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Motivation

We'd like to extend a mass shift and a discrete chiral symmetry on
the lattice Schwinger model [Dempsey et al., 2022] to 3+ 1D.
(A, T = 6,m, {XIme} — ¢, Staggered fermion
The chiral transformation is given by x, — xz+1 and H changes to
a
HO)— HO+m) — 2<m + 85) (=1)"x! xn.
— H has the chiral symmetry at m = — g (mass shift).
0 — 6 + m: Chiral anomaly

[Shao et al., 2025]: Onsager algebra.
[Numasawa]: Lieb-Schultz-Mattis anomaly (Jun 30, 3:30 PM)



Chiral Transformation on (3 + 1)D Lattice

In (34 1)D, a fermion Hamiltonian [Kogut and Susskind, 1975] is given by

3
1 P A,
H=g-> (nj(x)Xm—&-/leZ X h-a) +me(x) xhxa

7j=1
mx) =1, m(x) = (=1)™, n3(x) = (=1)"7F72, e(x) = (—1)TFr2ro,
e Chiral transformation: ..

Xe = Usxe = i(—=1)"2X, . 1,543 -

aaaaa

e Chiral Anomaly:
LX) = 2.5 FAF =

27
[SA, Kikukawa, and Takemoto, 2025]

— This result impiles the 27 shift of a #-term.
[Gioia and Thorngren, 2025]: Weyl fermions (Jul 2, 11:00 AM).
[Misumi, Onogi, and Yamaoka 2026]: boundary theory (Jul 3, 11:00 AM).



Towards the Mass Shift and Discrete Chiral Symmetry

To derive the mass shift, we need to construct a 0-term with
00— 0+27

under the chiral transformation.
—> It can be interpreted as T -transformation.
[QVAVAVAVAVAVAVAV VAV AV AV
One duality in (34 1)D Maxwell
In this talk, we consider a (3 4+ 1)D Maxwell theory.

e Analyze the duality structure
e Determine the O-term.

[Shao et al., 2026]: (3 + 1)D compact scalar theory (Jun 30, 9:30 AM)
[Furukawa, 2026]: (2 + 1)D fractonic field theory (July 2, 15:50)



SL(2,Z)-duality in the (3 + 1)D continuum space

The Maxwell theory in (34 1)D with 6 term

Bro .0
is invariant under

1 6
ST—=—, T:iT=>7+1 (1=—+1i210)
T 2

27 273

-
9 b
O 1 27 O 1 27

S and T generate SL(2,Z) = (5% = 1,(ST)? = 1) group.




Lattice Gauge Action

We consider an N4 lattice.

e Covariant difference: U, , = exp(iaA,, )

%(Ux#x(m +apn) — x(x)) = (O, +1A4,)x(z) (@ —0)

e Field strength:

=Uz1U, 195 xinUl‘_? = exp(iadA) — 1+ iadA

x

o Kinetic term
S = 6(1 - %(exp(iadA) + exp(—iadA))) — g(adA)2

In this talk, we fix a = 1.



Villain Approximation

To establish the 7-duality, we need the integer topological charge.
— Villain Approximation [Villain, 1975]

exp(—S(1 — cos(z))) ~ ZeXp <—§(m + 27m)2>

nezZ
Bl —costx) JE——T
1.0 —— Villain approximation 10 —— Villain approximation
08 08 53
06 06
§=02
04 0.4
02 02
0.0 0.0
Z -6 -4 -2 0 2 a 6
x

If 3 is large enough, two functions coincide.



Villain Formulation

The Wilson partition function can be approximated by

Zwilson Z/DAe exp(—p(1 — cos(dA°)) (/ DA = /ﬂH a4, )

/DAGZGXP(—ﬁ(dA“r?m) > Z 11>

{n} le/ Nz, uv

Uy = exp(iA5 ,): Electric gauge field

dA° + 27n: Gauge strength

Ng v € Z: Manetic Flux ~ B

dng uvp: Monopole ~ VB



T-duality and # term in Villain Formulation

The topological charge is defined by [Sulejmanpasic and Gattringer, 2019]

QoldA° +2mn] = — Z (dA® + 2mn) U (dA° + 27n) 41234

1 . .
= @ Z Z G,ul/po(dA + QWn)mjuy(dA + 27Tn)x+ﬂ+19,pa-

T pu<v
p<o

If monopoles are absent (dn = 0), Qo takes an integer value.
— The partition function with 6 term is 7-dual!

