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Reflection positivity in the Spin(10) CLGT with overlap Weyl fermions

Reflection positivity of Overlap fermions



Overlap Weyl fermions on the lattice


overalp Dirac operator: a local, gauge-covariant solution to GW rel. 
                                                                                                        [Neuberger  (1997)] 

• Low energy effective “local” lattice action of 4+1 dim. DW fermion 

                                                                                   [Kaplan (1992), Shamir(1993)]

• Index theorem holds true on the lattice (at a finite lattice spacing “a”)
                                                                       [Hasenfratz et. al. (1993), Luscher(1998)]

Weyl fermion degrees of freedom             [Narayanan-Neuberger(1993), Luscher (1998)]

     
              

                                       

where
�̂5 ⌘ �5(1� 2D), (�̂5)

2
= I. (2.11)

Then we define the left-handed Weyl fermions in the 16-dimensional spinor representation
of SO(10) by the eigenstates of the chiral operators, �̂5 for the field and �5 for the anti-fields:

 �(x) = P̂� (x),  ̄�(x) =  ̄(x)P+, (2.12)

where P̂± and P± are the chiral projection operators given by

P̂± =

✓
1± �̂5

2

◆
, P± =

✓
1± �5

2

◆
. (2.13)

We note that
⇥
P̂±,P±

⇤
= 0 and

⇥
P±,P±

⇤
= 0.

The action of the left-handed Weyl field in the 16-dimensional spinor representation of
SO(10) is given by

SW[ �,  ̄�] =
X

x2⇤
 ̄�(x)D �(x) =

X

x2⇤
 ̄(x)P+D (x). (2.14)

This action is manifestly invariant under the SO(10) lattice gauge transformations. It is
also invariant under the global U(1) transformation of the left-handed fields,

�↵ �(x) = i↵ �(x)
⇥
or � (x) = i↵ P̂� (x)

⇤
, (2.15)

�↵ ̄�(x) = �i↵  ̄�(x)
⇥
or � ̄(x) = �i↵  ̄(x)P+

⇤
. (2.16)

This global U(1) symmetry is broken due to the non-trivial transformation property of
the Weyl field path-integral measure, as we will see below, and the non-vanishing vacuum
expectation values of ’t Hooft vertices,

T�(x) =
1

2
V a
�(x)V

a
�(x), V a

�(x) =  �(x)
Ti�5CDT

a �(x), (2.17)

T̄�(x) =
1

2
V̄ a
�(x)V̄

a
�(x), V̄ a

�(x) =  ̄�(x)i�5CDT
a† ̄�(x)

T, (2.18)

in the topologically nontrivial sectors of the gauge field. Here T
a
(a = 1, 2, · · · , 10) are the

operators acting on the SO(10) spinor space, Ta
= C�

a. The explicit representations of C
and {Ta|a = 1, · · · , 10} are given in the appendix B. The action also possesses all required
transformation properties under lattice symmetries: translations, rotations, reflections and
charge conjugation. In particular, under P (space reflections) and C (charge conjugation)
the action is not invariant, while under CP the action is transformed into the same form,
but the definitions of the chiral projection for the fields and anti-fields are interchanged:

 �(x) = P̂� (x) )  �(x) = P� (x), (2.19)
 ̄�(x) =  ̄P+(x) )  ̄�(x) =  ̄{�5P̂+�5}(x). (2.20)

But the effective action of the gauge field turns out to be CP invariant. This CP transfor-
mation property of the model will be discussed below.
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(1)

1

D =
1

2a

(

1 + X
1

√

X†X

)

, X = aDw − m0, X†
= γ5Xγ5

Xw = Dw − m0

a
m0 ∈ (0, 2),

Hw = γ5(Dw − m0

a
),

Dw = −γµ
1

2
(∇µ −∇†

µ) +
a

2
∇µ∇†

µ.

ήʔδڞมੑ͸ڞมࠩ෼∇µ͔Βߏ੒͞Ε͍ͯΔ͜ͱ͔Β໌നͰ͋Γɼہॴੑ͸ࢦ਺ؔ਺త
ͳ্ݶ

‖ Dov(x, y) ‖≤ C |x− y|σ e−|x−y|/λ

(C > 0, σ > 0͸ఆ਺ɼλ > 0͸O(1)ͷఆ਺)Λຬͨ͢͜ͱ͔Βै͏ɽͨͩ͠ɼήʔδ৔͸
༰৚݅Λຬͨ͢഑Ґۭؒڐ

U =
{
{U(x, µ)}

∣∣∣ ‖ 1− Uµν(x) ‖< ε ∀(x, µ, ν)
}

(d࣍ݩͰ ε < 2
5d(d−1)) Δ΋ͷͱ͢Δɽݶʹ

3.3 Atiyah-Singerࢦ਺ఆཧ

Ginsparg-Wilsonؔࣜ܎ΛΈͨ͢D͕ہॴత͔ͭήʔδڞมʹఆٛͰ͖Δͱɼ֨ࢠήʔδཧ
࿦ʹτϙϩδΧϧͳߏ଄͕ೖΔɽ࣮ࡍɼDovʹରͯ͠ɼAtiyah-Singerࢦ਺ఆཧ্͕֨ࢠͰݫ
ີʹ੒ཱ͢Δ [8][9][10]ɿ

IndexDov = −Tr(aγ5Dov) (∈ Z).

ΑΓθϩϞʔυɼDovψ0(x)ʹࣜ܎ลͰ͸ɼGinsparg-Wilsonؔࠨ = 0ɼ͕ γ5ͷݻ༗ঢ়ଶʹͳ
ΔͨΊDovͷࢦ਺ n+ − n−͕ҙຯΛ΋ͭɽӈล͸ہॴτϙϩδΧϧ৔ q(x)ͷ֨ࢠ࿨Ͱද͞
ΕΔ3ɿ

−Tr(aγ5Dov) =
∑

x

q(x) (= Q),

q(x) ≡ −1

2
tr

{
Hw√
H2

w

}
(x, x).

ɼq(x)͸ήʔδ৔ͷඍখม෼ʹରͯ͠ࡍ࣮
∑

x

δηq(x) = 0

[
δηU(x, µ) = iaηµ(x)U(x, µ)

]

Λຬͨ͠ɼઁಈల։ʹΑΔݹయ࿈ଓݶۃͰ͸

q(x) = a4
{

g2

32π2
trF 2 +O(a)

}

[
U(x, µ) = 1 +

∞∑

l=1

1

l!

(
igaAµ(x)

)l ]

3Ginsparg-Wilsonؔͮ͘جʹࣜ܎ΧΠϥϧม׵ɼδψ(x) = γ̂5ψ(x)ɼδψ̄(x) = ψ(x)γ5 ͱͯ͠ҙຯ׵ॴมہ͕
Λ΋ͪɼσΟϥοΫ৔ͷܦ࿏ੵ෼ଌ౓

∏
x dψ(x)dψ̄(x)ͷϠίϏΞϯͱͯ͠ Tr(γ5 + γ̂5) = −2Tr(aγ5Dov)͕ಘ

ΒΕΔɽ
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Lattice fermions, exact chiral symmetry & unitarity

Martin Lüscher August 2000

1. Introduction

In euclidean space chiral symmetry can be preserved on the lattice by choosing a
lattice Dirac operator D that satisfies the Ginsparg-Wilson relation [1–5]

γ5D + Dγ5 = aDγ5D. (1.1)

The known solutions of this equation are relatively complicated expressions that
involve arbitrary powers of the lattice derivatives. Unitarity is thus expected to be
violated at energy scales on the order of the momentum cutoff, as is generally the
case in theories with higher-derivative actions.

In the present note we consider free fermions with D given by [3]

aD = 1 − A(A†A)−1/2, A = 1 − aDw, (1.2)

Dw = 1
2 {γµ(∂∗µ + ∂µ) − a∂∗µ∂µ} (1.3)

(see appendix A for unexplained notations). We then show that the fermion propa-
gator admits a Källén–Lehmann spectral representation

〈ψ(x)ψ(y)〉 =
x0>y0

∫ ∞

0
dE

∫ π/a

−π/a

d3p

(2π)3
%(E,p)e−E(x0−y0)+ip(x−y) (1.4)

such that

dEd3p ζ†γ0%(E,p)ζ (1.5)

is a non-negative measure for all complex Dirac spinors ζ. Contrary to expectations,
this theory is thus unitary and it could be reformulated in terms of operators that
act in a Hilbert space of physical states.
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 [Luscher   (2000)]

Reflection positivity of Overlap fermions (in the weak gauge-coupling limit)p0Re

p0Im

0 π-π

Fig. 2. The integration contour in the complex p0 plane runs initially along the

boundary of the region R. It may then be deformed until it runs around the left- and

right rims of the imaginary axis, avoiding the pole (small open circle) and the cut

singularity (shaded vertical bar) of the integrand.

We can now deform the integration contour towards the imaginary axis at r = 0.
As a result the propagator assumes the form (1.4) with

!(E,p) = (γ0 sinh E − iγkp̊k)

×

{

δ
(

E − ωp

)

θ
(

cosh E − 1
2 p̂

2
)cosh E − 1

2 p̂
2

sinh 2E

+
1

2π
θ
(

E − Ep

)

{

p̂2
(

cosh E − cosh Ep

)}1/2

p̂2
(

cosh E − cosh Ep

)

+
(

cosh E − 1
2 p̂

2
)2

}

, (5.2)

where Ep and ωp are given by eqs. (3.5) and (4.5). Note that the expression in the
curly bracket is a completely well-behaved and non-negative density. In particular,
the θ function in the pole term excludes the momenta p that are not in the inner
region of the Brillouin zone.

We finally need to show that the measure (1.5) is non-negative. To this end we
first remark that sinhE ≥ |̊p| at all points (E,p) in the support of the spectral
density. For the continuous part of the spectrum this follows from the discussion at
the end of sect. 3, and in the case of the pole term, the inequality is an immediate

6

Our discussion so far shows that the zeros of F (p) in the region R have to be on
the imaginary axis below the cut. The square root is non-negative there and the
same thus has to be true for the right-hand side of eq. (4.1). In other words, the
function vanishes at p0 = is if and only if

sinh s = |̊p|, cosh s ≥ 1
2 p̂

2. (4.3)

Note that the equality implies s ≤ Ep as we have previously remarked (cf. discussion
at the end of sect. 3).

We now define the set

B< =
{

p
∣

∣

∣
−π ≤ pk ≤ π, 1 + p̊2 ≥ 1

4

(

p̂2
)2

}

, (4.4)

which will be referred to as the inner region of the Brillouin zone. It can be shown
that there is a non-zero distance between B< and the boundaries pk = ±π of the
integration range. In particular, p̊ does not vanish in B< except at p = 0.

From eq. (4.3) it is now obvious that F (p) has a zero at

p0 = iωp, sinhωp = |̊p|, (4.5)

if p is in the inner region of the Brillouin zone and no zero otherwise. The residue

(

∂F (p)

∂p0

)

p0=iωp

= i
sinhωp cosh ωp

cosh ωp − 1
2 p̂

2
, (4.6)

does not vanish (if we exclude p = 0) and diverges at the boundary of B<.

5. Computation of the spectral density $(E,p)

For x0 > y0 the integrand in eq. (2.1) decreases exponentially at large s since

F (p) = − 1
2 es−ir + O(es/2). (5.1)

The integration over the range −π ≤ p0 ≤ π can thus be extended to a contour
integral along the boundary of the region R (see fig. 2). Since the integrand is
periodic in r, the integrals along the imaginary axes at r = ±π cancel.
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E

π-π 0
p1

Fig. 3. Support of the spectral density (5.2) at p2 = p3 = 0. The physical pole

(curves starting from the origin) disappears in the continuum (shaded areas) precisely

at the boundary of the inner region of the Brillouin zone.

consequence of the definition (4.5) of ωp. Now since

ζ†γ0 (γ0 sinhE − iγkp̊k) ζ ≥ 0 (5.3)

for all complex Dirac spinors ζ if sinhE ≥ |̊p|, and since this is guaranteed in the
support of the spectral density, it follows that the measure (1.5) is non-negative.

6. Remarks

It seems likely that the unitarity of the theory considered in this note derives from
the existence of a transfer matrix in the 4+1 dimensional (domain-wall) formulation
of the theory. Evidently the transfer matrix has to go in the physical time direction
in this case, not in the fifth dimension. The inclusion of the gauge field should not
interfere with this, i.e. one may have both exact chiral symmetry and unitarity in
lattice QCD (needs to be checked).

In the case of chiral lattice gauge theories the situation is more complicated and it
is not clear at present whether unitarity is preserved in the current set-up. One may,
however, be able to construct these theories directly in a hamiltonian framework,
starting with a hamiltonian formulation of domain-wall fermions. The continuous
spectrum that we have found above can presumably be traced back to the heavy
modes of such a hamiltonian system (the spectrum is continuous, because the extent
of space-time in the extra dimension is taken to infinity).
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3. Analyticity properties of F (p)

It is easy to check that

p̊2 +
(

1 − 1
2 p̂2

)2
= 1 + 1

4

∑

µ!=ν

p̂2
µp̂2

ν . (3.1)

The argument of the square root in eq. (2.2) is thus a linear function of p̂2
0 and we

now first need to understand the dependence of this variable on p0 in the complex
domain R. If we set

p0 = r + is, p̂2
0 = u + iv, (3.2)

we have

u = 2 (1 − cos r cosh s) , v = 2 sin r sinh s. (3.3)

For fixed s > 0 and −π ≤ r ≤ π these equations imply that p̂2
0 moves once around

the ellipse given by

(

u − 2

2 cosh s

)2

+

(

v

2 sinh s

)2

= 1 (3.4)

(see fig. 1). The region R is thus mapped to the whole plane and the mapping is
one-to-one in the range s > 0 if the lines r = ±π are identified with each other.

