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We can define a quark confinement-deconfinement 
phase transition only in a gluonic theory that has 
no quarks in the dynamics. 

This is confinement of something 
that does not exist in the theory…

Confinement is theoretically “defined” in a way 
which is not the same as experimentally realized. 
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Abstract: We classify “truly confining” (t-confining) supersymmetric gauge theories, in
which no center charges can be screened, and Wilson loops in the fundamental representa-
tion are therefore expected to exhibit an area law. In all cases, we identify the condensation
of certain “magnetic” operators. Many of them have more than three branches, and one
with vanishing superpotential, a phenomenon not previously observed.
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proposing the t-confinement not screening all center elements.

abelian gauge theories where the matter fields transform trivially under the center group
or its non-trivial subgroup. On the other hand, we still lack analytical tools to study non-
perturbative dynamics of non-abelian gauge theories other than numerical simulations on
Euclidean lattice.

This is why we study “truly confining” (t-confining) supersymmetric gauge theories
in this paper. Supersymmetry allows us to solve the non-perturbative dynamics of gauge
theories exactly in the sense that we can work out the infrared (IR) behavior of the theories
about the symmetry of the ground state and low-lying spectrum of excitations. We present a
classification of all supersymmetric gauge theories that truly confine. We were particularly
inspired by the remark by Intriligator and Seiberg [20] about the gaugino condensation
→ωω↑ = !3

e
2ωik/h ↓= 0 in pure SUSY Yang–Mills theories where h is the dual Coxeter

number of the gauge group. It is an order parameter of the breaking of the discrete Z2h R-
symmetry to is Z2 subgroup, and can be considered as an order parameter of confinement.
The operator can be regarded as a “magnetic” object that causes the confinement. In fact,
we identify condensation of “magnetic” objects as a common feature among all of them.

The t-confining theories should not be confused with s-confining theories that are de-
scribed by an IR-free theory among gauge-invariant polynomials. They were classified by
Csàki, Schmaltz, and Skiba [21, 22]. We went through their list of s-confining theories,
and found none of them leave a center symmetry unbroken. We will show this point in
Appendix. B.

In this paper, we show that the complete list of t-confining supersymmetric gauge
theories is the following.

(A) Pure Yang–Mills theories

(B) SO(k) gauge theories with k ↔ 4 flavors in the vector representation

(C) SO(k) gauge theories with k ↔ 3 flavors in the vector representation

(D) SU(6) gauge theory with one field in the rank-three anti-symmetric tensor represen-
tation

(E) Sp(k) gauge theories with one field in the rank-two anti-symmetric tensor represen-
tation

(F) SU(2k) gauge theories with one field in the rank-two anti-symmetric tensor represen-
tation and another in its conjugate representation

(G) SO(12) gauge theories with two flavors in the spinor representation

(D) is the only chiral gauge theory on this list. The theories (E) were studied only partially
for k = 2 when equivalent to Sp(2) ↗ SO(5) [23], and the theories (F) and (G) have not
been studied in the literature before. Even for known theories such as (A) [24, 25], (B),
and (C) [23], we show their properties under the discrete symmetries that demonstrate
the condensation of “magnetic” objects. It is also interesting that many of them exhibit
multiple branches. So far only theories with two (B,C) [23] or three (D) [26] branches of

– 3 –

Is center so crucial 
for confinement?

Where is QCD?
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Phase diagram of the lattice G2 Higgs Model

Björn H. Wellegehausen, Andreas Wipf, and Christian Wozar∗
Theoretisch-Physikalisches Institut, Friedrich-Schiller-Universität Jena, Max-Wien-Platz 1, 07743 Jena, Germany

We study the phases and phase transition lines of the finite temperature G2 Higgs model. Our work is based on
an efficient local hybrid Monte-Carlo algorithm which allows for accurate measurements of expectation values,
histograms and susceptibilities. On smaller lattices we calculate the phase diagram in terms of the inverse gauge
coupling β and the hopping parameter κ. For κ → 0 the model reduces to G2 gluodynamics and for κ → ∞ to
SU(3) gluodynamics. In both limits the system shows a first order confinement-deconfinement transition. We
show that the first order transitions at asymptotic values of the hopping parameter are almost joined by a line
of first order transitions. A careful analysis reveals that there exists a small gap in the line where the first order
transitions turn into continuous transitions or a cross-over region. For β → ∞ the gauge degrees of freedom
are frozen and one finds a nonlinear O(7) sigma model which exhibits a second order transition from a massive
O(7)-symmetric to a massless O(6)-symmetric phase. The corresponding second order line for large β remains
second order for intermediate β until it comes close to the gap between the two first order lines. Besides this
second order line and the first order confinement-deconfinement transitions we find a line of monopole-driven
bulk transitions which do not interfer with the confinement-deconfinment transitions.

PACS numbers: 11.15.-q, 11.15.Ha, 12.38.Aw

I. INTRODUCTION

Quarks and gluons are confined in mesons and baryons and are not seen as asymptotic states of strong interaction. Understanding
the dynamics of this confinement mechanism is one of the challenging problems in strongly coupled gauge theories. Confinement
is lost under extreme conditions: when temperature reaches the QCD energy scale or the density rises to the point where the
average inter-quark separation is less than 1 fm, then hadrons are melted into their constituent quarks.

For gauge groups with a non-trivial center is the Polyakov loop

P (!x) = trP(!x), P(!x) =
1

N
tr

(

exp i

∫ βT

0
A0(τ, !x) dτ

)

, βT =
1

kT
, (1)

an order parameter for the transition from the confined to the unconfined phase in gluodynamics (pure gauge theories). Its
thermal expectation value is related to the difference in free energy F due to the presence of an infinitely heavy test quark in the
gluonic bath as

→P 〉 ∝ e−βF , (2)

such that →P 〉 $= 0 in the unconfined high-temperature phase and →P 〉 = 0 in the confined low-temperature phase. Below
the critical temperature is P(!x) uniformly distributed over the group manifold and above the critical temperature it is in the
neighborhood of a center-element. Near the transition point its dynamics is successfully described by effective three dimensional
scalar field models for the characters of P(!x) [1–3]. If one further projects the Polyakov loops onto the center of the gauge group,
then one arrives at generalized Potts models describing the effective Polyakov-loop dynamics [4].

With matter in the fundamental representation the center symmetry is explicitly broken and for all temperatures has P a non-
zero expectation value and points in the direction of a particular center element. Thus in the strict sense the Polyakov loop
ceases to be an order parameter for the center symmetry. On a microscopic scale this is attributed to the breaking of the string
connecting a static ‘quark anti-quark pair’ when one tries to separate the static charges [5]. It breaks via the spontaneous creation
of dynamical quark anti-quark pairs which in turn screen the individual static charges.

To clarify the relevance of the center symmetry for confinement it suggests itself to study gauge theories for which the gauge
group has a trivial center. Then the Polyakov loop ceases to be an order parameter even in the absence of dynamical matter
since the strings connecting external charges can break via the spontaneous creation of dynamical ‘gluons’. The smallest simple
and simply connected Lie group with a trivial center is the 14 dimensional exceptional Lie group G2. This is one reason why
G2 gauge theory with and without Higgsfields has been investigated in series of papers [6–11]. Although there is no symmetry

∗bjoern.wellegehausen@uni-jena.de, wipf@tpi.uni-jena.de and Christian.Wozar@uni-jena.de
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reason for a deconfinement phase transition inG2 gluodynamics it has been conjectured that a first order deconfinement transition
without order parameter exists. In this context confinement refers to confinement at intermediate scales, where a Casimir scaling
of string tensions has been detected in [12]. Although the threshold energy for string breaking inG2 gauge theory is rather high,
string breaking has been seen in 3 dimensionalG2 gluodynamics in [13].
The gauge groupSU(3) of strong interaction is a subgroup ofG2 and this observation has interesting consequences, as pointed

out in [8]. With a Higgs field in the fundamental 7 dimensional representation one can break the G2 gauge symmetry to the
SU(3) symmetry via the Higgs mechanism. When the Higgs field in the action

S[A,φ] =

∫

d4x

(

1

4g2
trFµνF

µν +
1

2
(Dµφ, Dµφ) + V (φ)

)

(3)

picks up a vacuum expectation value v, then 6 gauge bosons acquire a mass proportional to v while the 8 gluons belonging to
SU(3) remain massless. The massive gauge bosons are removed from the spectrum for v → ∞. In this limit G2 Higgs model
reduces to SU(3) Yang-Mills theory. Even more interesting, for intermediate and large values of v the G2 Yang-Mills-Higgs
(YMH) theory mimics SU(3) gauge theory with dynamical ‘scalar quarks’. The masses of these ‘quarks’ and the length scale at
which string breaking occurs increase with increasing v. The Polyakov loop serves as approximate order parameter separating
the confined from the unconfined phases with a rapid change at the transition or crossover. This rapid change is depicted in
Fig. 1 which shows the expectation value of P forG2 gluodynamics as function of the inverse gauge coupling β = 1/g2.
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FIG. 1: Phase transition on a 163 × 6 lattice in terms of the Polyakov loop in the fundamental representation of G2. The rapid change of the
Polyakov loop with β = 1/g2 (left panel) and histograms of the Polyakov loop for β in the vicinity of βc (right panel) point to a first order
transition.

