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• Can growth unlock new mechanisms for pattern formation? 

• How are patterns maintained during growth?
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Outline

• Pattern formation in microchannels 

• Disordered packing on growing surfaces 

• Clownfish patterns as an interface problem
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Competition in microchannels

A. Koldaeva, P. Tsai, A. Shen,  SP, Proc. Natl. Acad. Sci. (2022)
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DRAFTFig. 2. Population model describes cells proliferating in a microchannel. (A) Scheme
of the model. Different colors represent different clonal populations. A randomly
chosen cell reproduces to the right (arrow) and shifts all the cells to its right toward
the right end of the microchannel. As a result, the cell next to the right end is expelled
from the microchannel. Dashed arrows show the other 7 possible directions for
reproduction. Cells located at the boundaries can reproduce in 5 possible directions.
(B) Dynamics of the model. The dynamics progresses until one clonal population
takes over the entire population. At moderately long times (t = 25 and t = 30), two
competing clonal populations remain, arranged in a pattern qualitatively similar to that
in Fig. 1 A. Parameters are M = 5, N = 10, b = 1, m = 0.6 and – = 3.2.

microchannel at time t as our measure of diversity. At the131

initial time t = 0, we have A(0) = MN . Diversity decreases132

with time, as progenies of initial individuals are expelled from133

the microchannel, see Fig. 2B. After some time, the entire134

population consists of two clonal populations that form two135

stripes along the channel. This example shows that the model136

qualitatively reproduces the formation of stripes observed in137

the experiments and predicts that competition between stripes138

should lead to fixation at very long times.139

Table 1. Parameters evaluated from the experimental recordings

width M N b (1/min) m –

1 µm 1 13 0.007 0.6 -
1.5 µm 2 9 0.007 0.6 3.2
2.5 µm 3 9 0.01 0.6 3.2
3 µm 4 9 0.0105 0.6 3.2

Diversity loss and fixation is exponentially fast in single-lane140

microchannels. We study diversity loss starting from mi-141

crochannels with a single lane. In this case, we compute142

the rate of diversity loss by focusing on the interfaces between 143

clonal populations (see Materials and Methods). We find that 144

the average diversity at time t is equal to 145

ÈA(t)Í = (N ≠ 1)e≠—t + 1, [1] 146

where we define 147

— = b
1

1 ≠ m
N ≠ 1

2
. [2] 148

Equation (1) shows that diversity loss in single-lane channels 149

is exponentially fast. This result is in stark contrast with 150

classic spatial population models such as the voter model, 151

where diversity decays as t≠1/2 in one dimension (25). The 152

characteristic rate — at which diversity is lost is on the order 153

of the reproduction rate b, apart from a correction term that 154

depends on the mass parameter m. 155

At long times, one clonal population eventually takes over 156

the entire microchannel. The time at which this event occurs 157

is called the fixation time. In microchannels with a single lane, 158

the average fixation time is equal to 159

ÈTNæ1Í = —≠1
Nÿ

A=2

1
A ≠ 1 ¥ —≠1[log(N ≠ 1) + “], [3] 160

where “ ¥ 0.577 is the Euler–Mascheroni constant, and the 161

approximation is valid for large N , see Methods. The logarith- 162

mic dependence of the fixation time on the population size N 163

reflects the fact that the number of clonal populations decays 164

exponentially in time, see Eq. (1). The theoretical predictions 165

of Eq. (1) and Eq. (3) are in excellent agreement with our 166

experiments, see Fig. 3A and Table 2. 167

First regime of diversity loss: exponentially fast fixation 168

within each lane. Our results in the single lane case suggest 169

that, in microchannels with multiple lanes, competition within 170

each lane should lead to an exponentially fast diversity loss. In 171

contrast, we expect competition among lanes to be less e�ective 172

at reducing diversity. The alignment of cells favors reproduc- 173

tion events within each lane, further enhancing this di�erence. 174

Following this idea, we identify two temporal regimes of diver- 175

sity loss. In the first regime, diversity rapidly decreases from 176

A = MN to A = M , primarily due to competition within 177

lanes. The second regime ranges from A = M down to A = 1 178

and is characterized by competition among lanes. 179

The first regime is characterized by negligible interaction 180

among lanes. It follows from Eq. (1) that the average number 181

of clonal populations at time t is approximated by 182

ÈA(t)Í ¥ M(N ≠ 1)e≠—t + M. [4] 183

We test this prediction in experiments with a single E. coli 184

strain, where we track descendant of each individuals in the 185

initial population (see Materials and Methods). We find an 186

excellent agreement, see Fig. 3A. Eq. (4) also implies that the 187

quantity log[(ÈA(t)Í ≠ M)/(M(N ≠ 1))] must be a universal 188

linear function of —t, see inset of Fig. 3A. 189

We approximate the average duration ÈTMNæM Í of the 190

first regime as 191

ÈTMNæM Í ¥ —≠1[log(M(N ≠ 1)) + “], [5] 192

see SI Appendix. This approximation and numerical simula- 193

tions of the model agree well with our experiments, see Table 194

2. 195

Koldaeva et al. PNAS | January 26, 2022 | vol. XXX | no. XX | 3

DRAFTFig. 2. Population model describes cells proliferating in a microchannel. (A) Scheme
of the model. Different colors represent different clonal populations. A randomly
chosen cell reproduces to the right (arrow) and shifts all the cells to its right toward
the right end of the microchannel. As a result, the cell next to the right end is expelled
from the microchannel. Dashed arrows show the other 7 possible directions for
reproduction. Cells located at the boundaries can reproduce in 5 possible directions.
(B) Dynamics of the model. The dynamics progresses until one clonal population
takes over the entire population. At moderately long times (t = 25 and t = 30), two
competing clonal populations remain, arranged in a pattern qualitatively similar to that
in Fig. 1 A. Parameters are M = 5, N = 10, b = 1, m = 0.6 and – = 3.2.

microchannel at time t as our measure of diversity. At the131

initial time t = 0, we have A(0) = MN . Diversity decreases132

with time, as progenies of initial individuals are expelled from133

the microchannel, see Fig. 2B. After some time, the entire134

population consists of two clonal populations that form two135

stripes along the channel. This example shows that the model136

qualitatively reproduces the formation of stripes observed in137

the experiments and predicts that competition between stripes138

should lead to fixation at very long times.139

Table 1. Parameters evaluated from the experimental recordings

width M N b (1/min) m –

1 µm 1 13 0.007 0.6 -
1.5 µm 2 9 0.007 0.6 3.2
2.5 µm 3 9 0.01 0.6 3.2
3 µm 4 9 0.0105 0.6 3.2