/DAe Z exp( (dA® 4 27n)? — iGQO) d(dn =0)

ANN\N\NN\NN
{n} Admissibility condition
— Modified Villain Formulation in Wilson action

10



Modified Villain Formulation

Introducing 3-form A™, the partition function can be rewritten by

/ DAY exp( (dA® 4 27n)? — z’&Qo)é(dn =0)

{n}
/DAeDAm Z exp< g(dAe + 2mn)? — i0Qo + Z'Amdn).
{n}
5
17 ™D
P /A AN
A;,u € [_ﬂ-?ﬂ-) Ny, puv €z A;:nuup [ 7T77T)

11



Loop Operators

Let 4 be a unit tangent vector of a contour ~.

e Electric Wilson loop:

Wie(y) = exp (Z% que) = exp(igeyA)
Yy

Electrically charged particle with g. € Z emerges on ~

e Magnetic Wilson loop:
Wi () = exp(—igmy U A™)
Monopole ¢, € Z appears on ~

e Dyonic Wilson loop:

Wi () = W ()W (3)
= exp(iqe YA — igmy U A™)

[Thorngren, 2015; Jacobson and Sulejmanpasic, 2023]: Framed Wilson loop

qm

S

Ge

W;Qs-qm) ()

12



Witten Effect

Monopoles obtain the electric charge in the presence of the #-term
[Witten, 1979].

dn:qm d?’l/:qm

® r— ®
f-term

Qe Ge + 3=Gm

Shifting 6 by 2,

(Qe’ Qm) — (Qe + qm, Qm)



Poisson Summation

S-duality is described by Poisson summation for 2-form n.

S s =Y Fm) (P = [ def@)expiznay)

neZ mEeZ -

If f(z) = exp(—E278(a + 2mx)? +ibx), F(y) is given by

1 1 1 b
Fy) = WGXP(—MWU) + 27ry)2 — z'ay) exp(—i?ﬂ)

The Poisson summation converts

1
27r5—>m, a—0b, b——a

[Anosova et al., 2022; Choi et al., 2022; Sulejmanpasic and Gattringer, 2019; Gorantla
et al., 2021]

14



S-duality at § =0

S-duality is described by Poisson summation for 2-form n,

Z[p /DAeDAm Z exp (—QWB(dAe + 27n)% 4 i 4™ dn>
{n}

e A™ 11 2 _jAe
oc/DA DA {Z}exp( 47127r6(6A +2mm)* —iA 6m>

2579

where a(db) = (—1)!%(da)b and
dA°(OA™ + 2mm) = —A°0(0A™ + 2mm) = —21 A°Om

That is, S converts

21 —>— A — AT AT — —A°
7 s



S-transformation for Loop Operators

S exchanges A€ and A™,

We < Wi, (Qean) — (me _Qe)

N

qm

Y

Note that the framing is flipped.

16



S-duality with 0 term

In the presence of the f-term, the action is described by

.0
M :Mm,,uzx\y,pa = 27rﬁ5x,y5p,p61/0' + 15(6 + tE) (6 = e;wpaé:v,y—ﬁ—&)'
ANANNANANNNNAN-

[QVAVAVAVAVAVAVAV:

Kinetic Term O-term

However, the inverse M1 is non-local due to #-term.
— This does not seem to have the S-duality.

[Anosova et al., 2022] suggest an overlap-type action

2
Mags = \/(27T5)2 + (;ﬂ) ]\]f*M

—> The S-duality is exact, whereas the T-duality is not.

17



S-duality with 0 term

In the presence of the f-term, the action is described by

.0
M :Mm,,uzx\y,pa = 27rﬁ5x,y5p,p61/0' + 15(6 + tE) (6 = euupaézp,y—ﬁ—&)'
ANANNANANNNNAN-

[QVAVAVAVAVAVAVAV:

Kinetic Term O-term

However, the inverse M1 is non-local due to #-term.
—> We prove the S-duality.

[Anosova et al., 2022] suggest an overlap-type action

2
Mags = \/(27F5)2 + (;ﬂ) ]\]f*M

—> The S-duality is exact, whereas the T-duality is not.

