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#sol with + chirality #sol with - chirality

Index theorem

we consider
U(1) or SU(N) group

Dirac operator index

Important both in physics and mathema2cs to 
understand (posi2on space) topology of gauge fields.
But chiral symmetry and topology are both difficult 
on a la=ce.

Topological charge = 
winding number

[A#yah & Singer 1963]



A tradi/onal solu/on 
= overlap Dirac operator
With the overlap Dirac operator [Neuberger 1998] (or perfect 
ac:on Dirac operator [Hasenfratz et al.]) sa:sfying the Gingparg-
Wilson rela:on [1982],

a modified chiral symmetry is exact [Luescher 1998],

and the index is well-defined: 
[Hasenfratz et al. 1998]

but this defini2on is limited to even-dimensional 
periodic square la=ce 
(whose con2nuum limit is a flat torus). 



This work = an alterna0ve 
mathema0cal formula0on of the 
la6ce Dirac operator index.

In our formula+on,
• Chiral symmetry is NOT necessary : massive Wilson Dirac 

operator is good enough.
•  K theory is used to show the convergence to the 

con+nuum Dirac index.
•  Wider applica+on than the overlap Dirac operator to the 

systems with (curved) boundaries and/or mod-two 
version of the index. 

Cf.) Generalized Ginsparg-Wilson rela5on Clancy, Kaplan and Singh 2023. 
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Con2nuum Dirac operator

(A naïve) la=ce Dirac operator

which has zero points at  

Con0nuum differen0al operator
 -> La6ce difference operator

<latexit sha1_base64="KKt+rpHvI5f9/E1ogPgerRaFLYg="></latexit>

D (x) = �µ(@µ) (x) =

Z
dp�µ(ipµ) ̃(p)e

ipx

<latexit sha1_base64="BzOOV453+Z93nlkIOxZSKCY7hE8="></latexit>

D (x) = �µ
 (x+ µ̂a)�  (x� µ̂a)

2a
=
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dp�µ

eip(x+µ̂a) � eip(x�µ̂a)

2a
 ̃(p)

=

Z
dp�µi

sin pµa

a
 ̃(p)eipx.

(phys) Doublers appear!
(math) Ellip2city [uniqueness of zero points] is lost!

unit vector in μ direc-on.
<latexit sha1_base64="K0bpXvllhXlY2ds9QvV6KTHMlzY="></latexit>

µ̂ :



The Wilson Dirac operator is commonly used in laHce 
gauge theory. 

The addi+onal term corresponds the Laplacian and the 
Fourier transforma+on 

indicates that the doublers cannot excite (recovering 
ellip+city) due to heavy mass.  But chiral symmetry (Z2 
grading) is lost instead:  

Wilson Dirac operator unit vector in μ direc#on.
<latexit sha1_base64="K0bpXvllhXlY2ds9QvV6KTHMlzY="></latexit>

µ̂ :

<latexit sha1_base64="NdUsmBMoUu+1XzsisYj9mOFaY1E="></latexit>
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= Large mass term except for 
<latexit sha1_base64="xvgawQ8VYfA/1ZsQC8KsUbXIMYo="></latexit>X

µ

�µi
sin pµa

a
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µ
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<latexit sha1_base64="At2YXIwA6bfSFZP6CzJQIpAC9XM="></latexit>

pµ = 0

<latexit sha1_base64="YU92ojCqSjDxccroxRTWooISpBI="></latexit>

rf (x) =
 (x+ µ̂a)�  (x)

a

rb (x) =
 (x)�  (x� µ̂a)

a

<latexit sha1_base64="ubxFR9DcIiUQZ16KILucStMSPC8="></latexit>

�5DW +DW �5 6= 0.

This is unavoidable by the Nielsen-Ninomiya theorem [1981]



Overlap Dirac operator 
[Neuberger 1998 Cf. Hasenfratz et al. 1998]

sa7sfies the GW rela7on: 

[Luescher 1998]

<latexit sha1_base64="p1rEKfKz5VMAm86iMNLtIMRpB8U="></latexit>

�5(1� aDov/2)�5Dov + �5Dov�5(1� aDov/2) = 0.

