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1This talk discusses neither fermions nor chiral symmetries. But lattice systems do appear.
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Fracton phases and exotic field theories
Fracton phases are characterized by
® ground-state degeneracy that depends nontrivially on the system size
® excitations with restricted mobility (fractons)

Motivated by this, people have studied a new class of QFTs. [Pretko, Slagle, ...]

Such theories exhibit unusual continuum behavior:
e discontinuous field configurations and UV/IR mixing [Gorantla-Lam-Seiberg-Shao, '21]
® Discontinuous correlation functions in the continuum limit
® Non-commutativity of continuum and thermodynamic limits

What happens to topological terms in the presence of such discontinuities? I

Discontinuities activate new topological terms!

We study this phenomenon in the simplest setting: the 24+1d ¢-theory.
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The XY-plaquette model

® 2d square lattice
® ¢ : U(1)-valued site variable, ¢s ~ ¢s + 27

® 75 : the momentum conjugate to ¢s, [¢s, Tsr] = i0s s

The 2+1d XY—pIaquette model (U > K > 0) [Paramekanti-Balents-Fisher,’02]

K
H=72 10— UY cos(dsrssy = Gsis = Gsiy + bs).
s S

® (AXAYP)s = Psis1p — Ds+s — Dsty + ds ~ 0mod 27 is energetically enforced.

® weaker than (A,¢)s = ¢sip — ¢s ~ 0mod 27, which guarantees the smoothness of
field configurations.

® Discontinuous field configurations still survive in the low-energy physics.

® This feature is not captured by the conventional compact boson.
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The ¢-theory
Taking the continuum limit carefully, we obtain the ¢-theory [Seiberg-Shao, 20]

S0 [ draay {2007 + 5 00,02

Exotic global symmetries:

® Momentum subsystem symmetry

O(1,%,y) = &(7,%,y) + cx(x) + ¢ (y)-
® Winding subsystem symmetry

0-(0x0yd) = 040, (0r0) — 0- LY — 8,0, I, =0
1

1
T __ Xy __
gy, = 3 o0, Jy) = > 0x0y ¢
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0-Jy) — 0x0,J;, =0
— 0: 47 — 0y(0xJy,) =0
— the continuity equation in the 7y-plane

This means that one can define a winding charge for a closed loop C,, lying in the
plane x = xg

Qs (x0; Cey) = f (0T d7 + 1Y dy)
Ceo
1

"l (0xDr dT + 05D, b dy)

The charge operator is restricted on a plane x = xg.
Winding charges on different 7y-planes are independent due to field discontinuities.
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Modified Villain lattice model

The modified Villain formulation of the ¢-theory [Gorantla-Lam-Seiberg-Shao, 21]
3d Euclidean lattice model (7, x,y)

® ¢ : real-valued site variable
® »Y . real-valued cube variable
® n, : integer-valued, living on 7-links

® n,, : integer-valued, living on xy-plaquettes

o6 e =22 S (B 2, Pn) + 5 S (Blrys + 2 V)

n

+ 3 Y (n)(Ary — AcAyne)(n),

Gauge symmetry (k, k' € Z)

b — ¢+ 21k, ny = np — Dok, Ny = ny — DAk, ¢ — ¢ + 21k
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Sol, Nz, Ny ] :@ Z( +b + 271n, ) 45 Z DDy b + 270,y ) (n)
+i Zw J(Arng — DAy ng)(n).
The model has a momentum subsystem symmetry: ¢ — ¢ + ¢*(x) + ¢¥(y).

On the other hand, unlike the XY-plaquette model before taking the continuum limit,
we also have an exact winding subsystem symmetry: ¢*(n) — ¢™(n) + &*(x) + &¥(y)

In fact, the Lagrange multiplier ¢’ imposes
Arny, — AxAyn. =0.
— AL (DA )+ 2Tny) = DA (Ard + 27n;)
— lattice version of the continuity equation (0;(0x0y¢) = 0x0y(0-9))
— exact winding subsystem symmetry

If we insert an operator /¢ ()

Arng(ng) — AcAyny(ng) = +1 — e/?”(m)creates a vortex at ng
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Theta angles are important parameters in quantum field theory.
They do not affect the equation of motion. (definition)

In fractonic field theories, discontinuous field configurations appear to obscure the
topology of the fields, obstructing the existence of topological terms.

However, the opposite effect also occur:

® Topological terms that are originally regarded as trivial, in the sense that they
always vanish, can become nontrivial due to field discontinuities.

