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MOTIVATION

One chiral cone on a lattice — and the obstacle

+ What we want: a single massless Dirac / chiral cone — gapless and symmetry-protected (and interacting)

e High energy e Condensed matter e still Condensed matter

SPT SPT, ! SPT,

insulator

different QFTs anomalous Tomonaga-Luttinger liquid and their fusion

The obstacle on a lattice — you know it — Nielsen—-Ninomiya (no-go) theorem
If you do not want to have a doubler, you must sacrifice something

2/15



LATTICE DIRAC FERMIONS

What does each scheme give up?

Wilson

The Wilson term breaks chiral symmetry explicitly;
mass can be generated and must be tuned back.
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mass can be generated and must be tuned back.

Staggered

The doublers survive as tastes;
taste symmetry is broken mixing them.

Yamaoka

Domain-wall

Requires extra dimension;
residual mass decays exponentially in its extent.

Sen, Yasunaga

Overlap / Ginsparg-Wilson

Chiral symmetry is exact but is not on-site;
the Dirac operator carries a matrix sign function.

Kikukawa, Singh

SLAC

Exactly linear dispersion with a cusp at the zone edge (a
sawtooth).

Ox <> (-1)™™/ (n-m) (SLAC derivative)

Nonlocal hoppings;
known to give the wrong continuum when interacting
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LATTICE DIRAC FERMIONS

What does each scheme give up?

Wilson Overlap / Ginsparg—Wilson
The Wilson term breaks chiral symmetry explicitly;
mass can be generated and must be tuned back. Chiral symmetry is exact but is not on-site;

the Dirac operator carries a matrix sign function.
Kikukawa, Singh
Staggered

The doublers survive as tastes;
taste symmetry is broken mixing them.

Yamaoka SLAC
. Exactly linear dispersion with a cusp at the zone edge (a
Domain-wall sawtooth).
Requires extra dimension; Ox <> (-1)™™/ (n-m) (SLAC derivative)
residual mass decays exponentially in its extent.
Sen, Yasunaga Nonlocal hoppings;

known to give the wrong continuum when interacting

Alternative approaches (not single-particle Dirac equation discretizations):

Boson-based (Shao, Morikawa, Aoki); symmetry disentanglers (Thorngren); Kahler-Dirac fermion (Vaibhav);
SMG-based routes that lift the doublers (Shamir, Xu, Araki); and non-Hermitian routes.
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DEFINITION

Tangent fermions = Stacey s derivative, revived
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DEFINITION

Tangent fermions = Stacey s derivative, revived

s
H = Z 2ito(—1)" " Lcm B
n#m ;/0

E(k) = 2ty tan(k/2)

—5
-2 -7 0 ™ 27

Eliminating lattice fermion doubling

Richard Stacey
Department of Physics and Astronomy, University of College London, Gower Street, London WCI, England*
(Received 18 May 1981)

» Single chiral mover has long-range hopping * Chiral symmetry is ordinary and on-site:
with the tangent dispersion {o,H}=0
* Linear atk =0, a pole at the zone edge, « The hopping is nonlocal, but the physics is local

a single chiral cone, no doubler (next slide) 4/15



Only the hopping is nonlocal — nothing else is

Local generalized eigenvalue problem (single particle)

HtanW) = El), [¢¥) = D|¢5> ﬁfﬂmnmﬁb) = E@Tm@) with ﬁfﬁtanﬁ D — local

transformation ¥ (z) = Dé(z) = [qb( ) + ¢(z — 1)] gives 1+6 “2a~! tan( ’m)”e;ka = o~ ' sin(ka)

enables free particle simulations — arX/v. 2302.12793
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transformation ¢(z) = Dé(z) = 1[(z) + H(z — 1)] gives 1+6 “2a~! tan( ’m)”e;ka = a 'sin(ka)

enables free particle simulations — arX/v. 2302.12793

Local Action
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HIDDEN LOCALITY

Only the hopping is nonlocal — nothing else is

Local generalized eigenvalue problem (single particle)