It follows from these remarks that F (p) extends to an analytic function in R with
a cut along the imaginary axis from Ep to infinity, where Ep is given by

cosh Ep = 1 +
1

p̂2

{

1 + 1
4

∑

k !=l

p̂2
kp̂2

l

}

, Ep > 0. (3.5)

The function evaluates to

F (p) = ±i
{

p̂2 (cosh E − cosh Ep)
}1/2

− cosh E + 1
2 p̂

2 (3.6)

along the cut p0 = iE ± ε, E ≥ Ep. Another property of the cut, which will turn
out to be important later, is that

sinhE > |̊p| for all E > Ep. (3.7)

3
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Reflection Positivity of Free Overlap Fermions

Yoshio Kikukawa1 and Kouta Usui2, 3
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It is shown that free lattice fermions defined by overlap Dirac operator fulfill the Osterwalder-Schrader
reflection positivity condition with respect to the link-reflection. The proof holds true in non-gauge models
with interactions such as chiral Yukawa models.

I. INTRODUCTION

To give the constructive definition of a relativistic quantum
field theory through a lattice model, it is desirable for the
lattice model to satisfy several fundamental requirements such
as locality, reflection positivity and hypercubic rotation and
translation symmetry. Locality is believed to assure that the
continuum limit of the lattice model is universal and the model
belongs to the same universality class of the target continuum
local field theory. Reflection positivity garantees that the
lattice model is a consistent quantum mechanical system satis-
fying unitarity. Hypercubic rotation and translation symmetry
is hopefully expected to result in the recovery of the Euclidean
group symmetry in the continuum limit. These properties of
the lattice model should be established rigorously, if possible,
before the applications to “first-principle” computation.

In the lattice model, it is also desirable to keep the important
symmetries of the target continuum field theory. Gauge sym-
metry can be preserved by introducing link variables. Chiral
symmetry, despite of the infamous no-go theorem [1–3], can
be also preserved by adopting lattice Dirac operators which
satisfy the Ginsparg-Wilson (GW) relation [4–9]. For the
overlap Dirac operator [5, 6], a gauge-covariant solution to the
GW relation which has been derived in the five-dimensional
domain wall approach [10–12], a rigorous proof of locality
has been given under a certain condition for admissible gauge-
link variables [13]. Even the applications to large scale
numerical simulation of lattice QCD have been attempted,
obtaining clear numerical evidences for the spontaneous chiral
symmetry breaking in QCD [14–16].

However, for the GW fermions, reflection positivity is
not fully understood yet [17–19]. The situation should be
compared to the case of Wilson fermions, for which the
rigorous proofs of reflection positivity have been given [20–
22]. Then, one might think that it is still somewhat premature
to refer the above numerical applications as “first-principle”
computations[35].

In this letter, we will examine the reflection positivity of
lattice fermions defined through overlap Dirac operator. It will
be shown rigorously that free overlap Dirac fermions fulfill the
reflection positivity with respect to the link-reflection. The
proof will be extended to the cases of Majorana and Weyl
fermions. In ref [17], Lüscher discussed the unitarity property
of free overlap Dirac fermion by investigating the positivity
through the spectral representation of free propagator and
concluded that free overlap Dirac fermion has a good unitarity

property. Our direct proof of the reflection positivity given
here is consistent with this observation. Our proof will be
also extended to the non-gauge models with interactions such
as chiral Yukawa models. For gauge models, however, a proof
of reflection positivity, if any, seems to be more involved and
we will leave it for future study.

II. REFLECTION POSITIVITY

Reflection positivity is a sufficient condition for recon-
structing a quantum theory in the canonical formalism, i.e. the
Hilbert space of state vectors and the Hermitian Hamiltonian
operator acting on the state vectors, from the lattice model
defined in the Euclidean space[36]. Let us formulate the
reflection positivity condition for lattice Dirac fermions. The
cases of Majorana and Weyl fermions will be discussed later.

We assume a finite lattice Λ = [−L + 1, L]4 ⊂ 4 in the
lattice unit a = 1, and impose anti-periodic boundary condi-
tion in the time direction, and periodic boundary conditions
in the space directions. The fermionic action is defined in the
bilinear form

A(ψ̄,ψ) =
∑

x∈Λ

ψ̄(x)DLψ(x), (1)

with a lattice Dirac operator DL[37]. The kernel of the Dirac
operator should be written as

DL(x, y) =
∑

n∈ 4

(−1)n0D(x+ 2nL, y), x, y ∈ Λ, (2)

where D(x, y) is the kernel of the Dirac operator in the
infinite lattice 4. The quantum theory is then completely
characterized by the expectational functional defined by the
fermionic path-integration:

〈F 〉 :=
1

Z

∫

D[ψ]D[ψ̄] eA(ψ̄,ψ)F (ψ̄,ψ), (3)

where the Grassmann integration for each field variable is
specified as

∫

dψα(x)ψα(x) = 1,
∫

dψ̄α(x)ψ̄α(x) = 1, and
the functional measure is defined by

D[ψ]D[ψ̄] :=
∏

x∈Λ;α=1,2,3,4

{dψα(x)dψ̄α(x)}. (4)
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lattice model is a consistent quantum mechanical system satis-
fying unitarity. Hypercubic rotation and translation symmetry
is hopefully expected to result in the recovery of the Euclidean
group symmetry in the continuum limit. These properties of
the lattice model should be established rigorously, if possible,
before the applications to “first-principle” computation.

In the lattice model, it is also desirable to keep the important
symmetries of the target continuum field theory. Gauge sym-
metry can be preserved by introducing link variables. Chiral
symmetry, despite of the infamous no-go theorem [1–3], can
be also preserved by adopting lattice Dirac operators which
satisfy the Ginsparg-Wilson (GW) relation [4–9]. For the
overlap Dirac operator [5, 6], a gauge-covariant solution to the
GW relation which has been derived in the five-dimensional
domain wall approach [10–12], a rigorous proof of locality
has been given under a certain condition for admissible gauge-
link variables [13]. Even the applications to large scale
numerical simulation of lattice QCD have been attempted,
obtaining clear numerical evidences for the spontaneous chiral
symmetry breaking in QCD [14–16].

However, for the GW fermions, reflection positivity is
not fully understood yet [17–19]. The situation should be
compared to the case of Wilson fermions, for which the
rigorous proofs of reflection positivity have been given [20–
22]. Then, one might think that it is still somewhat premature
to refer the above numerical applications as “first-principle”
computations[35].

In this letter, we will examine the reflection positivity of
lattice fermions defined through overlap Dirac operator. It will
be shown rigorously that free overlap Dirac fermions fulfill the
reflection positivity with respect to the link-reflection. The
proof will be extended to the cases of Majorana and Weyl
fermions. In ref [17], Lüscher discussed the unitarity property
of free overlap Dirac fermion by investigating the positivity
through the spectral representation of free propagator and
concluded that free overlap Dirac fermion has a good unitarity

property. Our direct proof of the reflection positivity given
here is consistent with this observation. Our proof will be
also extended to the non-gauge models with interactions such
as chiral Yukawa models. For gauge models, however, a proof
of reflection positivity, if any, seems to be more involved and
we will leave it for future study.

II. REFLECTION POSITIVITY

Reflection positivity is a sufficient condition for recon-
structing a quantum theory in the canonical formalism, i.e. the
Hilbert space of state vectors and the Hermitian Hamiltonian
operator acting on the state vectors, from the lattice model
defined in the Euclidean space[36]. Let us formulate the
reflection positivity condition for lattice Dirac fermions. The
cases of Majorana and Weyl fermions will be discussed later.

We assume a finite lattice Λ = [−L + 1, L]4 ⊂ 4 in the
lattice unit a = 1, and impose anti-periodic boundary condi-
tion in the time direction, and periodic boundary conditions
in the space directions. The fermionic action is defined in the
bilinear form

A(ψ̄,ψ) =
∑

x∈Λ

ψ̄(x)DLψ(x), (1)

with a lattice Dirac operator DL[37]. The kernel of the Dirac
operator should be written as

DL(x, y) =
∑

n∈ 4

(−1)n0D(x+ 2nL, y), x, y ∈ Λ, (2)

where D(x, y) is the kernel of the Dirac operator in the
infinite lattice 4. The quantum theory is then completely
characterized by the expectational functional defined by the
fermionic path-integration:

〈F 〉 :=
1

Z

∫

D[ψ]D[ψ̄] eA(ψ̄,ψ)F (ψ̄,ψ), (3)

where the Grassmann integration for each field variable is
specified as

∫

dψα(x)ψα(x) = 1,
∫

dψ̄α(x)ψ̄α(x) = 1, and
the functional measure is defined by

D[ψ]D[ψ̄] :=
∏

x∈Λ;α=1,2,3,4

{dψα(x)dψ̄α(x)}. (4)
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It is shown that free lattice fermions defined by overlap Dirac operator fulfill the Osterwalder-Schrader
reflection positivity condition with respect to the link-reflection. The proof holds true in non-gauge models
with interactions such as chiral Yukawa models.

I. INTRODUCTION

To give the constructive definition of a relativistic quantum
field theory through a lattice model, it is desirable for the
lattice model to satisfy several fundamental requirements such
as locality, reflection positivity and hypercubic rotation and
translation symmetry. Locality is believed to assure that the
continuum limit of the lattice model is universal and the model
belongs to the same universality class of the target continuum
local field theory. Reflection positivity garantees that the
lattice model is a consistent quantum mechanical system satis-
fying unitarity. Hypercubic rotation and translation symmetry
is hopefully expected to result in the recovery of the Euclidean
group symmetry in the continuum limit. These properties of
the lattice model should be established rigorously, if possible,
before the applications to “first-principle” computation.

In the lattice model, it is also desirable to keep the important
symmetries of the target continuum field theory. Gauge sym-
metry can be preserved by introducing link variables. Chiral
symmetry, despite of the infamous no-go theorem [1–3], can
be also preserved by adopting lattice Dirac operators which
satisfy the Ginsparg-Wilson (GW) relation [4–9]. For the
overlap Dirac operator [5, 6], a gauge-covariant solution to the
GW relation which has been derived in the five-dimensional
domain wall approach [10–12], a rigorous proof of locality
has been given under a certain condition for admissible gauge-
link variables [13]. Even the applications to large scale
numerical simulation of lattice QCD have been attempted,
obtaining clear numerical evidences for the spontaneous chiral
symmetry breaking in QCD [14–16].

However, for the GW fermions, reflection positivity is
not fully understood yet [17–19]. The situation should be
compared to the case of Wilson fermions, for which the
rigorous proofs of reflection positivity have been given [20–
22]. Then, one might think that it is still somewhat premature
to refer the above numerical applications as “first-principle”
computations[35].

In this letter, we will examine the reflection positivity of
lattice fermions defined through overlap Dirac operator. It will
be shown rigorously that free overlap Dirac fermions fulfill the
reflection positivity with respect to the link-reflection. The
proof will be extended to the cases of Majorana and Weyl
fermions. In ref [17], Lüscher discussed the unitarity property
of free overlap Dirac fermion by investigating the positivity
through the spectral representation of free propagator and
concluded that free overlap Dirac fermion has a good unitarity

property. Our direct proof of the reflection positivity given
here is consistent with this observation. Our proof will be
also extended to the non-gauge models with interactions such
as chiral Yukawa models. For gauge models, however, a proof
of reflection positivity, if any, seems to be more involved and
we will leave it for future study.

II. REFLECTION POSITIVITY

Reflection positivity is a sufficient condition for recon-
structing a quantum theory in the canonical formalism, i.e. the
Hilbert space of state vectors and the Hermitian Hamiltonian
operator acting on the state vectors, from the lattice model
defined in the Euclidean space[36]. Let us formulate the
reflection positivity condition for lattice Dirac fermions. The
cases of Majorana and Weyl fermions will be discussed later.

We assume a finite lattice Λ = [−L + 1, L]4 ⊂ 4 in the
lattice unit a = 1, and impose anti-periodic boundary condi-
tion in the time direction, and periodic boundary conditions
in the space directions. The fermionic action is defined in the
bilinear form

A(ψ̄,ψ) =
∑

x∈Λ

ψ̄(x)DLψ(x), (1)

with a lattice Dirac operator DL[37]. The kernel of the Dirac
operator should be written as

DL(x, y) =
∑

n∈ 4

(−1)n0D(x+ 2nL, y), x, y ∈ Λ, (2)

where D(x, y) is the kernel of the Dirac operator in the
infinite lattice 4. The quantum theory is then completely
characterized by the expectational functional defined by the
fermionic path-integration:

〈F 〉 :=
1

Z

∫

D[ψ]D[ψ̄] eA(ψ̄,ψ)F (ψ̄,ψ), (3)

where the Grassmann integration for each field variable is
specified as

∫

dψα(x)ψα(x) = 1,
∫

dψ̄α(x)ψ̄α(x) = 1, and
the functional measure is defined by

D[ψ]D[ψ̄] :=
∏

x∈Λ;α=1,2,3,4

{dψα(x)dψ̄α(x)}. (4)

2

The reflection positivity condition — a condition on this
expectational functuonal — is formulated as follows: let us
define time reflection operator θ which acts on polynomials of
the fermionic field variables by the relations

θ(ψ(x)) =
(

ψ̄(θx)γ0
)T (5)

θ(ψ̄(x)) = (γ0ψ(θx))
T (6)

θ(αF + βG) = α∗θ(F ) + β∗θ(G) (7)
θ(FG) = θ(G)θ(F ), (8)

where we denote θ(t,x) = (−t+1,x) and F,G are arbitrary
polynomials of fermionic fields and * means complex conju-
gation. Let Λ± ⊂ Λ be the sets of sites with positive or non-
positive time respectively. Let A± be the algebra of all the
polynomials of the fields on Λ±, and A on Λ. Then one says
the theory is reflection positive if its expectation 〈·〉 : A →
satisfies

〈θ(F+)F+〉 ≥ 0 for ∀F+ ∈ A+. (9)

A popular choice of lattice Dirac operator is the Wilson
Dirac operator,

Dw =
∑

µ=0,1,2,3

{
1

2
γµ(∂µ − ∂†µ) +

1

2
∂†µ∂µ

}

, (10)

and in this case, the rigorous proofs of the reflection posi-
tivity have been given [20–22]. The proofs cover the case
with gauge interaction. Therefore, the use of Wilson Dirac
fermions in numerical applications has a completely sound
basis[38]. Here we consider the overlap Dirac operator

D =
1

2

(

1 +X
1√
X†X

)

, X = Dw −m, (11)

for 0 < m ≤ 1. This lattice Dirac operator describes a
single massless Dirac fermion and satisfies the GW relation,
γ5D + Dγ5 = 2Dγ5D. Although the action is necessarily
non ultra-local [27], the free overlap Dirac fermion indeed
satisfies the reflection positivity condition, as will be shown
below.

