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Background:

Markov vs. non-Markov processes
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variable x(t) |
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Let me review the

~

standard solutions for

=

- Markov = requiring only the current info x(t) for |-step future

Markov processes

J

+ Non-Markov = all the history {x(s)}.<; is required for prediction 2

NOTE: various tools are mainly prepared only for Markov processes



Solution: SDE & master equation

White Gaussian ~ White compound Poisson

Stochastic differential dv o0 SOP
equation (SDE) E — _ﬁ(1 ) + b( ) §
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----------------------------------------------------------------------------------------

Master equation (time-evolution of the probability density function (PDF))

OP(v,t) Lo P, t) + / dyA(ylo = »)P(o = 3.1) = A(yo) P(o,)]

i Jo 2
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M Always linear regarding P(v, t)

M Within linear algebra in a wide sense

----------------------------------------------------------------------------------------

Standard solution: SDE<&master equation :
Master equation is solved within linear algebra




Tools are established for Markovian process
= Stochastic thermo is established for Markovian systems
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» [ Assuming Markovian, various thermodynamic bounds are revealed ]
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Long-term motivation:
stochastic thermodynamics for non-Markovian processes

dv aP, Master Eq.?
T = [history dependent noise] » = =LP; Fokker-Planck Eq.2

Present Future
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variable x(t) I

: Various bounds??:
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History
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B Not fully formulated yet regarding non-Markovian systems...

M Elusive yet regarding the various thermodynamic bounds

5
» [ Revelation of thermodynamic bounds for general non-Markovian systems ]




My research question:

Q: systematic solutions to non-Markovian systems!?

Present Future /

S Questions
A Stochastic Wm0 Tl
variable x(t) Q: stochastic thermodynamics
for non-Markov processes?
Q: master equations
at for non-Markov processes?
* Master Eq.available for only
| | specific class of systems
(e.g., renewal process)
- | *  Unavailable for general non-
Histor Markovian dynamics...
4 L1 t \_ Y )
T -
( )

. Derivation of master Egs. and stochastic thermos
fee i for general non-Markov dynamics by developing Markovian embedding




Main results: Fourier embedding
and non-Markov stochastic thermodynamics

[1] K. Kanazawa and A. Dechant, arXiv:2506.04726
[2] A. Dechant and K. Kanazawa, arXiv:2604.25095




Model: non-Markov jump model for position X,

— embedding based on the Fourier transform --

History {%;_;}:z0 ~
_‘ r: . | dmt _ écp

Jump probability
ALy 1 {X_;}120]ldydt dt [U|{£t_7}7>0}

9 € [y,y + dy)

 Intensity: A;[y | {X;—7}7rs0]
Lottdt e Control parameter: a

30 * X;:even-parity variable

’ .
| Fourier-transform
: of historical velocity

) = ) o _ ) ddy_ .
Wy (s) = Up—r cos(sT)dr, Zi(s) := Vy—rsin(st)dr, Up—r 1= 1
Jo Jo ’

[y = (24, {2¢(8) }s>0, {0e(8) Fs>0)



Schematic of the embedding

4 ) )
Auxiliary field
- ) {2(s), w(s)}s
Xt
(non-Markov) N
) Target system
\ J Tt 4
L J
|
Total system = Markov
= Total system is Markov after embedding
® Target system is non-Markoy, after tracing out
® The embedding-variable set is not unique;
there are many candidates, such as Laplace and Fourier embedding )

v Laplace embedding: K. Kanazawa and D. Sornette, Phys. Rev. Res. 6,023270 (2024).



Fourier embedding deduces the Markov stochastic partial
differential equation (SPDE) — equivalent to Markov field theory —

LE_I’le_G(_jd_II‘ng W (s) 1= /QO U—rcos(sT)dr, Z(s) := /OO Vy—rsin(st)dr, Up_r = de—r
Jo Jo dt
[t = (74, {2e(5) }s>0. {w0e(5) Fs>0)
|{ ) _S-P_DI_E_ _: Target system ’ Fields dynamics
o T o
dz;  2cp 0zi(s) . 0wy (S P
T e T R A WS

= Auxiliary variables = harmonic oscillators + jump noise

» The necessary and sufficient condition can be met
for the time-reversal symmetry in the field master equation




B Master equation for an arbitrary non-Markov jumps

B Advantage: time-reversal symmetry can be formulated



Necessary and sufficient condition of time-reversal symmetry |
(regarding the total-system intensity)

® | et us define the total-system intensity

AT | T := Mg — 2" | TV)0[z — 2"]0[w — w' — s(w — )]

® The necessary and sufficient condition of the time-reversal symmetry:
Ao [T '] Peania[I'] = Aa [T [ T] Peanza 1]

where * signifies the time reversal of the state variables.