In an earlier work we derived a 3 dimensional effective theory for the dynamics of the Polyakov loop for finite temperature
G2 gluodynamics and analyzed the resulting Landau-type theory with the help of elaborate Monte Carlo simulations [14].
Already the leading order effective Polyakov loop model exhibits a rich phase structure with symmetric, ferromagnetic, and
anti-ferromagnetic phases.
In the present paper we investigate the phase structure of microscopic G2 YMH lattice theory with a Higgs field in the 7

dimensional representation. The corresponding lattice action for the G2 valued link variables and a normalized Higgs field with
7 real components reads

SYMH[U ,Φ] = β
∑

!

(

1−
1

7
trReU!

)

− κ
∑

x,µ

Φx+µ̂ Ux,µΦx, Φx · Φx = 1, (4)

and depends on the inverse gauge coupling β and the hopping parameter κ. For β → ∞ the gauge bosons decouple and the
theory reduces to an O(7) invariant nonlinear sigma model which is expected the have a second order (mean field) symmetry
breaking transition down to O(6). The mean field prediction for the critical coupling is κc,mf = 7/8 and this value bounds κc

from below [15]. In the limit κ = 0 we recoverG2 gluodynamics with a first order deconfinement phase transition, in agreement
with the findings in [16]. In the other extreme case κ → ∞ we end up with SU(3) gluodynamics with a weak first order
deconfinement transition. The known transitions in the limiting cases κ → 0, κ → ∞ or β → ∞ are depicted in Fig. 2. If κ is
lowered from∞ then in addition to the 8 gluons of SU(3), the 6 additional gauge bosons of G2 with decreasing mass begin to
participate in the dynamics. Similarly as dynamical quarks and anti-quarks, they transform in the representations {3} and {3̄}
of SU(3) and thus explicitly break the Z3 center symmetry. As in QCD they are expected to weaken the deconfinement phase
transition. Thus it has been conjectured in [6] that there may exist a critical endpoint where the transition disappears.
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FIG. 2: Expected phase diagram in the parameter space (1/g2,κ) (taken from [6]).

In the following section we shall briefly recall those facts about G2 representations which are relevant for the present work.
In Sec. III some algorithmic aspects are reviewed. A more detailed presentation can be found in our earlier paper [13]. Sec. IV
contains our Monte-Carlo results for the phase diagram in the (β,κ) plane. We find that the two first order lines emanating from
the deconfinement transitons in G2 and SU(3) gluodynamics at κ = 0 and κ = → end in the vicinity of (β,κ) = (9.4, 1.6)
on a 6 × 163 lattice. Sec. VI contains the results of our high statistics simulations for histograms and susceptibilities in the
small region in parameter space where the two first order lines are either connected by a second order line or leave open a gap
which smoothly connects the confinend and deconfined phases. Our data are consistent with the conjectured critical endpoints
attached to the two first order lines. For large β a second order transition line which separates the O(7) and O(6) sigma models
comes close to the first order deconfinement transition lines. The phases and transition lines are localized and analysed with high
statistics simulations of the Polyakov loop distribution and susceptibility, plaquette and Higgs action susceptibilities, and finally
with derivatives of the mean action with respect to the hopping parameter. Besides the transition lines indicated in Fig. 2 there
exists another line of monopole driven bulk transitions. This line emanates from the bulk crossover in pure G2-gluodynamics at
β = 9.45 [16].

II. THE GROUPG2

The exceptional Lie group G2 is the smallest Lie group in the Cartan classification which is simply connected and has a trivial
center. The two fundamental representations are the 7 dimensional defining representation {7} and the 14 dimensional adjoint
representation {14}. One may view the elements of the representation {7} as matrices in the defining representation of SO(7),
subject to seven independent cubic constraints, see [8]. For example, the defining representation {7} of SO(7) turns into
an irreducible representation of G2, whereas the adjoint representation {21} of SO(7) branches into the two fundamental
representation {14} and {7} of G2. The gauge group of strong interaction is a subgroup of G2 and the corresponding coset
space is a sphere [17],

G2/SU(3) ∼ S6. (5)

This means that every element U of G2 can be written as

U = S · V with S ∈ G2/SU(3) and V ∈ SU(3), (6)

and we shall use this decomposition to speed up our numerical simulations.
Quarks in G2 transform under the 7 dimensional fundamental representation, gluons under the 14 dimensional fundamental

(and adjoint) representation. To better understandG2 gluodynamics we recall the decomposition of tensor products

{7}⊗ {7} = {1}⊕ {7}⊕ {14}⊕ {27},

{7}⊗ {7}⊗ {7} = {1}⊕ 4 · {7}⊕ 2 · {14}⊕ 3 · {27}⊕ 2 · {64}⊕ {77′},

{14}⊗ {14} = {1}⊕ {14}⊕ {27}⊕ {77}⊕ {77′},

{14}⊗ {14}⊗ {14} = {1}⊕ {7}⊕ 5 · {14}⊕ 3 · {27}⊕ · · · .

(7)

Our deconfinement (with center) is a partial deconfinement 
of a larger theory (  has only trivial center) ?G2
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Can we distinguish confinement-deconfinement 
with dynamical quarks?
Center symmetry explicitly broken… but it is 
always possible that symmetry is restored…!?

Cited in my review articleTheory can equivalently be reformulated 
with center symmetry restored. 
The problem is… the idea fails in the thermodynamic limit.
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QCD has only one scale , so there should 
be only one  for whatever QCD phase transition.

ΛQCD
Tc

Some (conservative) people say:

Thus, QCD has only one phase transition (chiral), 
but deconfinement is smooth and irrelevant…

Really???
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Figure 1. Schematic evolution of the possible phase diagrams in the temperature
T and baryon density nB (or chemical potential µ) plane. Two red curves
represent the deconfinement and chiral restoration phase boundaries. For
simplicity the mixed-phase region associated with the first-order transition is not
considered or the horizontal axis should be not nB but µ, which was not taken
quite seriously in the 80’s.

Then, a dramatic leap, in my opinion, was made in 1983 into a prototype of
what we now know as the QCD phase diagram. Let me select out two historic figures
depicted both by Baym. One is found in his contribution to the Bielefeld proceedings
published in 1982 [2]. It might look bizarre to draw two distinct boundary lines on the
phase diagram like shown in the upper-left of Fig. 1, which is rather exotic to us but
was a serious candidate in 1982. Each boundary line represents either deconfinement
or chiral symmetry restoration. Another important and more famous figure is put in
the NSAC Long Range Plan for Nuclear Science in 1983 which is readily available
also from a nice review article on the RHIC history [3]. This figure had undergone
an important evolution from a double-boundary phase diagram to a single-boundary
shape like sketched in the upper-right of Fig. 1.

What caused such a qualitative di↵erence between 1982 and 1983? The answer
lies in a situational change in the lattice Monte-Carlo simulation by the Illinois
group published in 1983 [4]. It was claimed that deconfinement and chiral symmetry
restoration take place at almost the same temperature in both SU(2) and SU(3)
gauge theories. The locking of two transitions or crossovers has been confirmed by
more accurate simulations, which makes most people in the community believe in the
single-boundary phase diagram. [Whether the locking is complete or approximate is
still under dispute [5, 6], but in any case two critical temperatures are close to each
other.]

This deduction, however, skips one logical step, I would say. Our knowledge from
the Monte-Carlo simulation is limited to the region where the baryon density is much
smaller than the temperature. Therefore, the single-boundary diagram is too severely
constrained than what we can conclude from the lattice results. The logical deduction

Fukushima (2008)

How to get different 
scales dynamically?
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Baym (1986)

1st-order 
Phase Transition 
(QCD CP)

Refinements:

Color-super 
Conductors

Quarkyonic
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Glueballs

Deconfined

Glueballs
Mesons

Confined
Entropy

Screening Gluons Quarks

Baryons

Quarkyonic
SQGB

Diquarks

Quarks    Baryons

sQGP = strongly-correlated QGP

SQGB 
= Spaghetti of 
   Quarks with 
   Glueballs

Fujimoto-Fukushima-Hidaka-McLerran (2025)
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Large Nc QCD phase diagram at µB = 0.

T. D. Cohen1 and L. Ya. Glozman2

1 Department of Physics and Maryland Center for Fundamental Physics, University of Maryland,
College Park, MD 20742 USA

2 Institute of Physics, University of Graz, A-8010 Graz, Austria

the date of receipt and acceptance should be inserted later

Abstract. Lattice studies suggest that at zero baryon chemical potential and increasing temperature there
are three characteristic regimes in QCD that are connected by smooth analytical crossovers: a hadron gas
regime at T < Tch ∼ 155 MeV, an intermediate regime, called stringy fluid, at Tch < T <∼ 3Tch, and a
quark-gluon plasma regime at higher temperatures. These regimes have been interpreted to reflect different
approximate symmetries and effective degrees of freedom. In the hadron gas the effective degrees of freedom
are hadrons and the approximate chiral symmetry of QCD is spontaneously broken. The intermediate
regime has been interpreted as lacking spontaneous chiral symmetry breaking along with the emergence of
new approximate symmetry, chiral spin symmetry, that is not a symmetry of the Dirac Lagrangian, but is
a symmetry of the confining part of the QCD Lagrangian. While the high temperature regime is the usual
quark-gluon plasma which is often considered to reflect “deconfinement” in some way. This paper explores
the behavior of these regimes of QCD as the number of colors in the theory, Nc, gets large. In the large
Nc limit the theory is center-symmetric and notions of confinement and deconfinement are unambiguous.
The energy density is O(N0

c ) in the meson gas, O(N1
c ) in the intermediate regime and O(N2

c ) in the
quark-gluon plasma regime. In the large Nc limit these regimes may become distinct phases separated by
first order phase transitions. The intermediate phase has the peculiar feature that glueballs should exist
and have properties that are unchanged from what is seen in the vacuum (up to 1/Nc corrections), while
the ordinary dilute gas of mesons with broken chiral symmetry disappears and approximate chiral spin
symmetry should emerge.