III. PROOF OF REFLECTION POSITIVITY OF OVERLAP
DIRAC FERMION

To prove the reflection positivity, we need some additional
definitions and notations. First, let us denote

〈F 〉0 :=

∫

D[ψ]D[ψ̄]F (ψ̄,ψ). (12)

This 〈·〉0 defines a linear function fromA into . Second, we
decompose the lattice action A into the following three parts :

A = A+ +A− +∆A (13)

where A+ ∈ A+, A− ∈ A−, and ∆A is the part of the
action which contain both positive and negative time fields.
Thirdly, let us call P the set of all polynomials of the form
∑

j θ(F+j)F+j in a finite summation, where F+j ∈ A+.
Although the above definition of P works well for the

proof of the Wilson fermion, it is not enough for the proof
of the overlap fermion. In our case of the overlap fermion,
one needs to consider not only finite summations of the form
∑

j θ(F+j)F+j , but also infinite summations or integrations
like
∫

ds θ(F (s))F (s) = lim
N→∞

N
∑

k=1

θ(F (sk))F (sk)∆sk, (14)

where the integration is defined as a limit of a finite Riemanian
summation. (see also eq. (32) or (35)). To this end, we
consider P̄ , the closure of P . The closure P̄ contains not
only elements of the original P , but also all the limit points of
conversing sequences in P . That is,

F ∈ P̄ ⇔ ∃{Fn}∞n=1 ∈ P : lim
n→∞

Fn = F. (15)

Here, the sequence {Fn}n ⊂ A is defined to be convergent
to some F ∈ A, if any coefficient in Fn converges to the
corresponding coefficient in F as a complex number [39].
Note that with respect to this definition of convergence, the
linear operation, the product operation in A, and the linear
mappings 〈·〉0 , 〈·〉 : A → are all continuous functions, i.e.
if Fn → F , Gn → G, then

αFn + βGn → αF + βG, FnGn → FG, (16)
〈Fn〉 → 〈F 〉 , 〈Fn〉0 → 〈F 〉 . (17)

Now, we note the fact that the following four statements
(i)-(iv) imply the reflection positivity:
(i) If F,G belong to P̄ then FG also belongs to P̄ .
(ii) For all F ∈ P̄ , 〈F 〉0 ≥ 0.
(iii) θ(A+) = A−.
(iv)∆A ∈ P̄ .
In fact, from these statements, it follows that
〈

eA θ(F+)F+

〉

0
=
〈

eA++A−+∆A θ(F+)F+

〉

0

=
〈

eA++θ(A+)+∆A θ(F+)F+

〉

0

=

〈

θ(eA+)eA+ e∆A

︸ ︷︷ ︸

∈P̄ (by (i),(iv))

θ(F+)F+
︸ ︷︷ ︸

∈P̄

〉

0

≥ 0

(18)

for arbitrary F+ ∈ A+. Considering the special case where
F+ = 1 ∈ A+, we have

〈

eA
〉

0
≥ 0. Hence, we obtain

〈θ(F+)F+〉 =
〈

eA θ(F+)F+

〉

0

〈eA〉0
≥ 0. (19)

Therefore the proof is reduced to showing these four state-
ments (i)-(iv).
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Dw =
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µ=0,1,2,3

{
1
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γµ(∂µ − ∂†µ) +

1

2
∂†µ∂µ

}

, (10)

and in this case, the rigorous proofs of the reflection posi-
tivity have been given [20–22]. The proofs cover the case
with gauge interaction. Therefore, the use of Wilson Dirac
fermions in numerical applications has a completely sound
basis[38]. Here we consider the overlap Dirac operator

D =
1

2

(

1 +X
1√
X†X

)

, X = Dw −m, (11)

for 0 < m ≤ 1. This lattice Dirac operator describes a
single massless Dirac fermion and satisfies the GW relation,
γ5D + Dγ5 = 2Dγ5D. Although the action is necessarily
non ultra-local [27], the free overlap Dirac fermion indeed
satisfies the reflection positivity condition, as will be shown
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This 〈·〉0 defines a linear function fromA into . Second, we
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Thirdly, let us call P the set of all polynomials of the form
∑
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Although the above definition of P works well for the

proof of the Wilson fermion, it is not enough for the proof
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one needs to consider not only finite summations of the form
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j θ(F+j)F+j , but also infinite summations or integrations
like
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only elements of the original P , but also all the limit points of
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Fn = F. (15)
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to some F ∈ A, if any coefficient in Fn converges to the
corresponding coefficient in F as a complex number [39].
Note that with respect to this definition of convergence, the
linear operation, the product operation in A, and the linear
mappings 〈·〉0 , 〈·〉 : A → are all continuous functions, i.e.
if Fn → F , Gn → G, then

αFn + βGn → αF + βG, FnGn → FG, (16)
〈Fn〉 → 〈F 〉 , 〈Fn〉0 → 〈F 〉 . (17)

Now, we note the fact that the following four statements
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(i) If F,G belong to P̄ then FG also belongs to P̄ .
(ii) For all F ∈ P̄ , 〈F 〉0 ≥ 0.
(iii) θ(A+) = A−.
(iv)∆A ∈ P̄ .
In fact, from these statements, it follows that
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=
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for arbitrary F+ ∈ A+. Considering the special case where
F+ = 1 ∈ A+, we have

〈

eA
〉

0
≥ 0. Hence, we obtain
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It is shown that free lattice fermions defined by overlap Dirac operator fulfill the Osterwalder-Schrader
reflection positivity condition with respect to the link-reflection. The proof holds true in non-gauge models
with interactions such as chiral Yukawa models.

I. INTRODUCTION

To give the constructive definition of a relativistic quantum
field theory through a lattice model, it is desirable for the
lattice model to satisfy several fundamental requirements such
as locality, reflection positivity and hypercubic rotation and
translation symmetry. Locality is believed to assure that the
continuum limit of the lattice model is universal and the model
belongs to the same universality class of the target continuum
local field theory. Reflection positivity garantees that the
lattice model is a consistent quantum mechanical system satis-
fying unitarity. Hypercubic rotation and translation symmetry
is hopefully expected to result in the recovery of the Euclidean
group symmetry in the continuum limit. These properties of
the lattice model should be established rigorously, if possible,
before the applications to “first-principle” computation.

In the lattice model, it is also desirable to keep the important
symmetries of the target continuum field theory. Gauge sym-
metry can be preserved by introducing link variables. Chiral
symmetry, despite of the infamous no-go theorem [1–3], can
be also preserved by adopting lattice Dirac operators which
satisfy the Ginsparg-Wilson (GW) relation [4–9]. For the
overlap Dirac operator [5, 6], a gauge-covariant solution to the
GW relation which has been derived in the five-dimensional
domain wall approach [10–12], a rigorous proof of locality
has been given under a certain condition for admissible gauge-
link variables [13]. Even the applications to large scale
numerical simulation of lattice QCD have been attempted,
obtaining clear numerical evidences for the spontaneous chiral
symmetry breaking in QCD [14–16].

However, for the GW fermions, reflection positivity is
not fully understood yet [17–19]. The situation should be
compared to the case of Wilson fermions, for which the
rigorous proofs of reflection positivity have been given [20–
22]. Then, one might think that it is still somewhat premature
to refer the above numerical applications as “first-principle”
computations[35].

In this letter, we will examine the reflection positivity of
lattice fermions defined through overlap Dirac operator. It will
be shown rigorously that free overlap Dirac fermions fulfill the
reflection positivity with respect to the link-reflection. The
proof will be extended to the cases of Majorana and Weyl
fermions. In ref [17], Lüscher discussed the unitarity property
of free overlap Dirac fermion by investigating the positivity
through the spectral representation of free propagator and
concluded that free overlap Dirac fermion has a good unitarity

property. Our direct proof of the reflection positivity given
here is consistent with this observation. Our proof will be
also extended to the non-gauge models with interactions such
as chiral Yukawa models. For gauge models, however, a proof
of reflection positivity, if any, seems to be more involved and
we will leave it for future study.

II. REFLECTION POSITIVITY

Reflection positivity is a sufficient condition for recon-
structing a quantum theory in the canonical formalism, i.e. the
Hilbert space of state vectors and the Hermitian Hamiltonian
operator acting on the state vectors, from the lattice model
defined in the Euclidean space[36]. Let us formulate the
reflection positivity condition for lattice Dirac fermions. The
cases of Majorana and Weyl fermions will be discussed later.

We assume a finite lattice Λ = [−L + 1, L]4 ⊂ 4 in the
lattice unit a = 1, and impose anti-periodic boundary condi-
tion in the time direction, and periodic boundary conditions
in the space directions. The fermionic action is defined in the
bilinear form

A(ψ̄,ψ) =
∑

x∈Λ

ψ̄(x)DLψ(x), (1)

with a lattice Dirac operator DL[37]. The kernel of the Dirac
operator should be written as

DL(x, y) =
∑

n∈ 4

(−1)n0D(x+ 2nL, y), x, y ∈ Λ, (2)

where D(x, y) is the kernel of the Dirac operator in the
infinite lattice 4. The quantum theory is then completely
characterized by the expectational functional defined by the
fermionic path-integration:

〈F 〉 :=
1

Z

∫

D[ψ]D[ψ̄] eA(ψ̄,ψ)F (ψ̄,ψ), (3)

where the Grassmann integration for each field variable is
specified as

∫

dψα(x)ψα(x) = 1,
∫

dψ̄α(x)ψ̄α(x) = 1, and
the functional measure is defined by

D[ψ]D[ψ̄] :=
∏

x∈Λ;α=1,2,3,4

{dψα(x)dψ̄α(x)}. (4)

 [Usui, YK  (2010)]

2

The reflection positivity condition — a condition on this
expectational functuonal — is formulated as follows: let us
define time reflection operator θ which acts on polynomials of
the fermionic field variables by the relations

θ(ψ(x)) =
(

ψ̄(θx)γ0
)T (5)

θ(ψ̄(x)) = (γ0ψ(θx))
T (6)

θ(αF + βG) = α∗θ(F ) + β∗θ(G) (7)
θ(FG) = θ(G)θ(F ), (8)

where we denote θ(t,x) = (−t+1,x) and F,G are arbitrary
polynomials of fermionic fields and * means complex conju-
gation. Let Λ± ⊂ Λ be the sets of sites with positive or non-
positive time respectively. Let A± be the algebra of all the
polynomials of the fields on Λ±, and A on Λ. Then one says
the theory is reflection positive if its expectation 〈·〉 : A →
satisfies

〈θ(F+)F+〉 ≥ 0 for ∀F+ ∈ A+. (9)

A popular choice of lattice Dirac operator is the Wilson
Dirac operator,

Dw =
∑

µ=0,1,2,3

{
1

2
γµ(∂µ − ∂†µ) +

1

2
∂†µ∂µ

}

, (10)

and in this case, the rigorous proofs of the reflection posi-
tivity have been given [20–22]. The proofs cover the case
with gauge interaction. Therefore, the use of Wilson Dirac
fermions in numerical applications has a completely sound
basis[38]. Here we consider the overlap Dirac operator

D =
1

2

(

1 +X
1√
X†X

)

, X = Dw −m, (11)

for 0 < m ≤ 1. This lattice Dirac operator describes a
single massless Dirac fermion and satisfies the GW relation,
γ5D + Dγ5 = 2Dγ5D. Although the action is necessarily
non ultra-local [27], the free overlap Dirac fermion indeed
satisfies the reflection positivity condition, as will be shown
below.

III. PROOF OF REFLECTION POSITIVITY OF OVERLAP
DIRAC FERMION

To prove the reflection positivity, we need some additional
definitions and notations. First, let us denote

〈F 〉0 :=

∫

D[ψ]D[ψ̄]F (ψ̄,ψ). (12)

This 〈·〉0 defines a linear function fromA into . Second, we
decompose the lattice action A into the following three parts :

A = A+ +A− +∆A (13)

where A+ ∈ A+, A− ∈ A−, and ∆A is the part of the
action which contain both positive and negative time fields.
Thirdly, let us call P the set of all polynomials of the form
∑

j θ(F+j)F+j in a finite summation, where F+j ∈ A+.
Although the above definition of P works well for the

proof of the Wilson fermion, it is not enough for the proof
of the overlap fermion. In our case of the overlap fermion,
one needs to consider not only finite summations of the form
∑

j θ(F+j)F+j , but also infinite summations or integrations
like
∫

ds θ(F (s))F (s) = lim
N→∞

N
∑

k=1

θ(F (sk))F (sk)∆sk, (14)

where the integration is defined as a limit of a finite Riemanian
summation. (see also eq. (32) or (35)). To this end, we
consider P̄ , the closure of P . The closure P̄ contains not
only elements of the original P , but also all the limit points of
conversing sequences in P . That is,

F ∈ P̄ ⇔ ∃{Fn}∞n=1 ∈ P : lim
n→∞

Fn = F. (15)

Here, the sequence {Fn}n ⊂ A is defined to be convergent
to some F ∈ A, if any coefficient in Fn converges to the
corresponding coefficient in F as a complex number [39].
Note that with respect to this definition of convergence, the
linear operation, the product operation in A, and the linear
mappings 〈·〉0 , 〈·〉 : A → are all continuous functions, i.e.
if Fn → F , Gn → G, then

αFn + βGn → αF + βG, FnGn → FG, (16)
〈Fn〉 → 〈F 〉 , 〈Fn〉0 → 〈F 〉 . (17)

Now, we note the fact that the following four statements
(i)-(iv) imply the reflection positivity:
(i) If F,G belong to P̄ then FG also belongs to P̄ .
(ii) For all F ∈ P̄ , 〈F 〉0 ≥ 0.
(iii) θ(A+) = A−.
(iv)∆A ∈ P̄ .
In fact, from these statements, it follows that
〈

eA θ(F+)F+

〉

0
=
〈

eA++A−+∆A θ(F+)F+

〉

0

=
〈

eA++θ(A+)+∆A θ(F+)F+

〉

0

=

〈

θ(eA+)eA+ e∆A

︸ ︷︷ ︸

∈P̄ (by (i),(iv))

θ(F+)F+
︸ ︷︷ ︸

∈P̄

〉

0

≥ 0

(18)

for arbitrary F+ ∈ A+. Considering the special case where
F+ = 1 ∈ A+, we have

〈

eA
〉

0
≥ 0. Hence, we obtain

〈θ(F+)F+〉 =
〈

eA θ(F+)F+

〉

0

〈eA〉0
≥ 0. (19)

Therefore the proof is reduced to showing these four state-
ments (i)-(iv).
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and the path-integral measure of Dirac fermion (4) is factor-
ized as D[ψ]D[ψ̄] = J D[ψ+]D[ψ̄+]D[ψ−]D[ψ̄−] where the
Jacobin

J [ψα(x); c
i
+, c

j
−]

= | v+α(x)1 · · · v+α(x)n+ v−α(x)1 · · · v−α(x)n− |
(41)

can be set to unity by choosing the chiral basis vectors ap-
propriately. The expectational functional for the left-handed
Weyl fermion is defined by

〈F 〉(−) :=
1

Z(−)

∫

D[ψ−]D[ψ̄−] e
A(−)(ψ̄−,ψ−)F (ψ̄−,ψ−).