1 Aa [r* ‘ F"*] .
_7’ n Ag [F*’ ‘ F] = Lot [P", a] — Eior |1, (1]

———————————————————————————————————————————



Assumption |:

Necessary and sufficient condition of time-reversal symmetry 2
(regarding the target-system intensity)

= Assume that the total intensity satisfies the time-reversal symmetry:
Ao [T | T] Peanza[I"] = Aa [T | T*] Peanza ]

= The jump intensity only for the target system (the target-system intensity)
satisfies the following condition (which we call Assumption I)

—————————————————————————————————————————————————————————————————————————————————————

= Etot [Ff: (L] — Eiot [P {1]

m  Remark: this condition is irrelevant to the selection of the embedding

= Time-reversal symmetry only for the target system is formulated,
which is independent of the Fourier embedding

4 For the original variable Xrt — ({.jft_j_ }T>D) )
“ 1 Aglr—a/ | X" | |
— In [J al - | = Eiot[ X' a]l — Eiot[ X, a
K '.3 Aﬂ. hl — .L _.X_ i i j|3




Assumption 2:
invariance of the total intensity under time reversal

= | et us define the total intensity: Aiot.a|l] := an | ] dr’

= Total intensity is assumed to be invariant by time reversal
which we call Assumption 2

Atot;a [F} — Atot;a [F*}

= Standard assumption even for Markovian stochastic thermodynamics

= Under Assumptions | and 2: the general solution is obtained
for the stationary master equation (i.e., restriction of the canonical dist.)

(La + £Ly)Peanll] =0



General solution of the steady-state field master equation
(i.e., the restriction of the canonical dist.)

® The canonical dist. must satisfies the following master equation

(LA + L])Pcan;a[r] =0

= While this is a functional-derivative equation, its general (complete)

)

solution can be obtained by the method of characteristics

[ N diti \
ecessary condition —Eoc[T.]
as the solution of the master equation Pcan;a[r] X e

DY | =

Eiot[T,a) = Eiot (z,{es}s,a), €s(2(s),w(s)) := = (2°(s) + w(s))
- "




Assumption 3: Controllable energy is associated

only with the target system

Controlled by
the external parameter a

Target system
Xt

—————p Aijxmaiy field
interaction {2(s), w(s)}s
m | et us focus on a subclass

where the total energy = controllable energy + non-controllable energy

"™\ Controllable part depends only on x
= Sufficient condition that the second law does not depend on the
selection of the embedding variable
(i.e., the “gauge invariance” of the second law)



15.|I'] :the indicator function corresponding to the Fourier embedding
(Technical remark: conditional ergodicity, see Appendix)

m Example: Quadratic energy regarding the field variable
O E.,q(x, a): the controllable part of energy by the external parameter

O M(s): positive weight function, controlling the contribution of the wavenumber s

" We can construct specific models which has this stationary PDF of the field
master equation (see the next slides) 7



|5t law of stochastic thermodynamics

(under Assumptions | and 2)

4 A ~
. . 1 Ag[[* | 1] T
. Eio:[I". al — Eio: [T al = =1 — ob.=A, [T | T'ldI dt
10 = ¢ tot |, @l o1, @] 3 n AT T (prob | A“{ A dt)
0 (prob.=1 — A I | T'| dT" dt)

5,

dFEot [T, a] = dTW + dQ .



2"d J]aw for the entropy production

(under Assumptions | and 2)

1
Gys 1= —é P,[T]In P,[T]dT
A\ D AT f
Obath -— — <df> — fA[].ﬂ |F]Pf[r] In A[r* | ]_—‘;*] dl'dl

I

E}tDt = fj's},rs -+ fj'ba,th — /d[‘ dr'fiﬂla [I‘I | F]Pf [I‘] In

A" | 1P, [T
A [0+ [T, =

19



“Gauge-invariance” of the 2"¢ law for the irreversible work
(under Assumptions |, 2, and 3)

" Free energy:
F(a) := —B71In Z(a), Z(a):= /exp (—BFEctn(z,a) — BEnctn|z, €]) dl.

