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Lattice QCD – a first principle tool

x,y,z

Non-perturbative 1st principles approach to Quantum Chromo Dynamics



ALEXANDER ROTHKOPF - KU BUENAS IDEAS ON THE QCD PHASE DIAGRAM – MAY 29TH 2026 – YUKAWA INSTITUTE, KYOTO UNIVERSITY – KYOTO, JAPAN

COMPLEX HEAVY QUARK POTENTIAL FROM THE LATTICE - WHERE DO WE STAND?

36

Lattice QCD – a first principle tool

x,y,z

Non-perturbative 1st principles approach to Quantum Chromo Dynamics

Gauge fields as links:  Uμ(x)=exp[ i g Δxμ Aμ(x) ]



ALEXANDER ROTHKOPF - KU BUENAS IDEAS ON THE QCD PHASE DIAGRAM – MAY 29TH 2026 – YUKAWA INSTITUTE, KYOTO UNIVERSITY – KYOTO, JAPAN

COMPLEX HEAVY QUARK POTENTIAL FROM THE LATTICE - WHERE DO WE STAND?

37

Lattice QCD – a first principle tool

x,y,z

Non-perturbative 1st principles approach to Quantum Chromo Dynamics

Gauge fields as links:  Uμ(x)=exp[ i g Δxμ Aμ(x) ]

ψ

Dynamical fermions ψ(x) with realistic masses
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Chiral crossover temperature: 156.5±1.5 MeV
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Equation of state as input for hydro-dynamics

Finite extend in imaginary time: 1/T = β = Nτ aτ

τ∈
[0

,1
/T

]



ALEXANDER ROTHKOPF - KU BUENAS IDEAS ON THE QCD PHASE DIAGRAM – MAY 29TH 2026 – YUKAWA INSTITUTE, KYOTO UNIVERSITY – KYOTO, JAPAN

COMPLEX HEAVY QUARK POTENTIAL FROM THE LATTICE - WHERE DO WE STAND?

43

Quarkonium as probe of phase structure
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Quarkonium as probe of phase structure

Goal: understand crossover transition in more detail – fate of confinement & active d.o.f.

?
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Goal: understand crossover transition in more detail – fate of confinement & active d.o.f.
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“Screening” here shows
 that pairs become
decorrelated but no 
info on mechanism



ALEXANDER ROTHKOPF - KU BUENAS IDEAS ON THE QCD PHASE DIAGRAM – MAY 29TH 2026 – YUKAWA INSTITUTE, KYOTO UNIVERSITY – KYOTO, JAPAN

COMPLEX HEAVY QUARK POTENTIAL FROM THE LATTICE - WHERE DO WE STAND?

48

Quarkonium as probe of phase structure

Goal: understand crossover transition in more detail – fate of confinement & active d.o.f.

?

dynamic / real-timelegacy static picture modern dynamical picture

lcorr - τD

Tmelt

Tmelt

Tmed Tmed

Open-quantum system
described by complex potential

T=0 T>156MeV

static / thermodynamic

TUMQCD PRD98 (2018) 5, 054511

“Screening” here shows
 that pairs become
decorrelated but no 
info on mechanism
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Heavy quark-antiquark real-time evolution
screening
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binding force acts efficiently among Q and Q medium impedes gluons mediating force

increasing temperaturedecoherence
X
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X

color rotation acts coherently on Q and Q color rotation acts individually on Q and Q
see discussion in S. Kajimoto, Y.Akamatsu, M. Asakawa, A.R., PRD97 (2018), 014003

Binding force related to 
real-part of static potential
(de-confinement) 

Color decoherence related
to imaginary part
(active color d.o.f.s)
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 S(R, t), O(R, t)
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Matching through the QCD Wilson loop

i@th QQ̄(R, t) ⇤
QQ̄(R, 0)i = VQCD(R)h QQ̄(R, t) ⇤
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t!1
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∊ℂ

Im[V]: Laine et al. JHEP03 (2007) 054; Beraudo et. al. NPA 806:312,2008, 
            Brambilla, Ghiglieri et.al. PRD 78 (2008) 014017

HTL perturbation theory predicts: Debye screened Re[V], Im[V] increases with T

see Brambilla et. al.  Rev.Mod.Phys. 77 (2005) 142
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Extracting the potential from the lattice

W⇤(R, t) =
Z1

-1
d! e-i!t ⇢⇤(R,!) W⇤(R, ⌧) =

Z1

-1
d! e-!⌧ ⇢⇤(R,!)

Spectral functions as bridge between the Euclidean and real-time Wilson loop
see A.R., T.Hatsuda & S.Sasaki , PRL 108 (2012) 162001, Y.Burnier, A.R. Phys.Rev. D86 (2012) 051503 
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Spectral Decomposition

V0(R) = lim
t!1

R1
-1 d!! e-i!t ⇢⇤(R,!)
R1
-1 d! e-i!t ⇢⇤(R,!)

VQCD(R) =

A.R., T.Hatsuda & S.Sasaki PoS LAT2009 (2009) 162    
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Dynamical properties from lattice QCD
Lattice QCD simulations are similar to a (very) imperfect detector

ρ(ω)

ω

J/ψ ψ‘

D/D thresh.

T~0

Quarkonium spectral function
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Dynamical properties from lattice QCD
Lattice QCD simulations are similar to a (very) imperfect detector
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Dynamical properties from lattice QCD
Lattice QCD simulations are similar to a (very) imperfect detector
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Dynamical properties from lattice QCD
Lattice QCD simulations are similar to a (very) imperfect detector

ρ(ω)

ω

J/ψ ψ‘

D/D thresh.