(42)

Because of the factorization properties of the action and the
path-integral measure, we note the identity

〈

F (ψ̄−,ψ−)
〉(−)

=
〈

F (ψ̄−,ψ−)
〉(−) 〈1〉(+)

=
〈

F (ψ̄−,ψ−)
〉

. (43)

In this setup, we can formulate the reflection positivity
condition for the Weyl fermion as follows. We define the time
reflection operator θ for the left-handed fields as

θ(ψ−α−
(x)) = {ψ̄−(θx)γ0}α−

= ψ̄−α+(θx), (44)
θ(ψ̄−α+(x)) = {γ0ψ−(θx)}α+ = ψ−α−

(θx), (45)

where α+ = α− − 2. And let A±
(−) be the algebra of all

the polynomials of the left-handed field componentsψ−α−
(x)

and ψ̄−α+(x) on Λ±. Then one can show

〈θ(F+)F+〉(−) ≥ 0 for ∀F+ ∈ A(−)
+ . (46)

Note that, in this formulation of the reflection positivity, the
field components ψ−α+(x) are completely excluded from
observables.
To prove (46), we note the fact that the expectational

functional for the left-handed Weyl fermion (42) is simply
related to the expectational functional for the Dirac fermion
(3) by 〈F 〉(−) = 〈F 〉(−) 〈1〉(+) = 〈F 〉 for F (ψ̄−,ψ−).
Moreover, since
{(

1− γ̂5
2

)

D−1

}

α−,α+

=

{(
1− γ5

2

)

D−1

}

α−,α+

,

(47)
one can show

〈

F (ψ−α−
, ψ̄−α+)

〉(−)
=
〈

F (ψα−
, ψ̄α+)

〉

, (48)

by performing the Wick contructions explicitly. Then, (46)
follows immediately from the reflection positivity condition
(9) for the overlap Dirac fermion.

V. REFLECTION POSITIVITY OF CHIRAL YUKAWA
THEORY

In this section, we consider the case with an interaction —
chiral Yukawa model. Chiral Yukawa model is defineded by

the action[9]

A =
∑

x∈Λ

{

ψ̄Dψ − φ∗∂†µ∂µφ−m2
0φ

∗φ−
λ0
2
(φ∗φ)2 − 2χ̄χ

+ g0(ψ̄ + χ̄)
{1

2
(1 − γ5)φ+

1

2
(1 + γ5)φ

∗
}

(ψ + χ)
}

,

(49)

where ψ is a Dirac field, χ is an auxiliary Dirac field, and
φ is a complex scalar field. In this case, we define the field
algebra A(Y) of the chiral Yukawa theory as the set of all the
polynomials F (ψ,χ,φ) of fermionic fields ψ and χ whose
coefficients are complex valued continuous (not necessarily
holomorphic) functions of bosonic field configuration φ, with
converging expectation value 〈F 〉(Y) defined through the path
integration as usual:

〈F 〉(Y) :=
1

Z(Y)

∫

D[path] eA(ψ,χ,φ)F (ψ,χ,φ) < ∞.

(50)

Here, D[path] stands for the path integration measure,

D[path] = D[ψ]D[ψ̄]D[χ]D[χ̄]D[φ]D[φ∗]. (51)

Note that all the polynomials of bosonic field configuration
belong to A(Y).
The θ operation for the fermionic fields ψ,χ is the same as

in the free case (5)(6). For the bosonic field φ, the θ reflection
is defined as

θφ(x) := φ(θx). (52)

For F ∈ A(Y) of the form F (ψ,χ,φ) = f(φ)M(ψ,χ) with f
being a continuous function of {φ(x)}x∈Λ andM(ψ,χ) some
monomial of {ψα(x), ψ̄α(x),χα(x), χ̄α(x)}x∈Λ, we define

θ(F )(ψ,χ,φ) = f∗(θφ)M †(θψ, θχ), (53)

where M † means the monomial whose order of the Grass-
mann product is reversed in the originalM . We extend the θ
operation for arbitrary F ∈ A(Y) by anti-linearity. Then, the
reflection positivity of this chiral Yukawa model is defined in
the same way as in the free overlap fermion case :

〈θ(F+)F+〉(Y) ≥ 0, for ∀F+ ∈ A(Y)
+ . (54)

We will prove the reflection positivity of the chiral Yukawa
model in the same manner as in the free fermion case, based
on the statements (i)-(iv). The statement (i) clearly holds true.
In the statement (ii), we define the expectation 〈·〉(Y)

0 for the
Yukawa model as

〈F 〉(Y)
0 :=

∫

D[path]F (ψ,χ,φ). (55)

For this definition to make sense, F should be a special ele-
ment in A(Y) so that the right hand side of (55) is convergent.
Let B be the subset of A(Y) whose elements are integrable
with respect to the above 〈·〉0-measure. Note that if F belongs
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Next, we will give the proofs of the statements (i)-(iv). The
statement (i) follows from the similar statement withP , which
has been proved for the Wilson case [20] . In fact, let F,G ∈
P̄ . Then, there exist sequences {Fn}n and {Gn}n in P such
that

Fn → F, Gn → G. (20)

From the continuity of the product operation in A (see (16)),
we get

FnGn → FG. (21)

Since Fn, Gn ∈ P , FnGn ∈ P . Therefore FG is the limit of
the sequence {FnGn}n ⊂ P , which means that FG ∈ P̄ .
To show the statement (ii), one should refer to the definition

of fermionic integration measure. With the definition (4), it is
sufficient to consider F+ ∈ A+ of the form

F+ =
∏

x∈Λ+;α=1,2,3,4

{ψ̄α(x)ψα(x)} ∈ P , (22)

for which one can see
∫

D[ψ]D[ψ̄] θ(F+)F+ = {det(γ20)}16L
4

= 1 ≥ 0. (23)

Therefore, one concludes that for arbitrary F ∈ P , 〈F 〉0 ≥
0. Take arbitrary F ∈ P̄ . Then there exists a converging
sequence {Fn}n such that Fn → F . From the continuity of
〈·〉0 (see (17)), we obtain

〈F 〉0 =
〈

lim
n→∞

Fn

〉

0
= lim

n→∞
〈Fn〉0 ≥ 0. (24)

The statement (iii) can be shown by using the property of
the overlap Dirac kernel: D†

L(x, y) = γ0DL(θx, θy)γ0. In
fact, one gets

θ(A+) =
∑

x∈Λ+

∑

y∈Λ+

θ
(

ψ̄(x)DL(x, y)ψ(y)
)

=
∑

x∈Λ+

∑

y∈Λ+

ψ̄(θy) γ0D
†
L(y, x)γ0

︸ ︷︷ ︸

=D(θy,θx)

ψ(θx)

=
∑

x′∈Λ−

∑

y′∈Λ−

ψ̄(x′)DL(x
′, y′)ψ(y′)

= A−. (25)

To show the statement (iv)∆A ∈ P̄ , we use a spectral rep-
resentation of DL(x, y). To derive the spectral representation
of DL, we first Fourier transform the overlap Dirac operator
kernelD(x, y) in the infinite volume:

D(x, y)
∣
∣
∣
x0 &=y0

=

∫
d4p

(2π)4
eip·(x−y) X(p0,p)

2
√

X†X(p0,p)
, (26)

where X(p0,p) =
∑

µ iγµ sin pµ +
∑

µ(1 − cos pµ) − m.
Then, we change the p0 integration region, [−π,π], to the
contours along the imaginary axis in the complex p0 plane by
Cauchy’s integration theorem, as shown in FIG. 1. Depending

whether x0 − y0 > 0 or x0 − y0 < 0, we choose the contours
[iE1, i∞] or [−iE1,−i∞], respectively, to obtain

D(x, y)
∣
∣
∣
x0−y0>0

=

∫
d3p

(2π)3

∫ ∞

E1

dE

2π
e−E(x0−y0)eip·(x−y) X(iE,p)

√

−X†X(iE,p)
(27)

D(x, y)
∣
∣
∣
x0−y0<0

=

∫
d3p

(2π)3

∫ ∞

E1

dE

2π
eE(x0−y0)eip·(x−y) X(−iE,p)

√

−X†X(iE,p)
.

(28)

where E1 is the edge of the cut coming from the square root,
and is determined by the relations

X†X(iE1,p) = 0, E1 > 0. (29)

In this spectrum representaion of D, it is very crucial to
notice the fact that ∓γ0X(±iE,p) (E ≥ E1) are positive
definite matrices and there exist matrices Y±(E,p) such that

∓γ0X(±iE,p) = Y †
±Y±(E,p) (E ≥ E1). (30)

In fact, it is not difficult to check that Y±(E,p) are given by

Y±(E,p) = −
3
∑

k=1

l(E,p) sin pk
W (E,p)

γk ∓ i
W (E,p)

2l(E,p)
γ0 + il(E,p),

whereW (E,p) =
∑3

k=1(1− cos pk) + 1− coshE −m and

l(E,p) =

[

1

2

sinhE
∑3

k=1 sin
2 pk/W (E,p)2 + 1

×

(

1 +

√

1−
∑3

k=1 sin
2 pk +W (E,p)2

sinh2 E

)



1
2

.

From the equations (2), (27) and (28), we find the spectrum
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FIG. 1: Complex integration contours
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Next, we will give the proofs of the statements (i)-(iv). The
statement (i) follows from the similar statement withP , which
has been proved for the Wilson case [20] . In fact, let F,G ∈
P̄ . Then, there exist sequences {Fn}n and {Gn}n in P such
that

Fn → F, Gn → G. (20)

From the continuity of the product operation in A (see (16)),
we get

FnGn → FG. (21)

Since Fn, Gn ∈ P , FnGn ∈ P . Therefore FG is the limit of
the sequence {FnGn}n ⊂ P , which means that FG ∈ P̄ .
To show the statement (ii), one should refer to the definition

of fermionic integration measure. With the definition (4), it is
sufficient to consider F+ ∈ A+ of the form

F+ =
∏

x∈Λ+;α=1,2,3,4

{ψ̄α(x)ψα(x)} ∈ P , (22)

for which one can see
∫

D[ψ]D[ψ̄] θ(F+)F+ = {det(γ20)}16L
4

= 1 ≥ 0. (23)

Therefore, one concludes that for arbitrary F ∈ P , 〈F 〉0 ≥
0. Take arbitrary F ∈ P̄ . Then there exists a converging
sequence {Fn}n such that Fn → F . From the continuity of
〈·〉0 (see (17)), we obtain

〈F 〉0 =
〈

lim
n→∞

Fn

〉

0
= lim

n→∞
〈Fn〉0 ≥ 0. (24)

The statement (iii) can be shown by using the property of
the overlap Dirac kernel: D†

L(x, y) = γ0DL(θx, θy)γ0. In
fact, one gets

θ(A+) =
∑

x∈Λ+

∑

y∈Λ+

θ
(

ψ̄(x)DL(x, y)ψ(y)
)

=
∑

x∈Λ+

∑

y∈Λ+

ψ̄(θy) γ0D
†
L(y, x)γ0

︸ ︷︷ ︸

=D(θy,θx)

ψ(θx)

=
∑

x′∈Λ−

∑

y′∈Λ−

ψ̄(x′)DL(x
′, y′)ψ(y′)

= A−. (25)

To show the statement (iv)∆A ∈ P̄ , we use a spectral rep-
resentation of DL(x, y). To derive the spectral representation
of DL, we first Fourier transform the overlap Dirac operator
kernelD(x, y) in the infinite volume:

D(x, y)
∣
∣
∣
x0 &=y0

=

∫
d4p

(2π)4
eip·(x−y) X(p0,p)

2
√

X†X(p0,p)
, (26)

where X(p0,p) =
∑

µ iγµ sin pµ +
∑

µ(1 − cos pµ) − m.
Then, we change the p0 integration region, [−π,π], to the
contours along the imaginary axis in the complex p0 plane by
Cauchy’s integration theorem, as shown in FIG. 1. Depending

whether x0 − y0 > 0 or x0 − y0 < 0, we choose the contours
[iE1, i∞] or [−iE1,−i∞], respectively, to obtain

D(x, y)
∣
∣
∣
x0−y0>0

=

∫
d3p

(2π)3

∫ ∞

E1

dE

2π
e−E(x0−y0)eip·(x−y) X(iE,p)

√

−X†X(iE,p)
(27)

D(x, y)
∣
∣
∣
x0−y0<0

=

∫
d3p

(2π)3

∫ ∞

E1

dE

2π
eE(x0−y0)eip·(x−y) X(−iE,p)

√

−X†X(iE,p)
.