PACS. XX.XX.XX No PACS code given

1 Introduction

In the early days of QCD there was a widespread belief
that QCD had a deconfinement phase transition at the
Hagedorn temperature in which the system went from
a dilute hadron resonance gas to a weakly interacting
quark-gluon plasma.1–3 However, it was recognized long
ago that this picture is too simple. Moreover, RHIC ex-
periments have established that the matter created within
a fireball while very different from a dilute hadron gas,
is also very different from a weakly coupled quark-gluon
plasma (QGP).4–8 These properties have been reconfirmed
at higher temperatures at the LHC. A prominent charac-
teristic of this matter is a small value η/s → 0.2 (where η
is the shear viscosity and s the entropy density) both at
RHIC and LHC temperatures;9, 10 this implies that this
matter behaves as a strongly coupled highly collective liq-
uid with a very small mean free path of the effective con-
stituents. Another indication of the strongly-coupled na-
ture of the matter within the fireball is a modification of a
jet that propagates through the fireball.11 It was often as-
sumed that this matter is a system of deconfined strongly

interacting quark and gluon quasiparticles which was re-
flected in the name sQGP.

In parallel with the experimental activity, hot QCD
matter in the equilibrium at a given temperature was
investigated on the lattice. At zero chemical potential a
smooth analytic crossover around the chiral restoration
pseudocritical temperature Tch → 155 MeV12, 13 was es-
tablished by a few groups14, 15 and it was widely believed
that a deconfinement crossover occurs in the same tem-
perature region. However, it has become increasing clear
that this belief was erroneous.16

In retrospect, it is hardly surprising that the old be-
lief that deconfinement and chiral restoration happened
together was erroneous: general theoretical principles sug-
gest that there is no rigorous way that the two can be di-
rectly connected. Note that both spontaneous chiral sym-
metry breaking and deconfinement are associated with
symmetries that are exact only in particular limits of the
the theory and that the limits associated with the two are
incompatible. Chiral symmetry becomes exact in the limit
of massless quarks. In contrast, the only strict definition
of deconfinement at our disposal is QCD with infinitely

2311.07333
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Large Nc QCD phase diagram at µB = 0.

T. D. Cohen1 and L. Ya. Glozman2

1 Department of Physics and Maryland Center for Fundamental Physics, University of Maryland,
College Park, MD 20742 USA
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Abstract. Lattice studies suggest that at zero baryon chemical potential and increasing temperature there
are three characteristic regimes in QCD that are connected by smooth analytical crossovers: a hadron gas
regime at T < Tch ∼ 155 MeV, an intermediate regime, called stringy fluid, at Tch < T <∼ 3Tch, and a
quark-gluon plasma regime at higher temperatures. These regimes have been interpreted to reflect different
approximate symmetries and effective degrees of freedom. In the hadron gas the effective degrees of freedom
are hadrons and the approximate chiral symmetry of QCD is spontaneously broken. The intermediate
regime has been interpreted as lacking spontaneous chiral symmetry breaking along with the emergence of
new approximate symmetry, chiral spin symmetry, that is not a symmetry of the Dirac Lagrangian, but is
a symmetry of the confining part of the QCD Lagrangian. While the high temperature regime is the usual
quark-gluon plasma which is often considered to reflect “deconfinement” in some way. This paper explores
the behavior of these regimes of QCD as the number of colors in the theory, Nc, gets large. In the large
Nc limit the theory is center-symmetric and notions of confinement and deconfinement are unambiguous.
The energy density is O(N0

c ) in the meson gas, O(N1
c ) in the intermediate regime and O(N2

c ) in the
quark-gluon plasma regime. In the large Nc limit these regimes may become distinct phases separated by
first order phase transitions. The intermediate phase has the peculiar feature that glueballs should exist
and have properties that are unchanged from what is seen in the vacuum (up to 1/Nc corrections), while
the ordinary dilute gas of mesons with broken chiral symmetry disappears and approximate chiral spin
symmetry should emerge.

PACS. XX.XX.XX No PACS code given

1 Introduction

In the early days of QCD there was a widespread belief
that QCD had a deconfinement phase transition at the
Hagedorn temperature in which the system went from
a dilute hadron resonance gas to a weakly interacting
quark-gluon plasma.1–3 However, it was recognized long
ago that this picture is too simple. Moreover, RHIC ex-
periments have established that the matter created within
a fireball while very different from a dilute hadron gas,
is also very different from a weakly coupled quark-gluon
plasma (QGP).4–8 These properties have been reconfirmed
at higher temperatures at the LHC. A prominent charac-
teristic of this matter is a small value η/s → 0.2 (where η
is the shear viscosity and s the entropy density) both at
RHIC and LHC temperatures;9, 10 this implies that this
matter behaves as a strongly coupled highly collective liq-
uid with a very small mean free path of the effective con-
stituents. Another indication of the strongly-coupled na-
ture of the matter within the fireball is a modification of a
jet that propagates through the fireball.11 It was often as-
sumed that this matter is a system of deconfined strongly

interacting quark and gluon quasiparticles which was re-
flected in the name sQGP.

In parallel with the experimental activity, hot QCD
matter in the equilibrium at a given temperature was
investigated on the lattice. At zero chemical potential a
smooth analytic crossover around the chiral restoration
pseudocritical temperature Tch → 155 MeV12, 13 was es-
tablished by a few groups14, 15 and it was widely believed
that a deconfinement crossover occurs in the same tem-
perature region. However, it has become increasing clear
that this belief was erroneous.16

In retrospect, it is hardly surprising that the old be-
lief that deconfinement and chiral restoration happened
together was erroneous: general theoretical principles sug-
gest that there is no rigorous way that the two can be di-
rectly connected. Note that both spontaneous chiral sym-
metry breaking and deconfinement are associated with
symmetries that are exact only in particular limits of the
the theory and that the limits associated with the two are
incompatible. Chiral symmetry becomes exact in the limit
of massless quarks. In contrast, the only strict definition
of deconfinement at our disposal is QCD with infinitely

Glueballs

Deconfined

Glueballs
Mesons

Confined
Quarkyonic

Gluons Quarks

Baryons    Quarks

No window at Nc → ∞

𝒪(1)

𝒪(N2
c )

T
𝒪(Nc)
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incorporate this feature of the spectral function
in our analysis we assume that ωpeakr (ε, T ) is
given by !L(r, T )/([ε → ReV (r, T )]2 + !2

L(r, T ))
for |ε → ReV (r, T )| ↭ !L(r, T ) and is zero other-
wise. Such a cut Lorentzian form gives rise to an
almost linear behavior of msub

e! (ϑ, r, T ) at small ϑ ,
too, as required by the lattice data.

Figure 2. The real part of the potential as a func-
tion of r at di!erent temperatures. We show results
for a = 0.0280 fm (circles), a = 0.0404 fm (squares)
or a = 0.0493 fm (triangles). Open symbols for
ms/ml = 5 and filled symbols for ms/ml = 20.

The most general parametrization of ωlowr (ε, T )
would be a sum of delta functions at ε well be-
low the dominant peak position. However, to de-
scribe our e”ective mass data even a single delta
function at su#ciently small ε, ωlowr (ε, T ) =
clowr (T )ϖ(ε → εlow

r (T )) turns out as su#cient.
With these forms of ωpeakr (ε, T ) and ωlowr (ε, T )

we fitted the lattice data on msub
e! (ϑ, r, T ) and de-

termined the fit parameters ReV (r, T ), !L(r, T ),
clowr (T )/Ar(T ) and εlow

r (T ). A sample fit is
shown in Fig. 1 and details of the fits are dis-
cussed in Appendix C. We typically find that
clowr (T )/Ar(T ) < 5 · 10→4 and decreases with
decreasing r, while εlow

r (T ) is between (1.8-3.8)
GeV below the peak position ε = ReV (r, T ).

The results for ReV (r, T ) are shown in Fig. 2
indicating a temperature-independent real part in
good agreement with the T = 0 potential. This
is not completely unexpected, as me!(ϑ, r, T ) at
small ϑ is close to the vacuum result, c.f. Fig.
1. The peak position is insensitive to the de-
tailed shape of ωpeakr (ε, T ), i.e. for a Gaussian
form we find the same peak position within errors.
Thus our lattice QCD results show that the po-
tential’s real part is unscreened. This observation
supersedes conclusions drawn earlier by applying
the Bayesian Reconstruction (BR) method [19] to
older lattice data [20] with much larger statistical
errors and larger discretization artifacts. There
are distortions in ReV (r, T ) at the two shortest
distances in lattice units (r = a, 2a), but these
distortions are the same both at T = 0 or T > 0,
see the discussion in Appendix B and Appendix
C, and do no a”ect our conclusion about the ab-

sence of screening.