<latexit sha1_base64="QyxEZd6zimKrWmxfIXjEb0/Zxqw="></latexit>

�5H +H�5 = 0.
<latexit sha1_base64="T5CSlK946QI89QsfVvRAjKNF9NE="></latexit>

H = �5Dov, �5 = �5

✓
1� aDov

2

◆
= a modified exact chiral 
symmetry (but                  )

<latexit sha1_base64="3/8ZNhYSAm+iUKKoaMD7nJnAEDM="></latexit>

�2
5 6= 1.



Overlap Dirac spectrum lies on a 
circle with radius 1/a 
For complex eigenmodes 

(therefore, no contribu+on to the trace)
The real 2/a (doubler poles) do not contribute.

We can define the index ! [Hasenfratz et al. 1998]



But          is defined by massive Wilson 
Dirac operator.



But          is defined by massive Wilson 
Dirac operator.

What is this ???



This quan2ty is known as the A2yah-Patodi-Singer 
η invariant (of the massive Wilson Dirac operator).

η invariant of the Wilson Dirac operator

[A+yah, Patodi and Singer, 1975]



In this talk, we try to show a deep mathema2cal 
meaning of the right-hand side,  and try to convince 
you by K-theory [AEyah-Hilzebruch 1959, Karoubi 1978…] 

that the massive Wilson Dirac operator is an equally 
good or even beRer object than Dov to describe the 
gauge field topology.

The Wilson Dirac operator and K-theory



Contents
1. Introduc+on

We consider the la;ce index in terms of K-theory.
2. La/ce chiral symmetry and the overlap Dirac index (review)

 great but equivalent  to the eta invariant of the massive Wilson Dirac op.
3. K-theory 

4. Massless Dirac (K0  group)  vs. massive Dirac (K1 group) in con+nuum
  

5. Generaliza+on
 

6. Mathema+cal theorem on the la/ce
 

7. Summary and discussion

✔

✔



A united manifold of space (= base manifold) & field (fiber)

The direct product structure is realized only locally.
In general, it is “twisted” by gauge fields (connec+ons).
In mathema+cs, the (isomorphism class of) total space  is  
o]en denoted by           .

When the fiber=vector space, we call it vector bundle.

What is fiber bundle?  
(minimum for physicists)

<latexit sha1_base64="ztVkJ5VkxvmhFTXybvyh4oa+LOc=">AAAB73icZVBNSwMxEJ3Ur1q/qh69BEuhXsquiHosevFYwX5Au5Rsmm1Ds9k1yYpl6Y/wJCiIV3+PJ/+NabuIbR8MPN6bYWaeHwuujeP8oNza+sbmVn67sLO7t39QPDxq6ihRlDVoJCLV9olmgkvWMNwI1o4VI6EvWMsf3U791hNTmkfywYxj5oVkIHnAKTFWanXjIa88n/WKJafqzIBXiZuREmSo94rf3X5Ek5BJQwXRuuM6sfFSogyngk0K3USzmNARGbCOpZKETHvp7NwJLlulj4NI2ZIGz9T/EykJtR6Hvu0MiRnqZW8q/nnlhVUmuPZSLuPEMEnnm4JEYBPh6fO4zxWjRowtIVRxeyymQ6IINTaigk3BXf55lTTPq+5l1b2/KNVusjzycAKnUAEXrqAGd1CHBlAYwQu8wTt6RK/oA33OW3MomzmGBaCvXzssj1c=</latexit>

�(x)
<latexit sha1_base64="hz0i0G/Xl6QOheDpm6kmfzLRnOc=">AAACBXicZVDLSgMxFL1TX7W+Rl12EyyFClJmRNRlURCXFewDOkPJpGkbmskMSUYsQxeu/BRXgoK49SNc+TemD8S2BwKHc+/l5Jwg5kxpx/mxMiura+sb2c3c1vbO7p69f1BXUSIJrZGIR7IZYEU5E7Smmea0GUuKw4DTRjC4Hs8bD1QqFol7PYypH+KeYF1GsDZS2857OkKlxxMv7rNj5DGBmsjTLKQK3bTtglN2JkDLxJ2RAsxQbdvfXiciSUiFJhwr1XKdWPsplpoRTkc5L1E0xmSAe7RlqMDGxk8nIUaoaJQO6kbSPKHRRP1/keJQqWEYmM0Q675anI3Fv1lxzkp3L/2UiTjRVJCpUzfhyCQfV4I6TFKi+dAQTCQzn0WkjyUm2hSXMy24i5mXSf207J6X3buzQuVq1kcW8nAEJXDhAipwC1WoAYEneIE3eLeerVfrw/qcrmas2c0hzMH6+gWqKZaq</latexit>