(28)

where E1 is the edge of the cut coming from the square root,
and is determined by the relations

X†X(iE1,p) = 0, E1 > 0. (29)

In this spectrum representaion of D, it is very crucial to
notice the fact that ∓γ0X(±iE,p) (E ≥ E1) are positive
definite matrices and there exist matrices Y±(E,p) such that

∓γ0X(±iE,p) = Y †
±Y±(E,p) (E ≥ E1). (30)

In fact, it is not difficult to check that Y±(E,p) are given by

Y±(E,p) = −
3
∑

k=1

l(E,p) sin pk
W (E,p)

γk ∓ i
W (E,p)

2l(E,p)
γ0 + il(E,p),

whereW (E,p) =
∑3

k=1(1− cos pk) + 1− coshE −m and

l(E,p) =

[

1

2

sinhE
∑3

k=1 sin
2 pk/W (E,p)2 + 1

×

(

1 +

√

1−
∑3

k=1 sin
2 pk +W (E,p)2

sinh2 E

)



1
2

.

From the equations (2), (27) and (28), we find the spectrum
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Next, we will give the proofs of the statements (i)-(iv). The
statement (i) follows from the similar statement withP , which
has been proved for the Wilson case [20] . In fact, let F,G ∈
P̄ . Then, there exist sequences {Fn}n and {Gn}n in P such
that

Fn → F, Gn → G. (20)

From the continuity of the product operation in A (see (16)),
we get

FnGn → FG. (21)

Since Fn, Gn ∈ P , FnGn ∈ P . Therefore FG is the limit of
the sequence {FnGn}n ⊂ P , which means that FG ∈ P̄ .
To show the statement (ii), one should refer to the definition

of fermionic integration measure. With the definition (4), it is
sufficient to consider F+ ∈ A+ of the form

F+ =
∏

x∈Λ+;α=1,2,3,4

{ψ̄α(x)ψα(x)} ∈ P , (22)

for which one can see
∫

D[ψ]D[ψ̄] θ(F+)F+ = {det(γ20)}16L
4

= 1 ≥ 0. (23)

Therefore, one concludes that for arbitrary F ∈ P , 〈F 〉0 ≥
0. Take arbitrary F ∈ P̄ . Then there exists a converging
sequence {Fn}n such that Fn → F . From the continuity of
〈·〉0 (see (17)), we obtain

〈F 〉0 =
〈

lim
n→∞

Fn

〉

0
= lim

n→∞
〈Fn〉0 ≥ 0. (24)

The statement (iii) can be shown by using the property of
the overlap Dirac kernel: D†

L(x, y) = γ0DL(θx, θy)γ0. In
fact, one gets

θ(A+) =
∑

x∈Λ+

∑

y∈Λ+

θ
(

ψ̄(x)DL(x, y)ψ(y)
)

=
∑

x∈Λ+

∑

y∈Λ+

ψ̄(θy) γ0D
†
L(y, x)γ0

︸ ︷︷ ︸

=D(θy,θx)

ψ(θx)

=
∑

x′∈Λ−

∑

y′∈Λ−

ψ̄(x′)DL(x
′, y′)ψ(y′)

= A−. (25)

To show the statement (iv)∆A ∈ P̄ , we use a spectral rep-
resentation of DL(x, y). To derive the spectral representation
of DL, we first Fourier transform the overlap Dirac operator
kernelD(x, y) in the infinite volume:

D(x, y)
∣
∣
∣
x0 &=y0

=

∫
d4p

(2π)4
eip·(x−y) X(p0,p)

2
√

X†X(p0,p)
, (26)

where X(p0,p) =
∑

µ iγµ sin pµ +
∑

µ(1 − cos pµ) − m.
Then, we change the p0 integration region, [−π,π], to the
contours along the imaginary axis in the complex p0 plane by
Cauchy’s integration theorem, as shown in FIG. 1. Depending

whether x0 − y0 > 0 or x0 − y0 < 0, we choose the contours
[iE1, i∞] or [−iE1,−i∞], respectively, to obtain

D(x, y)
∣
∣
∣
x0−y0>0

=

∫
d3p

(2π)3

∫ ∞

E1

dE

2π
e−E(x0−y0)eip·(x−y) X(iE,p)

√

−X†X(iE,p)
(27)

D(x, y)
∣
∣
∣
x0−y0<0

=

∫
d3p

(2π)3

∫ ∞

E1

dE

2π
eE(x0−y0)eip·(x−y) X(−iE,p)

√

−X†X(iE,p)
.

(28)

where E1 is the edge of the cut coming from the square root,
and is determined by the relations

X†X(iE1,p) = 0, E1 > 0. (29)

In this spectrum representaion of D, it is very crucial to
notice the fact that ∓γ0X(±iE,p) (E ≥ E1) are positive
definite matrices and there exist matrices Y±(E,p) such that

∓γ0X(±iE,p) = Y †
±Y±(E,p) (E ≥ E1). (30)

In fact, it is not difficult to check that Y±(E,p) are given by

Y±(E,p) = −
3
∑

k=1

l(E,p) sin pk
W (E,p)

γk ∓ i
W (E,p)

2l(E,p)
γ0 + il(E,p),

whereW (E,p) =
∑3

k=1(1− cos pk) + 1− coshE −m and

l(E,p) =

[

1

2

sinhE
∑3

k=1 sin
2 pk/W (E,p)2 + 1

×

(

1 +

√

1−
∑3

k=1 sin
2 pk +W (E,p)2

sinh2 E

)



1
2

.

From the equations (2), (27) and (28), we find the spectrum
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Next, we will give the proofs of the statements (i)-(iv). The
statement (i) follows from the similar statement withP , which
has been proved for the Wilson case [20] . In fact, let F,G ∈
P̄ . Then, there exist sequences {Fn}n and {Gn}n in P such
that

Fn → F, Gn → G. (20)

From the continuity of the product operation in A (see (16)),
we get

FnGn → FG. (21)

Since Fn, Gn ∈ P , FnGn ∈ P . Therefore FG is the limit of
the sequence {FnGn}n ⊂ P , which means that FG ∈ P̄ .
To show the statement (ii), one should refer to the definition

of fermionic integration measure. With the definition (4), it is
sufficient to consider F+ ∈ A+ of the form

F+ =
∏

x∈Λ+;α=1,2,3,4

{ψ̄α(x)ψα(x)} ∈ P , (22)

for which one can see
∫

D[ψ]D[ψ̄] θ(F+)F+ = {det(γ20)}16L
4

= 1 ≥ 0. (23)

Therefore, one concludes that for arbitrary F ∈ P , 〈F 〉0 ≥
0. Take arbitrary F ∈ P̄ . Then there exists a converging
sequence {Fn}n such that Fn → F . From the continuity of
〈·〉0 (see (17)), we obtain

〈F 〉0 =
〈

lim
n→∞

Fn

〉

0
= lim

n→∞
〈Fn〉0 ≥ 0. (24)

The statement (iii) can be shown by using the property of
the overlap Dirac kernel: D†

L(x, y) = γ0DL(θx, θy)γ0. In
fact, one gets

θ(A+) =
∑

x∈Λ+

∑

y∈Λ+

θ
(

ψ̄(x)DL(x, y)ψ(y)
)

=
∑

x∈Λ+

∑

y∈Λ+

ψ̄(θy) γ0D
†
L(y, x)γ0

︸ ︷︷ ︸

=D(θy,θx)

ψ(θx)

=
∑

x′∈Λ−

∑

y′∈Λ−

ψ̄(x′)DL(x
′, y′)ψ(y′)

= A−. (25)

To show the statement (iv)∆A ∈ P̄ , we use a spectral rep-
resentation of DL(x, y). To derive the spectral representation
of DL, we first Fourier transform the overlap Dirac operator
kernelD(x, y) in the infinite volume:

D(x, y)
∣
∣
∣
x0 &=y0

=

∫
d4p

(2π)4
eip·(x−y) X(p0,p)

2
√

X†X(p0,p)
, (26)

where X(p0,p) =
∑

µ iγµ sin pµ +
∑

µ(1 − cos pµ) − m.
Then, we change the p0 integration region, [−π,π], to the
contours along the imaginary axis in the complex p0 plane by
Cauchy’s integration theorem, as shown in FIG. 1. Depending

whether x0 − y0 > 0 or x0 − y0 < 0, we choose the contours
[iE1, i∞] or [−iE1,−i∞], respectively, to obtain

D(x, y)
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∣
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=

∫
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where E1 is the edge of the cut coming from the square root,
and is determined by the relations

X†X(iE1,p) = 0, E1 > 0. (29)

In this spectrum representaion of D, it is very crucial to
notice the fact that ∓γ0X(±iE,p) (E ≥ E1) are positive
definite matrices and there exist matrices Y±(E,p) such that

∓γ0X(±iE,p) = Y †
±Y±(E,p) (E ≥ E1). (30)

In fact, it is not difficult to check that Y±(E,p) are given by

Y±(E,p) = −
3
∑

k=1

l(E,p) sin pk
W (E,p)

γk ∓ i
W (E,p)

2l(E,p)
γ0 + il(E,p),

whereW (E,p) =
∑3

k=1(1− cos pk) + 1− coshE −m and

l(E,p) =

[

1

2

sinhE
∑3

k=1 sin
2 pk/W (E,p)2 + 1

×

(
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√
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)
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.

From the equations (2), (27) and (28), we find the spectrum
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Next, we will give the proofs of the statements (i)-(iv). The
statement (i) follows from the similar statement withP , which
has been proved for the Wilson case [20] . In fact, let F,G ∈
P̄ . Then, there exist sequences {Fn}n and {Gn}n in P such
that

Fn → F, Gn → G. (20)

From the continuity of the product operation in A (see (16)),
we get

FnGn → FG. (21)

Since Fn, Gn ∈ P , FnGn ∈ P . Therefore FG is the limit of
the sequence {FnGn}n ⊂ P , which means that FG ∈ P̄ .
To show the statement (ii), one should refer to the definition

of fermionic integration measure. With the definition (4), it is
sufficient to consider F+ ∈ A+ of the form

F+ =
∏

x∈Λ+;α=1,2,3,4

{ψ̄α(x)ψα(x)} ∈ P , (22)

for which one can see
∫

D[ψ]D[ψ̄] θ(F+)F+ = {det(γ20)}16L
4

= 1 ≥ 0. (23)

Therefore, one concludes that for arbitrary F ∈ P , 〈F 〉0 ≥
0. Take arbitrary F ∈ P̄ . Then there exists a converging
sequence {Fn}n such that Fn → F . From the continuity of
〈·〉0 (see (17)), we obtain

〈F 〉0 =
〈

lim
n→∞

Fn

〉

0
= lim

n→∞
〈Fn〉0 ≥ 0. (24)

The statement (iii) can be shown by using the property of
the overlap Dirac kernel: D†

L(x, y) = γ0DL(θx, θy)γ0. In
fact, one gets

θ(A+) =
∑

x∈Λ+

∑

y∈Λ+

θ
(

ψ̄(x)DL(x, y)ψ(y)
)

=
∑

x∈Λ+

∑

y∈Λ+

ψ̄(θy) γ0D
†
L(y, x)γ0

︸ ︷︷ ︸

=D(θy,θx)

ψ(θx)

=
∑

x′∈Λ−

∑

y′∈Λ−

ψ̄(x′)DL(x
′, y′)ψ(y′)

= A−. (25)

To show the statement (iv)∆A ∈ P̄ , we use a spectral rep-
resentation of DL(x, y). To derive the spectral representation
of DL, we first Fourier transform the overlap Dirac operator
kernelD(x, y) in the infinite volume:

D(x, y)
∣
∣
∣
x0 &=y0

=

∫
d4p

(2π)4
eip·(x−y) X(p0,p)

2
√

X†X(p0,p)
, (26)

where X(p0,p) =
∑

µ iγµ sin pµ +
∑

µ(1 − cos pµ) − m.
Then, we change the p0 integration region, [−π,π], to the
contours along the imaginary axis in the complex p0 plane by
Cauchy’s integration theorem, as shown in FIG. 1. Depending

whether x0 − y0 > 0 or x0 − y0 < 0, we choose the contours
[iE1, i∞] or [−iE1,−i∞], respectively, to obtain
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∣
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x0−y0>0

=

∫
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√
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.

(28)

where E1 is the edge of the cut coming from the square root,
and is determined by the relations

X†X(iE1,p) = 0, E1 > 0. (29)

In this spectrum representaion of D, it is very crucial to
notice the fact that ∓γ0X(±iE,p) (E ≥ E1) are positive
definite matrices and there exist matrices Y±(E,p) such that

∓γ0X(±iE,p) = Y †
±Y±(E,p) (E ≥ E1). (30)

In fact, it is not difficult to check that Y±(E,p) are given by

Y±(E,p) = −
3
∑

k=1

l(E,p) sin pk
W (E,p)

γk ∓ i
W (E,p)

2l(E,p)
γ0 + il(E,p),

whereW (E,p) =
∑3

k=1(1− cos pk) + 1− coshE −m and

l(E,p) =

[

1

2

sinhE
∑3

k=1 sin
2 pk/W (E,p)2 + 1

×

(

1 +

√

1−
∑3

k=1 sin
2 pk +W (E,p)2

sinh2 E

)


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.