As discussed above the imaginary part of the
potential is defined as the width of the ground
state peak at T > 0. If we knew the spectral
function exactly we could fit it in the peak’s vicin-
ity with a Lorentzian form, whose width param-
eter would give the potential’s imaginary part.
This has been explicitly checked for the spec-
tral function of an infinitely heavy QQ̄ pair cal-
culated in hard thermal loop perturbation the-
ory [21]. Yet the correlator is sensitive to all
parts of the spectral function, in particular to
ωlowr (ε, T ) and to the tails of ωpeakr (ε, T ). For
this reason, the parameter !L cannot be con-
sidered as ImV (r, T ). A better way to char-
acterize ImV (r, T ) is to consider the cumulants
of ωpeakr (ε, T ). The first two cumulants are de-
fined as c1 = ↑ε↓ and c2 = ↑ε2↓ → ↑ε↓2, where
↑. . . ↓ =

∫
dε . . . . In the case of the Gaussian, the

second cumulant of the spectral function is the
square of the width parameter. In the case of the
cut Lorentzian, it is proportional to the square
of the parameter !L. Furthermore, if clowr /Ar is
very small, ωpeakr (ε, T ) determines the behavior of
the Wilson line correlator around ϑ = 0. There-
fore, the second cumulant of ωpeakr (ε, T ) deter-
mines the slope of msub

e! (ϑ, r, T ) at small ϑ , which
is well defined from the lattice data, see the Ap-
pendix D. Thus the square root of the second
cumulant of ωpeakr (ε, T ) is a good proxy for the
r and temperature dependence of ImV (r, T ). In
Fig. 3 we show this proxy for ImV (r, T ) as a
function of distance r for di”erent temperatures.
We scaled the x- and y-axes by the temperature
in the two middle and right panels of Fig. 3. We
see that for 180 MeV < T ↔ 352 MeV the nu-
merical results for ImV (r, T ) scale with the tem-
perature, i.e. the imaginary part of the poten-
tial depends only on rT and is proportional to
the temperature. This is in qualitative agree-
ment with the weak-coupling results. Since for
rT ↗ 1 the imaginary part of the potential is
larger than the temperature, the forces between
heavy quarks are damped very quickly, i.e. on
the time scale comparable to or shorter than the
thermal scale. During that short time scale, the
chromo-electric field between the heavy Q and Q̄
cannot adjust itself to the medium. The chromo-
electric force between the heavy quarks is simply
damped away, and the heavy Q and Q̄ will not
interact. This picture of quarkonium melting is
very di”erent from the one proposed by Matsui
and Satz. While ImV is quite large we still think
the QQ̄ energy is well defined in the considered
temperature interval. For if there would be no
well defined dominant peak in the spectral func-
tions, di”erent static QQ̄ correlators would have
quite di”erent ϑ dependence. However, as shown
in our previous study [10] this is not the case.
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We study the correlator of temporal Wilson lines at non-zero temperature in 2+1 flavor lattice
QCD with the aim to define the heavy quark-antiquark potential at non-zero temperature. For
temperatures 153 MeV → T → 352 MeV the spectral representation of this correlator is consistent
with a broadened peak in the spectral function, position or width of which then defines the real
or imaginary parts of the heavy quark-antiquark potential at non-zero temperature, respectively.
We find that the potential’s real part is not screened contrary to the widely-held expectations. We
comment on how this fact may modify the picture of quarkonium melting in the quark-gluon plasma.

I. INTRODUCTION

At very high temperatures the strongly inter-
acting matter undergoes a transition to a new
state called quark-gluon plasma (QGP). Creat-
ing and studying the properties of QGP is the
goal of large experimental programs in heavy-ion
collisions at RHIC and LHC [1].

The question of in-medium modifications of the
forces between heavy quark Q and antiquark Q̄
generated a lot of interest since the seminal paper
by Matsui and Satz [2]. They conjectured that
color screening in QGP will make the QQ̄ inter-
action short ranged, and therefore quarkonium
states cannot be formed in QGP. Thus, QGP for-
mation in heavy-ion collision will lead to quarko-
nium suppression. The study of quarkonium pro-
duction in heavy-ion collisions is a large part of
the experimental heavy-ion program, see e.g. Ref.
[3] for a recent review.

The idea of having a screened potential be-
tween heavy quarks in QGP is closely related
to the exponential screening of the free energy
of infinitely heavy quarks in QGP, which is well
established by lattice QCD calculations, see e.g.
Ref. [4] for a review. However, the free energy of
heavy quarks describes the in-medium interaction
of heavy quarks at macroscopic time scales much
larger than the inverse temperature. For under-
standing the quarkonium properties in QGP one
needs to know if and how the heavy QQ̄ poten-
tial is modified at scales comparable to the in-
ternal time scale of quarkonium. The e!ective
field theory (EFT) approach provides a natu-
ral framework to address this problem at high

temperatures when the weak-coupling approach
is applicable [5, 6]. Depending on the separa-
tion of the bound-state scales and the thermal
scales the heavy QQ̄ potential can be modified by
QGP and also acquire an imaginary part. In gen-
eral, however, the real part of this potential does
not have a screened form in this approach [6].
How to study the modification of heavy QQ̄ in-
teractions in QGP beyond weak coupling remains
an unsolved problem. However, we could define
the heavy QQ̄ potential at non-zero temperature
(T > 0) in analogy with the zero temperature
(T = 0) case in terms of the Wilson loops of size
ω→r [7]. We can write the following spectral rep-
resentation of the Wilson loops in terms of the
r-dependent spectral function

W (ω, r, T ) =

∫ +→

↑→
dεe↑ωεϑr(ε, T ). (1)

The distance r between the heavy Q and Q̄ acts
as the label of the spectral function. At T = 0,
the spectral function’s lowest delta function peak
corresponds to the ground state potential. We
expect that there is a dominant, broadened peak
in the spectral function for not too high tem-
peratures; its position and width determine the
real and imaginary parts of the potential, respec-
tively [7]. For very high temperatures the spec-
tral function may lack a well-defined peak such
that a potential cannot be defined. While the
relation between the above defined complex po-
tential and the EFT concept of the complex po-
tential is an unsolved problem, too, the existence
of a well-defined peak in ϑr(ε, T ) is necessary, yet
not a su”cient condition for a potential picture
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Gluons are really heavy and suppressed above  ? 
… Yes, they are!
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Abstract

We analyze recent results of SU(3) lattice QCD calculations with a phenomeno-
logical parametrization for the quark-gluon plasma equation of state based on a
quasi-particle picture with massive quarks and gluons. At high temperature we ob-
tain a good fit to the lattice data using perturbative thermal quark and gluon masses
from an improved HTL scheme. At temperatures close to the confinement phase
transition the fitted masses increase above the perturbative value, and a non-zero
(but small) bag constant is required to fit the lattice data.

1 INTRODUCTION

Strong interactions are described by SU(3) Yang-Mills field theory, and the fundamental
degrees of freedom of Quantum Chromodynamics (QCD) are gluons and quarks. At
high temperature this theory is weakly coupled, allowing for the use of perturbative
methods. The leading order contributions to the characteristic collective excitations and
the equation of state of a quark-gluon plasma were already determined many years ago
[1, 2, 3]. A gauge invariant approach to non-leading corrections was derived more recently
in form of the Hard Thermal Loop (HTL) approximation [4, 5, 6] and its improved versions
[7, 8].

The theory of QCD predicts the appearance of a phase transition between the quark-
gluon dominated high energy region and the hadronic state in the low energy region.
The two states are characterized by a dramatic difference in the number of degrees of
freedom. Perturbative QCD can describe successfully only the asymptotic state at very

1

hep-ph/9710463

Gluons are massive (  MeV) 
heavier than quarks (  MeV) 
even above  .

700 ∼ 800
300 ∼ 400

∼ 3Tc



May 26, 2026 @ YITP, Kyoto

Spaghetti Window

14

Speed of sound approaches 
the conformal value .1/ 3

Dotted line represents the 
results without interaction 
(gluon condensate).

c2
s =

dp
dε

c2
s,0 =

dp0

dε0

Emergent “conformality” 
realized by gluon condensate



May 26, 2026 @ YITP, Kyoto

How Different Scales Appear

15

3

This extraction amounts to assuming mean-field expo-
nents near Th (it is not clear which universality class
should be used [30]). The result is stable if the fit in-
terval is varied, and also if a2 is fitted with a0 and a1

constrained to the known values of (σ/T 2
c )2 and 2π

3
σ

T 2
c

.

As a check on the normalization of the operators θ00

and θ, we calculate the latent heat in two different ways.
The latent heat is the jump in energy density at Tc. Since
the pressure is continuous, we obtain it instead from the
discontinuity in entropy density or the ‘conformality mea-
sure’ e → 3p. We obtain s and e → 3p on either side of
Tc by extrapolating LT = 10 data from the confined (de-
confined) phase towards Tc. The result is

∆s

T 3
c

= 1.45(5)(5),
∆(e → 3p)

T 4
c

= 1.39(4)(5), (7)

where the first error is statistical and the second comes
from the uncertainty in the extrapolation (taken to be
the difference between a linear and quadratic fit). The
compatibility between these two estimates of Lh/T 4

c is
strong evidence that we control the normalization of our
operators. They are in good agreement with previous cal-
culations of the latent heat performed on coarser lattices
[27, 31]. We have also verified more generally that the
thermodynamic identity T∂T (s/T 3) = (1/T 3)∂T (e → 3p)
is satisfied within statistical errors.