! (x,�) 2 X ⇥ F
SpaceEme
= base space

Field space
= fiber space

<latexit sha1_base64="/hZyw97QGh0AoVLO62qLFzKUByo=">AAAB6XicZVDLSgNBEOyNrxhfUY9eBkPAU9gVUY9BETwmYB6QLGF20psMmZ1dZmaFEPIFngQF8eonefJvnCSLmKSgoajqprsrSATXxnV/nNzG5tb2Tn63sLd/cHhUPD5p6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0P/Nbz6g0j+WTGSfoR3QgecgZNVaqP/SKJbfizkHWiZeREmSo9Yrf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZav0SRgrW9KQufp/YkIjrcdRYDsjaoZ61ZuJf155aZUJb/0Jl0lqULLFpjAVxMRk9jbpc4XMiLEllClujyVsSBVlxoZTsCl4qz+vk+ZlxbuuePWrUvUuyyMPZ3AOF+DBDVThEWrQAAYIL/AG787IeXU+nM9Fa87JZk5hCc7XLxlUjPo=</latexit>

E



The element of K0(X) group is given by
[   ] denotes the equivalence class (defini+on is given later).

Equivalently,  we can consider an operator and its conjugate,

 to represent the same element by  
where

 

* K0 group  describes classifica+on of Dirac operator which 
an+-commutes with chirality operator. 

Vector bundles classified by K0(X) group

<latexit sha1_base64="yNYrbDJfAIWehdrvDYTbw9XLM8M=">AAAB/HicZVDLSgMxFL1TX7W+xrp0EywFV2VSRMVV8QEuK9haaIchk6ZtaOZBkhHLUD/FlaAgbv0RV/6NaTuIbQ+EHM65l3vv8WPBlXacHyu3srq2vpHfLGxt7+zu2fvFpooSSVmDRiKSLZ8oJnjIGpprwVqxZCTwBXvwh1cT/+GRScWj8F6PYuYGpB/yHqdEG8mzi9deiqvjC3Tj4Y6OzFf17JJTcaZAywRnpAQZ6p793elGNAlYqKkgSrWxE2s3JVJzKti40EkUiwkdkj5rGxqSgCk3ne4+RmWjdFEvkuaFGk3V/x0pCZQaBb6pDIgeqEVvIv555blRunfupjyME81COpvUSwQyV06SQF0uGdViZAihkptlER0QSag2eRVMCnjx5mXSrFbwaQXfnZRql1keeTiEIzgGDGdQg1uoQwMoPMELvMG79Wy9Wh/W56w0Z2U9BzAH6+sX+hmS8g==</latexit>

D12 : E1 ! E2

<latexit sha1_base64="NKXGIOQ4JR/u/4NAFPV5Cxv5nY0=">AAACBHicZVDLSgMxFM3UV62vUXe6CZaCqzIpouKq+ACXFewDOuOQyWTa0MyDJCOUoeDKT3ElKIhbf8KVf2PaDmLbCyGHc+7l3nO8hDOpLOvHKCwtr6yuFddLG5tb2zvm7l5LxqkgtEliHouOhyXlLKJNxRSnnURQHHqctr3B1VhvP1IhWRzdq2FCnRD3IhYwgpWmXPPg+sH2ca9HhZuh2ugC3rg1W8X6Q65ZtqrWpOAiQDkog7warvlt+zFJQxopwrGUXWQlysmwUIxwOirZqaQJJgPco10NIxxS6WQTDyNY0YwPg1joFyk4Yf9PZDiUchh6ujPEqi/ntTH5p1VmVqng3MlYlKSKRmS6KUg51C7HiUCfCUoUH2qAiWD6WEj6WGCidG4lnQKa97wIWrUqOq2iu5Ny/TLPowgOwRE4BgicgTq4BQ3QBAQ8gRfwBt6NZ+PV+DA+p60FI5/ZBzNlfP0CK8OWZg==</latexit>