= Free energy difference does not depend on the embedding variables:

= Quasi-static work formula is closed only with E,,¢[X, a]:

. Qfin .
@)= [ da (- Fuliia)) = Flam) - Fla)
Qini a

Can

= “Gauge-invariant” 2" law for the work: irrelevant to embedding variables

20



Quadratic non-controllable energy (QnCE) model

m  For the above intensity functional, we have the canonical PDF:
Pean.a|T] = 1s. T)eF(@-Ewllal) g T q] = Eoys(z,a) +/ dsM(s) [wz(s) + 22(5)}
0

m  Stochastic work and heat;

dQ := Ei[I",a] — Eit [T, a] = Eqn(2,a) — Eqn(z,a) + [ dsM(s) (% - yu*{s))
J0O
®  Assumptions |-3 are satisfied.

= Second law holds:

Otot = 3 (<AW> — AF) > (). 2l



(a) 051 ||| || | || “ | | || ”l — X (b) c 04- --=- Quasi-static Limit
054 . , . : . .% .ua- —&— Numerical Oyt
=3
4 ) | y
10 AalGo) S< 0.3
[«
0.5 1 > < 05
i T T T T T ___-.I ) a .
2.5 —_— =R
0.0 A1 uC_l -
_25 ) T T T T T T E 69 Oll 1
. 5]
~ D P - ]
0.0 +— i ; ; 10— 107! 10° 10t 10? 10° 104

0 10 20 Time t 30 40 50 Control Time Ty

1 [ f
Eon(Z, a;) = —as®, Epen|2,9] = . f M(s) [@?(s) + 2°(s)] ds.
0

5 6, -~ . o0
Aal¥ | {Ti—r}r>0] = Aoexp [_y? {—a. + O(7) 00— dT H , o(T) = / M (s)cos(sT)ds.
0 ~5°" Jo

"~ Memory function

# [The 2" law holds!  Otot = B ((AW) — AF) > 0]
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Example 2: non-Markov random walks

(a) 0 —FF—HJ%_ X (b) _ --- Quasi-static Limit
. S - 0.05 —&— Numerical Ot
T T T T T T t q
0.6 ; 3 1 0.04
Ator,a,(Gt} g <'§
0.4 3 g 0.03 -
T T T T T T o m.
2 4 \at € . 0.02
w
—_— Q
17 S 50,01
0.0 "“‘——-——-~__ : : L = IS)
— AW 0.00 Rttt HHE = H H e o -
-0.1 - \ 102 10-! 10° 10! 102 103 10* 10°
0 10 20 Timet 30 40 50 Control Time Tetq
= i
Eun(#,0) = 24, Eanlt, @] == [ M(s) [62(s) + £2(s)] d
etrl (£, @) = 2.1: ; netrl |2, W] = 5 (s) |w*(s) + 2°(s)| ds.
= - 0
- _ ) .
~~ Harmonic potential

B y? -~
Aaly | {zt—r}r>0] = Aop(y) exp [—5 {Ectru(:r +y,a) — Egn(x,a) + ‘%@(U) +y f G(T)ve—r '-'1‘?}]
[ - e e e

-
-

Memory function -~

# [The 2" law holds!  Otot = B ((AW) — AF) > 0]
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Discussion |: entropy production




Another approach: Laplace embedding

K. Kanazawa and D. Sornette, Phys. Rev. Lett. 125, 138301 (2020)
K. Kanazawa and D. Sornette, Phys. Rev. Lett. 127, 188301 (2021)
K. Kanazawa and D. Sornette, Phys. Rev. Res. 6, 023270 (2024)

>0
Laplace transform of the historical velocity: Zt (8) — ] {‘)t_Te—sr dr
0

D

Markov SPDE:
dz, SCP dZt(S) > SCP 5 A >
dt f yth]a T — _SZt(S) 5 yth]a Gt - (:Cta {Zt(s)}s)

Field master equation: '

PG~ [as 7= (626PIGH + [y Dy | 6= AG,IRIG - 56, Ay | GIRIG)

- / ds 52‘5(3) (sZ()PIG) + / ac' {A[¢ | @R[ - Al¢’ | GIRG]}

[ Q: Does the Laplace embedding work for stochastic thermodynamics? ]
A:No...