T~0

T>0

Quarkonium spectral function
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Dynamical properties from lattice QCD
Lattice QCD simulations are similar to a (very) imperfect detector

ρ(ω)

ω

J/ψ ψ‘

D/D thresh.

T~0

T>0

Quarkonium spectral function

Extraction of spectra ill-posed unfolding problem

inverse problem



ALEXANDER ROTHKOPF - KU

Log[D(τ)]

τ

τ∈
[0

,1
/T

]

x,y,z

D(⌧) =

Z1

-2MQ

d!e-⌧!⇢(!)

Euclidean time correlation function

BUENAS IDEAS ON THE QCD PHASE DIAGRAM – MAY 29TH 2026 – YUKAWA INSTITUTE, KYOTO UNIVERSITY – KYOTO, JAPAN

COMPLEX HEAVY QUARK POTENTIAL FROM THE LATTICE - WHERE DO WE STAND?

66

Dynamical properties from lattice QCD
Lattice QCD simulations are similar to a (very) imperfect detector

ρ(ω)

ω

J/ψ ψ‘

D/D thresh.

T~0

T>0

Quarkonium spectral function

Extraction of spectra ill-posed unfolding problem

inverse problem

Current state-of-the-art via statistical inference and machine learning
for an overview see e.g.: A.R. Front.Phys. 10 (2022) 1028995
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A battery of reconstruction approaches

Most reconstruction methods can be cast in the language of Bayesian Inference:
amend ill-posed inverse problem with prior knowledge to select unique answer

<latexit sha1_base64="CHQnmYXBHQvX/XnM51Q7v7vG5sc="></latexit>

P [ω|D, I] → P [D|ω, I]P [ω|I]

for a review: A.R. Front.Phys. 10 (2022) 1028995
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A battery of reconstruction approaches

Most reconstruction methods can be cast in the language of Bayesian Inference:
amend ill-posed inverse problem with prior knowledge to select unique answer

<latexit sha1_base64="CHQnmYXBHQvX/XnM51Q7v7vG5sc="></latexit>

P [ω|D, I] → P [D|ω, I]P [ω|I]

<latexit sha1_base64="ATrxF1Y9PkcnMZGS+C8aEZGVcsg=">AAACLnicZVDLTgIxFG3xhfgCjSs3jcTEhSEzxqBLohvdYZRHAiPplAINnemkvWNCRj7GrW78GhMXxq2fYQdYCJykuSen93Hu9SMpDDjOF86srK6tb2Q3c1vbO7t7+cJ+3ahYM15jSird9KnhUoS8BgIkb0aa08CXvOEPb9L/xjPXRqjwEUYR9wLaD0VPMApW6uQPq622HqiXO4+0I60iUIQ/PXTyRafkTECWiTsjRTRDtVPAuN1VLA54CExSY1quE4GXUA2CST7OtWPDI8qGtM9bloY04MZLJv7H5MQqXdJT2r4QyESdr4DelZeIMIqBh2xa0IslsW7TpUhXaM5AjiyhTAs7k7AB1ZSBXf1/p4QGxowC/8zGgMIgjelMkxIYBHNGkzQDlJJmXvYX0rqTFmN7NHfxRMukfl5yy6Xy/UWxcj07XxYdoWN0ilx0iSroFlVRDTGUoFf0ht7xB/7E3/hnmprBs5oDNAf8+weWUqlC</latexit>

P [ω|I] → eS

<latexit sha1_base64="hBRiafPX8dJFelbkcu+q59yUTjE="></latexit>

P [D|ω, I] → e→ω2

for a review: A.R. Front.Phys. 10 (2022) 1028995
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A battery of reconstruction approaches

Most reconstruction methods can be cast in the language of Bayesian Inference:
amend ill-posed inverse problem with prior knowledge to select unique answer

Bayesian Inference
Explicit regulator based on 
prior information (positivity)
R. Bryan, Eur. Bio. Phys. J. 18 (1990)
Maximum Entropy Method (MEM)

Bayesian Reconstruction (BR)
Y. Burnier, A.R., PRL 111 (2013) 182003

<latexit sha1_base64="CHQnmYXBHQvX/XnM51Q7v7vG5sc="></latexit>

P [ω|D, I] → P [D|ω, I]P [ω|I]
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P [ω|I] → eS
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P [D|ω, I] → e→ω2

for a review: A.R. Front.Phys. 10 (2022) 1028995
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A battery of reconstruction approaches

Most reconstruction methods can be cast in the language of Bayesian Inference:
amend ill-posed inverse problem with prior knowledge to select unique answer

Bayesian Inference
Explicit regulator based on 
prior information (positivity)
R. Bryan, Eur. Bio. Phys. J. 18 (1990)
Maximum Entropy Method (MEM)

Bayesian Reconstruction (BR)
Y. Burnier, A.R., PRL 111 (2013) 182003

<latexit sha1_base64="CHQnmYXBHQvX/XnM51Q7v7vG5sc="></latexit>

P [ω|D, I] → P [D|ω, I]P [ω|I]