III. INTERPRETATION

In infinite volume the pressure associated with a single
non-interacting, relativistic particle species of mass M
with nσ polarization states reads

p =
nσ

2π2
M2 T 2

∞
∑

n=1

1

n2
K2(nM/T ) (8)

where K2 is a modified Bessel function. By linearity,
the knowledge of the glueball spectrum leads to a simple
prediction for the pressure and entropy density s = ∂p

∂T ,
which is expected to become exact in the large-N limit.
Since only the low-lying spectrum of glueballs is known,
it is useful to consider how the density of states might be
extended above the two-particle threshold 2M0, where
M0 is the mass of the lightest (scalar) glueball. The
asymptotic closed bosonic string density of states in four
dimensions is given by [32]

ρ(M) =
(2π)3

27 Th

(

Th

M

)4

eM/Th . (9)

In the string theory, the Hagedorn temperature Th is re-
lated to the string tension, T 2

h = 3σ
2π , corresponding to

Th/Tc = 1.069(5) [33]. Below we use this value as an
alternative to the more direct determination (6).

On Fig. 3, we show the entropy contribution of the
glueballs lying below the two-particle threshold 2M0.

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0.4

 0.7  0.75  0.8  0.85  0.9  0.95  1

s 
/ T

3

T / Tc

Entropy of the confined phase (Nc=3, Nf=0)

8 x 643

12 x 803

Glueballs (<2M0) + Hagedorn (>2M0)
idem, with Th

2 = 3σ/2π
Glueballs (<2M0)

0++ & 2++ contribution

FIG. 3: The entropy density in units of T
3 for LT = 8. We

applied a (modest) volume-correction to the Nt = 12 data.

The curve is just about consistent with the smallest tem-
perature lattice data point, but clearly fails to reproduce
the strong increase in entropy density as T → Tc. The
figure also illustrates that the two lowest-lying states, the
scalar and tensor glueballs, account for about three quar-
ters of the stable glueballs’ contribution. We have used
the continuum-extrapolated lattice spectrum [14, 34].

Adding the Hagedorn spectrum contribution, Eq. (9)
with Th given by Eq. (6), leads to the solid curve on
Fig. 3. It describes the direct calculation of the entropy
density surprisingly well, particularly close to Tc. The
curve tends to underestimate somewhat the entropy den-
sity at the lower temperatures. This is likely to be a cut-
off effect. Indeed, at fixed Nt lower temperatures corre-
spond to a coarser lattice spacing, and the scalar glueball
mass in physical units is known to be smaller on coarse
lattices with the Wilson action [35]. If we use the stable
glueball spectrum calculated at g2

0 = 1 instead of the con-
tinuum spectrum, the agreement of the non-interacting
glueball + Hagedorn spectrum with the lattice data at
the lower four temperatures is again excellent. This dif-
ference provides an estimate for the size of lattice effects.

To summarize, we have computed to high accuracy the
entropy of the confined phase of QCD without quarks.
The low-lying states of the theory are therefore bound
states called glueballs, and their spectrum is well deter-
mined [14, 15]. If the size N of the gauge group is in-
creased, the interactions of the glueballs are expected to
be suppressed [13]. To what extent the glueballs really
are weakly interacting at N = 3 is not known precisely.
Some evidence for the smallness of their low-energy in-
teractions was found some time ago by looking at the
finite-volume effects on their masses [26]. But it seems
unlikely that glueballs well above the two-particle thresh-
old would have a small decay width. We have neverthe-
less compared the entropy density data to the entropy
density of a gas of non-interacting glueballs. While re-

3

This extraction amounts to assuming mean-field expo-
nents near Th (it is not clear which universality class
should be used [30]). The result is stable if the fit in-
terval is varied, and also if a2 is fitted with a0 and a1

constrained to the known values of (σ/T 2
c )2 and 2π

3
σ

T 2
c

.

As a check on the normalization of the operators θ00

and θ, we calculate the latent heat in two different ways.
The latent heat is the jump in energy density at Tc. Since
the pressure is continuous, we obtain it instead from the
discontinuity in entropy density or the ‘conformality mea-
sure’ e → 3p. We obtain s and e → 3p on either side of
Tc by extrapolating LT = 10 data from the confined (de-
confined) phase towards Tc. The result is

∆s

T 3
c

= 1.45(5)(5),
∆(e → 3p)

T 4
c

= 1.39(4)(5), (7)

where the first error is statistical and the second comes
from the uncertainty in the extrapolation (taken to be
the difference between a linear and quadratic fit). The
compatibility between these two estimates of Lh/T 4

c is
strong evidence that we control the normalization of our
operators. They are in good agreement with previous cal-
culations of the latent heat performed on coarser lattices
[27, 31]. We have also verified more generally that the
thermodynamic identity T∂T (s/T 3) = (1/T 3)∂T (e → 3p)
is satisfied within statistical errors.

III. INTERPRETATION

In infinite volume the pressure associated with a single
non-interacting, relativistic particle species of mass M
with nσ polarization states reads

p =
nσ

2π2
M2 T 2

∞
∑

n=1

1

n2
K2(nM/T ) (8)

where K2 is a modified Bessel function. By linearity,
the knowledge of the glueball spectrum leads to a simple
prediction for the pressure and entropy density s = ∂p

∂T ,
which is expected to become exact in the large-N limit.
Since only the low-lying spectrum of glueballs is known,
it is useful to consider how the density of states might be
extended above the two-particle threshold 2M0, where
M0 is the mass of the lightest (scalar) glueball. The
asymptotic closed bosonic string density of states in four
dimensions is given by [32]

ρ(M) =
(2π)3

27 Th

(

Th

M

)4

eM/Th . (9)

In the string theory, the Hagedorn temperature Th is re-
lated to the string tension, T 2

h = 3σ
2π , corresponding to

Th/Tc = 1.069(5) [33]. Below we use this value as an
alternative to the more direct determination (6).

On Fig. 3, we show the entropy contribution of the
glueballs lying below the two-particle threshold 2M0.

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0.4

 0.7  0.75  0.8  0.85  0.9  0.95  1

s 
/ T

3

T / Tc

Entropy of the confined phase (Nc=3, Nf=0)

8 x 643

12 x 803

Glueballs (<2M0) + Hagedorn (>2M0)
idem, with Th

2 = 3σ/2π
Glueballs (<2M0)

0++ & 2++ contribution

FIG. 3: The entropy density in units of T
3 for LT = 8. We

applied a (modest) volume-correction to the Nt = 12 data.

The curve is just about consistent with the smallest tem-
perature lattice data point, but clearly fails to reproduce
the strong increase in entropy density as T → Tc. The
figure also illustrates that the two lowest-lying states, the
scalar and tensor glueballs, account for about three quar-
ters of the stable glueballs’ contribution. We have used
the continuum-extrapolated lattice spectrum [14, 34].

Adding the Hagedorn spectrum contribution, Eq. (9)
with Th given by Eq. (6), leads to the solid curve on
Fig. 3. It describes the direct calculation of the entropy
density surprisingly well, particularly close to Tc. The
curve tends to underestimate somewhat the entropy den-
sity at the lower temperatures. This is likely to be a cut-
off effect. Indeed, at fixed Nt lower temperatures corre-
spond to a coarser lattice spacing, and the scalar glueball
mass in physical units is known to be smaller on coarse
lattices with the Wilson action [35]. If we use the stable
glueball spectrum calculated at g2

0 = 1 instead of the con-
tinuum spectrum, the agreement of the non-interacting
glueball + Hagedorn spectrum with the lattice data at
the lower four temperatures is again excellent. This dif-
ference provides an estimate for the size of lattice effects.

To summarize, we have computed to high accuracy the
entropy of the confined phase of QCD without quarks.
The low-lying states of the theory are therefore bound
states called glueballs, and their spectrum is well deter-
mined [14, 15]. If the size N of the gauge group is in-
creased, the interactions of the glueballs are expected to
be suppressed [13]. To what extent the glueballs really
are weakly interacting at N = 3 is not known precisely.
Some evidence for the smallness of their low-energy in-
teractions was found some time ago by looking at the
finite-volume effects on their masses [26]. But it seems
unlikely that glueballs well above the two-particle thresh-
old would have a small decay width. We have neverthe-
less compared the entropy density data to the entropy
density of a gas of non-interacting glueballs. While re-
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We compute the entropy density of the confined phase of QCD without quarks on the lattice to
very high accuracy. The results are compared to the entropy density of free glueballs, where we
include all the known glueball states below the two-particle threshold. We find that an excellent,
parameter-free description of the entropy density between 0.7Tc and Tc is obtained by extending
the spectrum with the exponential spectrum of the closed bosonic string.
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I. INTRODUCTION

The phase diagram of quantum chromodynamics
(QCD) is being actively studied in heavy ion collision
experiments as well as theoretically. A form of mat-
ter with remarkable properties [1] has been observed
in the Relativistic Heavy Ion Collider (RHIC) experi-
ments [2, 3, 4, 5]. It appears to be a strongly coupled
plasma of quarks and gluons (QGP), but no consensus
on a physical picture that accounts for both equilibrium
and non-equilibrium properties has been reached yet. On
the other hand, below the short interval of temperatures
where the transition from the confined phase to the QGP
takes place [6, 7, 8, 9], it is widely believed that the most
prominent degrees of freedom are the ordinary hadrons.
From this point of view, the zeroth order approximation
to the properties of the system is to treat the hadrons
as infinitely narrow and non-interacting. We will refer to
this approximation as the hadron resonance gas model
(HRG). The HRG predictions were compared with lat-
tice QCD thermodynamics data in [6, 10], and lately they
have been used to extrapolate certain results to zero tem-
perature [7]. The HRG is also the basis of the statistical
model currently applied to the analysis of hadron yields
in heavy ion collisions [11], and recently the transport
properties of a relativistic hadron gas have been studied
in detail [12].