Diversity loss and fixation is exponentially fast in single-lane140

microchannels. We study diversity loss starting from mi-141

crochannels with a single lane. In this case, we compute142

the rate of diversity loss by focusing on the interfaces between 143

clonal populations (see Materials and Methods). We find that 144

the average diversity at time t is equal to 145

ÈA(t)Í = (N ≠ 1)e≠—t + 1, [1] 146

where we define 147

— = b
1

1 ≠ m
N ≠ 1

2
. [2] 148

Equation (1) shows that diversity loss in single-lane channels 149

is exponentially fast. This result is in stark contrast with 150

classic spatial population models such as the voter model, 151

where diversity decays as t≠1/2 in one dimension (25). The 152

characteristic rate — at which diversity is lost is on the order 153

of the reproduction rate b, apart from a correction term that 154

depends on the mass parameter m. 155

At long times, one clonal population eventually takes over 156

the entire microchannel. The time at which this event occurs 157

is called the fixation time. In microchannels with a single lane, 158

the average fixation time is equal to 159

ÈTNæ1Í = —≠1
Nÿ

A=2

1
A ≠ 1 ¥ —≠1[log(N ≠ 1) + “], [3] 160

where “ ¥ 0.577 is the Euler–Mascheroni constant, and the 161

approximation is valid for large N , see Methods. The logarith- 162

mic dependence of the fixation time on the population size N 163

reflects the fact that the number of clonal populations decays 164

exponentially in time, see Eq. (1). The theoretical predictions 165

of Eq. (1) and Eq. (3) are in excellent agreement with our 166

experiments, see Fig. 3A and Table 2. 167

First regime of diversity loss: exponentially fast fixation 168

within each lane. Our results in the single lane case suggest 169

that, in microchannels with multiple lanes, competition within 170

each lane should lead to an exponentially fast diversity loss. In 171

contrast, we expect competition among lanes to be less e�ective 172

at reducing diversity. The alignment of cells favors reproduc- 173

tion events within each lane, further enhancing this di�erence. 174

Following this idea, we identify two temporal regimes of diver- 175

sity loss. In the first regime, diversity rapidly decreases from 176

A = MN to A = M , primarily due to competition within 177

lanes. The second regime ranges from A = M down to A = 1 178

and is characterized by competition among lanes. 179

The first regime is characterized by negligible interaction 180

among lanes. It follows from Eq. (1) that the average number 181

of clonal populations at time t is approximated by 182

ÈA(t)Í ¥ M(N ≠ 1)e≠—t + M. [4] 183

We test this prediction in experiments with a single E. coli 184

strain, where we track descendant of each individuals in the 185

initial population (see Materials and Methods). We find an 186

excellent agreement, see Fig. 3A. Eq. (4) also implies that the 187

quantity log[(ÈA(t)Í ≠ M)/(M(N ≠ 1))] must be a universal 188

linear function of —t, see inset of Fig. 3A. 189

We approximate the average duration ÈTMNæM Í of the 190

first regime as 191

ÈTMNæM Í ¥ —≠1[log(M(N ≠ 1)) + “], [5] 192

see SI Appendix. This approximation and numerical simula- 193

tions of the model agree well with our experiments, see Table 194

2. 195

Koldaeva et al. PNAS | January 26, 2022 | vol. XXX | no. XX | 3

• Cells reproduce into neighboring sites with non-
uniform rates. 

• Each reproduction event pushes an entire lane of 
other cells, leading to an expulsion of another cell

A. Koldaeva, P. Tsai, A. Shen,  SP, Proc. Natl. Acad. Sci. (2022)

Model
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for j′ = (j − 1, j, j + 1). Second, the ratio between the probability of a cell
division within a lane and that of a cell division involving a change of lane
must be equal to α: k(i′ ,j)(i,j)/k(i′ ,j′)(i,j) = α with i′ = (i − 1, i + 1) and
j′ = (j − 1, j + 1).

The reproduction probabilities for cells in the bulk of the population (1 < j <
M) satisfying these constraints are expressed by

k(i−1,j)(i,j) = α
−2mi + m(N + 1) + N − 1

2(N − 1)(α + 3)
,

k(i+1,j)(i,j) =
2α

2(α + 3)
− k(i−1,j)(i,j),

k(i−1,j−1)(i,j) = k(i−1,j+1)(i,j) =
k(i−1,j)(i,j)

α
,

k(i+1,j−1)(i,j) = k(i+1,j+1)(i,j) =
k(i+1,j)(i,j)

α
,

k(i,j−1)(i,j) = k(i,j+1)(i,j) =
1

2(α + 3)
. [9]

If i′ = i, the lane of cells j′ is shifted either to the left or the right with probabilities
given by Eq. 8.

We impose the same constraints for cells next to the top boundary of the
microchannel (j = 1), obtaining

k(i−1,1)(i,1) = α
−2mi + m(N + 1) + N − 1

(N − 1)(2α + 3)
,

k(i+1,1)(i,1) =
2α

2α + 3
− k(i−1,1)(i,1),

k(i−1,2)(i,1) =
k(i−1,1)(i,1)

α
,

k(i+1,2)(i,1) =
k(i+1,1)(i,1)

α
,

k(i,2)(i,1) =
1

2α + 3
. [10]

The reproduction probabilities for cells next to the bottom boundary (j = M) can
be similarly expressed. In all cases, if the i coordinate of the daughter is equal to
zero or N + 1, she is immediately expelled from the microchannel.

The model parameters evaluated from experiments are summarized in Table
1. For each microchannel width, we estimated M and N as the average number of
lanes and the average number of cells per lane in our experiments, respectively.
SI Appendix has details. The estimation of parameters b, m, and α is detailed in
Fig. 5.

Dynamics of Interfaces. We consider the case M = 1 and assign to each cell
at position i at time t the position fi(t) of its ancestor at time t = 0. The quantity
fi(t) changes every time the cell at position i is replaced by another one having a
different initial ancestor. Two neighboring cells having the same value of fi(t) are
conspecific (i.e., they belong to the same clonal population). We assign interfaces
to neighboring cells that are not conspecific. We encode these interfaces into a
vector "σ(t) = (σ1(t),σ2(t), . . . ,σN−1(t)), whose components are defined
by

σi(t) =

{
0 if fi(t) = fi+1(t),
1 if fi(t) "= fi+1(t).

[11]

The initial condition is "σ(0) = (1, 1, . . . , 1). The vector of interfaces evolves
until it reaches the absorbing state (0, 0, . . . , 0) that corresponds to fixation
of one clonal population. Each cell division creates a pair of conspecific cells and
shifts all cells by one position, either to their right or to their left. This event implies
that one interface {σi}i=1,...,N−1 is set to zero, and all interfaces on one side of
it are shifted by one position, depending on the direction of the cell division. As
a consequence, an interface located at the open end may be removed from the
vector (Fig. 6).

Fig. 6. Dynamics of interfaces. Different colors correspond to different
clonal populations. Interfaces σ1,σ2 . . .σN−1 are associated with adjacent
cells. An interface σi is equal to one if the two associated cells belong to
different clonal populations and zero otherwise. As a consequence of cell
division, an interface of value zero is created at i = 6, and a portion of the
vector of interface is shifted (in red). As an outcome, one interface is expelled.

To describe the interface dynamics, we introduce inverse shift operators that
take into account the presence or absence of an interface at the open end:

b̂i
r"σ = (σ1,σ2, . . . ,σi−1,σi+1, . . . ,σN−1, 0),

b̂i
l"σ = (0,σ1,σ2, . . . ,σi−1,σi+1, . . . ,σN−1),

ĉi
r"σ = (σ1,σ2, . . . ,σi−1,σi+1, . . . ,σN−1, 1),

ĉi
l"σ = (1,σ1,σ2, . . . ,σi−1,σi+1, . . . ,σN−1). [12]

A state b̂i
r"σ or ĉi

r"σ evolves to a state"σ if the ith cell divides to the right. Similarly,
a state b̂i

l"σ or ĉi
l"σ evolves to a state "σ if the (i + 1) th cell divides to the left.

