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Fluctuation - Dissipation - Response Relations

Effects of a thermal environment
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Fluctuation - Dissipation - Response Relations

Effects of a thermal environment

|. Stochastic motion (fluctuation)
2. Dissipation
3. Response to a perturbation — These have the same origin.

. There must be relations between them.
In equilibrium

Their mathematical relationships (linear response) are well established.

fluctuation
1 ro< ()v(0))eqd 1
= T v(l)v I = —
eepense T kgT )y - Y dissipation
Green-Kubo For a free Brownian particle in Langevin dynamics
(J)y=Lf L= aJ (J(J(0))qdt
0

Fluctuation-Response relation
: provides important insight into the response properties of complex systems.



Fluctuation - Dissipation - Response Relations

Previous studies in Nonequilibrium
. 2 OO ~ , da)
|. Harada-Sasa relation: (J), =74 vi + [C(a)) — 2TR (a))] o
Harada and Sasa, PRL95, 130602 (2005) t o 4 4 i
dissipation fluctuation response

— (violation of FDT) « (heat dissipation)

. Nonequilibrium FDT Baiesi, Maes, Wynants, PRL 103, 010602 (2009) dV

(t > 5) an:rage of e at x,
_o0W) _pd L _ 2

Ryy(t,5) = oh . 2ds (V(£)0(D)) > ([L"V($)]0®)) ?ﬂdS<V(S)Q(t)>

. , U .. (equilibrium FDT)
U— U-—hV (small potential perturbation)  equilibrium limit

(Q(t) : observable at time ¢

3.TUR (Thermodynamic Uncertainty Relation)

fluctuation — V;‘(f) [(;)21] (AS, ) > 2k, AS,, : entropy production

N Dissipation

©, : observable at time ¢

— These theories have been studied independently.
A clear link between them has not been found.



Goal of This Study

— Establish such a unified theoretical framework in nonequilibrium systems

Nonequilibrium Fluctuation-Response Theory
| equilibrium limit |

Equilibrium FDT TUR
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Summary Of the Maln ReSUItS Chun, Kwon, Park, JSL, arXiv:2601.16387

I. Classical Stochastic System

Fluctuation-Response Inequality (FRI)

time — oo
Fluctuation-Response Relation Response Uncertainty Relation
(FRR) (RUR)
| equitibrium Timit |
Equilibrium FDT TUR

2. Extension to Open Quantum System

: Quantum Fluctuation-Response Inequality (QFRI)



Setup

Continuous-time Markov jump System

Master equation

pt) = Z , (wijpj(t) — Wj,-p,-(t)> =) lim pt) = &, : steady-state probability
=0
J(FD)

- _ F U(’?)
Transition rate: Wl.j = exp Bij(g) + >

T

Observable O(z) = J Z ghi(® + ) AN (D)

0 i#]

If g;=0and A; = — A, ®is a current-like observable.

If A;; =0, © is a state-dependent observable.



Two Ways of Perturbing W,

perturbing energy barrier

[Bl-j(e) +

Fij(n)] B;; = B;; : symmetric part

F;; = — Fj; : antisymmetric part

1. Kinetic perturbation: Perturb B;

Effect of B perturbation in equilibrium
W.nd—W.r9=0 AW, nt—e W 1 = 0
"] JUTT . Yy Ji’Y
perturbation

detailed balance same equilibrium state
Steady state does not change. — aBij<®> =0

Only kinetic property varies.

Not need to consider B;; perturbation.

Effect of B;; perturbation in nonequilibrium
Bjj perturbation changes the steady state. — aBiJ,(@) #0

Need to consider B;; perturbation.



Two Ways of Perturbing W,

F U(’?)
2

[Bl-j(e) +

2. Entropic perturbation: Perturb F

Fij perturbation drives the system out of equilibrium.

— entropy is produced

Fij perturbation changes the steady state and current.

— 0, (©) #0

Need to consider F; perturbation.

tilting energy barrier

(applying a driving force)



Response to the Perturbation

How observable responds to the B;; or Fj; perturbation

T

Observable: O(7) = J dt 2 g;h(t) + Z Al-]-Nij(t)
0 i i

Protocol of Perturbing a (@ = B, F;)
- initial condition: steady state with a(?) = o, (f <0)
- perturbingaatt=0: ag—> oy +A (1 =0)

- relaxation to new steady state > 0 with a(t) = oy + A (0 <)

................... - ((Q))fxf)%:ﬁnal steady state

initial steady state

---------------------- (O):,
> [




Response to the Perturbation

How observable responds to the B;; or [ perturbation

T

Observable: O(7) = J dt 2 g;h(t) + Z Al-jNij(t)
0 i i

— = 0O(1)