Since any heavy ion reaction ends up in the low-
temperature phase of QCD, it is important to under-
stand its properties in detail in order to extract those of
the high-temperature phase with minimal uncertainty. In
this Letter we study whether the HRG model works in the
absence of quarks, in other words in the pure SU(N = 3)
gauge theory, where the low-lying states are glueballs.
There are reasons to believe that if the HRG model is
to work at any quark content of QCD, it is in the zero-
flavor case. Firstly, the mass gap in SU(3) gauge theory
is very large, M0/Tc → 5.3. As we shall see, the thermo-
dynamic properties up to quite close to Tc are dominated
by the states below the two-particle threshold, which
are exactly stable. Furthermore, because of their large
mass, neglecting their thermal width should be a good
approximation. Secondly, the scattering amplitudes be-

tween glueballs are parametrically 1/N2 suppressed while
those between mesons are only 1/N suppressed [13]. This
means that the glueballs should be free to a better ap-
proximation than the hadrons of realistic QCD.

An additional motivation to study the thermodyna-
mics of the confined phase of SU(3) gauge theory is that it
is a parameter-free theory, simplifying the interpretation
of its properties. Its spectrum is known quite accurately
up to the two-particle threshold [14, 15]. By contrast,
in full QCD calculations, lattice data calculated at pion
masses larger than in Nature are often compared out of
necessity to the HRG model based on the experimental
spectrum [6, 7]. Finally, calculations in the pure gauge
theory are at least two orders of magnitude faster, which
allows us to reach a high level of control of statistical and
systematic errors; in particular, we are able to perform
calculations in very large volumes.

II. LATTICE CALCULATION

We use Monte-Carlo simulations of the Wilson action
Sg = 1

g2
0

∑

x,µ,ν Tr {1 − Pµν(x)} for SU(3) gauge the-

ory [16], where Pµν is the plaquette. The lattice spacing
is related to the bare coupling through g2

0 ∼ 1/ log(1/aΛ).
We calculate the thermal expectation value of θ ≡ Tµµ,
the (anomalous) trace of the energy-momentum tensor
Tµν , and of θ00 ≡ T00 − 1

4θ. In the thermodynamic limit,

Ts = e + p = 4
3 〈θ00〉T , e − 3p = 〈θ〉T − 〈θ〉0. (1)

Here e, p, s are respectively the energy density, pressure
and entropy density. The operator θ00 = 1

2 (−E
a · Ea +

Ba · Ba) requires no subtraction, because its vacuum
expectation value vanishes. The choice of of θ00 and
θ as independent linear combinations is convenient be-
cause they both renormalize multiplicatively. We use the
‘HYP-clover’ discretization of the energy-momentum ten-
sor introduced in [17, 18]. The normalization of the θ00

operator differs from its naive value by a factor that we
parametrize as Z(g0)χ(g0). The factor Z(g0) is taken
from [19] and rests on the results of [20]; its accuracy
is about one percent. The factor χ(g0) is obtained by
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We can approximate the meson spectrum by open strings.

FIG. 1: Comparison between the entropy densities from an open-string gas (drawn by the

solid curve) and a closed-string gas (drawn by the dashed curve) up to the

Hagedorn temperature of TH = 285 MeV.

follows. For a pure gluonic theory, there is a first-order phase transition for Nc → 3 [1].

In the closed-string phase where gluons are confined, the entropy density of closed

strings or glueballs is of O(N0

c
). This means that the glueballs remain weakly coupled

and give only a minor contribution to the entropy density. Above the temperature

Td ↑ TH, the system must convert into a gas of gluons in the deconfined phase.

When dynamical quarks are included, this transition is presumably smoothed into a

continuous crossover around the Hagedorn temperature for Nc = 3. For the gluon

gas just above TH, we expect that the typical gluon mass would still be ↑ MGB/2

due to the continuous nature of crossover, and again, the gluon contribution to the

entropy density should be subdominant, so the e!ects of such a transition are rather

small. Here, above TH, we can reasonably model the system in terms of an ideal

11

Fujimoto-Fukushima-Hidaka-McLerran (2025)

The entropy density is 
singular for mesons, 
but not glueballs…

Hagedorn temperatures 
for open/closed strings 
are the same!
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FIG. 2: Lattice-QCD equation of state at high T and zero density compared to the

three-regime model. In the low-T hadronic regime, the sum of the low-lying

mesons, the open-string (meson) gas multiplied by the flavor factor, and the

closed-string (glueball) gas fits the lattice data well. In the intermediate stringy

regime, the thermodynamics is approximated by the contributions from glueballs

and quarks with masses varied from the bare to the constituent values. In the

high-T regime above Td, the QGP with deconfined quarks and gluons with masses

varied from zero to MGB/2 is presented.

(excited mesons) together with the negligibly small glueballs results in the entropy

density in good agreement with the lattice-QCD data. This is a little surprising, for

the open-string spectrum grows with the Hagedorn temperature of TH = 285 MeV,

which is almost twice the crossover temperature, Tc, from mesons into quarks. The

intermediate regime brackets the lattice data with the model computation dominated

by an ideal gas of quarks with masses varied from the bare to the constituent values.

13

Successive Crossovers with One Scale Th

Fujimoto-Fukushima-Hidaka-McLerran (2025)

Quarks (mesons) blow up 
much earlier than , 
but gluons never blow up.
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Not the exponential rise 
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3

Love number, we compute the binary tidal deformability as

⇤̃ :=
16

13

(12M2 + M1) M4
1
⇤1 + (12M1 + M2) M4

2
⇤2

(M1 + M2)
5

.

(6)
For any choice of M1,2 and R1,2, we then reject those EOSs
with ⇤̃ > 720 for a chirp mass Mchirp := (M1M2)3/5(M1+
M2)�1/5 = 1.186M� and q := M2/M1 > 0.73 as required
for consistency with LIGO/Virgo data for GW170817 (Ab-
bott et al. 2018).

3. RESULTS

In order to build the various PDFs, we discretize the cor-
responding two-dimensional space of solutions (e.g., in the
(M, R) space) in 700 ⇥ 700 equally spaced cells (either lin-
early or logarithmically), count the number of curves that
cross a certain cell and normalize the result by the maximum
count on the whole grid. Because the normalization is made
in two dimensions, slices along a fixed direction do not yield
normalized distributions.

Figure 1 shows the PDF of c2s as a function of the energy
density, with the purple region marking the 95% range of
maximum central energy densities, that is, the central en-
ergy density reached by any EOS by the star with the max-
imum mass M

TOV
. Stated differently, the right edge of the

purple region (vertical purple line) marks our estimate for
the largest possible energy density encountered in a neu-
tron star; in our sample, we obtain the median ec,TOV =
1064+399

�244
MeV/fm3 at 95% confidence.

Note that the PDF shows a steep increase to c2s & 1/3 for
e . 500 MeV/fm3, thus signalling a significant stiffening of
the EOS at these densities and a subsequent decrease of the
sound speed for larger energy densities. As a result, the PDF
illustrates how a nonmonotonic behaviour is most natural for
the sound speed, hence how the physical and observational
constraints favour scenario iii). Models for quarkyonic mat-
ter (see, e.g., McLerran & Reddy 2019)) typically show a
peak at low densities similar to the one in our PDF (Hippert
et al. 2021).

The orange line in Fig. 1 marks the region of the EOSs
that are sub-conformal, i.e., with c2s < 1/3, at all densi-
ties (the horizontal dashed line that marks c2s = 1/3). Note
that around 500 MeV/fm3, the orange contour spans a very
thin region, indicating that at these energy densities the sub-
conformal EOSs have an obvious upper bound c2s < 1/3,
but also a less-obvious lower bound c2s & 0.2. This is an
important feature that explains why these EOSs are so dif-
ficult to produce. Indeed, as revealed by the colormap, the
number of EOSs that fall in this region is very small and
amounts to only ' 5⇥10�5 of the total. The fraction of sub-
conformal EOSs increases slightly if we restrict the range of
densities to those that are admissible for neutron-star interi-
ors, becoming ' 3 ⇥ 10�4 of the total. The reason for this
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Figure 1. PDF of the sound speed squared as function of the energy
density. The purple region marks the 95%-interval of maximum
central energy densities, so that the vertical purple line represents an
estimate for the largest possible energy density in a neutron star. The
orange contour marks the region containing EOSs with c2s < 1/3.

increase is that many of the EOSs that are sub-conformal for
e . 300 MeV/fm�3, tend to stiffen at larger energy densi-
ties, thus becoming super-conformal.

The colormap of the PDF in Fig. 1 also reveals the presence
of a second peak at large energy densities, close to where the
perturbative QCD boundary conditions are imposed and re-
flects artefacts of the parametrization method, which allows
for large variations in the sound speed at very high energy
densities, where c2s is expected to be close to the asymptotic
value 1/3. Fortunately, the energy densities where this sec-
ond peak appears are far from those expected in the interior
of neutrons stars. It is also possible to reduce the extent of
this second peak by imposing a criterion that filters out EOSs
whose sound speeds vary strongly on small scales as done
by Annala et al. (2020). However, given the very poor knowl-
edge of the behaviour of the sound speed at these regimes,
we prefer to report the unfiltered results. What matters here
is that, when imposed, the filtering has no significant impact
on the PDF at the energy densities that are relevant for stellar
interiors (see the Appendix for a discussion).