<latexit sha1_base64="ATrxF1Y9PkcnMZGS+C8aEZGVcsg=">AAACLnicZVDLTgIxFG3xhfgCjSs3jcTEhSEzxqBLohvdYZRHAiPplAINnemkvWNCRj7GrW78GhMXxq2fYQdYCJykuSen93Hu9SMpDDjOF86srK6tb2Q3c1vbO7t7+cJ+3ahYM15jSird9KnhUoS8BgIkb0aa08CXvOEPb9L/xjPXRqjwEUYR9wLaD0VPMApW6uQPq622HqiXO4+0I60iUIQ/PXTyRafkTECWiTsjRTRDtVPAuN1VLA54CExSY1quE4GXUA2CST7OtWPDI8qGtM9bloY04MZLJv7H5MQqXdJT2r4QyESdr4DelZeIMIqBh2xa0IslsW7TpUhXaM5AjiyhTAs7k7AB1ZSBXf1/p4QGxowC/8zGgMIgjelMkxIYBHNGkzQDlJJmXvYX0rqTFmN7NHfxRMukfl5yy6Xy/UWxcj07XxYdoWN0ilx0iSroFlVRDTGUoFf0ht7xB/7E3/hnmprBs5oDNAf8+weWUqlC</latexit>

P [ω|I] → eS

<latexit sha1_base64="hBRiafPX8dJFelbkcu+q59yUTjE="></latexit>

P [D|ω, I] → e→ω2

<latexit sha1_base64="fx4n9VV7h+cKoea95iGm6RqA2/M="></latexit>

ω

ωε
P [ε|D, I]

∣∣∣∣
ω=ωBayes

= 0

for a review: A.R. Front.Phys. 10 (2022) 1028995
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A battery of reconstruction approaches

Most reconstruction methods can be cast in the language of Bayesian Inference:
amend ill-posed inverse problem with prior knowledge to select unique answer

Linear Methods
Regularize fit by limited
choice of basis functions
Backus Gilbert (BG)

Gaussian Processes (GP)
Lupo et.al. PoS LATTICE2023 (2024) 004

see e.g. Horak et.al. PRD 105 (2022) 3, 036014

Bayesian Inference
Explicit regulator based on 
prior information (positivity)
R. Bryan, Eur. Bio. Phys. J. 18 (1990)
Maximum Entropy Method (MEM)

Bayesian Reconstruction (BR)
Y. Burnier, A.R., PRL 111 (2013) 182003

<latexit sha1_base64="CHQnmYXBHQvX/XnM51Q7v7vG5sc="></latexit>

P [ω|D, I] → P [D|ω, I]P [ω|I]

<latexit sha1_base64="ATrxF1Y9PkcnMZGS+C8aEZGVcsg=">AAACLnicZVDLTgIxFG3xhfgCjSs3jcTEhSEzxqBLohvdYZRHAiPplAINnemkvWNCRj7GrW78GhMXxq2fYQdYCJykuSen93Hu9SMpDDjOF86srK6tb2Q3c1vbO7t7+cJ+3ahYM15jSird9KnhUoS8BgIkb0aa08CXvOEPb9L/xjPXRqjwEUYR9wLaD0VPMApW6uQPq622HqiXO4+0I60iUIQ/PXTyRafkTECWiTsjRTRDtVPAuN1VLA54CExSY1quE4GXUA2CST7OtWPDI8qGtM9bloY04MZLJv7H5MQqXdJT2r4QyESdr4DelZeIMIqBh2xa0IslsW7TpUhXaM5AjiyhTAs7k7AB1ZSBXf1/p4QGxowC/8zGgMIgjelMkxIYBHNGkzQDlJJmXvYX0rqTFmN7NHfxRMukfl5yy6Xy/UWxcj07XxYdoWN0ilx0iSroFlVRDTGUoFf0ht7xB/7E3/hnmprBs5oDNAf8+weWUqlC</latexit>
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for a review: A.R. Front.Phys. 10 (2022) 1028995
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A battery of reconstruction approaches

Most reconstruction methods can be cast in the language of Bayesian Inference:
amend ill-posed inverse problem with prior knowledge to select unique answer

Linear Methods
Regularize fit by limited
choice of basis functions
Backus Gilbert (BG)

Gaussian Processes (GP)
Lupo et.al. PoS LATTICE2023 (2024) 004

see e.g. Horak et.al. PRD 105 (2022) 3, 036014

Neural Networks

Limited basis functions via
NN geometry & regularization
in training cost functional
Application to PDFs & spectra 
see e.g. Karpie et.al., JHEP 04 (2019) 057, L. Kades et.al. PRD 
102 (2020) 9, 096001, L. Wang et.al PRD 106 (2022) 5, L051502

Bayesian Inference
Explicit regulator based on 
prior information (positivity)
R. Bryan, Eur. Bio. Phys. J. 18 (1990)
Maximum Entropy Method (MEM)

Bayesian Reconstruction (BR)
Y. Burnier, A.R., PRL 111 (2013) 182003

<latexit sha1_base64="CHQnmYXBHQvX/XnM51Q7v7vG5sc="></latexit>

P [ω|D, I] → P [D|ω, I]P [ω|I]

<latexit sha1_base64="ATrxF1Y9PkcnMZGS+C8aEZGVcsg=">AAACLnicZVDLTgIxFG3xhfgCjSs3jcTEhSEzxqBLohvdYZRHAiPplAINnemkvWNCRj7GrW78GhMXxq2fYQdYCJykuSen93Hu9SMpDDjOF86srK6tb2Q3c1vbO7t7+cJ+3ahYM15jSird9KnhUoS8BgIkb0aa08CXvOEPb9L/xjPXRqjwEUYR9wLaD0VPMApW6uQPq622HqiXO4+0I60iUIQ/PXTyRafkTECWiTsjRTRDtVPAuN1VLA54CExSY1quE4GXUA2CST7OtWPDI8qGtM9bloY04MZLJv7H5MQqXdJT2r4QyESdr4DelZeIMIqBh2xa0IslsW7TpUhXaM5AjiyhTAs7k7AB1ZSBXf1/p4QGxowC/8zGgMIgjelMkxIYBHNGkzQDlJJmXvYX0rqTFmN7NHfxRMukfl5yy6Xy/UWxcj07XxYdoWN0ilx0iSroFlVRDTGUoFf0ht7xB/7E3/hnmprBs5oDNAf8+weWUqlC</latexit>