17



Our Work

In this talk, we revisit the ultra-local partition function
/ DADA™ " exp< (dA® + 2mn)* — Qo + iAmdn>
{n}
Qo = (dA +2mn) U (dA + 27n)

and show that the non-local effect can be removed by an
appropriate S-transformation.
—> The theory has full SL(2,7Z) duality

We also derive the SL(2, Z)-transformation laws of Wy,
m;— e iur | £ %n+2 e 'm*i~ g e;qdm
S <W£q q )(7)> —e [zwq Geqm =34 ] <Wéq q )(7)>

7' . <Wd(‘Ie_Qm)Qm) (,7

B?é ﬁ70
)

— (_ vq?n (gesqm)
porae = (D) (Wit ()

where u and v are real constants determined by .

8,6
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Exact Calculation of the Path Integral

We first check the S-duality by calculating the partition function.
By using the gauge fixing techniques [Peng et al., 2025], we get

Z(8,6] :CW (Z > eXp( —4n?(n? +n3) — 29n1n2)>3

niy n2

A N |
= Z15,0], — 421 =,
B 15,6] 27 B 2 +i2nB
where C' > 0 only depends on the volume of the lattice space.
(Cf. This result agrees with continuum predictions [Witten, 1995].)

>

The ultra-local partition function has the S-duality!

[Murayamal: 2D case

21



Projectors

Why does the ultra-local theory appear not to possess S-duality?
—> S is not described by the simple Poisson summation when 6 £ 0.
To construct the appropriate S-transformation, we consider the

Hodge decomposition for 2-form n,

n=dn™ +on® +n,
where n(") is a C r-form, and 7 is a 2-form.
Especially, n satisfies din = 9n = 0, and
Ny = \/jw ; Ny -
p<v
We define projectors,
P = dn(l), Pyn = 871(3), Pon=n

22



Non-local f-term

Setting F'¢ = dA€ + 27n and

€ puvly,pe = EpvpoOztjiti,y,

we define a non-local 0-term

QnLF 8—F6 [PdePa 4 Pyl + Py EPO] Fe
7T
1 t t
=Qo[F°] + @F [Pd Pa — Pa Pd] Fe.
Non-local

However, Pyn = 0 without monopoles (dn = 0)!
— QN [F] = Qo[F]

23



S-duality with 0 term

We construct the S-trasformation:

1. Replace Qg with Qnp,

E(FE)Q +i0Qo[F*] — iA™dn

5
1 0 ¢
P 2B + il | PyePy + PotePy + Py P | ) P — iA™dn.
4 2 2
[aVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAV AV

2. Apply Poisson summation formula — Mn1(B,0)

MNL(B79)71 = MNL(Bvé)
3. Replace Qn1, with Qg

By incorporating this non-local procedure into the S,
the action remains ultra-local!

24
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f-term with Dyonic Matters

Since dn # 0 in the presence of Dyonic matters,
Qnr # Qo.

We seek an extension of @) satisfying:

1. Ultra-locality.
2. QIF] = QNL[F®] + O((dn)?).
3. Q@ = Qo when dn =0.

We find

1 1
Q[FG]:S?FEUFE—‘y_EFBUldn
1

1
= —dA°Un+ =(nUn+nUp dn).
2 2

A similar topological charge is defined in a lattice Chern-Simons theory.

[Jacobson and Sulejmanpasic, 2023]

26



Higher Cup Product

e Definition:

2 3
(@® U1 B9, 1931 = (w34 + 0y 90 + Oy 545.14) Brios
+ (@14 + Qpiiig T %+3+21,12) ﬂx+i,234
- (Oém+21,23 + ax+é+z1,13> Br,124 + Q34 /8m+3,124

- (O‘a:,24 + 0‘;;;+z1,23) Bx+§,134 + Q344,12 Ba,134-

e Leibniz Rule:

d(a® Uy P = (da) Uy B+ (—1)%a Uy dB
+(71)2+2+1(a U ,8 o (71)2><2B U Oé)

27



Expectation Value of Dyonic Loop

(w00, =757 | PP

exp <—§(F6)2 —i0Q[F°] + iAmdn>
x exp(i(ge YA — gmy U A™))
By integrating A™ field, we get a monopole constraint

€uvpo (A1) a+pvps = —dm o p-

—> Monopole appears on

28



T-transformation and Witten Effect

6 — 6 + 27 induces

(Wi ) = (Wt () exp(-i2nQ[F)))

Bo+2m 8,0

Using dn = eq,,~ and

21Q[F°l = A°Udn +7n(nUn+nUpdn) = —M + mB(n),

Pontryagin Square B(n) Witten Effect
we observe the Witten effect

(Wi @) = (W o) explinp(n))