— New theta terms

Previous works on topological terms in fractonic field theories
® [Pretko, '17] : theta terms and Witten effects in 3-+1d tensor gauge theories

® [Bedogna-Mancani, '26] : introduced a theta term (the bulk theta term) in the 2+1d
¢-theory in the continuum

Despite extensive studies of topological terms and fractonic systems independently,
their interplay remains largely unexplored.
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In [YF, 26] , we discuss the following two theta terms both in the continuum and on the
lattice.

@ Bulk theta term [Bedogna-Mancani, 26] :

)

0
= /dexdy 0-¢ 0.0y ¢

SAGSUEE

o 0 ~ Y 421
@® Foliated theta term (along the x-direction)

107 0] = —(jﬂy [ drady 6°(x) {0106 2x(0:0,0) — (0:0,0) 2(070)}

® 0*(x): an x-dependent theta angle
® The foliated theta term admits a spatially varying theta parameter without changing
the equation of motion.

® Both of them vanish when computed for configurations without discontinuity.
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Bulk theta term

Continuum [Bedogna-Mancani,26] :

,97T / drdxdy 9, ¢ Oxdy ¢

Stopl0: 0] =
Lattice [YF, 26] :

>2/p[9xy_ }, N7, Ny

=~ Z{(AT¢+27rnT)(n)(A Ay¢+ 27y )(x + 7)

(2
(A Ay¢ + 210 ) (n)(Ar + 270, ) (n + R + ?)}
,exyz (n-(n)nyy (n+ %) + ny (n)n-(n+ R+ 9))

. U f ey O
T+ § (ATan*AXAy”T)(n) (2 ‘(H+T+X+y)+ O(”))
A A A A A A O ’/_r

® 0V ~ 0 + 2m.
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The second term induces an interesting effect.

Stop [exy ¢, nr, nX}/]

HXVZ n-(n)ny, (n+7) + ny(n)n-(n+ X+ 7))

_ o ey
+ i Zn:(Aran — AAyn;)(n) (27r¢(n +7+R+y)+ 27T¢(n)>
orY
T or

r-—————t-

e Witten effect : a vortex induces momentum charges.
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Foliated theta term

Continuum :
X rax IA*
Stoplt; 8] = “en)?

The term does not affect the classical equation of motion for any 6*(x).

/ drdxdy 0*(x) {0x(0-¢) 0x(0x0y d) — (0x0y¢) 02(0-¢) }

This term can be constructed on the lattice in the following way.

For the standard compact scalar fields ¢1, ¢o with ¢; ~ ¢; + 27, one can define a
topological charge

1
(2n)?

As mentioned earlier, independent winding currents can be defined on the plane x = xg
and the plane x = xp + a. So, one can couple them.

Q= /d¢1/\d¢2€Z.
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Lattice :
Sii(op [9X’ ¢7 nr, nxy]
=+ ﬁ ; 6%(x) ;{Ax(Arqf) +2mn:)(n)(AxAy ¢ + 2mny, )(n — X+ 7)

— (BxAy¢ +2mny )(n)Ax(Ar¢ + 2mnr)(n — X+ 9)}
=+ 0(x)> _{Dxnr(n) ng (n— % +7) = ny(n) Acns(n— %+ )}

T7y
. 0 (x + 1 R 6>
Y @y - A8ym)o) (P Ao+ 5) - T

X,y

Ayp(n+7— X+ )7))
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One can again read off the Witten effect from the second term.
St?i)p[ex7 (bu nT) an]

=+ I'ZQX(X) Z{AXHT(n) nxy(n —X+7) - nxy(n) Axnr(n—%+79)}
x Ty

. *(x+1 o F(x P
1Y @y~ 8y )0) (TR Aot 2 - T Moo+ 7 24.9))
T?th
0 (z) _ 2 (@)
2 2T

6° (z+1) 6% (z+1)
-Eer) 2

Witten effects
® 0% is constant — quadrupole,, ox \X ~ O(a2)

® 0% has a smooth x-dependence — dipole ~ O(a2)
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Summary

® We discussed two kinds of theta terms in the ¢-theory.

® These terms are activated by field discontinuities, and induce the Witten effects.

® In particular, the foliated theta angle admits a spatial dependence of the theta
angle.

Future direction [WIP w/ Takuya Okuda] :
e Construction in more complicated systems (continuum/lattice)

® Application to subsystem symmetry-protected topological phases
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