The master equation for the interface distribution is

dP!σ

dt
= − b

N−1∑

i=1

[q(i) + p(i + 1)]P!σ(t)+

+ b
N−1∑

i=1

δσi ,0[q(i)(Pb̂i
r!σ

+ Pĉi
r!σ

) + p(i + 1)(Pb̂i
l!σ

+ Pĉi
l!σ

)],

[13]

where p(i) and q(i) are defined in Eq. 8 and the Kronecker delta takes care of
the fact that a reproduction event necessarily creates an interface of value equal
to zero. The solution of Eq. 13 reads

P!σ =
N−1∏

i=1

[
σie−βt + (1 − σi)(1 − e−βt)

]
, [14]

where β is defined in Eq. 2. The solution given in Eq. 14 can be verified by direct
substitution into Eq. 13. Eq. 14 shows that the interfaces {σi(t)}i=1,...,N−1

are independent, identically distributed random variables with P(σi(t) = 1) =
e−βt for all i. The diversity is related to the number of interfaces by

A(t) =
N−1∑

i=1

σi(t) + 1. [15]

Computing the average of A(t) using Eq. 14 leads to Eq. 1.

Fixation Time in the Model with One Lane. We calculate the fixation time
for the model with M = 1, employing the interface formalism. Removing one
interface amounts to removing one clonal population. We denote by TA→A−1

the time it takes to remove the Ath clonal population. The fact that the interfaces
σi(t) are independent, identically distributed random variables implies that the
time intervals TA→A−1 are exponentially distributed with mean 〈TA→A−1〉 =
1/[β(A − 1)]. This observation directly implies Eq. 3.

PNAS 2022 Vol. 119 No. 12 e2120821119 https://doi.org/10.1073/pnas.2120821119 7 of 8
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for j′ = (j − 1, j, j + 1). Second, the ratio between the probability of a cell
division within a lane and that of a cell division involving a change of lane
must be equal to α: k(i′ ,j)(i,j)/k(i′ ,j′)(i,j) = α with i′ = (i − 1, i + 1) and
j′ = (j − 1, j + 1).

The reproduction probabilities for cells in the bulk of the population (1 < j <
M) satisfying these constraints are expressed by

k(i−1,j)(i,j) = α
−2mi + m(N + 1) + N − 1

2(N − 1)(α + 3)
,

k(i+1,j)(i,j) =
2α

2(α + 3)
− k(i−1,j)(i,j),

k(i−1,j−1)(i,j) = k(i−1,j+1)(i,j) =
k(i−1,j)(i,j)

α
,

k(i+1,j−1)(i,j) = k(i+1,j+1)(i,j) =
k(i+1,j)(i,j)

α
,

k(i,j−1)(i,j) = k(i,j+1)(i,j) =
1

2(α + 3)
. [9]

If i′ = i, the lane of cells j′ is shifted either to the left or the right with probabilities
given by Eq. 8.

We impose the same constraints for cells next to the top boundary of the
microchannel (j = 1), obtaining

k(i−1,1)(i,1) = α
−2mi + m(N + 1) + N − 1

(N − 1)(2α + 3)
,

k(i+1,1)(i,1) =
2α

2α + 3
− k(i−1,1)(i,1),

k(i−1,2)(i,1) =
k(i−1,1)(i,1)

α
,

k(i+1,2)(i,1) =
k(i+1,1)(i,1)

α
,

k(i,2)(i,1) =
1

2α + 3
. [10]

The reproduction probabilities for cells next to the bottom boundary (j = M) can
be similarly expressed. In all cases, if the i coordinate of the daughter is equal to
zero or N + 1, she is immediately expelled from the microchannel.

The model parameters evaluated from experiments are summarized in Table
1. For each microchannel width, we estimated M and N as the average number of
lanes and the average number of cells per lane in our experiments, respectively.
SI Appendix has details. The estimation of parameters b, m, and α is detailed in
Fig. 5.

Dynamics of Interfaces. We consider the case M = 1 and assign to each cell
at position i at time t the position fi(t) of its ancestor at time t = 0. The quantity
fi(t) changes every time the cell at position i is replaced by another one having a
different initial ancestor. Two neighboring cells having the same value of fi(t) are
conspecific (i.e., they belong to the same clonal population). We assign interfaces
to neighboring cells that are not conspecific. We encode these interfaces into a
vector "σ(t) = (σ1(t),σ2(t), . . . ,σN−1(t)), whose components are defined
by

σi(t) =
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0 if fi(t) = fi+1(t),
1 if fi(t) "= fi+1(t).

[11]

The initial condition is "σ(0) = (1, 1, . . . , 1). The vector of interfaces evolves
until it reaches the absorbing state (0, 0, . . . , 0) that corresponds to fixation
of one clonal population. Each cell division creates a pair of conspecific cells and
shifts all cells by one position, either to their right or to their left. This event implies
that one interface {σi}i=1,...,N−1 is set to zero, and all interfaces on one side of
it are shifted by one position, depending on the direction of the cell division. As
a consequence, an interface located at the open end may be removed from the
vector (Fig. 6).
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A state b̂i
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r"σ evolves to a state"σ if the ith cell divides to the right. Similarly,
a state b̂i
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+ Pĉi
l!σ

)],
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where p(i) and q(i) are defined in Eq. 8 and the Kronecker delta takes care of
the fact that a reproduction event necessarily creates an interface of value equal
to zero. The solution of Eq. 13 reads

P!σ =
N−1∏
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[
σie−βt + (1 − σi)(1 − e−βt)

]
, [14]

where β is defined in Eq. 2. The solution given in Eq. 14 can be verified by direct
substitution into Eq. 13. Eq. 14 shows that the interfaces {σi(t)}i=1,...,N−1

are independent, identically distributed random variables with P(σi(t) = 1) =
e−βt for all i. The diversity is related to the number of interfaces by

A(t) =
N−1∑

i=1

σi(t) + 1. [15]

Computing the average of A(t) using Eq. 14 leads to Eq. 1.

Fixation Time in the Model with One Lane. We calculate the fixation time
for the model with M = 1, employing the interface formalism. Removing one
interface amounts to removing one clonal population. We denote by TA→A−1

the time it takes to remove the Ath clonal population. The fact that the interfaces
σi(t) are independent, identically distributed random variables implies that the
time intervals TA→A−1 are exponentially distributed with mean 〈TA→A−1〉 =
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for j′ = (j − 1, j, j + 1). Second, the ratio between the probability of a cell
division within a lane and that of a cell division involving a change of lane
must be equal to α: k(i′ ,j)(i,j)/k(i′ ,j′)(i,j) = α with i′ = (i − 1, i + 1) and
j′ = (j − 1, j + 1).

The reproduction probabilities for cells in the bulk of the population (1 < j <
M) satisfying these constraints are expressed by

k(i−1,j)(i,j) = α
−2mi + m(N + 1) + N − 1

2(N − 1)(α + 3)
,

k(i+1,j)(i,j) =
2α

2(α + 3)
− k(i−1,j)(i,j),

k(i−1,j−1)(i,j) = k(i−1,j+1)(i,j) =
k(i−1,j)(i,j)

α
,
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k(i+1,j)(i,j)

α
,

k(i,j−1)(i,j) = k(i,j+1)(i,j) =
1

2(α + 3)
. [9]

If i′ = i, the lane of cells j′ is shifted either to the left or the right with probabilities
given by Eq. 8.