D†
12 : E2 ! E1

<latexit sha1_base64="8+3rmRvyQpjuxlY5+WBFpNg240o=">AAAB8nicZVBdSwJBFL3bp9mX1WMvQyL0ELIrUT1KIfRokB+ki8yOow7Ozi4zdwMR/0VPQUH02r/pqX/TqEukHrhwOOde7r0niKUw6Lo/ztr6xubWdmYnu7u3f3CYOzqumyjRjNdYJCPdDKjhUiheQ4GSN2PNaRhI3giGd1O/8cy1EZF6xFHM/ZD2legJRtFKT61Kx7sglU7J7+TybtGdgawSLyV5SFHt5L7b3YglIVfIJDWm5bkx+mOqUTDJJ9l2YnhM2ZD2ectSRUNu/PHs4gkpWKVLepG2pZDM1P8TYxoaMwoD2xlSHJhlbyr+eYWFVdi78cdCxQlyxeabeokkGJHp/6QrNGcoR5ZQpoU9lrAB1ZShTSlrU/CWf14l9VLRuyp6D5f58m2aRwZO4QzOwYNrKMM9VKEGDBS8wBu8O+i8Oh/O57x1zUlnTmABztcvHTuPvg==</latexit>

[E1, E2]

* To be precise, D acts 
on the secEons of E.

which act on



When we are interested in global structure only,
we can forget about details of the base manifold X by taking 
the so-called K-theory pushforward ( ~ “integra+on over X” ) :

Cf. In laHce QCD code,  we have a similar map : 
LinearAlgebra.Matrix(Dirac) . 

A lot of informa+on is lost but 
one (the Dirac operator index) remains.

K-theory pushforward

<latexit sha1_base64="JfyzTsjjSBC8DkWhCV5WA10LICM=">AAACCXicZVDLSgMxFM34rPVVdenCYCm0mzIjouKq6ELBTQX7gHYsmTTThuYxJBmxDF268lNcCQri1k9w5d+YPhDbHggczrmXm3OCiFFtXPfHWVhcWl5ZTa2l1zc2t7YzO7tVLWOFSQVLJlU9QJowKkjFUMNIPVIE8YCRWtC7HPq1B6I0leLO9CPic9QRNKQYGSu1MgdX8Bze3Lv5eqFp5Ig1eSAfk0hSYQaFVibrFt0R4DzxJiQLJii3Mt/NtsQxJ8JghrRueG5k/AQpQzEjg3Qz1iRCuIc6pGGpQJxoPxkFGcCcVdowlMo+YeBI/b+RIK51nwd2kiPT1bPeUPzzclOnTHjmJ1REsSECjy+FMYM287AW2KaKYMP6liCsqP0sxF2kEDa2vLRtwZvNPE+qR0XvpOjdHmdLF5M+UmAfHII88MApKIFrUAYVgMETeAFv4N15dl6dD+dzPLrgTHb2wBScr182q5gS</latexit>

G : K0(X) ! K0(point) The map just forgets 
vector bundle E.



The “point” can be suspended to an interval:

There is an isomorphism between 

superscript “1” reflects removal of the chirality operator. 
* The Dirac operator must become one-to-one (no zero 
mode) at the two endpoints :

Physical meaning of isomorphism will be given soon later . 

Suspension isomorphism

<latexit sha1_base64="7+uNsKGk0mP+alzy/DCWwzuZVLE=">AAAB8nicZVBNSwMxEJ2tX7V+VT16CZaCp7Iroh6LXvRWwX5gu5Rsmrah2eySzAql9F94EhTEq//Gk//GbLuIbR8EHu/NZGZeEEth0HV/nNza+sbmVn67sLO7t39QPDxqmCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGt6nffObaiEg94jjmfkgHSvQFo2ilp05MNQoqyX23WHIr7gxklXgZKUGGWrf43elFLAm5QiapMW3PjdGfpP8xyaeFTmJ4TNmIDnjbUkVDbvzJbOMpKVulR/qRtk8hman/OyY0NGYcBrYypDg0y14q/nnlhVHYv/YnQsUJcsXmk/qJJBiR9H7SE5ozlGNLKNPCLkvYkGrK0KZUsCl4yzevksZ5xbuseA8XpepNlkceTuAUzsCDK6jCHdSgDgwUvMAbvDvovDofzue8NOdkPcewAOfrF6y2kME=</latexit>

