops are forbidden from crossing; for these, a great deal is
known from conformal field theory, height model mappings,
exact solutions, Schramm-Loewner evolution, and numerical
simulations.14,15 But when we move away from these models
the analytical techniques often cease to apply, and we may
encounter new types of critical phenomena requiring new
theoretical tools.

This paper considers some of the simplest two-dimensional
loop models with crossings. These reveal new universality
classes of, and new mechanisms for, classical critical behavior.
They also provide natural models for polymers and for
deterministic motion in a random environment,16–18 which
have been intensely studied but whose phase diagrams and
continuum descriptions have in general not been understood.
Finally, they shed light on phenomena that are important

more generally for criticality in replica or supersymmetric
σ models—in particular, the role of gauge symmetries and
topological point defects. The latter have recently been shown
also to be important for two-dimensional Anderson metal-
insulator transitions.19,20 We will return to the analogy between
loop models and localization at the end of this introduction.

A key result of previous work on loops with crossings is
the existence of an unusual critical phase which is absent for
noncrossing loops.10,11,16,17,21–23 It was argued by Jacobsen,
Read, and Saleur10,11 that this corresponds to the Goldstone
phase of the O(n) σ model, where n is the fugacity for
loops. The phase exists for n < 2; to make sense of this
regime requires a replica-like limit or a supersymmetric
formulation of the field theory. Characteristic features of the
Goldstone phase had previously been found in computational
studies of polymers and deterministic walks in a random
environment,16,17 as well as in an integrable loop model.21–23

The phase appears quite generically when noncrossing loop
models in the so-called “dense” regime are perturbed by the
addition of crossings, which in an appropriate field theory
corresponds to a breaking of symmetry.10–12

Here, we examine a more general class of loop models
with crossings. These show new continuous phase transitions
separating the Goldstone phase from noncritical phases with
short loops. We construct field theories for the models and pin
down the universal behavior (both in the Goldstone phase
and at the new critical points) using analytic calculations
and extensive Monte Carlo simulations. Finally, we give a
field theoretic treatment of the closely related problem of the
interacting self-avoiding trail model for a polymer.

The models we study are a “completely-packed loop
model with crossings” (CPLC) on the square lattice—Fig. 1
shows a configuration—and an “incompletely packed loop

184204-11098-0121/2013/87(18)/184204(20) ©2013 American Physical Society

derivation from an 
effective nonlinear sigma 
model and numerical 
confirmation!!

weakly anomalous transport with a logarithmic correction

 law!2/3

also exhibits a logarithmic growth and the  law 2/3



the universal “  law”2/3
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(sample-to-sample variance of conductance)

(mean conductance)
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observed theoretically (but not proved!) in the 
hierarchical Lorentz mirror model in , and 
numerically in the original Lorentz mirror 
model in 

d ≥ 2

d = 2, 3

conjecture:  (as ) is a universal amplitude 
ratio, and the value  signifies a universality class of 
systems (including ours) exhibiting normal transport 
induced by random matching of conserved current

v/μ μ ↑ ∞
2/3

what models belong to this universality class?
any models in continuum like the Lorentz gas?

emerges IF the effective description in 
terms of a nonlinear sigma model is valid



illustration by John Tenniel

the Lorentz mirror model (both original and hierarchical) 
provides a clean setting to study transport generated 
solely by a quenched random environment

we found the “  law” for the variance-to-mean 
ratio of conductance, and propose that it is a 
signature of a universality class of normal 
transport induced by random current matching

2/3

in the hierarchical version, we proved normal 
transport in  (normal transport in  in the original 
model has been expected)

d ≥ 3 d ≥ 3

summary

in the marginal dimension , the hierarchical 
model reproduces known results

d = 2

 if the trajectories were independent!v/μ = 1