B,0421 3,0
(ge> Gm) —(Ge + Gms qm)-

[Kobayashi et al., 2025]: B(n) is related to a higher form anomaly (July 1, 2:00 PM)

29



Pontryagin Square [(n)

Definition: P(n) =nUn+nU; dn
Properties

o If dn/ =0, P(n') € 2Z
o Rln+n') = P(n) + 22

PB(n) only depends on dn = eq,,y (up to an even number).
— B(n) becomes a constant in the path integral

PB(n) =qiv+2Z (veD).
Then we get

<WC§qe,Qm)(7)>

(v is a quantity analogous to the self-linking number of ~.)

—(_ qun (‘k‘i‘Qm,Qm)
porae =D (w; (™)

8,6

30



Poisson Summation

To apply the Poisson summation, we need to extract @y, from Q,

1
Q[Fe] = QNL[Fe] + E(Pan Uq dPan)
[QVAVAVAVAVAVAVAVAVAVAV AV
= (’)((dn)Q)
By using dn = eq,dn, the second term becomes a constant,

Pyn Uy dPyn = q,%lu.

<(qe7qm)>679 _ <(qm,—qe)>6~7§ exp<—i9u;q12n - iéu;qg)

Electrically and magetically objects are exchanged,
(Ges gm) = (gm, —qe)-

However, its framing is flipped.

31



Framing of Dyonic Loop

P: Applying the Poisson summation

We can flip the framing by alternating P and 7 in three times,

e \qm esdm)
<(q q )>679 _ <(q q >579 exp (mm(qe + %Qm)qm)'

The phase factor can be interpreted as the AB phase between the
electric charge ¢. + %qm and the magnetic charge ¢,,.
[Jackiw and Rebbi, 1976; Goldhaber, 1976; Hasenfratz and 't Hooft, 1976]

32



S-transformation

Using

@,
(i

we have

(QE,qm) X UTT q2 2 / 22
W = - 9 7271’
< d ('7)>39 ¢ p( v [271 m fem e])

x <W§qm”q5)(v)>

( myT €) )
L] 3 2 ’
(qe>qm)
<I et > exp <i27‘(’u((]e + HC]m)Qm>’
I 50 2

B.a

<WCEQe:Qm)(,7)>/j , is S covariance!

)

33



SL(2,Z)-structure

S - <W§qm’ Qe)(,y)> _ ei“”[zewqu‘?qum—%qg] <W0§qe,Qm)(7)>

8,0
T.< (ge— qm,qm) )> 9+2ﬂ vq?n <W5qe,qm)(7)>6’e.

A new class of dyonic operator
We find four kinds of the dyonic operator,

SC W§q€1qm) T (_1)vqut§‘Ze;Qm) S (_1)vquW¢§qqu)DT
(_ l)v(QC +f1m)W5¢1e JIZD ST

The signs are related to their statistics of Dyonic operators.

.0

(Cf. [Ang et al., 2020; Kan et al., 2024])
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Non-spin Maxwell Theory

Similar SL(2, Z)-structure is found in a non-spin Maxwell theory .

Maxwell theory on non-spin manifold (wy # 0)

s WETEn T WieTsn Sy WieTg T

WeTim :Dsrr

The subscripts b/f express the statistics of Wilson/'t Hooft loops.

Wi = 0%) = (1 e exp i, f )
vy

& (=1)%" exp (zq 7{ Ae>

The parameter v plays the same role of 2nd Stiefel Whitney class ws.

35
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Summary

We employed the ultra-local lattice Maxwell theory in the modified
Villain formulation.

o Established the full SL(2,Z) duality.
e Determined the modular transformation laws of W, with
1

1
Fél=—F°UF‘+—F°U
QL] 82 e 1dn

[Outlook]

e Canonical Formalism (work in progress)
e Mass Shift
e Lattice-exact Cardy—Rabinovici model
[Cardy, 1982; Cardy and Rabinovici, 1982; Katayama and Tanizaki, 2025]
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Cardy-Rabinovici model

e A toy model of lattice Maxwell with a charge-N Higgs
o Assumed full SL(2,Z)-duality

e Rich phase structure [Cardy, 1982; Cardy and Rabinovici, 1982]
e Non-invertible symmetries and Gravitational anomalies

[Honda and Tanizaki, 2020; Hayashi and Tanizaki, 2022]
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Definitions of Projectors

We denote the Fourier transformation of r-form « by

—zpa:
/

am,ug---,ur E ,\\/7 Ty 2 o

Projectors are determined by

r r+ /
S D S
p

p750 J=1 pry1=1 F(p)l

d
zp:v r+1 ( )7+]+1fﬂu M7+1au1,,,“‘j‘..“r+1(p)

(PoCt)a iy o opir = ZFZ Z

p#0 J=1piry1=1 P )|

b

1
(Poa)$7H1H2”'Hr = Wa;huz“-ur(o)’

with f.(p) = e+ — 1L and |f(p)|* =3, fifs (D).



