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One chiral cone on a lattice — and the obstacle

• What we want: a single massless Dirac / chiral cone — gapless and symmetry-protected (and interacting)

The obstacle on a lattice — you know it — Nielsen–Ninomiya (no-go) theorem  

If you do not want to have a doubler, you must sacrifice something
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mass can be generated and must be tuned back.
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mass can be generated and must be tuned back.
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The doublers survive as tastes; 
taste symmetry is broken mixing them.

Yamaoka

Domain-wall

Requires extra dimension;
residual mass decays exponentially in its extent.

Sen, Yasunaga

Overlap / Ginsparg–Wilson

Chiral symmetry is exact but is not on-site;
the Dirac operator carries a matrix sign function.

Kikukawa, Singh

SLAC

Exactly linear dispersion with a cusp at the zone edge (a 
sawtooth).

∂ₓ (−1)n−m / (n−m) (SLAC derivative)

Nonlocal hoppings;

known to give the wrong continuum when interacting

Alternative approaches (not single-particle Dirac equation discretizations):  

Boson-based (Shao, Morikawa, Aoki); symmetry disentanglers (Thorngren); Kahler-Dirac fermion (Vaibhav); 
SMG-based routes that lift the doublers (Shamir, Xu, Araki); and non-Hermitian routes.
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Tangent fermions = Stacey’s derivative, revived

• Single chiral mover has long-range hopping 

with the tangent dispersion

• Linear at k = 0, a pole at the zone edge,

a single chiral cone, no doubler

• Chiral symmetry is ordinary and on-site: 

{σ
z
, H} = 0

• The hopping is nonlocal, but the physics is local

(next slide) 4 / 15
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Local generalized eigenvalue problem (single particle)   

Two more representations

• MPO representation of D operator — arXiv:2405.10285 (F. Verstraete group, with A. Ueda)

• Quantum circuit decomposition of the tangent-fermion Dirac operator — arXiv:2606.19020 (compare to Singh) 5 / 15
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Only the hopping is nonlocal — nothing else is
Local generalized eigenvalue problem (single particle)   

Local physics

locally conserved charge & current · correct entanglement scaling · correct physics demonstrations (one on the next slide)
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Helical Tomonaga–Luttinger liquid on a lattice

Propagator

Transverse spin correlator

dots: tangent-fermion tensor network   ·   curves: continuum bosonization (no fit parameter)

To our knowledge tangent fermion is the only lattice-fermion 
representation that reproduces 

the correct Tomonaga–Luttinger-liquid physics directly in 1D.
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The comparison

exact chiral 

symmetry
no doublers

on-site chiral 

symmetry
local hoppings local action efficient MPO

Wilson ✗ ✓ ✓ ✓ ✓ ✓

staggered remnant ✗ ✓ ✓ ✓ ✓

overlap / domain-wall ✓ ✓ ✗ ✓ ✓ ✗

SLAC ✓ ✓ ✗ ✗ ✗ ✗

tangent ✓ ✓ ✓ ✗ ✓ ✓
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Wilson ✗ ✓ ✓ ✓ ✓ ✓

staggered remnant ✗ ✓ ✓ ✓ ✓

overlap / domain-wall ✓ ✓ ✗ ✓ ✓ ✗

SLAC ✓ ✓ ✗ ✗ ✗ ✗

tangent ✓ ✓ ✓ ✗ (✓- GEV) ✓ ✓
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Why tangent fermions

• The chiral physics of the continuum is protected

— and the representation is easy and natural.

• A single cone in d dimensions — no mirror, no 

extra dimensions.

• A local action enabling QMC and native efficient 

tensor network.

• Honest scope: demonstrated in 1D interacting

and 2D single-particle with static gauge; 

many-body (dynamical-)gauge generalization is the 

open program.

Not just a construction — a working method for real problems.  