From the equations (2), (27) and (28), we find the spectrum
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Next, we will give the proofs of the statements (i)-(iv). The
statement (i) follows from the similar statement withP , which
has been proved for the Wilson case [20] . In fact, let F,G ∈
P̄ . Then, there exist sequences {Fn}n and {Gn}n in P such
that

Fn → F, Gn → G. (20)

From the continuity of the product operation in A (see (16)),
we get

FnGn → FG. (21)

Since Fn, Gn ∈ P , FnGn ∈ P . Therefore FG is the limit of
the sequence {FnGn}n ⊂ P , which means that FG ∈ P̄ .
To show the statement (ii), one should refer to the definition

of fermionic integration measure. With the definition (4), it is
sufficient to consider F+ ∈ A+ of the form

F+ =
∏

x∈Λ+;α=1,2,3,4

{ψ̄α(x)ψα(x)} ∈ P , (22)

for which one can see
∫

D[ψ]D[ψ̄] θ(F+)F+ = {det(γ20)}16L
4

= 1 ≥ 0. (23)

Therefore, one concludes that for arbitrary F ∈ P , 〈F 〉0 ≥
0. Take arbitrary F ∈ P̄ . Then there exists a converging
sequence {Fn}n such that Fn → F . From the continuity of
〈·〉0 (see (17)), we obtain

〈F 〉0 =
〈

lim
n→∞

Fn

〉

0
= lim

n→∞
〈Fn〉0 ≥ 0. (24)

The statement (iii) can be shown by using the property of
the overlap Dirac kernel: D†

L(x, y) = γ0DL(θx, θy)γ0. In
fact, one gets

θ(A+) =
∑

x∈Λ+

∑

y∈Λ+

θ
(

ψ̄(x)DL(x, y)ψ(y)
)

=
∑

x∈Λ+

∑

y∈Λ+

ψ̄(θy) γ0D
†
L(y, x)γ0

︸ ︷︷ ︸

=D(θy,θx)

ψ(θx)

=
∑

x′∈Λ−

∑

y′∈Λ−

ψ̄(x′)DL(x
′, y′)ψ(y′)

= A−. (25)

To show the statement (iv)∆A ∈ P̄ , we use a spectral rep-
resentation of DL(x, y). To derive the spectral representation
of DL, we first Fourier transform the overlap Dirac operator
kernelD(x, y) in the infinite volume:

D(x, y)
∣
∣
∣
x0 &=y0

=

∫
d4p

(2π)4
eip·(x−y) X(p0,p)

2
√

X†X(p0,p)
, (26)

where X(p0,p) =
∑

µ iγµ sin pµ +
∑

µ(1 − cos pµ) − m.
Then, we change the p0 integration region, [−π,π], to the
contours along the imaginary axis in the complex p0 plane by
Cauchy’s integration theorem, as shown in FIG. 1. Depending

whether x0 − y0 > 0 or x0 − y0 < 0, we choose the contours
[iE1, i∞] or [−iE1,−i∞], respectively, to obtain

D(x, y)
∣
∣
∣
x0−y0>0

=

∫
d3p

(2π)3

∫ ∞

E1

dE

2π
e−E(x0−y0)eip·(x−y) X(iE,p)

√

−X†X(iE,p)
(27)

D(x, y)
∣
∣
∣
x0−y0<0

=

∫
d3p

(2π)3

∫ ∞

E1

dE

2π
eE(x0−y0)eip·(x−y) X(−iE,p)

√

−X†X(iE,p)
.

(28)

where E1 is the edge of the cut coming from the square root,
and is determined by the relations

X†X(iE1,p) = 0, E1 > 0. (29)

In this spectrum representaion of D, it is very crucial to
notice the fact that ∓γ0X(±iE,p) (E ≥ E1) are positive
definite matrices and there exist matrices Y±(E,p) such that

∓γ0X(±iE,p) = Y †
±Y±(E,p) (E ≥ E1). (30)

In fact, it is not difficult to check that Y±(E,p) are given by

Y±(E,p) = −
3
∑

k=1

l(E,p) sin pk
W (E,p)

γk ∓ i
W (E,p)

2l(E,p)
γ0 + il(E,p),

whereW (E,p) =
∑3

k=1(1− cos pk) + 1− coshE −m and

l(E,p) =

[

1

2

sinhE
∑3

k=1 sin
2 pk/W (E,p)2 + 1

×

(

1 +

√

1−
∑3

k=1 sin
2 pk +W (E,p)2

sinh2 E

)



1
2

.

From the equations (2), (27) and (28), we find the spectrum
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Next, we will give the proofs of the statements (i)-(iv). The
statement (i) follows from the similar statement withP , which
has been proved for the Wilson case [20] . In fact, let F,G ∈
P̄ . Then, there exist sequences {Fn}n and {Gn}n in P such
that

Fn → F, Gn → G. (20)

From the continuity of the product operation in A (see (16)),
we get

FnGn → FG. (21)

Since Fn, Gn ∈ P , FnGn ∈ P . Therefore FG is the limit of
the sequence {FnGn}n ⊂ P , which means that FG ∈ P̄ .
To show the statement (ii), one should refer to the definition

of fermionic integration measure. With the definition (4), it is
sufficient to consider F+ ∈ A+ of the form

F+ =
∏

x∈Λ+;α=1,2,3,4

{ψ̄α(x)ψα(x)} ∈ P , (22)

for which one can see
∫

D[ψ]D[ψ̄] θ(F+)F+ = {det(γ20)}16L
4

= 1 ≥ 0. (23)

Therefore, one concludes that for arbitrary F ∈ P , 〈F 〉0 ≥
0. Take arbitrary F ∈ P̄ . Then there exists a converging
sequence {Fn}n such that Fn → F . From the continuity of
〈·〉0 (see (17)), we obtain

〈F 〉0 =
〈

lim
n→∞

Fn

〉

0
= lim

n→∞
〈Fn〉0 ≥ 0. (24)

The statement (iii) can be shown by using the property of
the overlap Dirac kernel: D†

L(x, y) = γ0DL(θx, θy)γ0. In
fact, one gets

θ(A+) =
∑

x∈Λ+

∑

y∈Λ+

θ
(

ψ̄(x)DL(x, y)ψ(y)
)

=
∑

x∈Λ+

∑

y∈Λ+

ψ̄(θy) γ0D
†
L(y, x)γ0

︸ ︷︷ ︸

=D(θy,θx)

ψ(θx)

=
∑

x′∈Λ−

∑

y′∈Λ−

ψ̄(x′)DL(x
′, y′)ψ(y′)

= A−. (25)

To show the statement (iv)∆A ∈ P̄ , we use a spectral rep-
resentation of DL(x, y). To derive the spectral representation
of DL, we first Fourier transform the overlap Dirac operator
kernelD(x, y) in the infinite volume:

D(x, y)
∣
∣
∣
x0 &=y0

=

∫
d4p

(2π)4
eip·(x−y) X(p0,p)

2
√

X†X(p0,p)
, (26)

where X(p0,p) =
∑

µ iγµ sin pµ +
∑

µ(1 − cos pµ) − m.
Then, we change the p0 integration region, [−π,π], to the
contours along the imaginary axis in the complex p0 plane by
Cauchy’s integration theorem, as shown in FIG. 1. Depending

whether x0 − y0 > 0 or x0 − y0 < 0, we choose the contours
[iE1, i∞] or [−iE1,−i∞], respectively, to obtain

D(x, y)
∣
∣
∣
x0−y0>0

=

∫
d3p

(2π)3
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E1

dE
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e−E(x0−y0)eip·(x−y) X(iE,p)

√

−X†X(iE,p)
(27)
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∣
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x0−y0<0

=

∫
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eE(x0−y0)eip·(x−y) X(−iE,p)

√

−X†X(iE,p)
.

(28)

where E1 is the edge of the cut coming from the square root,
and is determined by the relations

X†X(iE1,p) = 0, E1 > 0. (29)

In this spectrum representaion of D, it is very crucial to
notice the fact that ∓γ0X(±iE,p) (E ≥ E1) are positive
definite matrices and there exist matrices Y±(E,p) such that

∓γ0X(±iE,p) = Y †
±Y±(E,p) (E ≥ E1). (30)

In fact, it is not difficult to check that Y±(E,p) are given by

Y±(E,p) = −
3
∑

k=1

l(E,p) sin pk
W (E,p)

γk ∓ i
W (E,p)

2l(E,p)
γ0 + il(E,p),

whereW (E,p) =
∑3

k=1(1− cos pk) + 1− coshE −m and

l(E,p) =

[

1

2

sinhE
∑3

k=1 sin
2 pk/W (E,p)2 + 1

×

(

1 +

√

1−
∑3

k=1 sin
2 pk +W (E,p)2

sinh2 E

)



1
2

.

From the equations (2), (27) and (28), we find the spectrum
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Next, we will give the proofs of the statements (i)-(iv). The
statement (i) follows from the similar statement withP , which
has been proved for the Wilson case [20] . In fact, let F,G ∈
P̄ . Then, there exist sequences {Fn}n and {Gn}n in P such
that

Fn → F, Gn → G. (20)

From the continuity of the product operation in A (see (16)),
we get

FnGn → FG. (21)

Since Fn, Gn ∈ P , FnGn ∈ P . Therefore FG is the limit of
the sequence {FnGn}n ⊂ P , which means that FG ∈ P̄ .
To show the statement (ii), one should refer to the definition

of fermionic integration measure. With the definition (4), it is
sufficient to consider F+ ∈ A+ of the form

F+ =
∏

x∈Λ+;α=1,2,3,4

{ψ̄α(x)ψα(x)} ∈ P , (22)

for which one can see
∫

D[ψ]D[ψ̄] θ(F+)F+ = {det(γ20)}16L
4

= 1 ≥ 0. (23)

Therefore, one concludes that for arbitrary F ∈ P , 〈F 〉0 ≥
0. Take arbitrary F ∈ P̄ . Then there exists a converging
sequence {Fn}n such that Fn → F . From the continuity of
〈·〉0 (see (17)), we obtain

〈F 〉0 =
〈

lim
n→∞

Fn

〉

0
= lim

n→∞
〈Fn〉0 ≥ 0. (24)

The statement (iii) can be shown by using the property of
the overlap Dirac kernel: D†

L(x, y) = γ0DL(θx, θy)γ0. In
fact, one gets

θ(A+) =
∑

x∈Λ+

∑

y∈Λ+

θ
(

ψ̄(x)DL(x, y)ψ(y)
)

=
∑

x∈Λ+

∑

y∈Λ+

ψ̄(θy) γ0D
†
L(y, x)γ0

︸ ︷︷ ︸

=D(θy,θx)

ψ(θx)

=
∑

x′∈Λ−

∑

y′∈Λ−

ψ̄(x′)DL(x
′, y′)ψ(y′)

= A−. (25)

To show the statement (iv)∆A ∈ P̄ , we use a spectral rep-
resentation of DL(x, y). To derive the spectral representation
of DL, we first Fourier transform the overlap Dirac operator
kernelD(x, y) in the infinite volume:

D(x, y)
∣
∣
∣
x0 &=y0

=

∫
d4p

(2π)4
eip·(x−y) X(p0,p)

2
√

X†X(p0,p)
, (26)

where X(p0,p) =
∑

µ iγµ sin pµ +
∑

µ(1 − cos pµ) − m.
Then, we change the p0 integration region, [−π,π], to the
contours along the imaginary axis in the complex p0 plane by
Cauchy’s integration theorem, as shown in FIG. 1. Depending

whether x0 − y0 > 0 or x0 − y0 < 0, we choose the contours
[iE1, i∞] or [−iE1,−i∞], respectively, to obtain
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.

(28)

where E1 is the edge of the cut coming from the square root,
and is determined by the relations

X†X(iE1,p) = 0, E1 > 0. (29)

In this spectrum representaion of D, it is very crucial to
notice the fact that ∓γ0X(±iE,p) (E ≥ E1) are positive
definite matrices and there exist matrices Y±(E,p) such that

∓γ0X(±iE,p) = Y †
±Y±(E,p) (E ≥ E1). (30)

In fact, it is not difficult to check that Y±(E,p) are given by

Y±(E,p) = −
3
∑

k=1

l(E,p) sin pk
W (E,p)

γk ∓ i
W (E,p)

2l(E,p)
γ0 + il(E,p),

whereW (E,p) =
∑3

k=1(1− cos pk) + 1− coshE −m and

l(E,p) =

[

1

2

sinhE
∑3

k=1 sin
2 pk/W (E,p)2 + 1

×

(

1 +

√

1−
∑3

k=1 sin
2 pk +W (E,p)2

sinh2 E

)
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.

From the equations (2), (27) and (28), we find the spectrum

!

"

!
"

0 π−π

iE1!

Re

Im
↑ ∞

!

"

"
!

0 π−π

−iE1
!

Re

Im

↓ −∞

FIG. 1: Complex integration contours



4

representation ofDL(x, y) as follows: putting V = 1/(2L)3,

DL(x, y)
∣
∣
∣
x0 !=y0

=
∑

p

∫ ∞

E1

dE

2π

1

1 + e−2EL

1

V

× e−E|x0−y0|eip·(x−y) X(εiE,p)
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−X†X(iE,p)
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× eE|x0−y0|eip·(x−y) −X(−εiE,p)
√

−X†X(iE,p)
,

(31)

where ε is defined as the sign of x0 − y0, and the spacial
momentum pk runs over pk = nkπ/L, (−L ≤ n ≤ L) in
the above summation. In (31), the first term becomesD(x, y)
in the limit L → ∞, and the second term represents a ‘finite
lattice effect’ which vanishes in the limit L → ∞. The latter
is the contribution of the wrong-sign-energy modes and the
minus sign appearing in front ofX(−εiE,p) comes from the
anti-periodicity in the time direction, which is required for the
positivity, as will be seen.
From these observations, now we can show that ∆A ∈ P̄:

for the term with x0 > 0, y0 ≤ 0 (in this case ε = 1), we
obtain

∑

x∈Λ+

∑

y∈Λ−

ψ̄(x)DL(x, y)ψ(y)

= −
∑

p

∫ ∞

E1
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2π

1

V

[

CE,pθ(CE,p) +DE,pθ(DE,p)

]

,

(32)

where CE,p andDE,p are defined by

CE,p

=

√

1
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x∈Λ+

ψ̄(x)γ0Ỹ+(E,p)†e−Ex0eip·x, (33)
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=
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e−2EL
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∑

x∈Λ+

ψ̄(x)γ0Ỹ−(E,p)†eEx0eip·x, (34)

with Ỹ+(E,p) = Y+(E,p)/(−X†X(iE,p))
1
4 . The overall

minus sign in the r.h.s. of (32) results from (31) by using (30).
This minus sign is canceled after exchanging the order of the
Grassmann products in (32), and we see that this term belongs
to P̄ . Similarly, for the term with x0 ≤ 0, y0 > 0 (in this case
ε = −1), we obtain
∑

x∈Λ−

∑

y∈Λ+

ψ̄(x)DL(x, y)ψ(y)

=
∑

p
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E1
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2π

1

V

[

θ(C′
E,p)C

′
E,p + θ(D′

E,p)D
′
E,p

]

, (35)

where C′
E,p andD′

E,p are defined by
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Ỹ+(E,p)ψ(y)eEy0e−ip·y. (37)

In this case we do not need to exchange the order of the
product, and we immediately see that this term belongs to
P̄ . Thus we obtain ∆A ∈ P̄ and complete the proof of the
reflection positivity in the Dirac case.