HtanW) = El), [¢¥) = D|¢5> ﬁfﬁmnmﬁb) = E@Tm@) with ﬁfﬁtanﬁ, D — local

transformation ¥ (z) = Dé(z) = [qb( ) + ¢(z — 1)] gives 1+6 2a_1tan(ﬂ7“)$ = a 'sin(ka)

» enables free particle simulations — arX/v.2302. 12793

Local Action
Stan = T Man ¥, W =D®, Sian = PD'Mygn D®, Mo, — non-local DI M,,,D, D — local
* enables QMC simulations — arXiv:2401.10828

Efficient MPO representation 1 & & 0
7 HW(E ) 0 -1 0 & | — matrixoflocal operators with fixed rank
tan = tan 0o 0 -1 ¢,
0 0 O 1/ + -enables DMRG simulations — arXiv:2407.06713
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Local generalized eigenvalue problem (single particle)

Hianl) = ElYY), |¥) = D|¢), D'HipnD|¢) = ED'D|@) with D HnD, D — local

( )

ika ~

transformation 1) = a 'sin(ka)

These facts are connected:

Local generalized eigenvalue formulation
Local Action of a Schrodinger equation allows for
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Only the hopping is nonlocal — nothing else is

Local generalized eigenvalue problem (single particle)

Hianl) = ElYY), |¥) = D|¢), D'HipnD|¢) = ED'D|@) with D HnD, D — local

e N L
ika ~

= a 'sin(ka)

transformation ¢
These facts are connected:

Local generalized eigenvalue formulation
Local Action of a Schrodinger equation allows for
Sean = ﬁMtan\IJ a matrix product opera_tor represer\tatio_n of the Hamiltonian with D, D — local
fixed bond dimension.

Extra conditions of being non-local, crossing E = 0 only at
k = 0, being continuous at (-1, i) give tangent dispersion.

Efficient MPO re

0 0 -1 é,

e = Hwt(;; A P AT OF TOCa Operators with fixed rank
1
0o 0 0 1/)-

enables DMRG simulations — arXiv:2407.06713

Two more representations
* MPO representation of D operator — arXiv:2405.10285 (F. Verstraete group, with A. Ueda)
* Quantum circuit decomposition of the tangent-fermion Dirac operator — arXiv:2606.19020 (compare to Singh) 5/15



Only the hopping is nonlocal — nothing else is

Local generalized eigenvalue problem (single particle)

Hianl) = ElYY), |¥) = D|¢), D'HipnD|¢) = ED'D|@) with D HnD, D — local

( )

ika ~

transformation 1) = a 'sin(ka)

These facts are connected:

Local generalized eigenvalue formulation
Local Action of a Schrodinger equation allows for
Sean = ﬁMtan\IJ a matrix product opera_tor represer\tatio_n of the Hamiltonian with D, D — local
fixed bond dimension.

Extra conditions of being non-local, crossing E = 0 only at
k =0, being continuous at (-, 1) give tangent dispersion.

Efficient MPO re

tan 0 0 -1 ¢,
o 0 0 1

i

Hean = [[WTWr= k m J = T&TrX OF Tocar operators with fixed rank

enables DMRG simulations — arXiv:2407.06713

Local physics

locally conserved charge & current - correct entanglement scaling - correct physics demonstrations (one on the next slide)
5/15



IT WORKS

Helical Tomonaga—Luttinger liquid on a lattice
L/2

H = / dx [wi(_ivFaa:)wT - wl(_iUFasc)wJ, + 2TVF Kinter pA«r(aj)ﬁi’(;U) + TUF Kintra (ﬁ?r(q;) + ﬁi(m))}
—L)2
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Helical Tomonaga—Luttinger liquid on a lattice
L/2

H = / dx [wi(_ivFaa:)@bT - ¢I(_iUF6:c)¢J, + 2TVF Kinter pA«r(aj)ﬁi’(;U) + TUF Kintra (f)?r(ﬂ?) + ﬁi(‘r))}
—L)2

K= \/1 + Kintra — Kinter
1 + Rintra + Kinter
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L|CT(x70)|

IT WORKS

Helical Tomonaga—Luttinger liquid on a lattice

L/2

H = / dx [wi(_ivFaa:)@bT - ¢I(_iUF6:c)¢J, + 2TVF Kinter pA«r(aj)ﬁi’(;U) + TUF Kintra (f)?r(ﬂ?) + ﬁi(‘r))}

—L/2

Propagator1 .
Cy () o [sin %]_E(K+?)