Integerness of Topological Charge

1
Qo[F] =—5 F° U F*

82
1 t t t
— Pdfg 6P8+P86; 6Pd+P06—; “py| Fe

Assuming dn = 0, we get Py =0 and

1 t
QolF*) =5 (dA + 2mn) Py T

=N12N34 — N13N24 + N14723.

P() (dA + 27‘('?”&)

(Pyn)12 = n12 becomes an integer because



Symmetry

/DAeDAm Z exp( (dA® 4 27n)? — i0Qq + iAmdn>
{n}

L (dA+27n) U (dA + 27n)

Qo= 872

e R O-form gauge symmetry: A¢ — A°¢ + d\(©)
e 7 1-form gauge symmetry: A¢ — A¢ + 27k(M) n — n — dk®
e R 1-form global symmetry: A¢ — A° 4+ XD (dA(D) = 0)



Witten Effect under Qg

1 e e

1 1
= —(A°Udn—dnUA®) + —nUn
4 2

dn = qm, / dn = gm
@ raw— ®
f-term

0
qu

de Qe + %Q'm

The induced charge is spitted.



Gauge Fixing [Peng et al., 2025]

Assuming dn = 0, n can be decomposed into

n=dg+h(g, heZ)

A€ — 0 via O-form symm.

A€ € R after absorbing ¢

by 1-form gauge symm.

e n — h is assigned on colored
plaquettes.

A€ — 0 via 1-form global symm.

Degrees of freedom:

#{A° € R} =3(N* - 1), #h =6



Implementing the Path Integral

Z(B,0] = / D A° Z exp(—g(dAe + 27n)? — i9Q0> d(dn =0)
{n}

T dAY T dA7 = dAT
(/) () ()
l:red & l:green T L:blue o {h}

X exp ( 3y [B(dAe +27h)% + ie%Poh U POBD

— |2
! B, o s, o ;
:CW (Z Z exp (—247r (n] 4+ n3) — 29n1n2>)
C 0 2 1/ 2\ 3
= |V (0,27)| +|v (0,27) 7
VB ( [0] )




Applying S-transformation

ZB

/DAEDAm exp —%Fe (8,0 Fe—l—zAmdn>
™
{n}

(
/ DA°DA™ {zn; exp (
(-
(

1
— FeMy1(B,0)F¢ + z'Amdn)
71'

47

/ DA*DA™ Z exp

{n}

/ DA°DA™ Y " exp —%FmM (B,0)F™ +zA€dm>
s
{n}

1
FmMNL ﬁ, )Fm + ZAedm>



Comparison with previous studies

e Naive ultra-local action:

0

t t t
M:27rﬁ+i2[Pd€+6 €+'e €+'e
i

5 Py + Py Py+ Py

P

e [Anosova et al., 2022]:

2
Mags = \/(2775)2 + (:ﬁ) ]\Zf*M

e Our work:

e—l—te
2

0
MNL :27'(6"-2'7 |:Pd€P3+P3t€Pd+P0 P0:|
™



Sign Problem

We can avoid the sign problem on the solid lines.
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Canonical Formalism

e 7T -transformation:

T = exp( (A°U (dA® + 2mn) + 27n U A° + A° Uy 27Tdn)>

L
47
e 7 1-form transformation: A¢ — A+ 27k, n —n —dk
1
U(k) = exp (i?ﬂk(ﬂe + 28Am)>
T
T is not invariant under U(k),
TU(k) = U(k)exp(in(k Udk + dk Uy n))T.
[AVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAV VAV AV AV eVl

=V(k)
Putting a spin |s = (=1)"), U(k) ~ X and (—=1)" ~ Z. Then,

V(k)~XZ

V (k) =1 —> Fermion system
[Chen and Kapustin, 2019; Feng et al., 2026]
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