.................... - (@)ZS()+A:ﬁnal steady state

initial steady state

s S ()
0 : > 1
T
: (O)3ia — (O)
1 . SS — 14
Static response: aa<®> - ili% A (obtained from infinite-time measurement)

(O(7)) ga — (O(D)),
A

(obtained from finite-time measurement)

Dynamic response: d,(0®(z7)) = lim
A—-0

note : 0,(®)* = lim 0, (0O(7))/z

T— 0



Fluctuation-Response Inequalities (FRI)
Cramer-Rao inequality with multiple perturbation parameters ( B or Fj; )

Y R,@I7(D)], 4Ry(7) < Var[O(7)]
a.p

R (7) = 0,{(O(7)) : dynamic response (a = B;;, F})
(15 = —(9,0;In P[I']) : Fisher information matrix

1. B;; perturbation V(i, j) 2. F; perturbaflon V(i,J)
115, B, () = 76;;6;a,; : diagonal [, F (1) = —1'5” 0;a;; : diagonal
Rj (7) 4R (1)
Z < Var[O(7)] < Var[0O(7)]
= 1a; -t 10
i<j ij i<j ij

FRIs are valid for finite-time observations and arbitrary observables!

(O)) g4a = (O(2)),
A

Dynamic response: d,(0(z7)) = lim
A—0



Fluctuation-Response Inequalities (FRI)

R} (0) 4R} (7)
—— < Var[0(1)] ——— < Var[O(7)]
i<j Taij l<_] Talj
R} (7) 4R (7)
@B = —

gy m,-jVar{@(T)} o ml-jVar[@(T)]




FRI — FRR
R} (7) 4R} (7)
< Var[©(7)] D —— < Var[0()]

2 Ta; TAa.::

i<j l i<j Y

/

RBI-J.(T) 2Jl]
RFij(T) Cll:]'
dynamic
. a;R; (7) agRy (0
= «— :
Z 7J2Var[©(7)] 2~ S Varlo@]
1< Yy . tJ
.............. / i< Y static
: : - — "
1 ;? ......... : A s alJR 7 (T)/ 4 :
another equality 'equali y — lim 2 = lim Var[®(7)]/7
i<j e
@ 10-3
J = J'| Fluctuation-Response Relation (infinite time)
107

10 1070 102 .1(')5 108 Zﬁa (J)>®0dp (J)*® = Cov(J,J")
T J2 B By - ’

. i<j U
O : current-like ObSGf’VElblE) Aslyamov et al., PRL 134, 157101 (2025)



FRI — FRR

I. Classical Stochastic System

Fluctuation-Response Inequality (FRI)
time — oo

Fluctuation-Response Relation (FRR)
Aslyamov et al., PRL134, 157101 (2025)



FRI — R-TKUR

I. Classical Stochastic System

Fluctuation-Response Inequality (FRI)
time — oo

Fluctuation-Response Relation (FRR) Response Thermodynamic Kinetic
Aslyamov etal., PRL134, 157101 (2025) Uncertainty Relation (R-TKUR)



FRI — R-TKUR

Fluctuation-Response Inequality

“iego < Var[®(2)] —p Re(@) < b ina
T ~
oy TJU Var[®(7)] 2 P

Cauchy-Schwartz

Fii(n)
Transition rate: W, = exp [ i J2 ]

Response: R(7) = 0(0(1)) = Y 9.B; 05 (0(2)) = Y bRy (b; = 0,By)

i<j 1<j b

max — max{ |bij| }

Response Thermodynamic Kinetic Uncertainty Relation (R-TKUR)

R(1) binax .
< min{X, 2A}
Var[©(7)] 2




FRI — R-TKUR

I. Classical Stochastic System

Fluctuation-Response Inequality (FRI)
time — oo

Cauchy-Schwartz

Fluctuation-Response Relation (FRR) Response Thermodynamic Kinetic
Aslyamov etal., PRL134, 157101 (2025) Uncertainty Relation (R-TKUR)



R-TKUR — TUR & KUR

I. Classical Stochastic System

Fluctuation-Response Inequality (FRI)
time — oo

Cauchy-Schwartz

Fluctuation-Response Relation (FRR) Response Thermodynamic Kinetic
Aslyamov etal., PRL134, 157101 (2025) Uncertainty Relation (R-TKUR)

} }

TUR KUR



R-TKUR — TUR & KUR

Response Thermodynamic Kinetic Uncertainty Relation (R-TKUR)

R(7) bz . > : total EP
< min{X, 2A}
Var[O(7)] 2 A : total dynamical activity

bj=0b = Dby, Vi :uniform perturbation

~ R(7) = b(O(D)

Thermodynamic, Kinetic Uncertainty Relation (TUR, KUR)