10:‘

L=60, N=60 °

{ﬁintra; Kfintcr} = ]

{07 0} -
{0.4,0}

. {0,0.3) —

. {0.4,03} —

g

0

10 z/a 20 30

dots: tangent-fermion tensor network -

1 + Rintra — Rinter
K= \/

Transverse spin correlator 1+ Kintra + Kinter
—2K
3 mr
R, (%) o [sin ZZ]

L =60, N =60

o
"

curves: continuum bosonization (no fit parameter)
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L|Cy(z,0)|

IT WORKS

10¢

L/2

Helical Tomonaga—Luttinger liquid on a lattice

H = / dx [w«][t(_i'UFBa:)d)T - ¢I(_iUFa:c)¢¢ + 2TVF Kinter p}(x)[)‘L(a:) + TUF Kintra (f)?r(ﬂ?) + ﬁi(w))}

—L/2
Propagator

& =+ Rintra — Rinter

Cy () o [sin

T T T

a) I

To our knowledge tangent fermion is the only lattice-fermion
representation that reproduces

- Rintra + Rinter

{" the correct Tomonaga-Luttinger-liquid physics directly in 1D.
07,07 5% TF \e.
{0, 0.3} —_— law r . ‘Kt“:,_ .
i - CS 1 g_ "\...\’ \"'H**_i_:-::::-::':'*errv: : : _g
...... 71 . ‘:“’ e 1'-: . W —r———
e 1077 10 z/a 20 30
0 10 z/a 20 30

dots: tangent-fermion tensor network -

curves: continuum bosonization (no fit parameter)
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WHERE TANGENT SITS

The comparison

Zeseullel no doublers SFILIGUIEL local hoppings local action efficient MPO
symmetry symmetry
X v v v v v

Wilson

staggered remnant X v v v v
overlap / domain-wall v v X v v X
SLAC v v X X X X
tangent v v v X v v
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The comparison

Zeseullel no doublers SFILIGUIEL local hoppings local action efficient MPO
symmetry symmetry
X v v v v v

Wilson

staggered remnant X v v v v
overlap / domain-wall v v X v v X
SLAC v v X X X X
tangent v v v X (V- GEV) v v

7/15



PART 1 — TAKEAWAY

Why tangent fermions

G -
\ §§===="_- i ‘
* The chiral physics of the continuum is protected \ |
— and the representation is easy and natural. \\ |
| |
\“‘ ‘
\
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PART 1 — TAKEAWAY

Why tangent fermions

* The chiral physics of the continuum is protected
— and the representation is easy and natural.

* Asingle cone in d dimensions — no mirror, no
extra dimensions.

* Alocal action enabling QMC and native efficient
tensor network.

* Honest scope: demonstrated in 1D interacting
and 2D single-particle with static gauge;
many-body (dynamical-)gauge generalization is the
open program.

Not just a construction — a working method for real problems.
Here is one: symmetric mass generation in a single Dirac cone.

8/15



SHOWCASE

Symmetric mass generation in a single
Dirac cone

3-4-5-0 model with U(1) anomaly cancelling and SMG interactions tuned to be RG relevant

Zakharov, Ueda, Verstraete, Beenakker — arXiv:2606.24713

9/15



WARM-UP

Quantum spin Hall example

In absence of backscattering — helical TLL
L/2

H = / dx {wi(_ivFam)@bT - T[}I(_ZUFax:)le, + 2TUF Kinter :aT('T)'a,l,(z) + TUF Kintra (ﬁ%(x) + /3?,(1;))}
L2
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In absence of backscattering — helical TLL
L/2