P [ω|I] → eS

<latexit sha1_base64="hBRiafPX8dJFelbkcu+q59yUTjE="></latexit>

P [D|ω, I] → e→ω2
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for a review: A.R. Front.Phys. 10 (2022) 1028995
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A battery of reconstruction approaches

Most reconstruction methods can be cast in the language of Bayesian Inference:
amend ill-posed inverse problem with prior knowledge to select unique answer

Linear Methods
Regularize fit by limited
choice of basis functions
Backus Gilbert (BG)

Gaussian Processes (GP)
Lupo et.al. PoS LATTICE2023 (2024) 004

see e.g. Horak et.al. PRD 105 (2022) 3, 036014

Neural Networks

Limited basis functions via
NN geometry & regularization
in training cost functional
Application to PDFs & spectra 
see e.g. Karpie et.al., JHEP 04 (2019) 057, L. Kades et.al. PRD 
102 (2020) 9, 096001, L. Wang et.al PRD 106 (2022) 5, L051502

Bayesian Inference
Explicit regulator based on 
prior information (positivity)
R. Bryan, Eur. Bio. Phys. J. 18 (1990)
Maximum Entropy Method (MEM)

Bayesian Reconstruction (BR)
Y. Burnier, A.R., PRL 111 (2013) 182003

Pade / Prony
Rational approx. of Euclidean 
correlator, explicit continuation

Prony analysis
Zhang et.al. PRB 110 (2024) 23, 235131

Direct Pade
see e.g. R.A. Tripolt et.al. Phys.Lett.B 774 (2017) and
A.R. et.al. Nucl.Phys.A 982 (2019) 735
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Mock-data closure tests

Realistic mock spectral 
functions via resummed

perturbation theory (HTL)

HotQCD and A.R., G. Parkar 
PRD 105 (2022) 5, 054513
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Mock-data closure tests

Realistic mock spectral 
functions via resummed

perturbation theory (HTL)

HotQCD and A.R., G. Parkar 
PRD 105 (2022) 5, 054513
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Mock-data closure tests

Realistic mock spectral 
functions via resummed

perturbation theory (HTL)

HotQCD and A.R., G. Parkar 
PRD 105 (2022) 5, 054513
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Mock-data closure tests

Realistic mock spectral 
functions via resummed

perturbation theory (HTL)

HotQCD and A.R., G. Parkar 
PRD 105 (2022) 5, 054513
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Mock-data closure tests

Realistic mock spectral 
functions via resummed

perturbation theory (HTL)

HotQCD and A.R., G. Parkar 
PRD 105 (2022) 5, 054513
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Mock-data closure tests

Realistic mock spectral 
functions via resummed

perturbation theory (HTL)

HotQCD and A.R., G. Parkar 
PRD 105 (2022) 5, 054513
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Mock-data closure tests

Realistic mock spectral 
functions via resummed

perturbation theory (HTL)

HotQCD and A.R., G. Parkar 
PRD 105 (2022) 5, 054513
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Mock-data closure tests

Realistic mock spectral 
functions via resummed

perturbation theory (HTL)

Re[V] reliably reconstructed, Im[V] systematically underestimated by both methods

HotQCD and A.R., G. Parkar 
PRD 105 (2022) 5, 054513
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Model fit approach
First application to the T>0 potential in R. Larsen & HotQCD PRD 105 (2022) 5, 054513
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Model fit approach
First application to the T>0 potential in R. Larsen & HotQCD PRD 105 (2022) 5, 054513
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Model fit approach

Assumption: separation of scales 
between T=0 potential peak (IR) 
and non-potential physics (UV)

First application to the T>0 potential in R. Larsen & HotQCD PRD 105 (2022) 5, 054513
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Model fit approach

Assumption: separation of scales 
between T=0 potential peak (IR) 
and non-potential physics (UV)
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Subtract off the potential 
part at T=0

First application to the T>0 potential in R. Larsen & HotQCD PRD 105 (2022) 5, 054513
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Model fit approach

Assumption: separation of scales 
between T=0 potential peak (IR) 
and non-potential physics (UV)
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Subtract off the potential 
part at T=0
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First application to the T>0 potential in R. Larsen & HotQCD PRD 105 (2022) 5, 054513
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Model fit approach

Assumption: separation of scales 
between T=0 potential peak (IR) 
and non-potential physics (UV)
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Model fit approach

Assumption: separation of scales 
between T=0 potential peak (IR) 
and non-potential physics (UV)
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First application to the T>0 potential in R. Larsen & HotQCD PRD 105 (2022) 5, 054513
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Model fit approach

Assumption: separation of scales 
between T=0 potential peak (IR) 
and non-potential physics (UV)

r/a=1
r/a=2
r/a=3

r/a=4
r/a=5
r/a=6

r/a=7

0 2 4 6 8 10
0.01

0.10

1

10

100

1000

104

ω [GeV]

ρ(
ω
)[
ar
b.
]