We impose the same constraints for cells next to the top boundary of the
microchannel (j = 1), obtaining

k(i−1,1)(i,1) = α
−2mi + m(N + 1) + N − 1

(N − 1)(2α + 3)
,

k(i+1,1)(i,1) =
2α

2α + 3
− k(i−1,1)(i,1),

k(i−1,2)(i,1) =
k(i−1,1)(i,1)

α
,

k(i+1,2)(i,1) =
k(i+1,1)(i,1)

α
,

k(i,2)(i,1) =
1

2α + 3
. [10]

The reproduction probabilities for cells next to the bottom boundary (j = M) can
be similarly expressed. In all cases, if the i coordinate of the daughter is equal to
zero or N + 1, she is immediately expelled from the microchannel.

The model parameters evaluated from experiments are summarized in Table
1. For each microchannel width, we estimated M and N as the average number of
lanes and the average number of cells per lane in our experiments, respectively.
SI Appendix has details. The estimation of parameters b, m, and α is detailed in
Fig. 5.

Dynamics of Interfaces. We consider the case M = 1 and assign to each cell
at position i at time t the position fi(t) of its ancestor at time t = 0. The quantity
fi(t) changes every time the cell at position i is replaced by another one having a
different initial ancestor. Two neighboring cells having the same value of fi(t) are
conspecific (i.e., they belong to the same clonal population). We assign interfaces
to neighboring cells that are not conspecific. We encode these interfaces into a
vector "σ(t) = (σ1(t),σ2(t), . . . ,σN−1(t)), whose components are defined
by

σi(t) =

{
0 if fi(t) = fi+1(t),
1 if fi(t) "= fi+1(t).

[11]

The initial condition is "σ(0) = (1, 1, . . . , 1). The vector of interfaces evolves
until it reaches the absorbing state (0, 0, . . . , 0) that corresponds to fixation
of one clonal population. Each cell division creates a pair of conspecific cells and
shifts all cells by one position, either to their right or to their left. This event implies
that one interface {σi}i=1,...,N−1 is set to zero, and all interfaces on one side of
it are shifted by one position, depending on the direction of the cell division. As
a consequence, an interface located at the open end may be removed from the
vector (Fig. 6).

Fig. 6. Dynamics of interfaces. Different colors correspond to different
clonal populations. Interfaces σ1,σ2 . . .σN−1 are associated with adjacent
cells. An interface σi is equal to one if the two associated cells belong to
different clonal populations and zero otherwise. As a consequence of cell
division, an interface of value zero is created at i = 6, and a portion of the
vector of interface is shifted (in red). As an outcome, one interface is expelled.

To describe the interface dynamics, we introduce inverse shift operators that
take into account the presence or absence of an interface at the open end:

b̂i
r"σ = (σ1,σ2, . . . ,σi−1,σi+1, . . . ,σN−1, 0),

b̂i
l"σ = (0,σ1,σ2, . . . ,σi−1,σi+1, . . . ,σN−1),

ĉi
r"σ = (σ1,σ2, . . . ,σi−1,σi+1, . . . ,σN−1, 1),

ĉi
l"σ = (1,σ1,σ2, . . . ,σi−1,σi+1, . . . ,σN−1). [12]

A state b̂i
r"σ or ĉi

r"σ evolves to a state"σ if the ith cell divides to the right. Similarly,
a state b̂i

l"σ or ĉi
l"σ evolves to a state "σ if the (i + 1) th cell divides to the left.

The master equation for the interface distribution is

dP!σ

dt
= − b

N−1∑

i=1

[q(i) + p(i + 1)]P!σ(t)+

+ b
N−1∑

i=1

δσi ,0[q(i)(Pb̂i
r!σ

+ Pĉi
r!σ

) + p(i + 1)(Pb̂i
l!σ

+ Pĉi
l!σ

)],

[13]

where p(i) and q(i) are defined in Eq. 8 and the Kronecker delta takes care of
the fact that a reproduction event necessarily creates an interface of value equal
to zero. The solution of Eq. 13 reads

P!σ =
N−1∏

i=1

[
σie−βt + (1 − σi)(1 − e−βt)

]
, [14]

where β is defined in Eq. 2. The solution given in Eq. 14 can be verified by direct
substitution into Eq. 13. Eq. 14 shows that the interfaces {σi(t)}i=1,...,N−1

are independent, identically distributed random variables with P(σi(t) = 1) =
e−βt for all i. The diversity is related to the number of interfaces by

A(t) =
N−1∑

i=1

σi(t) + 1. [15]

Computing the average of A(t) using Eq. 14 leads to Eq. 1.

Fixation Time in the Model with One Lane. We calculate the fixation time
for the model with M = 1, employing the interface formalism. Removing one
interface amounts to removing one clonal population. We denote by TA→A−1

the time it takes to remove the Ath clonal population. The fact that the interfaces
σi(t) are independent, identically distributed random variables implies that the
time intervals TA→A−1 are exponentially distributed with mean 〈TA→A−1〉 =
1/[β(A − 1)]. This observation directly implies Eq. 3.
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Results:
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Fig. 3. Two temporal regimes of diversity loss. In all plots, circles with error bars represent the experimental data, triangles represent numerical simulations,
and solid curves represent analytical solutions. Model parameters are listed in Table 1. (A) The first regime of diversity loss. Theory, simulations, and experiments
show that diversity decreases exponentially in time. Time is measured in generations. The solid curves represent the analytical solutions given by Eq. 4. A, Inset
shows a linear data collapse of the experimental data based on Eq. 4. (B) The second regime of diversity loss. The probability of observing a given number of
clonal population as a function of time is measured in generations from the start of the second regime. The experimental data are obtained by retracking our
experimental data (Materials and Methods). Details on the data analysis and analytical solutions are in SI Appendix.

from these events, lanes are typically dominated by a single clonal
population (SI Appendix).

Following these ideas, we can consider lanes as single units,
which invade each other at a certain rate. !is process is called
the invasion process in the literature (21). We mathematically
solve this invasion process and thereby, estimate the probability to
observe a given diversity A(t) in the second regime (SI Appendix).
Our experimental results agree very well with simulations of the
model and qualitatively agree with the results from the invasion
process (Fig. 3B). Our theoretical and numerical results predict
that the average "xation time for microchannels with multiple
lanes is very long and therefore, inaccessible in our experiments
(Table 2).

Exponentially Fast Diversity Loss in the Mother Machine. We
extend our theory to quantify the rate of diversity loss in a mother
machine. Conceptually, the mother machine is similar to our
microchannels with one lane. !e main di#erence is that, in the
mother machine, reproductions can occur in only one direction
since one end of the microchannel is sealed.

We solve our model with one lane under such conditions
(Materials and Methods). In this case, we do not consider a mass
e#ect, as the reproduction event can only occur in one direction.
We "nd that, for the mother machine, the diversity loss is still
given by Eq. 1 and the average "xation time is given by Eq. 3,
where we set m = 0 in both expressions. !ese results show that
the change in boundary conditions does not a#ect the dynamics
of diversity loss.