H= ] A [l (—ivpu i — 6 (—ivp )by + 270p Kinter P ()P () + TUF Kingra (03(2) + 73(2))]
—L/2
QSH is protected by time-reversal symmetry

T : QPTI—>’¢’¢, ID¢I—>—¢¢, T2=—1

Two-particle backscattering

2 2 double spin-flip: AS, = +2 S
Hyz = gus ] dz {(@%) + (¢]or) } S, not consenved (N's) Fluz is T-invariant
Relevance
dgus
Hys ~ | dx COS(4¢(:1:)), A =4K = (2 —4K) gus relevant for K < K, = %

10/15



WARM-UP

Quantum spin Hall example

In absence of backscattering — helical TLL
L/2

H= ] A [l (—ivpu i — 6 (—ivp )by + 270p Kinter P ()P () + TUF Kingra (03(2) + 73(2))]
—L/2
QSH is protected by time-reversal symmetry

T : QPTI—>’¢’¢, ID¢I—>—lD¢, T2=—1

Two-particle backscattering

2 2 double spin-flip: AS, = +2 T .
Hyg = gUQ]d:U {(wlwi) + (wle) } S, not conserved (N is) Hyp Is T-invariant
Relevance
dguz
Hyo ~ | dx COS(4¢(:1:)), A =4K = (2 —4K) gus relevant for K <K, = %
Gap opening = spontaneous time-reversal breaking
COS(4¢($)) = ]\Jm2 — My2 cosine term is pinned to a minimum m)y( :]: 882 Z 8

Ma (:L‘) = %<1/JT (.’B) Oq 7,D(£L')> = :|:\/ COS(4¢) two degenerate ground states |t) exchanged by T
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WARM-UP — QSH EXAMPLE

Mass generation observed in the propagators

N=L7 Kintra = 0, ty1 =0
Li=20% 40 A 60-( 80+

2 I ]
w :10 ;a) tuz2 =0 ?ﬁlab) tU2—O 1*')tUZ—O 5
5 210 L+ K =0.577 éls_# K =0.420 ][ % —0333_
25 AE g
% |g 1EF || = E
° ) | | | ! ! | f ! |
I o[ | L T = | R
v 10 ;d)tU2:0.4t0§:q+e)tU2—04?50 %f)tU2_04tOE
£ 3 108 K = 0577 % K = 0420 - ;—a‘;{pK—o333=§
S ] 1E Sty ., 3
§§ ~ 1 ? wl E #-h-*# RISE
8 4 L L B "H-* -u-qc_
1= N: n,
I 1 1 11§ 1 L 1 1 bl
0 02 04 'o 02 04 0 02 04
z/aL : z/aL x/aL
Scaling dimension A > 2 - Scaling dimension A <2

— propagator decays exponentially: the signature of gap opening 11715



WARM-UP — QSH EXAMPLE

SSB and gap opening observed in the excitation spectrum

No
backscattering

With

backscattering

excitation energy (tg)

107°

N = L7 Rintra = 0

R e ’5"'3{“"‘-,; _________

a) 0 e *|gb) XTx %

tus =0 tuys = 0.419

K = 0.65 K =10.65

| i i B | Lol ' B

x'"“‘3:‘-“—::--.3:_“__,,_ v
___________ si¢ b4 TEmm———

c) d) X %

tu2 =0 tuz = 0.41o

K =10.33 K =0.33 X

| |IIII| ] | | | | I

| IIIIII ] | l | | ¢

10 15 20 30L40 60 80

Scaling dimension A > 2

10 15 20 30L40 60 30

Scaling dimension A <2

— in a gapless system the excitation energy decays as AE = 2mrhiv/L (dashed line)
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THE 3-4-5-0 MODEL