Subtract off the potential 
part at T=0

T>0 Corr

T=0 UV part

0 5 10 15 20
10-5

10-4

0.001

0.010

0.100

1

τ/a

C
or
re
la
to
r

Correlators Nt24 - R/a=2

5 10 15 201.4

1.6

1.8

2.0

2.2 T=0 meff

T>0 meff (raw)
T>0 meff 
(from subtracted)

Subtract off the T=0 UV 
remnant from T>0 correlator

First application to the T>0 potential in R. Larsen & HotQCD PRD 105 (2022) 5, 054513



ALEXANDER ROTHKOPF - KU

T=0 spectral function

r/a=1
r/a=2
r/a=3

r/a=4
r/a=5
r/a=6

r/a=7

0 2 4 6 8 10
0.01

0.10

1

10

100

1000

104

ω [GeV]

ρ(
ω
)[
ar
b.
]

BUENAS IDEAS ON THE QCD PHASE DIAGRAM – MAY 29TH 2026 – YUKAWA INSTITUTE, KYOTO UNIVERSITY – KYOTO, JAPAN

COMPLEX HEAVY QUARK POTENTIAL FROM THE LATTICE - WHERE DO WE STAND?

90

Model fit approach

Assumption: separation of scales 
between T=0 potential peak (IR) 
and non-potential physics (UV)
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First application to the T>0 potential in R. Larsen & HotQCD PRD 105 (2022) 5, 054513

Linear behavior in meff:
consistent with Gaussian or sharp 
Lorentzian spectral function at low ω.
Re[V] from intercept at 𝜏=0.
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Model fit approach

Assumption: separation of scales 
between T=0 potential peak (IR) 
and non-potential physics (UV)
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First application to the T>0 potential in R. Larsen & HotQCD PRD 105 (2022) 5, 054513

Linear behavior in meff:
consistent with Gaussian or sharp 
Lorentzian spectral function at low ω.
Re[V] from intercept at 𝜏=0.
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Outline

Motivation: Exploration of phases of QCD

The complex heavy quark potential from (lattice) QCD

From past to recent results from lattice QCD

Summary 
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Exploration of the complex static potential
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Exploration of the complex static potential
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ALEXANDER ROTHKOPF - KU

AsqTad
Nf=2+1 mπ=200-500 MeV

Y. Burnier, A.R., O. Kaczmarek PRL 114 
(2015) 8, 082001 and JHEP12(2015)101
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Exploration of the complex static potential
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ALEXANDER ROTHKOPF - KU

AsqTad
Nf=2+1 mπ=200-500 MeV

Y. Burnier, A.R., O. Kaczmarek PRL 114 
(2015) 8, 082001 and JHEP12(2015)101
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Exploration of the complex static potential
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HISQ
mπ=160-300 MeV
HotQCD and A.R., G. Parkar 
PRD 105 (2022) 5, 054513,
PRD 109 (2024) 7, 074504
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Exploration of the complex static potential
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HISQ
mπ=160-300 MeV
HotQCD and A.R., G. Parkar 
PRD 105 (2022) 5, 054513,
PRD 109 (2024) 7, 074504

O(a) Wilson
mπ=240MeV

w/ J. Skullerud FASTSUM (in progress)
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Quenched QCD – Re[V]

Purely gluonic medium – absence of light dynamical quarks: deconfinement phase
transition at T=271MeV Y. Burnier, A.R. PRD 95 (2017) 5, 054511 & R. Larsen et.al. PRD 110 (2024) 11, 114501
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Quenched QCD – Re[V]

Purely gluonic medium – absence of light dynamical quarks: deconfinement phase
transition at T=271MeV Y. Burnier, A.R. PRD 95 (2017) 5, 054511 & R. Larsen et.al. PRD 110 (2024) 11, 114501

Moderate numerical cost, 
fine grids: N𝜏=20-96 
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Quenched QCD – Re[V]

Purely gluonic medium – absence of light dynamical quarks: deconfinement phase
transition at T=271MeV Y. Burnier, A.R. PRD 95 (2017) 5, 054511 & R. Larsen et.al. PRD 110 (2024) 11, 114501

Moderate numerical cost, 
fine grids: N𝜏=20-96 

r = 0.702 fm
BR spectral functions
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Quenched QCD – Re[V]

Purely gluonic medium – absence of light dynamical quarks: deconfinement phase
transition at T=271MeV Y. Burnier, A.R. PRD 95 (2017) 5, 054511 & R. Larsen et.al. PRD 110 (2024) 11, 114501

Based on Bayesian
Reconstruction (BR)
(crosschecked with Pade)

Wilson plaquette action

Moderate numerical cost, 
fine grids: N𝜏=20-96 
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Quenched QCD – Re[V]

Purely gluonic medium – absence of light dynamical quarks: deconfinement phase
transition at T=271MeV Y. Burnier, A.R. PRD 95 (2017) 5, 054511 & R. Larsen et.al. PRD 110 (2024) 11, 114501

Based on Bayesian
Reconstruction (BR)
(crosschecked with Pade)

Wilson plaquette action

Moderate numerical cost, 
fine grids: N𝜏=20-96 
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Quenched QCD – Re[V]

Purely gluonic medium – absence of light dynamical quarks: deconfinement phase
transition at T=271MeV Y. Burnier, A.R. PRD 95 (2017) 5, 054511 & R. Larsen et.al. PRD 110 (2024) 11, 114501

Based on Bayesian
Reconstruction (BR)
(crosschecked with Pade)

Wilson plaquette action

Moderate numerical cost, 
fine grids: N𝜏=20-96 



ALEXANDER ROTHKOPF - KU BUENAS IDEAS ON THE QCD PHASE DIAGRAM – MAY 29TH 2026 – YUKAWA INSTITUTE, KYOTO UNIVERSITY – KYOTO, JAPAN

COMPLEX HEAVY QUARK POTENTIAL FROM THE LATTICE - WHERE DO WE STAND?