Figure 2 shows the corresponding PDF of the pressure as
a function of the energy density with the same conventions
as in Fig. 1. In addition, we indicate with a gray line the
outer envelope of all constraint satisfying solutions, which is
very similar to the one found by Annala et al. (2020). How-
ever, an important difference with respect to Annala et al.
(2020), where no information on the distribution is offered,
is that the PDF reveals that the large majority of EOSs ac-

Altiparmak-Ecker-Rezzolla (2022)
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Figure 1. Probability density functions (PDFs) of the speed of sound (left panel) and trace anomaly (right panel) as functions
of the energy density. The red, dash-dotted lines show the averages of these quantities. Vertical lines show the median and 1�
credibility region for the position of the peak in c2s (green solid and dotted lines), values at the center of maximally massive
NSs (blue solid and dashed lines), and the position of the peak in �̂B (purple solid and dash-dotted lines). Horizontal, black
lines mark the conformal values of c2s = 1/3 (left panel) and � = 0 (right panel).

obtain nB,peak = 0.54+0.09
�0.07 fm�3 which corresponds to

µB,peak = 1.283+0.090
�0.070 GeV.

The behavior of the speed of sound shown in Fig. 1 is
very di↵erent from that obtained in QCD matter at finite
temperature [46, 47]. Based on the first principle lattice
QCD (LQCD) calculations, it is known that c2s never ex-
ceeds the conformal limit and exhibits a minimum at the
critical energy density ✏c = 0.42± 0.06 GeV/fm3, where
chiral symmetry is partially restored and quarks are de-
confined [48, 49]. Decrease of c2s with energy density
towards its minimum from the hadronic side is linked to
attractive interactions with resonance formation [49, 50].
Very di↵erent behavior in a cold nuclear matter of c2s is
due to the dominance of repulsive interactions which im-
plies increasing c2s with energy density towards its max-
imum [51]. Considering that quark deconfinement could
be linked to a non-monotonic behavior of c2s, one can
identify the maximum of c2s as being due to a phase
change from nuclear to quark or quarkyonic matter.

Phenomenologically, deconfinement can be linked to
the percolation of hadrons of a given size [35, 52–55].
Relating the peak in the speed of sound to the perco-
lation threshold in QCD, one can estimate the critical
density at which nucleons start to overlap. In percolation
theory of objects with constant volume V0 = (4/3)⇡R3

0
,

this critical density is given by nper
c = 1.22/V0 [35]. Re-

cently, the proton mass radius was extracted from the
experimental data of � photoproduction measured by
CLAS [56] and LEPS [57] collaborations. The average
from these experiments yields R0 = 0.80 ± 0.05 fm forp
s 2 [2.02, 2.29] GeV. [58] 1. Consequently, this yields

nper
c = 0.57+0.12

�0.09 fm�3, which is remarkably consistent

1 We note that the proton radius is still not well established and
can be as small as 0.55 fm (see, e.g., Fig. 9 in Ref. [58])

with nB,peak = 0.54+0.09
�0.07 fm�3 where c2s reaches its max-

imum.

The extracted parameters of the energy density and
particle density corresponding to the percolation thresh-
old in the NS EoS can be compared with the values ob-
tained in hot QCD matter at the chiral crossover tem-
perature Tpc = 156.5 ± 1.5 MeV, where quarks are de-
confined. From the discussion above, it is clear that the
energy density at the peak position of the speed of sound
is of the same order as the LQCD critical energy den-
sity ✏c = 0.42± 0.06 GeV/fm3 at deconfinement [48]. It
is interesting to note that ✏c corresponds to the energy
density inside the nucleon, ✏0 ' mN/V0. Indeed, con-
sidering the nucleon mass radius r0 ' 0.8 fm, one gets
✏0 ' 0.44 GeV/fm3.

Particle density nc in QCD matter at Tpc can be es-
timated based on the thermal model analyses of parti-
cle production in heavy ion collisions and experimental
data [59, 60]. There it was shown that in Pb-Pb col-
lisions at

p
s = 2.76 TeV hadrons are produced at the

QCD phase boundary at Tpc from the fireball of volume
V = 4175 ± 380 fm3 [35, 59, 60]. Taking the ratio of
number of hadrons per unit of rapidity Nt = 2486± 146,
measured by ALICE collaboration, and the above fire-
ball volume, one gets nc = 0.596 ± 0.065 fm�3. This
value is consistent with the critical percolation density
and the extracted density nB,peak at the peak position of
the speed of sound.

Following the above discussion, one can conclude that
the appearance of the maximum in speed of sound in
the interior of NSs can be attributed to the change of
medium composition, from hadronic to quark or quarky-
onic matter. Thus, purely hadronic NS EoS has limited
applicability up to the extracted critical percolation con-
ditions. These are of the same order as found in QCD
at finite temperature and vanishing or small baryon den-

Marczenko-McLerran-Redlich-Sasaki (2022)
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FIG. 2. Marginal Posterior probability distributions at the 95% and 68% level for the Gaussian (left) and Segments parametri-
sation (right) for the squared speed of sound c

2
s and pressure P as a function of energy density ". At each ", there exist 95% and

68% Posterior credible intervals for c
2
s(") and P ("). These intervals are connected to obtain the Prior credible bands. Similarly,

the medians of the marginal Posterior probability distributions at each " are connected (solid lines). Grey areas mark the 68%
credible intervals of the central energy densities of neutron stars with masses M = 1.4 M� (left columns) and 2.1 M� (right
columns) in each figure. The dashed black line indicates the value of the conformal limit for the speed of sound and the APR
EoS [106] for the pressure.

in the present work, highest density intervals were used,
these intervals would reach to smaller radii. There is
good agreement with the masses and tidal deformabili-
ties derived in Ref. [112] for the two neutron stars in the
merger event GW170817. Finally, if we use the NICER
data analyses by Riley et al. for the inference procedure
instead of the one by Miller et al., we find very similar
results. So we can restrict ourselves to the latter.

Tab. II shows medians and credible intervals for se-
lected properties of neutron stars with characteristic
massesM = 1.4M� or 2.1M�, including the central den-
sity, the energy density and pressure as well as the radius
and tidal deformability. Again these numbers demon-
strate agreement within uncertainties between the two
parametrisations.

At the 95% level (version S) the inferred radius of
a 1.4M� neutron star, R = 12.7+0.6

�0.9 km, agrees with
the values found in Ref. [39] for a piecewise polytrope
parametrisation and a speed of sound model similar to
our Gaussian parametrisation, while the authors addi-
tionally included constraints from modelling of the kilo-

nova AT2017gfo. The 68% credible intervals of the radius
and tidal deformability of a 1.4M� neutron star listed
in Tab. II agree within uncertainties with the results
in Ref. [49] which include a theory prediction and the
PREX II measurement of the 208Pb neutron skin thick-
ness. Our result for the 1.4M� radius also agrees with
the value found in Ref. [54], where the authors addition-
ally incorporated constraints on the EoS deduced from
relativistic heavy-ion collisions.
For a 2.1M� neutron star representative of the heav-

iest currently observed star, the inferred radius is R =
11.6 ± 1.0 km, the tidal deformability is ⇤ = 15+18

�10 and
the central density is nc = 4.8 ± 1.6n0. In the Bayesian
analysis of Ref. [12], no ChEFT constraint was included
at low densities. Their prediction for the radius of a
neutron star with mass M = 1.4M�, based on multiple
di↵erent parametrisations, agrees nonetheless with our
result at the 68% level. Their result for the radius of the
2.08M� neutron star is larger compared to our result
for the radius of a generic 2.1M� neutron star. How-
ever, within the 68% credible intervals the two results

Brandes-Weise-Kaiser (2022)
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Lattice results for QCD-like theories
* Diquark superfluid in QC2D 

To be compared with 
Lattice: Itou+ (2022–)

* Pion-condensed high-isospin matter 
To be compared with 
Lattice: Abbott+ (2023)

0

0.2

0.4

0.6

0.8

1

0 0.25 0.5 0.75 1 1.25

Hadronic BEC

BCS

c s
2
/c
2

µ/mPS

conformal bound
ChPT

T=80MeV
T=40MeV

Figure 11. The squared sound velocity at T = 40 MeV and T = 80 MeV. The cyan curve is the
prediction of ChPT given by Eq. (4.11). The horizontal line (orange) depicts the conformal bound,
c2s/c

2 = 1/3.

which has no free parameter once we fix the value of µc/mPS as 0.47. The ChPT analysis

is valid around the phase transition point, and indeed we can see that our lattice data are

consistent with the prediction as expected. In the high-density regime, on the other hand,

the curve given by the ChPT goes to unity, that is, the sound velocity approaches the

speed of light. Therefore, it is widely believed that the ChPT would fail at some point in

the high-density regime. Furthermore, in the high-density limit, it is believed that the EoS

matches with the relativistic free theory, so that c2s/c
2 should go to 1/3, corresponding to

e = 3p, as shown as an orange horizontal line. This line is called the conformal bound (or

holography bound) [74].

Our numerical results are consistent with the ChPT prediction until the sound velocity

exceeds the conformal bound. Such an excess over the conformal bound is a salient feature

unknown in any lattice calculations for QCD-like theories before our previous result at

T = 80 MeV [2] 5. Our new results at T = 40 MeV obtained in this work confirm the excess

over the conformal bound with a smaller statistical error. Now, the excess shows a more

than 7-ω deviation from the conformal bound. Furthermore, we found that the thermal

e!ects are negligibly small, which suggests that the di!erence between the definitions of

εp/εe|s=const. and εp/εe|T=const. as discussed below Eq. (4.9) is also negligibly small. Then,

we can safely conclude that the excess over the conformal bound in dense QC2D occurs at

su”ciently low temperature.