Cells in the Middle of a Microchannel Possess a Positional
Advantage. We expect cells located far from the open ends of the
microchannel to bene"t from a positional advantage. We quantify
this idea by means of the "xation probability Pfix

i,j , de"ned as
the probability that the clonal population whose initial ancestor
has coordinates i , j eventually takes over the microchannel. In
the one-lane case and for large N, the "xation probability is
approximated by

Pfix
i = φm,N (i), [6]

where φm,N (i) = exp[−(i − µ)2/(2σ2)]/
√

2πσ2 is a Gaus-
sian distribution with mean µ = (N − 1)/2 and variance
σ2 = (1 − m/2)(N − 1)/4 (SI Appendix). !is means that, at
increasing the mass e#ect, mutants that are likely to take over the
population are located in a narrower region at the center of the
microchannel (SI Appendix, Fig. S3G). In particular, the value of
the mass parameter that we estimated (m = 0.6) leads to a 30%
reduction in σ2, compared with the case m = 0.

In microchannels with multiple lanes, we approximate the
"xation probabilities by

Pfix
i,j ≈






2α + 6

M (2α+3)+6
φm,N (i) if j = 1,M

2α + 3

M (2α+3)+6
φm,N (i) otherwise

[7]

(Fig. 4A). !e approximation in Eq. 7 is valid in the limit of large
N as well. We also require the two regimes of diversity loss to be

Table 2. Mean duration of the first regime TMN→M and the second regime TM→1

TMN→M TM→1

Microchannel width, µm No. of lanes Experimental Theoretical Numerical Theoretical Numerical
1 M = 1 3.58 ± 1.4 3.22 ± 1.31 3.26 ± 1.21 − −
1.5 M = 2 4.04 ± 1.19 3.62 ± 1.74 3.95 ± 1.46 5.95 ± 2.61 6.39 ± 3.99
2.5 M = 3 4.75 ± 0.79 4.05 ± 1.83 4.28 ± 1.36 14.68 ± 5.56 13.47 ± 8.44
3 M = 4 3.86 ± 0.42 4.37 ± 1.89 4.42 ± 1.25 21.25 ± 6.23 22.32 ± 14.04

Time in the experimental data is scaled by the division rate b evaluated for each group of data with one, two, three, and four lanes. The associated uncertainties are SDs. Parameters for
the theoretical and numerical predictions are summarized in Table 1.

4 of 8 https://doi.org/10.1073/pnas.2120821119 pnas.org
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Ok, what about multicellular organisms?
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Hyperuniformity?
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FIG. 1. (Color online) (a) A binary packing of hard disks near the MRJ state. (b) A polydisperse packing of hard disks near the MRJ state.

consisting of “point” particles, one considers fluctuations in
the local number density within some observation window.
Hyperuniform point patterns possess local density fluctuations
that asymptotically grow more slowly than the volume of
the window. Recently, the concept of hyperuniformity has
been extended to include systems composed of finite-volume
inclusions of arbitrary geometries [6]; in these cases, the
quantity of interest is the fluctuation in the so-called local
volume fraction, defined as the fraction of the volume within an
observation window covered by a given phase. Hyperuniform
heterogeneous media possess local-volume-fraction fluctua-
tions that asymptotically decay faster than the reciprocal of
the volume of the observation window, implying that the local
volume fraction approaches a global value beyond relatively
few characteristic length scales.

Previous work on three-dimensional (3D) MRJ monodis-
pere sphere packings [4] has supported the Torquato-Stillinger
conjecture by showing that the structure factor S(k), propor-
tional to the scattering intensity, approaches zero linearly as
the wave number k → 0, inducing a QLR power-law tail r−4

in the pair correlation function g2(r). This behavior implies
that local-number-density fluctuations grow logarithmically
faster than the surface area of an observation window, but still
slower than the window volume. In this sense, the “degree”
of hyperuniformity in MRJ packings is minimal among all
strictly jammed saturated packings. However, recent numer-
ical [24] and experimental work [25] on polydisperse MRJ
packings failed to detect vanishing infinite-wavelength local-
number-density fluctuations, leading to the misconception that
hyperuniform quasi-long-range correlations are not a universal
signature of the MRJ state. Unlike monodisperse systems,
the distribution of particle sizes in a polydisperse packing
introduces locally inhomogeneous regions as the particles
distribute themselves through space, as shown in Fig. 1. One
can see in the binary packing that local clusters of small

particles are distributed near and around larger inclusions, and
the result is that the point pattern generated by the disk centers
possesses local inhomogeneities that are expected to (and
indeed do) induce volume-order scaling within the number
variance. The situation is apparently even more complex for
the polydisperse system in Fig. 1 since the size distribution
results in a highly inhomogeneous local structure with small
particles trapped between larger ones with a high probability.

These observations have raised a number of quantitatively
and conceptually difficult questions. First, what is the
appropriate extension of the Torquato-Stillinger conjecture
for monodisperse MRJ packings to systems with a size distri-
bution? Clearly, one must explicitly account for the shape
information of the particles. Second, in the event that one
can generalize the Torquato-Stillinger conjecture, there is
to date no satisfactory structural explanation for the linear
small-wave-number scaling of the structure factor observed for
3D MRJ monodisperse hard-sphere packings, which indicates
the presence of QLR pair correlations. This extraordinarily
difficult problem is tantamount to providing an analytical
prediction of the MRJ state. Unfortunately, no such rigorous
theory currently exists, even for the considerably simpler
problem of predicting the scalar MRJ density [26]. The
presence of QLR correlations makes this problem inherently
nonlocal, and, therefore, methods that attempt to predict the
MRJ state based only on packing fraction and local criteria,
such as nearest-neighbor and Voronoi statistics, are invariably
incomplete [26].

We have presented arguments in a recent Letter to suggest
strongly that hyperuniformity and quasi-long-range pair
correlations are signatures of saturated MRJ packings of hard
particles, including binary disks, ellipses, and superdisks [27].
In this paper, we provide detailed evidence to show that
polydisperse MRJ packings of hard spheres, although
inhomogeneous with respect to the number variance, possess

051308-2

Zachary, Jiao, Torquato, PRE (2011)

Random jammed systems are hyperuniform  
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Hierarchical toy model (1D)

(see Appendix E for a derivation). In the limit of large t and
k → 0, the structure factor given in Eq. (4) diverges [see
Fig. 4(b)], implying that the behavior of the iterative model
is hyperdisordered, regardless of parameter choice. This
case can be shown by setting k ¼ ð2π=ðn2tÞÞ in Eq. (4). We
use that, for some i < t, we have

F
!
2t−i2π
n2t

"
¼ 1þ 2 cos

!
Δ2π
n2t

"
e−

1
2ð

2t−i2πσ
n2t

Þ2 þ e− ð2t−i2πσ
n2t

Þ2 > 2:

ð7Þ

This result implies

lim
t→∞

St(2π=ðn2tÞ) → ∞: ð8Þ

The results of the iterative model suggest that, in essence,
hyperdisordered behavior is caused by growth exporting
density fluctuations to increasingly large scales.