104

Quenched QCD – Re[V]

Purely gluonic medium – absence of light dynamical quarks: deconfinement phase
transition at T=271MeV

Consistent picture:
no modification at T<TC
Debye screening at T>TC

Y. Burnier, A.R. PRD 95 (2017) 5, 054511 & R. Larsen et.al. PRD 110 (2024) 11, 114501

Based on Bayesian
Reconstruction (BR)
(crosschecked with Pade)

Wilson plaquette action

Moderate numerical cost, 
fine grids: N𝜏=20-96 
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Quenched QCD – Im[V]

Purely gluonic medium – absence of light dynamical quarks: deconfinement phase
transition at T=271MeV Y. Burnier, A.R. PRD 95 (2017) 5, 054511 & R. Larsen et.al. PRD 110 (2024) 11, 114501

Moderate numerical cost, 
fine grids: N𝜏=20-96 

Based on both Bayesian
Reconstruction (BR) and
Pade Reconstruction
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Quenched QCD – Im[V]

Purely gluonic medium – absence of light dynamical quarks: deconfinement phase
transition at T=271MeV Y. Burnier, A.R. PRD 95 (2017) 5, 054511 & R. Larsen et.al. PRD 110 (2024) 11, 114501

Moderate numerical cost, 
fine grids: N𝜏=20-96 

Based on both Bayesian
Reconstruction (BR) and
Pade Reconstruction
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Quenched QCD – Im[V]

Purely gluonic medium – absence of light dynamical quarks: deconfinement phase
transition at T=271MeV Y. Burnier, A.R. PRD 95 (2017) 5, 054511 & R. Larsen et.al. PRD 110 (2024) 11, 114501

Moderate numerical cost, 
fine grids: N𝜏=20-96 

Based on both Bayesian
Reconstruction (BR) and
Pade Reconstruction
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Quenched QCD – Im[V]

Purely gluonic medium – absence of light dynamical quarks: deconfinement phase
transition at T=271MeV Y. Burnier, A.R. PRD 95 (2017) 5, 054511 & R. Larsen et.al. PRD 110 (2024) 11, 114501

Moderate numerical cost, 
fine grids: N𝜏=20-96 

Based on both Bayesian
Reconstruction (BR) and
Pade Reconstruction
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Quenched QCD – Im[V]

Purely gluonic medium – absence of light dynamical quarks: deconfinement phase
transition at T=271MeV

Much more difficult to
reliably extract Im[V] but 
statistically significant 
signal for Im[V]>0 at T>TC

Y. Burnier, A.R. PRD 95 (2017) 5, 054511 & R. Larsen et.al. PRD 110 (2024) 11, 114501

Moderate numerical cost, 
fine grids: N𝜏=20-96 

Based on both Bayesian
Reconstruction (BR) and
Pade Reconstruction
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Legacy isotropic full QCD -  Re[V] & Im[V]

Nf=2+1 AsqTad dynamical quarks w/ mπ=300MeV but still coarse N𝜏=12  
Y. Burnier, A.R., O. Kaczmarek JHEP12(2015)101
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Legacy isotropic full QCD -  Re[V] & Im[V]

Nf=2+1 AsqTad dynamical quarks w/ mπ=300MeV but still coarse N𝜏=12  
Y. Burnier, A.R., O. Kaczmarek JHEP12(2015)101
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Legacy isotropic full QCD -  Re[V] & Im[V]

Nf=2+1 AsqTad dynamical quarks w/ mπ=300MeV but still coarse N𝜏=12  

Smooth crossover manifest
as monotonous weakening 
of Re[V] as T increases.
(residual σ but agreement w/ F1)

Y. Burnier, A.R., O. Kaczmarek JHEP12(2015)101
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Legacy isotropic full QCD -  Re[V] & Im[V]

Nf=2+1 AsqTad dynamical quarks w/ mπ=300MeV but still coarse N𝜏=12  

Smooth crossover manifest
as monotonous weakening 
of Re[V] as T increases.
(residual σ but agreement w/ F1)
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Figure 2. (left) Real-part of the in-medium heavy quark potential on Nf = 2 + 1 asqtad lattices
(points) with fits that establish the values of the Debye mass (solid line). Errorbands denote changes
from varying the value of mD within its fit uncertainty. (right) prediction of the imaginary part
of the potential (solid curves), together with the tentative values (light points) extracted from the
asqtad lattices with Nτ = 12.

2.3 Determination of mD from the lattice potential

For a consistent determination of the single temperature dependent parameter mD, we

assume that neither the strong coupling nor the string tension depend on the medium

temperature, i.e. all modification emerges from the surrounding light quarks and gluons.

Thus we will need to fix the values of α̃s, σ, as well as the arbitrary scale dependent

constant shift of Re[V ] at T = 0. Since lattice QCD simulations are performed on finite size

lattices at a finite lattice spacing, they necessarily operate at a low but finite temperature.