Anomaly-free chiral fermions on a 1D lattice

Model — free part + six-fermion SMG interaction

— E T T T T
HU - thm (cn,ch,S + Cn,a%m,4 — Cn5Cm5 — Cn,Ocm,O) + H.c.
n>m

tom = 2ito(=1)""™, E(k) = 2ty tan(k/2) tangent hopping, no doubler

_ TooT
Hszy50 = E (glcn,Sancn—Q—l,thn,SCn,Ocn+1,0
n

T
+ 92Cn,3‘3n+1,30n,4cn,5cn+1,5cn,0) + H.c.

model: Wang & Wen 19 - SMG: Hasenfratz & Xu (from Tuesday) - Tong - Wang & You - double-strip DMRG: Zeng, Zhu, Wang & You, PRL (discussed by Shamir) 13 /17
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THE 3-4-5-0 MODEL

Anomaly-free chiral fermions on a 1D lattice

Model — free part + six-fermion SMG interaction

— E T T T T
HO - thm (cn,BCm,S + Cn,a%m,4 — Cn5Cm5 — cn,Ocm,O) + H.c.
n>m

tom = 2itp(—1)" ™, E(k) = 2ty tan(k/2) tangent hopping, no doubler

_ TooT
Hszy50 = E (Qlcn,3cn,4cn+1,4cn,5Cn,ocn+1,0
n

T
+ 92Cn,3cn+1,3’3n,4cn,5‘3n+1,5cn,0) + H.c.

o energy £ —

U(1) symmetry and the 't Hooft anomaly
Z Jalo =0 Z sign(ve )2 = 0 <= Z sign(va)ge =0 — 3> +4% =52 -0 =0

e =(1,-2,1,2), £ =(21,-2,1), q=(3,4,5,0)

momentum p —
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THE 3-4-5-0 MODEL

Anomaly-free chiral fermions on a 1D lattice

Model — free part + six-fermion SMG interaction

_ E T T T T
HO - tnm (cn,BCm,S + Cn,4cm,4 - Cn,SCm,S - cn,Ocm,O) + H.c.
n>m

tom = 2itp(—1)" ™, E(k) = 2ty tan(k/2) tangent hopping, no doubler

_ TooT
Hszy50 = E (Qlcn,3cn,4cn+1,4cn,5Cn,ocn+1,0
n

T
+ 92Cn,3cn+1,3’3n,4cn,5‘3n+1,5cn,0) + H.c.

U(1) symmetry and the 't Hooft anomaly
Z Jalo =0 Z sign(ve )2 = 0 <= Z sign(va)ge =0 — 3> +4% =52 -0 =0

e =(1,-2,1,2), £ =(21,-2,1), q=(3,4,5,0)

o energy £ —

momentum p —

We do not use SMG to remove doublers, we have a different paradigm:
Our cone is single from the start — we do SMG for the SMG physics itself.

model: Wang & Wen 19 - SMG: Hasenfratz & Xu (from Tuesday) - Tong - Wang & You - double-strip DMRG: Zeng, Zhu, Wang & You, PRL (discussed by Shamir)

13/17



BOSONIZATION

A rotation turns the interaction into cosines

Rotate the chiral bosons — two decoupled Luttinger liquids (insight from Atsushi Ueda)
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BOSONIZATION

A rotation turns the interaction into cosines

Rotate the chiral bosons — two decoupled Luttinger liquids (insight from Atsushi Ueda)

~ ~ 1 - 1
Pr=QrPr, ®L=0QL%L, Qr= 7 G 12> , Q= N (_12 %)

¢ =L(®r—BL), 0=3(0r+PL) £Po =259,

The 3-4-5-0 interaction = cosines of the neutral fields

2
v 92 1 2
Hﬁee—;ﬁ/ o K00, + 7000 | V= costt8) = cos2VE0y), p=12  orneutal o cnares

As in the QSH warm-up: for clean, explainable Luttinger-liquid physics the scaling dimension must drop below 2 — that calls for
a density—density interaction.