Problem of the Laplace-type embedding:
time-reversal symmetry cannot be formulated in principle

| . _ Poisson jump
R 1 Excitation‘i\ .\I?elaxanon A \
€ o v 4245) _ _sz5) 17
‘N Relaxation time dt t Aaly|G]
—1- ~1/s
0 5 10 15 20 \ 1% order SPDE

t
M [st-order differential Eq. + jump
v" Trivially, irreversible relaxation occurs...
v" In principle, no reverse paths are realized (exception = Gaussian limit)

B Due to the |*-order differential Eq., the time-reversal symmetry never exists

26



Discussion: what is the essential difference between

the Laplace and Fourier embedding?

Laplace embedding Fourier embedding
Noneq. Eq.
a D N\ ~ D
Laplace field Fourier field
{ZA(S)}S {ZA(S)}S
Target system Target system
T Xt _ J T Xt U J
Eq. Eq.
B Total intensity does not satisfy the B Total intensity satisfies the time-
time-reversal symmetry, even if the reversal symmetry, if the target
target system is in equilibrium system is in equilibrium

M Laplace field is always nonequilibrium M Fourier field can be equilibrium 27



Decomposition of the Laplace entropy based

on the house-keeping entropy and excess entropy

Laplace embedding day

ACP S o~ ACP
- ; 7 = A 15 = —s/¢(s) +
Gy = (.’it, {Zt(s)}s) dt SAMGt] dt 1‘»( ) §

_ -

Ehk + 0 2tot = 2k T Zex
B Identical to Fourier’s entropy!

Moy 1= / Ay | TP '] In )\[)—\[Z@j || E"“‘}T}[’Z]F’} dydl’ = Gror

B The total system by the Laplace embedding is always nonequilibrium X, # 0,
even if the target system is equilibrium (i.e., even if Assumption | is satisfied).

—

B However, if we look at only the excess entropy (experimentally relevant),

there is no difference between the Laplace and Fourier embedding .

B Thermodynamic laws for the target system hold even for Laplace embedding,
if Assumptions [-3 are satisfied, while the total system is nonequilibrium.



( Equilibrium Non-equilibrium (always): Z;, # 0 \
AN

N\
Fourier field Laplace field
{2:(s), W (s)} A
; ' () Sq Heat bath W), Heat bath
Target system Target system
P )
Equilibrium Equilibrium: Zex = Otot
Total entropy: g, Total entropy: Z.,; = Zpk + Zex # Oot
(a) Fourier embedding (b) Laplace embedding
\_ See [A.Dechant and KK, arXiv:2604.25095] for the case of the generalized Langevin Eq. /
th #* 0 Ztot — Ehk =+ Zex

g Identical to Fourier’s entropy!

Soci= [ Ay I TR I 2 o dyd = b

B The total system by the Laplace embedding is always nonequilibrium X, # 0,
even if the target system is equilibrium (i.e., even if Assumption | is satisfied).

—

B However, if we look at only the excess entropy (experimentally relevant),

there is no difference between the Laplace and Fourier embedding .

B Thermodynamic laws for the target system hold even for Laplace embedding,
if Assumptions [-3 are satisfied, while the total system is nonequilibrium.



Summary



e KK and A. Dechant, arXiv:2506.04726
e A.Dechant and KK, arXiv:2604.25095

Summary:

stochastic thermodynamics for non-Markov jump models
based on Fourier’s embedding + field master equations

{ A \| (llA't “CP

E {wt—'r}'rz() : dt — 5>\(y|{i'r}rgt)
g ‘:

:(jjtv {2t(8)}.9>07 wt(s)}s>0):

B Fourier embedding
v Time-reversal symmetry for the total system can be formulated
B Stochastic thermodynamics formulated for general non-Markov jumps models

v “Gauge-invariance” of the second law:
embedding selection is irrelevant to the thermodynamic laws for irreversible work

B Related works:Andreas Dechant (next talk) and Seita Shimoe (poster)
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