In our case we will hence use the newly added data from the two ensembles close to

zero temperature at β1 = 6.9 and β2 = 7.48. We find that the values of the vacuum

parameters vary slightly between the two ensembles. Hence a linear interpolation is used

at intermediate lattice spacings.5 As can be seen from the dark and light blue curves at the

top of the right panel of figure 2 the lattice values for Re[V ] at low temperature indeed show

a well pronounced Coulombic and linear behavior that is excellently reproduced by the fit

parameters given in table 2. I.e. neither the running of the coupling at small distances nor

logarithmic corrections at large distances are significant for the regime investigated here.

With the vacuum values set and since the explicit expression for both Re[V ] and Im[V ]

derived above only depends on a single parameter, we continue by determining mD from a

fit to the real part of the lattice QCD extracted values alone. The resulting curves are given

as solid lines in the right panel of figure 2, the corresponding Debye masses are collected

in table 3 and plotted in figure 3.

5Note that the differences between the values of σ at different β values might be related to an insufficiently

precise setting of the scale for the asqtad lattices in [45].

– 11 –

Imaginary part must be taken with
grain of salt. Above TC finite signal
significant.

Y. Burnier, A.R., O. Kaczmarek JHEP12(2015)101
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Isotropic full QCD -  Re[V] & Im[V] (I) 

Nf=2+1 HISQ dynamical quarks w/ mostly mπ=160MeV but still coarse N𝜏=12  
HotQCD and A.R., G. Parkar PRD 105 (2022) 5, 054513



ALEXANDER ROTHKOPF - KU BUENAS IDEAS ON THE QCD PHASE DIAGRAM – MAY 29TH 2026 – YUKAWA INSTITUTE, KYOTO UNIVERSITY – KYOTO, JAPAN

COMPLEX HEAVY QUARK POTENTIAL FROM THE LATTICE - WHERE DO WE STAND?

115

Isotropic full QCD -  Re[V] & Im[V] (I) 

Nf=2+1 HISQ dynamical quarks w/ mostly mπ=160MeV but still coarse N𝜏=12  

Based on model fits, crosschecked
via Pade reconstruction

HotQCD and A.R., G. Parkar PRD 105 (2022) 5, 054513
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Isotropic full QCD -  Re[V] & Im[V] (I) 

Nf=2+1 HISQ dynamical quarks w/ mostly mπ=160MeV but still coarse N𝜏=12  

Based on model fits, crosschecked
via Pade reconstruction

HotQCD and A.R., G. Parkar PRD 105 (2022) 5, 054513
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Isotropic full QCD -  Re[V] & Im[V] (I) 

Nf=2+1 HISQ dynamical quarks w/ mostly mπ=160MeV but still coarse N𝜏=12  

Based on model fits, crosschecked
via Pade reconstruction

Surprising outcome: Re[V]
appears independent of T

HotQCD and A.R., G. Parkar PRD 105 (2022) 5, 054513
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Isotropic full QCD -  Re[V] & Im[V] (I) 

Nf=2+1 HISQ dynamical quarks w/ mostly mπ=160MeV but still coarse N𝜏=12  

Based on model fits, crosschecked
via Pade reconstruction

Surprising outcome: Re[V]
appears independent of T

HotQCD and A.R., G. Parkar PRD 105 (2022) 5, 054513

Im[V] monotonously increases
with temperature. 
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Isotropic full QCD -  Re[V] & Im[V] (II) 

Nf=2+1 HISQ dynamical quarks w/ mostly mπ=160MeV & better resolution N𝜏=16-36
HotQCD and A.R. PRD 109 (2024) 7, 074504
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Isotropic full QCD -  Re[V] & Im[V] (II) 

Nf=2+1 HISQ dynamical quarks w/ mostly mπ=160MeV & better resolution N𝜏=16-36
HotQCD and A.R. PRD 109 (2024) 7, 074504
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appears independent of T

HISQ action
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Isotropic full QCD -  Re[V] & Im[V] (II) 

Nf=2+1 HISQ dynamical quarks w/ mostly mπ=160MeV & better resolution N𝜏=16-36
HotQCD and A.R. PRD 109 (2024) 7, 074504

Im[V] monotonously increases
with temperature. 
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Consistency of recent results

TUMQCD PRD98 (2018) 5, 054511

Presence of significant imaginary part will lead to decoherence - decorrelation

No apriori inconsistency between potential and thermodynamic behavior

HotQCD & A.R. PRD 109 (2024) 7, 074504
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Tantalizing hints for additional structure

Recent study of topological center vortices at zero & finite temperature
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Tantalizing hints for additional structure

Recent study of topological center vortices at zero & finite temperature

At T=0, removing vortices depletes the string tension. 

J. Biddle et.al. PRD 106 (2022) 5, 054505

vertex contribution

vertex subtracted

mπ=156MeV, T=0
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O(a) improved Wilson fermions
mπ=239MeV, T=0

J. Mickley et.al. PRD 111, 034508
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Tantalizing hints for additional structure

Recent study of topological center vortices at zero & finite temperature

At T=0, removing vortices depletes the string tension. 

J. Biddle et.al. PRD 106 (2022) 5, 054505

vertex contribution

vertex subtracted

mπ=156MeV, T=0
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Tantalizing hints for additional structure

Recent study of topological center vortices at zero & finite temperature

At T=0, removing vortices depletes the string tension. 