III. AGING DYNAMICS
OF CHROMATOPHORE SIZE

A. Stationary distribution of chromatophore size

We now study the dynamical behavior of chromatophore
patterns, in particular, how chromatophore sizes evolve
as the system grows. To track populations of chromato-
phores on growing patches of squid skin through time,
we employ three-dimensional imaging to construct the skin
manifold [Fig. 5(a)] and use computer vision techniques to
segment chromatophores and locate their center of mass

[see Fig. 5(b) and Appendix A]. Tracking an initial set of
chromatophores over six weeks reveals uniform linear
growth in the interchromatophore distance over time
and, consequently, also in the system size [Fig. 5(c)].
In parallel, individual chromatophores grow in size as
they age [Fig. 5(b)]. Increases in chromatophore radii and
separation are offset by the insertion of small, new
chromatophores into the skin, resulting in an approximately
constant chromatophore density and stationary size distri-
bution over time [see Figs. 5(d) and 5(e)]. The stationarity
of the chromatophore size distribution is confirmed by a
Kolmogorov-Smirnoff test (see Appendix F).

B. Aging in chromatophore growth dynamics

A stationary chromatophore size distribution over devel-
opment implies that chromatophores must grow in size at a
rate that depends on squid age. We refer to this phenome-
non as “aging,” in analogy to materials such as plastics
whose physical properties depend on time.
To prove that the stationarity of the chromatophore size

distribution requires aging, we call Tsq the age of the squid,
measured from the fertilization time of the egg [Fig. 6(a)].
We also define the time Texp elapsed from the first

experimental observation and the age tðiÞchr of a given
chromatophore, labeled by index i [Fig. 6(a)]. Given that
the mantle grows linearly [Fig. 5(c)] and that the density of
chromatophores is approximately constant during growth,
the average total number of chromatophoresN ðTsqÞ ¼ hNi
at squid age Tsq is proportional to the mantle area, which in
turn grows as the square of the squid age, N ðTsqÞ ∝ T2

sq.
The distribution gðtchrÞ of chromatophore ages tchr for
Tsq ≫ 1 is proportional to Ṅ ðTsq − tchrÞ, i.e., how many
chromatophores were inserted at time ðTsq − tchrÞ. After
normalization, we conclude that gðtchrÞ¼2ðTsq− tchrÞ=T2

sq,
for large Tsq.
We call pðRjtchr; TsqÞ the probability that a chromato-

phore has radius R, given its age tchr and the squid age
Tsq. If the radius is uniquely determined by these two
quantities, this probability is given by a delta function.
We similarly define the probability pðRÞ that a randomly
chosen chromatophore has radius R. We obtain

pðRÞ ¼
Z

∞

0
dtchrpðRjtchr; TsqÞ

2ðTsq − tchrÞ
T2
sq

: ð9Þ

If pðRjtchr; TsqÞ did not depend on Tsq, then Eq. (9) would
imply that pðRÞ¼2½Tsqf1ðRÞ−f2ðRÞ&=T2

sq, with f1ðRÞ ¼R∞
0 dtchrpðRjtchrÞ and f2ðRÞ ¼

R∞
0 dtchrpðRjtchrÞtchr. Such

pðRÞ would explicitly depend on Tsq and would therefore
be nonstationary.
This argument implies that aging is necessary to achieve

a stationary size distribution, as anticipated. In particular,
if R is a deterministic function of τ ¼ Tsq=ðTsq − tchrÞ,

FIG. 4. Iterative model presenting hyperdisordered behavior.
(a) Schematic of the model. (b) Structure factor as expressed by
Eq. (4) for L ¼ 4, γ ¼ 1, and t ¼ 3, 4, 5 as shown in the legend.
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(see Appendix E for a derivation). In the limit of large t and
k → 0, the structure factor given in Eq. (4) diverges [see
Fig. 4(b)], implying that the behavior of the iterative model
is hyperdisordered, regardless of parameter choice. This
case can be shown by setting k ¼ ð2π=ðn2tÞÞ in Eq. (4). We
use that, for some i < t, we have

F
!
2t−i2π
n2t

"
¼ 1þ 2 cos

!
Δ2π
n2t

"
e−

1
2ð

2t−i2πσ
n2t

Þ2 þ e− ð2t−i2πσ
n2t

Þ2 > 2:

ð7Þ

This result implies

lim
t→∞

St(2π=ðn2tÞ) → ∞: ð8Þ

The results of the iterative model suggest that, in essence,
hyperdisordered behavior is caused by growth exporting
density fluctuations to increasingly large scales.

III. AGING DYNAMICS
OF CHROMATOPHORE SIZE

A. Stationary distribution of chromatophore size

We now study the dynamical behavior of chromatophore
patterns, in particular, how chromatophore sizes evolve
as the system grows. To track populations of chromato-
phores on growing patches of squid skin through time,
we employ three-dimensional imaging to construct the skin
manifold [Fig. 5(a)] and use computer vision techniques to
segment chromatophores and locate their center of mass

[see Fig. 5(b) and Appendix A]. Tracking an initial set of
chromatophores over six weeks reveals uniform linear
growth in the interchromatophore distance over time
and, consequently, also in the system size [Fig. 5(c)].
In parallel, individual chromatophores grow in size as
they age [Fig. 5(b)]. Increases in chromatophore radii and
separation are offset by the insertion of small, new
chromatophores into the skin, resulting in an approximately
constant chromatophore density and stationary size distri-
bution over time [see Figs. 5(d) and 5(e)]. The stationarity
of the chromatophore size distribution is confirmed by a
Kolmogorov-Smirnoff test (see Appendix F).

B. Aging in chromatophore growth dynamics

A stationary chromatophore size distribution over devel-
opment implies that chromatophores must grow in size at a
rate that depends on squid age. We refer to this phenome-
non as “aging,” in analogy to materials such as plastics
whose physical properties depend on time.
To prove that the stationarity of the chromatophore size

distribution requires aging, we call Tsq the age of the squid,
measured from the fertilization time of the egg [Fig. 6(a)].
We also define the time Texp elapsed from the first

experimental observation and the age tðiÞchr of a given
chromatophore, labeled by index i [Fig. 6(a)]. Given that
the mantle grows linearly [Fig. 5(c)] and that the density of
chromatophores is approximately constant during growth,
the average total number of chromatophoresN ðTsqÞ ¼ hNi
at squid age Tsq is proportional to the mantle area, which in
turn grows as the square of the squid age, N ðTsqÞ ∝ T2

sq.
The distribution gðtchrÞ of chromatophore ages tchr for
Tsq ≫ 1 is proportional to Ṅ ðTsq − tchrÞ, i.e., how many
chromatophores were inserted at time ðTsq − tchrÞ. After
normalization, we conclude that gðtchrÞ¼2ðTsq− tchrÞ=T2

sq,
for large Tsq.
We call pðRjtchr; TsqÞ the probability that a chromato-

phore has radius R, given its age tchr and the squid age
Tsq. If the radius is uniquely determined by these two
quantities, this probability is given by a delta function.
We similarly define the probability pðRÞ that a randomly
chosen chromatophore has radius R. We obtain

pðRÞ ¼
Z

∞

0
dtchrpðRjtchr; TsqÞ

2ðTsq − tchrÞ
T2
sq

: ð9Þ

If pðRjtchr; TsqÞ did not depend on Tsq, then Eq. (9) would
imply that pðRÞ¼2½Tsqf1ðRÞ−f2ðRÞ&=T2

sq, with f1ðRÞ ¼R∞
0 dtchrpðRjtchrÞ and f2ðRÞ ¼

R∞
0 dtchrpðRjtchrÞtchr. Such

pðRÞ would explicitly depend on Tsq and would therefore
be nonstationary.
This argument implies that aging is necessary to achieve

a stationary size distribution, as anticipated. In particular,
if R is a deterministic function of τ ¼ Tsq=ðTsq − tchrÞ,

FIG. 4. Iterative model presenting hyperdisordered behavior.
(a) Schematic of the model. (b) Structure factor as expressed by
Eq. (4) for L ¼ 4, γ ¼ 1, and t ¼ 3, 4, 5 as shown in the legend.
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Density fluctuations are exported to larger and larger scales
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Stationary distribution of chromatophore sizes
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Stationary distribution of chromatophore sizes
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p(R) =

Z 1

0
dtchr p(R|tchr, Tsquid)

2(Tsquid � tchr)
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A critical growing state?

