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The career of a young theoretical physicist consists of treating 

the harmonic oscillator in ever-increasing levels of abstraction.

Sidney Coleman



Gauged Gaussian Two Matrix Model

in the large-N limit

(Essentially, re-interpretation of Sundborg 1999; Anarony et al. 2003 )



(# of states ~ 2L)
(up to zero-pt energy)

(valid at L≪N2)
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(up to zero-pt energy; valid at L ≪ N2)

Hagedorn String



Deconfinement = string condensation

• String condensation can take place regardless of the 
details of the theories. 


• Energy E, free energy E ~ N2 in the ’t Hooft limit


• String tension vanishes (when there is “space”)

long open string

long closed string 
+ 

short open string



Hagedorn growth ends 

because of trace relations

• Many trace relations set in at E = N2/4 

• Trace relations → Slower growth rate of density of states
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For :

(almost) one-to-one correspondence

SU(N) theory looks like SU(M) theory



Completely Confined

Completely Deconfined

Partially deconfined

( = Partially confined)

MH-Maltz, 2016

Berenstein, 2018

MH-Ishiki-Watanabe, 2018

MH-Jevicki-Peng-Wintergerst, 2019

MH-Shimada-Wintergerst, 2020
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no symmetry

👎 👍



(Gross-Witten-Wadia)

Polyakov line phase distribution



Gaussian Matrix Model

GWW transition
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SU(M)-deconfined state in SU(N) theory = GWW point of SU(M) theory



Meaning of Polyakov Loop

(A derivation will be given shortly)

• SU(M) is deconfined


• Length of strings = M2/4



historically the first example of non-Abelian gauge theory 
in the large-N limit

Bose Einstein

N indistinguishable bosons



N bosons in 3d harmonic trap

Fock states
3

SN permutation is gauged.

States related by SN permutation are identical.

1st quantization picture



Summation over singlet states

Summation over all states & projection to singlet states

+ adjoint fields  → Yang-Mills, Matrix Model

+ fundamental fields  → N indistinguishable bosons



Feynman's method

For Yang-Mills and Matrix Model:

Polyakov loop



Non-interacting bosons * N Non-interacting bosons * N2

SN gauge symmetry SU(N) gauge symmetry



Non-interacting bosons * N Non-interacting bosons * N2

SN gauge symmetry SU(N) gauge symmetry

Bose-Einstein Condensation



N bosons in 3d harmonic trap

measures the amount of redundancy

Fock states
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Sanjusangendo, Kyoto


N=1001

(Einstein visited Kyoto in 1922)

京都　三十三間堂



(all of them are different)

Enhancement factor → BEC Einstein, 1924 
Feynman, 1953



+ adjoint fields  → Yang-Mills, Matrix Model

+ fundamental fields  → N indistinguishable bosons

The enhancement factor 

The enhancement factor 

triggers BEC.

(Einstein, 1924; Feynman, 1953)

triggers confinement.
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Partially-BEC state

Partially-confined state



no symmetry

Larger enhancement factor  
(volume of SU(N-M))

👎 👍



Non-interacting bosons * N Non-interacting bosons * N2

SN gauge symmetry SU(N) gauge symmetry

Bose-Einstein Condensation Partial confinement
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Haar random



MH-Shimada-Wintergerst, 2020

(Essentially, Feynman found this n 1953)

Generalization to QFT & finite N: MH-Watanabe, 2023



Polyakov Loop

MH-Maltz, 2016 (JHEP)

MH-Ishiki-Watanabe, 2018 (JHEP)

MH-Shimada-Wintergerst, 2020 (JHEP)



No problem with interactions



QCD phase transition

Weak-coupling analysis: MH-Robinson 2019

Finite N: MH-Ohata-Shimada-Watanabe 2023

(Essentially, re-interpretation of Schnitzer 2004 )



QCD phase transition
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QCD phase diagram

Guenther, 2010.15503

Fujimoto-Fukushima-Hidaka-McLerran 
2506.00237

(speculation)



• We saw three phases at finite T, zero μ.


• Fujimoto, Fukushima, Hidaka, and McLerran considered finite 
chemical potential and conjectured three phases. (2506.00237)


• We study Veneziano large-N limit (Nf/Nc fix) and that there are 
four phases.
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A natural scenario
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T
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GWW

Large µ

Baryon condensation @

- Nc colors are split into 2Nf clusters (flavor and spin up/down) 

→ various kinds of baryons


- Baryon condensation can cause GWW-ish transition.

(Hidaka, McLerran, Pisarski, 2008)

String condensation is not the only way to introduce redundancy
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Figure 4: The revised picture of partial deconfinement in finite-density QCD in the
Veneziano limit. The vertical axis Mactive is color degrees of freedom, which are in ei-
ther the deconfined sector (string-condensed sector) or the baryon-condensed sector. [Left]
Low-µq regime. The pink line indicates the new phase. ‘Complete confinement’ (blue line;
CC-1) is likely to be an approximate notion and it could be smoothly connected to ‘partial
deconfinement’ (orange line; PD-1). For this reason, in ref. [21], they were not distinguished
and both are called ‘partial deconfinement’. The new phase depicted in pink (PD-2) is still
partially deconfined. CC-1 and PD-1 could be separated by a crossover rather than a phase
transition. [Right] Large-µq regime. Baryon condensation takes place before partial de-
confinement sets in; we used CC-1 and CC-2 to denote two ‘completely confined’ phases
(‘confined’ in the sense that long strings are not condensed). At higher temperatures, par-
tial deconfinement (pink line; PD-2) sets in with the condensation of long strings. We did
not draw a line connecting CC-1 and CC-2 because Mactive does not change continuously.
For example, a parametrically small amount of baryon condensation can already make
Mactive jump from → 0 to Nc. As discussed in Sec. 4.5, CC-2 could be identified with the
quarkyonic phase. CC-2 and PD-2 could be separated by a crossover rather than a phase
transition.
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Summary

• The amount of gauge redundancy has physical 
consequences


• Deconfinement = String condensation 


• Offset of Polyakov line phase distribution                                       
→ size of deconfined sector ~ string length (at μ=0)


• String condensation + baryon condensation                                 
→ 4 phases at fixed μ