IV. MAJORANA ANDWEYL FERMIONS

The above proof for Dirac fermion can be extended for
Majorana fermions[28, 29] and Weyl fermions[30–33]. In
the case of Majorana fermion, the anti-field ψ̄ is the charge
conjugation of the field ψ : ψ̄ ≡ ψTC, where C is the charge
conjugation matrix satisfying CγµC−1 = −γTµ , Cγ5C−1 =
γT5 , C†C = 1, CT = −C. Accordingly, the path-integral
measure reduces to D[ψ] := s

∏

x∈Λ;α{dψα(x)}, where a
sign factor s(= ±1) is introduced for later convenience. This
Majorana-reduction does not contradict with the definition of
time reflection θ, because both (5) and (6) imply θ(ψ(x)) =
Cγ0ψ(θx). Then, the conditions (iii) A− = θ(A+) and (iv)
∆A ∈ P̄ follow immediately. The propery (ii) of P̄ also
holds ture by the fact that one can always choose the sign
factor s so that

∫

D[ψ]θ(F+)F+ = {det(Cγ0)}8L
4

> 0
for F+ =

∏

x∈Λ+;α=1,2,3,4{ψα(x)}. Thus the reflection
positivity (9) follows from the conditions (i), (ii), (iii) and (iv)
also for the Majorana case.
For Weyl fermion, we define the chiral components by

ψ±(x) =

(
1± γ̂5

2

)

ψ(x), ψ̄±(x) = ψ̄(x)

(
1∓ γ5

2

)

,

(38)
where γ̂5 = γ5(1 − 2D). We adopt, for simplicity, the chiral
basis for gammamatrices in which γ5 = σ3⊗ , γ0 = σ1⊗ ,
and denote the spinor indices as α+ = {1, 2},α− = {3, 4}.
Then ψ̄±α∓

(x) = ψ̄α∓
(x). The action of the Weyl fermion is

given byA(±) =
∑

x ψ̄±(x)DLψ±(x), and the Dirac fermion
action (1) decomposes as A = A(+) + A(−). To define the
path-integral for the Weyl fermion, we introduce the chiral
bases

{vi±(x) | γ̂5vi±(x) = ±vi±(x); i = 1, · · · , n±}, (39)

where n± = 2(2L)4, and expand the fields as ψ±(x) =
∑

i v
i
±(x)c

i
±. The path-integral measure is then defined by

D[ψ±]D[ψ̄±] =
∏

i

dci±
∏

x∈Λ;α∓

dψ̄α∓
(x), (40)

4
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where ε is defined as the sign of x0 − y0, and the spacial
momentum pk runs over pk = nkπ/L, (−L ≤ n ≤ L) in
the above summation. In (31), the first term becomesD(x, y)
in the limit L → ∞, and the second term represents a ‘finite
lattice effect’ which vanishes in the limit L → ∞. The latter
is the contribution of the wrong-sign-energy modes and the
minus sign appearing in front ofX(−εiE,p) comes from the
anti-periodicity in the time direction, which is required for the
positivity, as will be seen.
From these observations, now we can show that ∆A ∈ P̄:

for the term with x0 > 0, y0 ≤ 0 (in this case ε = 1), we
obtain

∑
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4 . The overall

minus sign in the r.h.s. of (32) results from (31) by using (30).
This minus sign is canceled after exchanging the order of the
Grassmann products in (32), and we see that this term belongs
to P̄ . Similarly, for the term with x0 ≤ 0, y0 > 0 (in this case
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Ỹ−(E,p)ψ(y)e−Ey0e−ip·y, (36)

D′
E,p

=

√

e−2EL

1 + e−2EL

∑

y∈Λ+
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In this case we do not need to exchange the order of the
product, and we immediately see that this term belongs to
P̄ . Thus we obtain ∆A ∈ P̄ and complete the proof of the
reflection positivity in the Dirac case.

IV. MAJORANA ANDWEYL FERMIONS

The above proof for Dirac fermion can be extended for
Majorana fermions[28, 29] and Weyl fermions[30–33]. In
the case of Majorana fermion, the anti-field ψ̄ is the charge
conjugation of the field ψ : ψ̄ ≡ ψTC, where C is the charge
conjugation matrix satisfying CγµC−1 = −γTµ , Cγ5C−1 =
γT5 , C†C = 1, CT = −C. Accordingly, the path-integral
measure reduces to D[ψ] := s

∏

x∈Λ;α{dψα(x)}, where a
sign factor s(= ±1) is introduced for later convenience. This
Majorana-reduction does not contradict with the definition of
time reflection θ, because both (5) and (6) imply θ(ψ(x)) =
Cγ0ψ(θx). Then, the conditions (iii) A− = θ(A+) and (iv)
∆A ∈ P̄ follow immediately. The propery (ii) of P̄ also
holds ture by the fact that one can always choose the sign
factor s so that

∫

D[ψ]θ(F+)F+ = {det(Cγ0)}8L
4

> 0
for F+ =

∏

x∈Λ+;α=1,2,3,4{ψα(x)}. Thus the reflection
positivity (9) follows from the conditions (i), (ii), (iii) and (iv)
also for the Majorana case.
For Weyl fermion, we define the chiral components by
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)
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)

,

(38)
where γ̂5 = γ5(1 − 2D). We adopt, for simplicity, the chiral
basis for gammamatrices in which γ5 = σ3⊗ , γ0 = σ1⊗ ,
and denote the spinor indices as α+ = {1, 2},α− = {3, 4}.
Then ψ̄±α∓

(x) = ψ̄α∓
(x). The action of the Weyl fermion is

given byA(±) =
∑

x ψ̄±(x)DLψ±(x), and the Dirac fermion
action (1) decomposes as A = A(+) + A(−). To define the
path-integral for the Weyl fermion, we introduce the chiral
bases

{vi±(x) | γ̂5vi±(x) = ±vi±(x); i = 1, · · · , n±}, (39)

where n± = 2(2L)4, and expand the fields as ψ±(x) =
∑

i v
i
±(x)c

i
±. The path-integral measure is then defined by

D[ψ±]D[ψ̄±] =
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i

dci±
∏
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(x), (40)

4

representation ofDL(x, y) as follows: putting V = 1/(2L)3,
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(31)

where ε is defined as the sign of x0 − y0, and the spacial
momentum pk runs over pk = nkπ/L, (−L ≤ n ≤ L) in
the above summation. In (31), the first term becomesD(x, y)
in the limit L → ∞, and the second term represents a ‘finite
lattice effect’ which vanishes in the limit L → ∞. The latter
is the contribution of the wrong-sign-energy modes and the
minus sign appearing in front ofX(−εiE,p) comes from the
anti-periodicity in the time direction, which is required for the
positivity, as will be seen.
From these observations, now we can show that ∆A ∈ P̄:

for the term with x0 > 0, y0 ≤ 0 (in this case ε = 1), we
obtain

∑

x∈Λ+

∑

y∈Λ−

ψ̄(x)DL(x, y)ψ(y)

= −
∑

p
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,

(32)

where CE,p andDE,p are defined by
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with Ỹ+(E,p) = Y+(E,p)/(−X†X(iE,p))
1
4 . The overall

minus sign in the r.h.s. of (32) results from (31) by using (30).
This minus sign is canceled after exchanging the order of the
Grassmann products in (32), and we see that this term belongs
to P̄ . Similarly, for the term with x0 ≤ 0, y0 > 0 (in this case
ε = −1), we obtain
∑
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In this case we do not need to exchange the order of the
product, and we immediately see that this term belongs to
P̄ . Thus we obtain ∆A ∈ P̄ and complete the proof of the
reflection positivity in the Dirac case.

IV. MAJORANA ANDWEYL FERMIONS

The above proof for Dirac fermion can be extended for
Majorana fermions[28, 29] and Weyl fermions[30–33]. In
the case of Majorana fermion, the anti-field ψ̄ is the charge
conjugation of the field ψ : ψ̄ ≡ ψTC, where C is the charge
conjugation matrix satisfying CγµC−1 = −γTµ , Cγ5C−1 =
γT5 , C†C = 1, CT = −C. Accordingly, the path-integral
measure reduces to D[ψ] := s

∏

x∈Λ;α{dψα(x)}, where a
sign factor s(= ±1) is introduced for later convenience. This
Majorana-reduction does not contradict with the definition of
time reflection θ, because both (5) and (6) imply θ(ψ(x)) =
Cγ0ψ(θx). Then, the conditions (iii) A− = θ(A+) and (iv)
∆A ∈ P̄ follow immediately. The propery (ii) of P̄ also
holds ture by the fact that one can always choose the sign
factor s so that

∫

D[ψ]θ(F+)F+ = {det(Cγ0)}8L
4

> 0
for F+ =

∏

x∈Λ+;α=1,2,3,4{ψα(x)}. Thus the reflection
positivity (9) follows from the conditions (i), (ii), (iii) and (iv)
also for the Majorana case.
For Weyl fermion, we define the chiral components by
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)

,

(38)
where γ̂5 = γ5(1 − 2D). We adopt, for simplicity, the chiral
basis for gammamatrices in which γ5 = σ3⊗ , γ0 = σ1⊗ ,
and denote the spinor indices as α+ = {1, 2},α− = {3, 4}.
Then ψ̄±α∓

(x) = ψ̄α∓
(x). The action of the Weyl fermion is

given byA(±) =
∑

x ψ̄±(x)DLψ±(x), and the Dirac fermion
action (1) decomposes as A = A(+) + A(−). To define the
path-integral for the Weyl fermion, we introduce the chiral
bases

{vi±(x) | γ̂5vi±(x) = ±vi±(x); i = 1, · · · , n±}, (39)

where n± = 2(2L)4, and expand the fields as ψ±(x) =
∑

i v
i
±(x)c

i
±. The path-integral measure is then defined by

D[ψ±]D[ψ̄±] =
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(x), (40)
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where ε is defined as the sign of x0 − y0, and the spacial
momentum pk runs over pk = nkπ/L, (−L ≤ n ≤ L) in
the above summation. In (31), the first term becomesD(x, y)
in the limit L → ∞, and the second term represents a ‘finite
lattice effect’ which vanishes in the limit L → ∞. The latter
is the contribution of the wrong-sign-energy modes and the
minus sign appearing in front ofX(−εiE,p) comes from the
anti-periodicity in the time direction, which is required for the
positivity, as will be seen.
From these observations, now we can show that ∆A ∈ P̄:
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In this case we do not need to exchange the order of the
product, and we immediately see that this term belongs to
P̄ . Thus we obtain ∆A ∈ P̄ and complete the proof of the
reflection positivity in the Dirac case.
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The above proof for Dirac fermion can be extended for
Majorana fermions[28, 29] and Weyl fermions[30–33]. In
the case of Majorana fermion, the anti-field ψ̄ is the charge
conjugation of the field ψ : ψ̄ ≡ ψTC, where C is the charge
conjugation matrix satisfying CγµC−1 = −γTµ , Cγ5C−1 =
γT5 , C†C = 1, CT = −C. Accordingly, the path-integral
measure reduces to D[ψ] := s
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x∈Λ;α{dψα(x)}, where a
sign factor s(= ±1) is introduced for later convenience. This
Majorana-reduction does not contradict with the definition of
time reflection θ, because both (5) and (6) imply θ(ψ(x)) =
Cγ0ψ(θx). Then, the conditions (iii) A− = θ(A+) and (iv)
∆A ∈ P̄ follow immediately. The propery (ii) of P̄ also
holds ture by the fact that one can always choose the sign
factor s so that

∫

D[ψ]θ(F+)F+ = {det(Cγ0)}8L
4

> 0
for F+ =

∏

x∈Λ+;α=1,2,3,4{ψα(x)}. Thus the reflection
positivity (9) follows from the conditions (i), (ii), (iii) and (iv)
also for the Majorana case.
For Weyl fermion, we define the chiral components by
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1∓ γ5

2

)

,
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where γ̂5 = γ5(1 − 2D). We adopt, for simplicity, the chiral
basis for gammamatrices in which γ5 = σ3⊗ , γ0 = σ1⊗ ,
and denote the spinor indices as α+ = {1, 2},α− = {3, 4}.
Then ψ̄±α∓

(x) = ψ̄α∓
(x). The action of the Weyl fermion is

given byA(±) =
∑

x ψ̄±(x)DLψ±(x), and the Dirac fermion
action (1) decomposes as A = A(+) + A(−). To define the
path-integral for the Weyl fermion, we introduce the chiral
bases

{vi±(x) | γ̂5vi±(x) = ±vi±(x); i = 1, · · · , n±}, (39)

where n± = 2(2L)4, and expand the fields as ψ±(x) =
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i v
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i
±. The path-integral measure is then defined by
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∏
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and the path-integral measure of Dirac fermion (4) is factor-
ized as D[ψ]D[ψ̄] = J D[ψ+]D[ψ̄+]D[ψ−]D[ψ̄−] where the
Jacobin

J [ψα(x); c
i
+, c

j
−]

= | v+α(x)1 · · · v+α(x)n+ v−α(x)1 · · · v−α(x)n− |
(41)

can be set to unity by choosing the chiral basis vectors ap-
propriately. The expectational functional for the left-handed
Weyl fermion is defined by

〈F 〉(−) :=
1

Z(−)

∫

D[ψ−]D[ψ̄−] e
A(−)(ψ̄−,ψ−)F (ψ̄−,ψ−).

(42)

Because of the factorization properties of the action and the
path-integral measure, we note the identity

〈

F (ψ̄−,ψ−)
〉(−)

=
〈

F (ψ̄−,ψ−)
〉(−) 〈1〉(+)

=
〈

F (ψ̄−,ψ−)
〉

. (43)

In this setup, we can formulate the reflection positivity
condition for the Weyl fermion as follows. We define the time
reflection operator θ for the left-handed fields as

θ(ψ−α−
(x)) = {ψ̄−(θx)γ0}α−

= ψ̄−α+(θx), (44)
θ(ψ̄−α+(x)) = {γ0ψ−(θx)}α+ = ψ−α−

(θx), (45)

where α+ = α− − 2. And let A±
(−) be the algebra of all

the polynomials of the left-handed field componentsψ−α−
(x)

and ψ̄−α+(x) on Λ±. Then one can show

〈θ(F+)F+〉(−) ≥ 0 for ∀F+ ∈ A(−)
+ . (46)

Note that, in this formulation of the reflection positivity, the
field components ψ−α+(x) are completely excluded from
observables.
To prove (46), we note the fact that the expectational

functional for the left-handed Weyl fermion (42) is simply
related to the expectational functional for the Dirac fermion
(3) by 〈F 〉(−) = 〈F 〉(−) 〈1〉(+) = 〈F 〉 for F (ψ̄−,ψ−).
Moreover, since
{(

1− γ̂5
2

)

D−1

}

α−,α+

=

{(
1− γ5

2

)

D−1

}

α−,α+

,

(47)
one can show

〈

F (ψ−α−
, ψ̄−α+)

〉(−)
=
〈

F (ψα−
, ψ̄α+)

〉

, (48)

by performing the Wick contructions explicitly. Then, (46)
follows immediately from the reflection positivity condition
(9) for the overlap Dirac fermion.