Hubbard term with weights = €-vectors: K becomes a knob
Un - - é[l)(apn,S - 26)071,4)(6[971,5 + 26Pn,0)
— U (20pn.3 + 0pn.a)(—26pn.s + 5pn.0)

2ty — CUSY

, C':\/V2+V2\/V2+V2:5
ot + CU STV

Dy = 5K, Ko —J

— the 3-4-5-0 interaction becomes relevant for K < 2/5= K,
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GROUND-STATE UNIQUENESS

Why the gapped ground state is unique

We want to minimize two cosine terms simultaneously
V, = cos(£P) ®) = cos(2v5 ¢,), p=1,2
= PP =0 mod 27, p=1,2
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they also satisfy Haldane rule and

Let's choose another I-vectors: ¢ = (1,3,-3,1), €% =(-3,1,1,3) compatible with 3,4,5.0 charges

The kernel of this map is not single connected!
GS is double degenerate with the order parameter

O — /206 +£)®

Is it still SMG then? Cenke Xu says yes — degeneracy is accidental and can be lifted 517



Scaling dimension <2

Scaling dimension > 2

IT WORKS

Gap opens, ground state stays nondegenerate

No With
backscattering backscattering
3 g1=92=10 g1 =92 =351
3 Ia) IK :I O.58| [ lb) IK =|0 58| |
L e 3 [ L. SRR LS SRRl SSEE
6 L I I I L L I I I I
Om—71 717 71T "1 [T _ T T T 1
ol®) K=023 | |d K=023  _
_____________ ST |
g SR T TS
X 7 E2
< Ey X
6 B FONE S
»
sl

The gap appears only when both are present: the 3-4-5-0 interaction and K < K

E, does not collapse onto the ground state: SMG, not SBB.
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Scaling dimension <2

Scaling dimension > 2

IT WORKS

Gap opens, ground state stays nondegenerate

No With
backscattering backscattering
3 g1=92=0 g1 = g2 = 3.5t
= o) 'k=0s58 || 'w=oss"
L e 3 [ L. SRR LS SRRl SSEE
el 11
Om—7T 7 71T "1 [T _T T T 1
ol®) K=023 | |d K=023  _
_____________ R T
g SR T TS
X 7 E2
< Er x
6L I I o= 2
»*
sl 11
6 8 10 12 14 6 8 10 12 14
L L

Scaling dimension <2

Scaling dimension > 2

No With
backscattering backscattering
L =20 xwmps =4096 v 8192 16384 ~
g1=g2=10 g1 =92 = 3.51g
T-esas, I‘ r ! ! Jfewe, T I T .|
'L, a) K=0.58 e b) K =0.58
= i i
0F 1 1 v e C | 1 11 """
1 4+ T T T | T T T 7]
¥ ¢) K=0.23 d) K =0.23
= K
<] -1 F A
£
U C | 1 R C 1 1
—T 0 k m—m 0 k ™

gapless Luttinger-liquid singularity:

o (k) oc [k[IKHET/2

The gap appears only when both are present: the 3-4-5-0 interaction and K < K

E, does not collapse onto the ground state: SMG, not SBB.
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PART 2 — TAKEAWAY

Conclusions

« SMG on a strictly 1D lattice — the cone is single from the start, anomaly cancelling
via suitable U(1) charges.
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PART 2 — TAKEAWAY

Conclusions

« SMG on a strictly 1D lattice — the cone is single from the start, anomaly cancelling
via suitable U(1) charges.

« A weak-coupling window — the Hubbard-tuned K makes the 3-4-5-0 interaction relevant
(K < 2/5), so the RG analysis reliably guides the DMRG.

« The hallmark verified — an excitation gap opens while the ground state stays nondegenerate.

All of this chiral fermion physics with a tunable K is accessible for one reason:
tangent fermion is a simple construction — and it works.
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CONCLUSIONS

» A single chiral cone on a strictly 1D lattice — tangent fermions: only the hopping is nonlocal;
the chiral symmetry stays ordinary and on-site.

 Efficiency is not sacrificed — the local generalized eigenvalue problem enables QMC and
native tensor networks.

« Symmetric mass generation in the 3-4-5-0 model — Hubbard-tuned K < 2/5 makes the
interaction relevant: the gap opens with no ground-state degeneracy.

Thank you
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