Here is one: symmetric mass generation in a single Dirac cone.
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S H O W C A S E

Symmetric mass generation in a single 

Dirac cone 

3-4-5-0 model with U(1) anomaly cancelling and SMG interactions tuned to be RG relevant

Zakharov, Ueda, Verstraete, Beenakker — arXiv:2606.24713
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Quantum spin Hall example
In absence of backscattering — helical TLL

QSH is protected by time-reversal symmetry

Two-particle backscattering

double spin-flip:  ΔSz = ±2

Sz not conserved (N is)
HU2 is T-invariant

Relevance

relevant for  K < Kc = ½

Gap opening  ⇒ spontaneous time-reversal breaking

cosine term is pinned to a minimum
My if gU2 > 0

Mx if gU2 < 0

two degenerate ground states  |±⟩ exchanged by T

10 / 15
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Mass generation observed in the propagators

→  propagator decays exponentially: the signature of gap opening 11 / 15
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SSB and gap opening observed in the excitation spectrum

→  in a gapless system the excitation energy decays as  ΔE = 2πℏv/L (dashed line)

12 / 15
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Anomaly-free chiral fermions on a 1D lattice
Model — free part + six-fermion SMG interaction

We do not use SMG to remove doublers, we have a different paradigm:

Our cone is single from the start — we do SMG for the SMG physics itself.

13 / 17

tangent hopping, no doubler

model:  Wang & Wen ’19 · SMG: Hasenfratz & Xu (from Tuesday) · Tong · Wang & You · double-strip DMRG:  Zeng, Zhu, Wang & You, PRL (discussed by Shamir)

U(1) symmetry and the 't Hooft anomaly
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A rotation turns the interaction into cosines

The 3-4-5-0 interaction = cosines of the neutral fields

φ neutral, θ charged

As in the QSH warm-up: for clean, explainable Luttinger-liquid physics the scaling dimension must drop below 2 — that calls for 

a density–density interaction.

Hubbard term with weights = ℓ-vectors: K becomes a knob

→  the 3-4-5-0 interaction becomes relevant for

14 / 17

Rotate the chiral bosons — two decoupled Luttinger liquids (insight from Atsushi Ueda)
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Why the gapped ground state is unique
Mapping from original bosonic fields

Another example: double degenerate ground state

15 / 17

We want to minimize two cosine terms simultaneously

Is its kernel single-connected?

Basic theorem of algebraic geometry

The kernel of a surjective integer matrix map between tori has a number of connected components 

equal to the greatest common divisor (gcd) of the set of maximal minors of the matrix

answer: yes

they also satisfy Haldane rule and 

compatible with 3,4,5,0 charges 
Let’s choose another l-vectors:

The kernel of this map is not single connected! 

GS is double degenerate with the order parameter

Is it still SMG then? Cenke Xu says yes – degeneracy is accidental and can be lifted
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Conclusions

• SMG on a strictly 1D lattice — the cone is single from the start, anomaly cancelling 
via suitable U(1) charges.
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Conclusions

• SMG on a strictly 1D lattice — the cone is single from the start, anomaly cancelling 
via suitable U(1) charges.

• A weak-coupling window — the Hubbard-tuned K makes the 3-4-5-0 interaction relevant 
(K < 2/5), so the RG analysis reliably guides the DMRG.

• The hallmark verified — an excitation gap opens while the ground state stays nondegenerate.

All of this chiral fermion physics with a tunable K is accessible for one reason:

tangent fermion is a simple construction — and it works.
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C O N C L U S I O N S

• A single chiral cone on a strictly 1D lattice — tangent fermions: only the hopping is nonlocal; 

the chiral symmetry stays ordinary and on-site.

• Efficiency is not sacrificed — the local generalized eigenvalue problem enables QMC and 

native tensor networks.

• Symmetric mass generation in the 3-4-5-0 model — Hubbard-tuned K < 2/5 makes the 

interaction relevant: the gap opens with no ground-state degeneracy.

Thank you


	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33
	Slide 34
	Slide 35
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42
	Slide 43
	Slide 44
	Slide 45
	Slide 46
	Slide 47
	Slide 48
	Slide 49
	Slide 50
	Slide 51
	Slide 52
	Slide 53
	Slide 54
	Slide 55
	Slide 56
	Slide 57
	Slide 58
	Slide 59
	Slide 60
	Slide 61
	Slide 62
	Slide 63
	Slide 64
	Slide 65
	Slide 66