@I

<latexit sha1_base64="Ob8nXKmMfYT8KdpJI41h49yS0d8=">AAACF3icZVBbSwJBGJ21m9nN6rGXIREUSnYjrEepl8QXg7yAqzI7jjo4O7PMzEay+Ct66qf0FBREr9FT/6ZRl8g8MHA457vMd7yAUaVt+9tKrKyurW8kN1Nb2zu7e+n9g7oSocSkhgUTsukhRRjlpKapZqQZSIJ8j5GGN7qe+o17IhUV/E6PA9L20YDTPsVIG6mbPq107Jzre+IhCgTlepKHLhZ8ACudyJnkyifQDZDUFDFYhvluOmMX7BngMnFikgExqt30l9sTOPQJ15ghpVqOHeh2NJ2IGZmk3FCRAOERGpCWoRz5RLWj2VkTmDVKD/aFNI9rOFP/dkTIV2rse6bSR3qo/ntT8dfLLqzS/ct2RHkQasLxfFM/ZFALOA0J9qgkWLOxIQhLaj4L8RBJhLWJMmVScP7fvEzqZwWnWCjenmdKV3EeSXAEjkEOOOAClMANqIIawOARPINX8GY9WS/Wu/UxL01Ycc8hWID1+QP2153O</latexit>

K0(point) ⇠= K1(I, @I)
One-parameter deforma-on of 
Dirac operator
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#sol with + chirality #sol with - chirality

Index theorem
A"yah-Singer index (in con"nuum theory)

In the standard formula7on, we need a massless Dirac operator 
and its zero modes with definite chirality : 
But we will show that it is isomorphic to



Eigenvalues of con/nuum massive Dirac 
operator                                

For   

For  
The eigenvalues are paired:   for

As                                      , we can write them

on a Euclidean even-dimensional manifold.



Spectrum of 



Dirac index  = Spectral flow = η invariant

= # of zero-crossing eigenvalues from - to +
 = # of zero-crossing eigenvalues from + to -

           =: spectral flow of 

Equivalent to the eta invariant: whenever an eigenvalue 
crosses zero,
                               jumps by two.

Pauli-Villars subtrac0on



Suspension isomorphism in K-theory

with chirality operator without chirality operator
point line=interva

l

Massless:
coun7ng index 
by points

Massive:
coun7ng 
index by lines

⇨  The two defini7ons of the index agree.

<latexit sha1_base64="oxx7LI1093NXb1f2Mg+aITfAFd8=">AAACFXicZVBNSwJBGJ61L7Mvq2OXIRGUQnYjrKPUJfFikB/gqsyOow7Oziwzs5Es/ohO/ZROQUF07dCpf9OoS2Q+MPDwPO/HvI8XMKq0bX9biZXVtfWN5GZqa3tndy+9f1BXIpSY1LBgQjY9pAijnNQ01Yw0A0mQ7zHS8EbXU79xT6Sigt/pcUDaPhpw2qcYaSN10yeVjp1zfU88RIGgXE/y0MWCD2Cl4+TKp9ANkNQUMViG+W46YxfsGeAycWKSATGq3fSX2xM49AnXmCGlWo4d6HY0nYgZmaTcUJEA4REakJahHPlEtaPZUROYNUoP9oU0j2s4U/92RMhXaux7ptJHeqj+e1Px18surNL9y3ZEeRBqwvF8Uz9kUAs4jQj2qCRYs7EhCEtqPgvxEEmEtQkyZVJw/t+8TOpnBadYKN6eZ0pXcR5JcASOQQ444AKUwA2oghrA4BE8g1fwZj1ZL9a79TEvTVhxzyFYgPX5AxADnMI=</latexit>

K0(point) ⇠= K1(I, @I)



With chiral symmetry breaking regulariza4on (on a 
la7ce),  coun4ng points (massless) is difficult but  
coun4ng lines (massive) s4ll works.