116 protocol and imaging procedure are detailed in
117 Appendix A.

118 B. Chromatophore scaling

119 Our images of squid mantles show that chromatophores
120 are arranged in a point pattern, characterized by larger,
121 older chromatophores being surrounded by smaller, youn-
122 ger ones [see Figs. 1(a) and 1(b)]. Visually, chromatophores
123 appear at a characteristic distance from each other, forming
124 a latticelike structure. The density of chromatophores in
125 our imaging area is consistent with a uniform distribution
126 (see Appendix B).
127 To characterize the degree of ordering of chromatophore
128 patterns, we measure how the chromatophore number
129 variance σ2N scales with the average number hNi of
130 chromatophores at increasing sample areas [Fig. 1(c)] [12].
131 Since chromatophore patterns [Fig. 1(b)] emerge through
132 packed insertion into the skin, one may expect them to
133 exhibit hyperuniform scaling [see Fig. 1(d)]. However,
134 since the system is growing, small gaps are constantly
135 being created between chromatophores, resulting in cell
136 arrangements that substantially differ from those of com-
137 monly studied jammed systems. In fact, we observe hyper-
138 disordered behavior, i.e., α > 1, within the range of
139 experimentally accessible length scales [see Fig. 1(e)].

140 C. Squid model: Hard disks on an expanding surface

141 To rationalize the observed hyperdisordered behavior,
142 we introduce a model. We describe the squid mantle as a
143 surface that grows both linearly in length and uniformly.
144 Chromatophores are randomly placed on the mantle while
145 the squid grows. The rate of attempted chromatophore
146 insertion is proportional to the surface area, and the
147 location of attempted insertions is uniformly chosen on
148 the surface. An attempted chromatophore insertion is
149 successful only if the distance between the candidate new
150 chromatophore and all the existing ones is larger than
151 an exclusion distance Δ [see Fig. 2(a)]. The model is
152 therefore equivalent to a system of randomly placed hard
153 disks on a homogeneously growing surface. The linear
154 growth rate of the surface and the exclusion distance
155 are determined by matching the surface growth rate and
156 spatial density of chromatophores from experiments.
157 Additional details on the model simulations and param-
158 eter choices are presented in Appendix C. Despite its
159 simplicity, the model generates patterns presenting hyper-
160 disordered scaling of the number variance, consistent
161 with that observed in real squids [Fig. 2(b)].
162 We next seek to understand the cause of this scaling
163 behavior. A large-scale simulation of this model shows
164 nearly regularly packed domains, with different densities
165 and without a clear characteristic size, surrounded by more
166 disordered regions [see Fig. 2(c)]. During growth, the
167 density of these domains oscillates in a sawtooth manner.
168 The reason is that the domains gradually become less

169packed as the surface grows, until there is enough space for
170inserting new chromatophores in the gaps between existing
171ones (see Movie 1 in the Supplemental Material [40]). To
172quantify the statistics of these domains, we introduce the
173hexatic order parameter

ψ j ¼
1

νj

Xνj

l¼1

ei6θjl ; ð2Þ

F2:1FIG. 2. Growth-generated hyperdisordered scaling. (a) Sche-
F2:2matic of the model. Black dots represent chromatophores and
F2:3dashed circles their exclusion areas, which are identical for all
F2:4chromatophores. The red dashed circle represents an event in
F2:5which an attempted chromatophore insertion is rejected because
F2:6the distance between chromatophore centers is too small. The
F2:7purple dashed circle represents a successful chromatophore
F2:8insertion. (b) Number variance scaling (system size of N ¼ 104

F2:9chromatophores averaged over 500 simulations, gray circles),
F2:10compared with experimental data (green circles with error bars).
F2:11(c) Configuration of the squid model (see Movie 1 in the
F2:12Supplemental Material [40]). The black scale bar indicates
F2:131 mm; the simulation area is 10 mm2. (d) Hexatic order parameter
F2:14ψ for each cell in panel (c) [see Eq. (2)]. In panel (e), the red
F2:15domains represent the connected components of the top 5% of
F2:16cells in panel (d), ordered according to their value of jψ jj. (f) Size
F2:17distribution of the red domains shown in panel (e). The black-
F2:18dashed line represents a power law with exponent −2.62.
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The growing voter model

Displacement field
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Coarsening and universality on a growing surface
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We introduce a model in which cells belonging to two species proliferate with volume exclusion
on an expanding surface. If the surface expands uniformly, we show that the domains formed by
the two species present a critical behavior. We compute the critical exponents characterizing the
decay of interfaces, the size distribution of domains, and the size distribution of hexatically ordered
regions using a mean-field theory. These mean-field exponents agree very closely with numerical
simulations, suggesting that the theory is exact. Our study showcases how nonequilibrium dynamics
on growing domains can give rise to rich physical behaviors, fundamentally di↵erent to their non-
growing counterparts.

Living systems are characterized by an astonishing va-
riety of patterns. These patterns are usually formed dur-
ing development, and are orchestrated by complex dy-
namical processes. In most organisms, development is
accompanied by growth, i.e., by a substantial increase
in body size. The interplay between developmental dy-
namics and growth can give rise to nontrivial physical
phenomena.

These phenomena can be conceptualized in models in
which interacting particles are placed on a growing (ex-
panding) domain. It has been shown that domain growth
can determine di↵erent outcomes in the paradigmatic ex-
ample of Turing patterns [1–3] and in population mod-
els [4, 5]. More recently, our study of the arrangement
of pigment cells on growing tissues has revealed that
surface growth dramatically impacts disordered packing
[6]. In particular, random packing on a growing sur-
face leads to a a critical-like behavior, with scale-free
hexatically ordered regions surrounded by disordered re-
gions. A critical-like behavior associated with homoge-
neous growth has also been observed in the context of
morphogen gradient dynamics [7].

These examples show that non-equilibrium models on
growing domains display rich, unexpected physical be-
haviors. In contrast with traditional non-equilibrium lat-
tice models [8], universality classes for growing systems
have been less explored. Understanding these systems
could also shed light on scenarios in which expansion is
driven by the particles themselves, such as those studied
in the field of proliferating active matter [9–16].