2
O@)” 1 iz 24)
Var[®O(7)] 2 s
TUR KUR




R-TKUR — TUR & KUR

I. Classical Stochastic System

Fluctuation-Response Inequality (FRI)
time — oo

Cauchy-Schwartz

Fluctuation-Response Relation (FRR) Response Thermodynamic Kinetic
Aslyamov etal., PRL134, 157101 (2025) Uncertainty Relation (R-TKUR)

l uniform perturbation l

TUR KUR



FRR — FDT (Equilibrium)
I. Classical Stochastic System

Fluctuation-Response Inequality (FRI)

time — oo
Cauchy-Schwartz
Fluctuation-Response Relation (FRR) Response Thermodynamic Kinetic
Aslyamov etal., PRL134, 157101 (2025) Uncertainty Relation (R-TKUR)
| equilibrium limit | uniform perturbation |

Fluctuation-Dissipation Theorem TUR KUR



FRR — FDT (Equilibrium)

Fluctuation-Response Relation

— /

4 J 4
Cov(/,J) = D, —0p () 0 () ——> Var()) = D\ —(0; (/))*)?

i>j Y i>j Y

fluctuation response

In equilibrium, fluctuation « response

Empirical edge current: j,(¢) = Nij(f) - Nji(f) = (J;(0) = W;p(t) = W,;p(t) = J;;

dJ;
j . :
—— :how J;; responds to external driving Fi,, perturbation

mn

Edge response: L ) =

Edge current fluctuation: Clipyomm) = ({ Jij Junr) = Cov| Jijs Jmn]

4
Var(J) = ATCA = )’ — (0, (/)*)* = AT2LA —— C=2L
i>j i : FDT in equilibrium

Aslyamov et al., PRL 134, 157101 (2025)
Vroylandt et al., JStatMech 054002 (2019)
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I. Classical Stochastic System

Fluctuation-Response Inequality (FRI)

time — oo
Cauchy-Schwartz
Fluctuation-Response Relation Response Uncertainty Relation
(FRR) (RUR)
| equitibrium Timit |

Equilibrium FDT TUR



Setup for Overdamped Langevin Systems

Langevin equation

X, = px)F(x) +1/2u(x)T(x) ® &,

@ : anti-lto product

1 T
Time-averaged observable: ©O(r) = —[ [f(x) + X, 0 g(x,)]dt
0

T
Local perturbationatx=z: ¢x) = ¢(x)+ €d(x — 2) Qe {uF,T}
l > X I ; > X
(©). > (@) + 5(0)
— €
SS SS 5¢(Z)
5(0)ss

Response to the perturbation at x =z :

oPp(2)



Hierarchy fOI" Langevin Systems Chun, Kwon, Park, JSL, arXiv:2601.16387

Fluctuation-Response Inequality (FRI)

time — oo Cyuchy — Schwarz
2
o 2p(z,s)D (0
Var[0(7)] > szj ds &N < ( (T)>>
0 [N¢(Z, S)]2 oP(z, s)
Fluctuation-Response Relation Response Uncertainty Relation
(FRR) (RUR)

[ 27(2)D(z) 6(0)ss 6(Oy)q (650N w2 T [Ny, 9)]
C®1’®2 = dZ S “dZ" dS
Ny (2)Ny(2) 6¢1(2) 6¢hy(2) Var[O(7)] 2 o P s)D(2)

l equilibrium limit uniform perturbation l
Equilibrium FDT TUR
6()x)) ((1 + 70,)J(7))?
€qg - T
Cl(x),J(Y) =2l [ <2./2
eq

SF(y) Var[J(r)] ~ °



Numerical Confirmation: Giant-Diffusion Phenomenon

diffusion coefficient of a Brownian particle moving in a tilted periodic potential can
be enhanced by several orders of magnitude near the critical tilt of the potential

FI-ATPase

external torque

Langevin equation for a duplex bead

0, = ul=0U(O) |y + F1+/2uTE,
Hayashi etal., PRL114,248101(2015)

polystyrene be

60 : angle of the bead

y unit -~
" F : constant torque

. U(0) = Uycos(30) : potential with period 120°
F1-ATPase aff unit

| (provides periodic potential)
Ni-NTA coated coverslip




Numerical Confirmation: Giant-Diffusion Phenomenon

diffusion coefficient of a Brownian particle moving in a tilted periodic potential can
be enhanced by several orders of magnitude near the critical tilt of the potential

Langevin equation for a duplex bead Observable
0, = u[=0U(O) | yp + F1+/2uTE, W (t) = T-l[ 0,dt
Hayashi et al., PRL 114, 248101 (2015) 0