Standard 
massless 
defini2on:
Where is 
m=0? 
What are 
zero modes?

Spectral flow of 
massive Dirac:
We can s2ll 
count the 
crossing lines

Note)  this fact was known 
even before overlap Dirac by 
Itoh-Iwasaki-Yoshie 1982 and 
other literature, but its K-
theore5c meaning was not 
discussed. [See also Adams, 
Kikukawa-Yamada, Luescher, 
Fujikawa, and Suzuki]
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Real Dirac operators and the mod-two index
In previous slides, we considered general complex Dirac operators,  
and we have shown

For real Dirac operators, in SU(2) gauge theory in 
5D (origin of WiRen anomaly), for example,  K 
theory knows that
      characterized by the mod-two 
spectral flow describes the mod-two index (in odd 
dimensions).

<latexit sha1_base64="lXG3hunt3O+Za/AD4m82utyqD2Q="></latexit>

KO
0(I, @I)
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A0yah-Patodi-Singer (APS) index

LHS is defined by # of chiral zero modes of a massless 
Dirac operator on            with a non-local (causality-
breaking) boundary condi+on (APS condi+on allowing only 
posi+ve/nega+ve eigenmode components of boundary 
Dirac operators), which is unlikely to be realized in physics.

3D boundary

4D bulk

[A5yah-Patodi-Singer 1975]

In con+nuum theory [F, Furuta, Matsuo, Onogi, Yamaguchi, Yamashita 

2019], we relate this to the domain-wall fermion Dirac 
operator. 

4D example:



Theorem 1 

For any APS index of a massless Dirac operator on an even-
dimensional Riemannian manifold            with boundary,  
there exists a massive Dirac operator on a closed manifold                                 
     with domain-wall at the loca+on of the 
original boundary and its spectral flow (or η invariant) is 
equal to the original index.

boundary bulk

domain-wall

[F-Furuta-Matsuo-Onogi-Yamaguchi-Yamashita 2019]
1910.01987

https://arxiv.org/abs/1910.01987


K-theory tells that the massive expression 
unifies various types of the index formulas.

• A+yah-Singer and A+yah-Patodi-Singer indices are unified 
on a closed manifold. We do not need any nonlocal 
boundary condi+ons.
• Applica+on to the mod-two version is straighmorward 

(coun+ng # of pairs of zero-crossing eigenmodes).
• Available both in odd and even dimensions.
• Chiral symmetry is NOT necessary: applica+on to the 

laHce gauge theory is straighmorward (NEXT).

domain-wall
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Dirac operator in con=nuum theory
E : Complex vector bundle
Base manifold M: 2n-dimensional flat torus T2n 
Fiber F : vector space of rank r with a Hermi+an metric
Connec+on :  Parallel transport with gauge field
D : Dirac operator on sec+ons of E

Chirality (Z2 grading) operator: 



Wilson Dirac operator on a la@ce

We regularize T2n  is by a square laHce with laHce spacing              

link variables : 

Wilson term

* In mathema5cs, the 
Wilson term is important 
in that it guarantees the 
ellip5city. 



Defini/on of                      group
The group element is given by equivalence class:
             having the same spectral flow.
Note: K1 group does NOT require chirality operator and
does NOT dis+nguish the con+nuum and laHce operators.

* Precise defini+on : a vector bundle (Hilbert bundle) with 
   Base space         =  range of the parameter 
   boundary          = ±1  points 
   Fiber  space         =  Hilbert space to which D acts
              : one-parameter family labeled by s.
   We assume that     has no zero mode.
 



Defini&on of                    group

Group opera+on:

Iden+ty element:
We compare the con+nuum and Wilson Dirac operator, 
by considering the “combined” Dirac operator

where         and        are “mixing mass term” with some 
“nice” mathema+cal proper+es:

 If  its spectral flow=0, then, the two Dirac operators 
have the same index.