In this Letter, we propose and study a model in which
two species of volume-excluding cells proliferate on an ex-
panding surface. We call the model the “growing voter
model” by way of analogy with the traditional voter
model in non-equilibrium statistical physics [17]. We find
that coarsening in the growing voter model is critical for
uniform growth, while nonuniform growth is character-
ized by di↵erent phases. We predict the critical expo-
nents associated with the decay of interfaces for uniform
growth using a mean-field approach, and use this expo-
nent to calculate the size distributions of species clusters.
Simulation results suggest that the mean-field solution is

exact. We finally use this solution to predict the size
distribution of the hexatically ordered regions.

Growth biased 
towards perimeter

Growth biased 
towards center

(a) (b)

FIG. 1. The growing voter model. (a) Surface growth cre-
ates empty space for proliferation of yellow (+) and blue (-)
cells. (b) Contour lines associated with the displacement field
�(µ,�, t). For � < 1, this results in one cell type dominating
the bulk. When growth is uniform, � = 1, neither cell type
dominates and a seemingly critical behavior emerges. For
� > 1, the dynamics leads to the formation of sectors.

We start by introducing the growing voter model. We
consider a cell population consisting of two species of
cells, that we denote by + and �, placed on a grow-
ing circular surface of radius R(t). We call N+(t) and
N�(t) the numbers of + and � cells at time t, respec-
tively. The total number of cells isN(t) = N+(t)+N�(t).
Cells proliferate at a very large rate, identical for the two
types. When a cell proliferates, it creates a new cell of
the same type a distance 2c from its own center, where
c is a cell’s radius, at an angle chosen uniformly at ran-
dom, see Fig. 1a. If the newly created cell overlaps with
an existing cell, the proliferation event is aborted. The
surface radially expands at a speed given by the displace-
ment field �(r,�, t) = (r/R(t))�, where r is the distance
from the center of the surface. The parameter � > 0
tunes the stretching protocol. In particular, for � < 1 or
� > 1, the surface grows more rapidly close to the center

3

The leading eigenvalue of the matrix M̂ is equal to 1, with
an associated right eigenvector (0, 0, 0, 1). This eigenvec-
tor represents an absorbing state for Eq. (3) in which
only one of the two spins is present in the elementary
cell. The second eigenvalue of M̂ is equal to (1 +

p
5)/4,

which implies that the interfaces asymptotically decay as

⇢(2kn0 ⇥ 2kn0) ⇠
✓
1 +  

4

◆k

, (5)

where  = (1 +
p
5)/2 is the golden ratio. To return to

continuous time, we let t ⇠ 2k, so that k ⇠ log2(t) ⇠
1
2 log2(N(t)), and so we obtain

⇢ ⇠ N(t)�↵ with ↵ = 1� log2( ). (6)

The prediction of Eq. (6) is in excellent agreement with
numerical simulations of the o↵-lattice model, see Fig.
2. This suggests that the solution is exact, and that
the o↵-lattice and the lattice model belong to the same
universality class. We provide further analysis demon-
strating that interface decay in our simulations matches
our theoretical prediction with high precision [18].

We briefly compare the scaling of interfaces between
the growing voter model and the traditional non-growing
voter model. In one dimension, interfaces are conserved
in the growing voter model, and thus their density de-
cays as t�1 due to dilution. In contrast, in the one-
dimensional, non-growing voter model, they present dif-
fusive decay t�1/2. In two dimensions, the scaling de-
rived in this section contrasts with the logarithmic scal-
ing found in the non-growing voter model [17]. To under-
stand this di↵erence, we have derived the field theory for
the growing voter model [18] and compared it with that
for the traditional voter model [19]. In one dimension,
the field equation describing the growing voter model is
equivalent to that of the voter model, but with a nonlin-
ear time transformation in which time presents a critical
slowdown [20]. However, this equivalence does not seem
to hold in two dimensions [18].

The decay of the interface density allows us to compute
other observables in the growing voter model, see Fig. 4a.
We begin by analyzing the fractal dimension D of the
interfaces, defined by

Q = ✏�D, (7)

where ✏ is a length scale and Q is the number of segments
of length ✏ necessary to measure the boundaries between
the two species. In our case, the rescaling factor is anal-
ogous to growth: every time a growth event occurs, all
distances within the system are halved, which is equiv-
alent to dividing ✏ by two. Given this, we write Eq. (7)
for our system as

(4kn2
0)

1�↵ ⇠
✓

1

2k

◆�D

. (8)

(a) (b)

(c) (d)

FIG. 4. (a) Examples of interfaces, clusters (magenta circle),
and hexatic regions (green line) in the growing voter model.
(b) Fractal dimension in the growing voter model. (c) Scaling
of clusters in the growing voter model. A cluster is defined as a
Voronoi-connected component of cells of the same type. Each
simulation replicate is initialized with 20 cells of randomly
chosen type. The total number of replicates for each system
size is 500. A fit of simulation data for 105N yields s�1.70

with 95% confidence intervals (-1.73, -1.67). (d) Scaling of
hexatic regions in the growing voter model. A hexatic region
is defined as a Voronoi-connected component of cells that all
have a hexatic order parameter greater than h. Each simula-
tion replicate is initialized with 4 cells. The total number of
replicates for each value of h is 500. A fit of simulation data
over the interval s 2 [101, 103] for h = 0.9 yields s�2.68 with
95% confidence intervals (-2.63,-2.74), h = 0.95 yield s�2.66

with 95% confidence intervals (-2.60,-2.72), and for h = 0.98
yields s�2.71 with 95% confidence intervals (-2.61,-2.80).

which implies

D = 2(1� ↵) . (9)

Substituting the value of ↵ given by Eq. (6), we obtain
D = log2(1 +  ) ⇡ 1.39, which is twice the fractal di-
mension of the asymmetric Cantor set (log2( )). This
prediction is in excellent agreement with numerical sim-
ulations, see Fig. 4b.

We now analyze the distribution of cluster sizes. We
define as a cluster a connected set of Voronoi neighbors
having the same spin value (color). For uniform expan-
sion, the distribution of cluster sizes for large N appears
to decay as a power law:

p(s) =
n(s)

ñ
⇠ s�� , (10)

where n(s) is the number of clusters of size s and ñ is the
total number of clusters.
To compute the exponent �, we assume that clusters

grow proportionally to their area. This assumption im-

Phenomenological theory for the critical exponents



26

The snowflake mutation of clownfish
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Edwards-Wilkinson model
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Fig. S9. Power spectrums of WT and SF bar edges, and posterior bar height-variance. 
A Average power spectrum of the anterior boundary of the trunk bar in wild-type. Inset legend 
indicates days-post-hatching. B Average power spectrum of the posterior boundary of the trunk 
bar in wild-type. C Average power spectrum of the anterior boundary of the trunk bar in Snowflake. 
D Average power spectrum of the posterior boundary of the trunk bar in Snowflake. E Evolution 
of height variance along the posterior boundary of the trunk bar, comparing experimental data from 
10 fish per genotype with predictions from the Edwards–Wilkinson model. Data are represented 
as mean values ± SEM. Source data are provided as a Source Data file.   

Band-pass filter

Wild type Snowflake

• Spectrum compatible with EW model for both wild type and Snowflake 
• Either larger noise amplitude or smaller surface tension in Snowflake

M. Klann … SP … V Laudet, Nature Communications (2026)
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Conclusions

• Growth is ubiquitous in biological development 

• It gives rise to new physics 

• New universality classes?
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