J. Biddle et.al. PRD 106 (2022) 5, 054505

vertex contribution

vertex subtracted

mπ=156MeV, T=0

At T > 2TχC show percolation transition which may indicate confinement persists
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A (preliminary) apples to apples analysis
Using the same lattice ensembles as vortex study & same modelling as HotQCD
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A (preliminary) apples to apples analysis
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Using the same lattice ensembles as vortex study & same modelling as HotQCD
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A (preliminary) apples to apples analysis
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A (preliminary) apples to apples analysis
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A (preliminary) apples to apples analysis
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A (preliminary) apples to apples analysis
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A (preliminary) apples to apples analysis
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A (preliminary) apples to apples analysis
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A (preliminary) apples to apples analysis
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A (preliminary) apples to apples analysis
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Accompanying change in 
Re[V]. Must ascertain whether 
independent of lattice cutoff.
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Anisotropic full QCD -  (preliminary) Re[V]

O(a) Wilson quarks with heavy pion mass (mπ=300MeV) w/ N𝜏=20-64
FASTSUM Gen2L ensembles PRD 105, 034504
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Anisotropic full QCD -  (preliminary) Re[V]

O(a) Wilson quarks with heavy pion mass (mπ=300MeV) w/ N𝜏=20-64
FASTSUM Gen2L ensembles PRD 105, 034504
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Anisotropic full QCD -  (preliminary) Re[V]

O(a) Wilson quarks with heavy pion mass (mπ=300MeV) w/ N𝜏=20-64
FASTSUM Gen2L ensembles PRD 105, 034504
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Anisotropic full QCD -  (preliminary) Re[V]

O(a) Wilson quarks with heavy pion mass (mπ=300MeV) w/ N𝜏=20-64
FASTSUM Gen2L ensembles PRD 105, 034504
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Anisotropic full QCD -  (preliminary) Re[V]

O(a) Wilson quarks with heavy pion mass (mπ=300MeV) w/ N𝜏=20-64
FASTSUM Gen2L ensembles PRD 105, 034504
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Anisotropic full QCD -  (preliminary) Re[V]

O(a) Wilson quarks with heavy pion mass (mπ=300MeV) w/ N𝜏=20-64
FASTSUM Gen2L ensembles PRD 105, 034504
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Anisotropic full QCD -  (preliminary) Re[V]

O(a) Wilson quarks with heavy pion mass (mπ=300MeV) w/ N𝜏=20-64
FASTSUM Gen2L ensembles PRD 105, 034504
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Anisotropic full QCD -  (preliminary) Re[V]

O(a) Wilson quarks with heavy pion mass (mπ=300MeV) w/ N𝜏=20-64
FASTSUM Gen2L ensembles PRD 105, 034504
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Summary

Heavy quark real-time dynamics provide complementary insight into phase structure
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Summary

Heavy quark real-time dynamics provide complementary insight into phase structure

Fate of confinement & active color d.o.f. manifest in complex heavy quark potential 
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Summary

Heavy quark real-time dynamics provide complementary insight into phase structure

Fate of confinement & active color d.o.f. manifest in complex heavy quark potential 

Robust definition from QCD via ETF, extraction from lattice QCD via inverse problem
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Summary

Heavy quark real-time dynamics provide complementary insight into phase structure

Fate of confinement & active color d.o.f. manifest in complex heavy quark potential 

Robust definition from QCD via ETF, extraction from lattice QCD via inverse problem

Quenched QCD: Debye screened Re[V], monotonous increasing Im[V] with T 
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Summary

Heavy quark real-time dynamics provide complementary insight into phase structure

Fate of confinement & active color d.o.f. manifest in complex heavy quark potential 

Robust definition from QCD via ETF, extraction from lattice QCD via inverse problem

Quenched QCD: Debye screened Re[V], monotonous increasing Im[V] with T 

State-of-the-art full QCD: surprising Re[V] weak/no dependence on T, finite Im[V] 
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Summary

Heavy quark real-time dynamics provide complementary insight into phase structure

Fate of confinement & active color d.o.f. manifest in complex heavy quark potential 

Robust definition from QCD via ETF, extraction from lattice QCD via inverse problem

Quenched QCD: Debye screened Re[V], monotonous increasing Im[V] with T 

State-of-the-art full QCD: surprising Re[V] weak/no dependence on T, finite Im[V] 

Ongoing analysis of Re[V] on FASTSUM lattices, (preliminary) hints of onset
of flattening off at T>2Tc consistent with change in vortex structures.
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Summary

Heavy quark real-time dynamics provide complementary insight into phase structure

Fate of confinement & active color d.o.f. manifest in complex heavy quark potential 

Robust definition from QCD via ETF, extraction from lattice QCD via inverse problem

Quenched QCD: Debye screened Re[V], monotonous increasing Im[V] with T 

State-of-the-art full QCD: surprising Re[V] weak/no dependence on T, finite Im[V] 

Ongoing analysis of Re[V] on FASTSUM lattices, (preliminary) hints of onset
of flattening off at T>2Tc consistent with change in vortex structures.
Investigation of lattice cutoff dependence via upcoming FASTSUM Gen3 ensembles
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Summary

Heavy quark real-time dynamics provide complementary insight into phase structure

Fate of confinement & active color d.o.f. manifest in complex heavy quark potential 

Robust definition from QCD via ETF, extraction from lattice QCD via inverse problem

Quenched QCD: Debye screened Re[V], monotonous increasing Im[V] with T 

State-of-the-art full QCD: surprising Re[V] weak/no dependence on T, finite Im[V] 

Thank you for your attention
ご清聴ありがとうございました

Ongoing analysis of Re[V] on FASTSUM lattices, (preliminary) hints of onset
of flattening off at T>2Tc consistent with change in vortex structures.
Investigation of lattice cutoff dependence via upcoming FASTSUM Gen3 ensembles