Theorem 2

Consider a con2nuum-la=ce combined Dirac 
operator

on the path P :                     
P

-1 +1

[Aoki, Fujita,F, Furuta, Matsuo, Onogi, Yamaguchi 2026]



Theorem 2 (con/nued)
There exists  a finite laHce spacing        s.t. for any   

    
               
is inver+ble (has no zero mode) on the staple-like path P  
[which is a sufficient condi+on for Spec.flow=0]
⇨                                           and                  
have the same spec.flow

  

The con+nuum and laHce indices agree.
* ApplicaEon to the mod-two case is straighborward.

In our work, the proof is 
given by contradic-on.



You can forget all about K-theory, suspension 
isomorphism, η invariant,  and so on.
Just compute the near-zero Wilson Dirac eigenvalue 
spectrum changing mass (with/without domain-
wall) from -1 to 1.
Then, the number of eigenvalues (pairs) crossing 
zero gives you 
 A2yah-Singer index
 A2yah-Patodi-Singer index with boundaries
 Their mod-two versions

Numerical evalua0on (simple recipe)



We put a circular curved  
domain-wall : m=-s/a 
inside, m=+1/a outside 
and change s from -1 to 1.
We put U(1) flux Q’ and 
numerically check if the 
APS index theorem
holds or not.

L=33, DW radius=10, flux 
radius=6.

Example1. APS index on a 2D disk 
[Cf. Aoki-F, 2022,2023]



Dirac spectrum on a 2D disk 

Edge-localized 
chiral :

 modes appear on 
the 1-dimensional 
circle domain-wall
= the source of 
boundary eta 
invariant.-0.8
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Numerical test for Majorana S1 domain-
wall fermion

Mass change inside the domain-
wall =disk

Mass change outside the domain-
wall= torus with a S1 hole.

The conEnuum mod-two APS index 
= 0 and 1 respecEvely.

Free Wilson Dirac operator 
is real:



Majorana Dirac spectrum

mod-two spectral 
flow agrees with 
the mod-two APS 
index.

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

-0.6-0.4-0.2 0 0.2 0.4 0.6

Diskλ

flow time s
-0.6-0.4-0.2 0 0.2 0.4 0.6

T2 w/ S1

boundary

flow time s

-1
-0.8
-0.6
-0.4
-0.2
0
0.2
0.4
0.6
0.8
1

σ r
ch
ira
lit
y

<latexit sha1_base64="uCzWjWcwLjciI0o/WL/6fiob9Uw="></latexit>

iHm = �1@x + �3@y + i�2m(s, r)

Lef panel :
 -sM inside  S1 
DW
Right : 
 -sM outside S1 
DW
  



Contents

1. Introduc+on
We consider the la;ce index in terms of K-theory.

2. La/ce chiral symmetry and the overlap Dirac index (review)
great but equivalent  to the eta invariant of the massive Wilson Dirac op.

3. K-theory 
classifies the vector bundles.  K1(I, ∂I) is important in this work.

4. Massless Dirac (K0  group)  vs. massive Dirac (K1 group) in con+nuum
 CounOng lines (massive, K1) is easier than counOng points (massless, K0).

5. Generaliza+on
 Massive fermion Dirac operator unifies various types of the index.

6. Mathema+cal theorem on the la/ce
 Massive fermion Dirac operator unifies various types of the la;ce index.

7. Summary and discussion

✔

✔

✔

✔

✔

✔



The massive Wilson Dirac operator can be iden+fied as a 
mathema+cal object in K-theory and the associated 
spectral flows describe various index formulas. 

In our formula+on, 
• Chiral symmetry (GW rela+on) is NOT necessary.

( s+ll agrees with the overlap index on periodic laHces)
• Boundaries can be introduced by domain-walls.
• Domain-walls can be flat/curved (with induced 

gravita+onal background).
• Formulated in arbitrary dimensions,
• Standard/mod-two versions  treated in a unified way.

Summary



More nontrivial invariants (Z8, Z16, η…).  
[Araki, F, Onogi, Yamaguchi 2025]. So far VERY GOOD 
numerical results for Z8 invariant on 2-dimensional laHce  
but rigorous mathema+cal proof is missing.

LaHce version is limited to the case flat bulk + curved 
domain-wall.
 -> curved bulk and curved domain-wall may be realized by 
higher co-dimensional junc+ons of domain-walls

Admissibility condi+on for laHce-only formula+on?

Outlook