Note that the pressure itself does not exceed the free-theory limit as shown in Figure 9.

On the other hand, the pressure growth against the energy growth, corresponding to the

sound velocity, is higher than the one for the free-theory, which supports a sti! picture for

QCD(-like) matter in the superfluid regime.

5
For example, in finite temperature QCD at µ = 0, the sound velocity squared monotonically increases

and approaches 1/3 as the temperature increases in T > Tc [75, 76].
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FIG. 11. The ratio of the energy density of the many-pion
systems to the Stefan-Boltzmann prediction, Eq. (31), for the
A and B lattice ensembles. The blue (A) and red (B) shaded
regions represent interpolations of the LQCD results and their
uncertainties as discussed in Appendix C. Also shown are ex-
pectations from chiral perturbation theory (blue dashed line)
and perturbative QCD at next-to-leading order (NLO) [43]
(orange hatched region). The uncertainties on the perturba-
tive QCD result are obtained by varying the renormalization
scale ⇤ between µI/4 and µI .

The speed of sound is shown as a function of the isospin
chemical potential in units of the pion mass in Fig. 12
where it is seen to exceed the ideal gas limit. As for
the energy density, close agreement is seen between the
results from the two lattice ensembles. A similar result
has been found in Ref. [10]; however a larger range of
µI/m⇡ is accessible in the current work. In particular,
c
2
s exceeds 1/3 for 1.5 . µI/m⇡ . 14, rising to a maxi-
mum of c2s,max ⇠ 0.6 at µI ⇠ 2m⇡ before decreasing back
to the ideal-gas limit for large µI . A maximum speed
of sound above the ideal-gas limit at intermediate values
of chemical potential is also seen in two-color QCD [50]
and quarkyonic models [51], but is in contradiction to
the predictions of leading-order chiral perturbation the-
ory in which cs rises monotonically to 1. This behavior
is indicative of additional degrees of freedom other than
in-vacuum pions becoming excited in the medium. From
the numerical results herein, it remains an open ques-
tion as to whether the speed of sound approaches the
free gas limit from below (as expected from perturbation
theory [43]) or from above (as expected from resummed
perturbation theory [52] or from the inclusion of power
corrections [53]).

Two additional quantities that provide information
about the nature of high-isospin-density matter are the
polytropic index [54] and the trace anomaly [55] defined
by

� =
✏

p
c
2
s, (33)

� =
1

3
�

p

✏
, (34)
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FIG. 12. The squared speed of sound computed as in Eq. (32)
as a function of the isospin chemical potential on ensemble A
(blue) and ensemble B (red). The expectations in perturba-
tive QCD (orange hatched region), chiral perturbation theory
(blue dashed curve) and the Stefan-Boltzmann limit (orange
dotted line) are shown for comparison.

respectively. The behavior of these two quantities is
shown in Figs. 13 and 14 and compared to the expec-
tations of a free gas, �PT and pQCD in each case. As
for cs, the behaviour of � and � is similar to that seen in
Ref. [10], but the current work extends the range of chem-
ical potential significantly which reveals additional inter-
esting features. In Ref. [54], it is suggested that the point
at which the polytropic index decreases below 1.75 is a
sign of quark degrees of freedom at large baryon chemical
potential, i.e., the BCS state. In the case of isospin chem-
ical potential, � decreases to this value at µI ⇠ 1.5m⇡,
corresponding approximately to the position of the peak
seen in the normalized energy density (Fig. 11). The
trace anomaly is clearly seen to be negative at interme-
diate µI in Fig. 14, as is suggested to be consistent with
neutron star observations in Ref. [55]. As for the quanti-
ties above, the results from the two lattice ensembles are
in agreement for both the trace anomaly and the poly-
tropic index. A robust conclusion from the study of these
transport quantities is that large isospin chemical poten-
tial is needed before the expected asymptotic behavior
sets in. At least for the case of isospin chemical poten-
tial, the use of pQCD to describe the behavior seen in
the LQCD calculations requires µI & 10m⇡ ⇠ 2 GeV at
a minimum.

VI. SUMMARY AND OUTLOOK

In this work, a new, more e�cient method of com-
puting maximal-isospin, multi-pion correlation functions
is presented. Using this method, we have calculated
all n-⇡+ correlation functions for n  6144, extending
such calculations of many-pion systems into regions of
larger isospin chemical potential than have been previ-

12

FIG. 13. The polytropic index, �, as a function of the isospin
chemical potential on the A(B) ensemble is shown as the
blue(red) region. The expectations in perturbative QCD (or-
ange hatched region), chiral perturbation theory (blue dashed
curve) and the Stefan-Boltzmann limit (orange dotted line)
are shown for comparison. In addition, the bound at � = 1.75
below which the medium is expected to correspond to quark
degrees of freedom [54] is indicated as the green horizontal
line.
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FIG. 14. The normalized trace anomaly, �, as a function
of the isospin chemical potential on the A(B) ensemble is
shown as the blue(red) region. This quantity is bounded as
�2/3 < � < 1/3 by causality. The expectations in perturba-
tive QCD (orange hatched region), chiral perturbation theory
(blue dashed curve) and the Stefan-Boltzmann limit (orange
dotted line) are shown for comparison.

ously achieved. Exploring such high-density and high-
energy correlation functions presents its own suite of chal-
lenges owing to the range of numerical scales spanned
by the correlation functions. Even on the same times-
lice, correlation functions can vary by many orders of
magnitude across configurations, leading to an e↵ective
breakdown of the applicability of the Central Limit The-
orem. The analysis presented here overcomes this by
making the empirically-driven assumption that the dis-

tributions of correlation functions across gauge configu-
rations are log-normal, which allows the incorporation of
more information about the LQCD data than just the
sample mean and variance of the correlation functions.
With this assumption, it becomes possible to extract en-
ergies and chemical potentials from the LQCD correla-
tion functions, which smoothly interpolate between the-
oretical predictions from chiral perturbation theory and
perturbative QCD for low- and high-isospin density sys-
tems, respectively. The speed of sound computed in this
medium exceeds the ideal gas limit over a large range
of µI , reaching a maximum of c2s ⇠ 0.6 at µI/m⇡ ⇠ 2.
This result is in agreement with the results of Ref. [10]
but extends over a larger range of chemical potential,
lower temperatures, and to a finer discretization scale.
The isospin chemical potential is implemented through
the grand canonical partition function in Ref. [10] and
therefore the systematic uncertainties in that calculation
are very di↵erent from those in this work, making the
broad agreement seen more significant. The speed of
sound and other properties of the medium indicate that
the asymptotic agreement with perturbative QCD ex-
pectations requires large values of the isospin chemical
potential, µI & 2 GeV.
In this exploratory study, calculations have been per-

formed at only a single set of quark masses and lattice
spacing. The results show qualitative agreement with
expectations, but understanding this system at a more
precise level will require the use of additional ensembles
with multiple lattice spacings, quark masses, and with
other spatial and temporal extents in order to properly
quantify the e↵ects of these parameters on the calcula-
tion. Lattice cuto↵ e↵ects are of particular concern since
the maximum chemical potential reached in the calcula-
tions presented here comes close to the lattice cuto↵ scale
used in this work.
Beyond systems of many pions, the methods devel-

oped here could also be used in applications to other
systems of mesons, including systems of kaons and/or
pions, and systems with non-zero momentum. The con-
cepts of symmetry and representation theory explored
here to construct the algorithm for many-pion contrac-
tions can potentially be applied more broadly to bary-
onic systems. In addition, the success of log-normality
in enabling analysis of many-pion systems points to the
general observation that there is more information in the
distributions of correlation functions than just their cen-
tral values [21–31, 56, 57], and using this information can
allow the extraction of physical results even when the dis-
tributions of correlation functions are far from the regime
of applicability of the Central Limit Theorem.
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Messages from Another World
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NS data imply no phase transition… however!

Quark 
Matter

Nuclear 
Matter

Superfluid Vortices

In nuclear matter, no magnetic flux 
inside the vortices, while in quark 
matter, a partial magnetic flux due 
to electro-color mixing.

The magnetic flux (probed by Wilson 
loop) can distinguish confined and 
deconfined states of matter!

Cherman-Sen-Yaffe (2018)Chatterjee-Nitta-Yasui (2018)

Alford-Baym-Fukushima-Hatsuda-Tachibana (2018)
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Phase Diagram More Enriched?

22

Glueballs

Deconfined

Glueballs
Mesons

Confined
Entropy

Screening Gluons Quarks

Baryons

Quarkyonic
SQGB

Diquarks

Quarks    Baryons

Emergent Conformality

Driven by the gluon condensate (bag pressure)?    cf. Levai-Heinz

Phase 
Transition?
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Summary

 QCD Phase Diagram Research:  Long and 
confusing history… so many interesting ideas, some 
faded out, and some still survive. 
 Confinement Remystified:  No way to diagnose 

gluon confinement (adjoint Polyakov loop may be 
an approximate order parameter). 
 Emergent Conformality:  Neutron stars have 

nearly conformal matter, possibly driven by gluon 
condensate. 
 More Mysteries:  To be discussed this week!
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