0 : angle of the bead
F : constant torque

, , , Diffusion coefficient
U(0) = U,cos(30) : potential with period 120°

D_, = lim tVar[w(7)]/2

Perturbations Responses Response Uncertainty Relation
T(0pw)*
F — F+ ¢h(?) S{(@)., > (0pw)
U
2
Inp = Inp + eh(r) O (@) s D> (91 ,®)
o
T(0;w)*
T+ T+ eh(t) S @) D > (0rw)

ul



Numerical Confirmation: Giant-Diffusion Phenomenon

diffusion coefficient of a Brownian particle moving in a tilted periodic potential can
be enhanced by several orders of magnitude near the critical tilt of the potential

Langevin equation for a duplex bead
0, = u[=0U(O) | yp + F1+/2uTE,

0 : angle of the bead

F : constant torque

Observable

Hayashi etal., PRL114,248101(2015)

(1) = 7_1[ étdt

0

Diffusion coefficient

U(0) = U,cos(30) : potential with period 120°

D_, = lim tVar[w(7)]/2

20 T—>0
—— D,
. -m- Torw)* | Response Uncertainty Relation
4= (Onuw)*lo T(a 0))2
- Torw)*I o 2 E
10- / K
| S Tl Ty (aln,ua))
. S TreE s D_>
S o
. fome" 2
. I e ~—z . D > T(0rw)
0 50 100 150 200 T oul

F (pN -nm)
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I. Classical Stochastic System

Fluctuation-Response Inequality (FRI)

time — oo
Fluctuation-Response Relation Response Uncertainty Relation
(FRR) (RUR)
| equitibrium Timit |
Equilibrium FDT TUR

2. Extension to Open Quantum System

: Quantum Fluctuation-Response Inequality (QFRI)



Quantum Fluctuation-Response Inequality (QFRI)

Setup

Lindblad master equation:

. . c A I N
PO == ilH, p] + X | LpL] = —LLip() = —pOL{Ly | = Zp(0)
k=1

D(Ly)p(1)

Jump operator: [,(6,) = Lkek = %L,

K
Observable: O(7) = Z AN (1)
k=1
Protocol of Perturbing 0x
- initial condition: steady state with 0,(f) =6, (r <0)
- perturbing Oratt=0: 6, - 0.+ A (t=0)

- relaxation to new steady state > 0 with 6,(r) =0, + A (0 <)



Quantum Fluctuation-Response Inequality (QFRI)

Quantum FRI

Quantum Crameér-Rao inequality with multiple perturbation parameters 6
D Ry (D151 (D)]y,0Ry () < Varl®(z)]  (@.f = 1,+-.K)
a.p

Ry (1) = 69a(®(7)) : dynamic response

oD, : Quantum Fisher information matrix

= 70440, a, = tr[L(fkp(L(fk)T] . traffic
Quantum FRI Quantum R-KUR
R’ (7) 0, = 0,(¢) R*(7) .
Y < varjem) < 7(AGy)?A
P Cauchy-Schwartz Yart®(@)]

Aemax — maX{ |d60k| }
FRI valid for finite-time observations , k
A= Z a, : dynamical activity
k



Quantum Fluctuation-Response Inequality (QFRI)

Numerical Confirmation
Quantum FRI

(7) R (z)
Z Ta,, < VarlO@) - @ = Z ta, Var{®O(7) }

1.0

@ 0.5

0.0

Q does not converge to | (equality not satisfied) in the large 7 regime.



Summary

1. We find unified hierarchy of various fluctuation-response
theories (FRT)

Chun, Kwon, Park, JSL, arXiv:2601.16387 Kwon, Chun, Park, JSL, PRL 135, 097101 (2025)

2. We extend the theory to Open Quantum System

Chun, Kwon, Park, JSL, arXiv:2601.16387



Final Remark

Recently, we also found the same hierarchy for FRT in the
frequency domain. Kwon, Chun, Park, JSL, arXiv:2605.05038

Dechant, arXiv:2510.15228

[R%HF+6¢(M)]TCO,9T( )~ RF*—)F—I—E'(,b( w)

Co o7 (w Z /dzR¢k(z) ( )" ] [ ¢z(z)( )]T < i<%>
k

k,l=1
a ™ SREREEELEEEEEEELEED \

_ Cauchy-Schwarz
Frequency-domain FRR inequality

Frequency-domain RUR

>
>

Eq. (42) & Eq. (34) Eq. (86) & Eq. (89)

o e = —
N e e e e = =

\ J - ,
velocity-like observable time-reversal Current-like observable
+ frequency integration symmetry + uniform perturbation

4 )
Harada—Sasa relation :
Eq. (116) FDT Frequency-domain TUR
é‘gd(gfg)eg‘a'ézqét'(ﬁgz) Eq. (108) & Eq. (112) Eq. (98) & Eq. (104)
\ ' J \ J
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