V. REFLECTION POSITIVITY OF CHIRAL YUKAWA
THEORY

In this section, we consider the case with an interaction —
chiral Yukawa model. Chiral Yukawa model is defineded by

the action[9]

A =
∑

x∈Λ

{

ψ̄Dψ − φ∗∂†µ∂µφ−m2
0φ

∗φ−
λ0
2
(φ∗φ)2 − 2χ̄χ

+ g0(ψ̄ + χ̄)
{1

2
(1 − γ5)φ+

1

2
(1 + γ5)φ

∗
}

(ψ + χ)
}

,

(49)

where ψ is a Dirac field, χ is an auxiliary Dirac field, and
φ is a complex scalar field. In this case, we define the field
algebra A(Y) of the chiral Yukawa theory as the set of all the
polynomials F (ψ,χ,φ) of fermionic fields ψ and χ whose
coefficients are complex valued continuous (not necessarily
holomorphic) functions of bosonic field configuration φ, with
converging expectation value 〈F 〉(Y) defined through the path
integration as usual:

〈F 〉(Y) :=
1

Z(Y)

∫

D[path] eA(ψ,χ,φ)F (ψ,χ,φ) < ∞.

(50)

Here, D[path] stands for the path integration measure,

D[path] = D[ψ]D[ψ̄]D[χ]D[χ̄]D[φ]D[φ∗]. (51)

Note that all the polynomials of bosonic field configuration
belong to A(Y).
The θ operation for the fermionic fields ψ,χ is the same as

in the free case (5)(6). For the bosonic field φ, the θ reflection
is defined as

θφ(x) := φ(θx). (52)

For F ∈ A(Y) of the form F (ψ,χ,φ) = f(φ)M(ψ,χ) with f
being a continuous function of {φ(x)}x∈Λ andM(ψ,χ) some
monomial of {ψα(x), ψ̄α(x),χα(x), χ̄α(x)}x∈Λ, we define

θ(F )(ψ,χ,φ) = f∗(θφ)M †(θψ, θχ), (53)

where M † means the monomial whose order of the Grass-
mann product is reversed in the originalM . We extend the θ
operation for arbitrary F ∈ A(Y) by anti-linearity. Then, the
reflection positivity of this chiral Yukawa model is defined in
the same way as in the free overlap fermion case :

〈θ(F+)F+〉(Y) ≥ 0, for ∀F+ ∈ A(Y)
+ . (54)

We will prove the reflection positivity of the chiral Yukawa
model in the same manner as in the free fermion case, based
on the statements (i)-(iv). The statement (i) clearly holds true.
In the statement (ii), we define the expectation 〈·〉(Y)

0 for the
Yukawa model as

〈F 〉(Y)
0 :=

∫

D[path]F (ψ,χ,φ). (55)

For this definition to make sense, F should be a special ele-
ment in A(Y) so that the right hand side of (55) is convergent.
Let B be the subset of A(Y) whose elements are integrable
with respect to the above 〈·〉0-measure. Note that if F belongs

5

and the path-integral measure of Dirac fermion (4) is factor-
ized as D[ψ]D[ψ̄] = J D[ψ+]D[ψ̄+]D[ψ−]D[ψ̄−] where the
Jacobin

J [ψα(x); c
i
+, c

j
−]

= | v+α(x)1 · · · v+α(x)n+ v−α(x)1 · · · v−α(x)n− |
(41)

can be set to unity by choosing the chiral basis vectors ap-
propriately. The expectational functional for the left-handed
Weyl fermion is defined by

〈F 〉(−) :=
1

Z(−)

∫

D[ψ−]D[ψ̄−] e
A(−)(ψ̄−,ψ−)F (ψ̄−,ψ−).

(42)

Because of the factorization properties of the action and the
path-integral measure, we note the identity

〈
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〉(−)

=
〈

F (ψ̄−,ψ−)
〉(−) 〈1〉(+)

=
〈

F (ψ̄−,ψ−)
〉

. (43)

In this setup, we can formulate the reflection positivity
condition for the Weyl fermion as follows. We define the time
reflection operator θ for the left-handed fields as

θ(ψ−α−
(x)) = {ψ̄−(θx)γ0}α−

= ψ̄−α+(θx), (44)
θ(ψ̄−α+(x)) = {γ0ψ−(θx)}α+ = ψ−α−

(θx), (45)

where α+ = α− − 2. And let A±
(−) be the algebra of all

the polynomials of the left-handed field componentsψ−α−
(x)

and ψ̄−α+(x) on Λ±. Then one can show

〈θ(F+)F+〉(−) ≥ 0 for ∀F+ ∈ A(−)
+ . (46)

Note that, in this formulation of the reflection positivity, the
field components ψ−α+(x) are completely excluded from
observables.
To prove (46), we note the fact that the expectational

functional for the left-handed Weyl fermion (42) is simply
related to the expectational functional for the Dirac fermion
(3) by 〈F 〉(−) = 〈F 〉(−) 〈1〉(+) = 〈F 〉 for F (ψ̄−,ψ−).
Moreover, since
{(

1− γ̂5
2

)

D−1

}

α−,α+

=

{(
1− γ5

2

)

D−1

}

α−,α+

,

(47)
one can show

〈

F (ψ−α−
, ψ̄−α+)

〉(−)
=
〈

F (ψα−
, ψ̄α+)

〉

, (48)

by performing the Wick contructions explicitly. Then, (46)
follows immediately from the reflection positivity condition
(9) for the overlap Dirac fermion.

V. REFLECTION POSITIVITY OF CHIRAL YUKAWA
THEORY

In this section, we consider the case with an interaction —
chiral Yukawa model. Chiral Yukawa model is defineded by

the action[9]

A =
∑

x∈Λ

{

ψ̄Dψ − φ∗∂†µ∂µφ−m2
0φ

∗φ−
λ0
2
(φ∗φ)2 − 2χ̄χ

+ g0(ψ̄ + χ̄)
{1

2
(1 − γ5)φ+

1

2
(1 + γ5)φ

∗
}

(ψ + χ)
}

,

(49)

where ψ is a Dirac field, χ is an auxiliary Dirac field, and
φ is a complex scalar field. In this case, we define the field
algebra A(Y) of the chiral Yukawa theory as the set of all the
polynomials F (ψ,χ,φ) of fermionic fields ψ and χ whose
coefficients are complex valued continuous (not necessarily
holomorphic) functions of bosonic field configuration φ, with
converging expectation value 〈F 〉(Y) defined through the path
integration as usual:

〈F 〉(Y) :=
1

Z(Y)

∫

D[path] eA(ψ,χ,φ)F (ψ,χ,φ) < ∞.

(50)

Here, D[path] stands for the path integration measure,

D[path] = D[ψ]D[ψ̄]D[χ]D[χ̄]D[φ]D[φ∗]. (51)

Note that all the polynomials of bosonic field configuration
belong to A(Y).
The θ operation for the fermionic fields ψ,χ is the same as

in the free case (5)(6). For the bosonic field φ, the θ reflection
is defined as

θφ(x) := φ(θx). (52)

For F ∈ A(Y) of the form F (ψ,χ,φ) = f(φ)M(ψ,χ) with f
being a continuous function of {φ(x)}x∈Λ andM(ψ,χ) some
monomial of {ψα(x), ψ̄α(x),χα(x), χ̄α(x)}x∈Λ, we define

θ(F )(ψ,χ,φ) = f∗(θφ)M †(θψ, θχ), (53)

where M † means the monomial whose order of the Grass-
mann product is reversed in the originalM . We extend the θ
operation for arbitrary F ∈ A(Y) by anti-linearity. Then, the
reflection positivity of this chiral Yukawa model is defined in
the same way as in the free overlap fermion case :

〈θ(F+)F+〉(Y) ≥ 0, for ∀F+ ∈ A(Y)
+ . (54)

We will prove the reflection positivity of the chiral Yukawa
model in the same manner as in the free fermion case, based
on the statements (i)-(iv). The statement (i) clearly holds true.
In the statement (ii), we define the expectation 〈·〉(Y)

0 for the
Yukawa model as

〈F 〉(Y)
0 :=

∫

D[path]F (ψ,χ,φ). (55)

For this definition to make sense, F should be a special ele-
ment in A(Y) so that the right hand side of (55) is convergent.
Let B be the subset of A(Y) whose elements are integrable
with respect to the above 〈·〉0-measure. Note that if F belongs

4

representation ofDL(x, y) as follows: putting V = 1/(2L)3,

DL(x, y)
∣
∣
∣
x0 !=y0

=
∑

p

∫ ∞

E1

dE

2π

1

1 + e−2EL

1

V

× e−E|x0−y0|eip·(x−y) X(εiE,p)
√

−X†X(iE,p)

+
∑

p

∫ ∞

E1

dE

2π

e−2EL

1 + e−2EL

1

V

× eE|x0−y0|eip·(x−y) −X(−εiE,p)
√

−X†X(iE,p)
,

(31)

where ε is defined as the sign of x0 − y0, and the spacial
momentum pk runs over pk = nkπ/L, (−L ≤ n ≤ L) in
the above summation. In (31), the first term becomesD(x, y)
in the limit L → ∞, and the second term represents a ‘finite
lattice effect’ which vanishes in the limit L → ∞. The latter
is the contribution of the wrong-sign-energy modes and the
minus sign appearing in front ofX(−εiE,p) comes from the
anti-periodicity in the time direction, which is required for the
positivity, as will be seen.
From these observations, now we can show that ∆A ∈ P̄:

for the term with x0 > 0, y0 ≤ 0 (in this case ε = 1), we
obtain

∑

x∈Λ+

∑

y∈Λ−

ψ̄(x)DL(x, y)ψ(y)

= −
∑

p

∫ ∞

E1

dE

2π

1

V

[

CE,pθ(CE,p) +DE,pθ(DE,p)

]

,

(32)

where CE,p andDE,p are defined by

CE,p

=

√

1

1 + e−2EL

∑

x∈Λ+

ψ̄(x)γ0Ỹ+(E,p)†e−Ex0eip·x, (33)

DE,p

=

√

e−2EL

1 + e−2EL

∑

x∈Λ+

ψ̄(x)γ0Ỹ−(E,p)†eEx0eip·x, (34)

with Ỹ+(E,p) = Y+(E,p)/(−X†X(iE,p))
1
4 . The overall

minus sign in the r.h.s. of (32) results from (31) by using (30).
This minus sign is canceled after exchanging the order of the
Grassmann products in (32), and we see that this term belongs
to P̄ . Similarly, for the term with x0 ≤ 0, y0 > 0 (in this case
ε = −1), we obtain
∑

x∈Λ−

∑

y∈Λ+

ψ̄(x)DL(x, y)ψ(y)

=
∑

p

∫ ∞

E1

dE

2π

1

V

[

θ(C′
E,p)C

′
E,p + θ(D′

E,p)D
′
E,p

]

, (35)

where C′
E,p andD′

E,p are defined by

C′
E,p

=

√

1

1 + e−2EL

∑

y∈Λ+

Ỹ−(E,p)ψ(y)e−Ey0e−ip·y, (36)

D′
E,p

=

√

e−2EL

1 + e−2EL

∑

y∈Λ+

Ỹ+(E,p)ψ(y)eEy0e−ip·y. (37)

In this case we do not need to exchange the order of the
product, and we immediately see that this term belongs to
P̄ . Thus we obtain ∆A ∈ P̄ and complete the proof of the
reflection positivity in the Dirac case.

IV. MAJORANA ANDWEYL FERMIONS

The above proof for Dirac fermion can be extended for
Majorana fermions[28, 29] and Weyl fermions[30–33]. In
the case of Majorana fermion, the anti-field ψ̄ is the charge
conjugation of the field ψ : ψ̄ ≡ ψTC, where C is the charge
conjugation matrix satisfying CγµC−1 = −γTµ , Cγ5C−1 =
γT5 , C†C = 1, CT = −C. Accordingly, the path-integral
measure reduces to D[ψ] := s

∏

x∈Λ;α{dψα(x)}, where a
sign factor s(= ±1) is introduced for later convenience. This
Majorana-reduction does not contradict with the definition of
time reflection θ, because both (5) and (6) imply θ(ψ(x)) =
Cγ0ψ(θx). Then, the conditions (iii) A− = θ(A+) and (iv)
∆A ∈ P̄ follow immediately. The propery (ii) of P̄ also
holds ture by the fact that one can always choose the sign
factor s so that

∫

D[ψ]θ(F+)F+ = {det(Cγ0)}8L
4

> 0
for F+ =

∏

x∈Λ+;α=1,2,3,4{ψα(x)}. Thus the reflection
positivity (9) follows from the conditions (i), (ii), (iii) and (iv)
also for the Majorana case.
For Weyl fermion, we define the chiral components by

ψ±(x) =

(
1± γ̂5

2

)

ψ(x), ψ̄±(x) = ψ̄(x)

(
1∓ γ5

2

)

,

(38)
where γ̂5 = γ5(1 − 2D). We adopt, for simplicity, the chiral
basis for gammamatrices in which γ5 = σ3⊗ , γ0 = σ1⊗ ,
and denote the spinor indices as α+ = {1, 2},α− = {3, 4}.
Then ψ̄±α∓

(x) = ψ̄α∓
(x). The action of the Weyl fermion is

given byA(±) =
∑

x ψ̄±(x)DLψ±(x), and the Dirac fermion
action (1) decomposes as A = A(+) + A(−). To define the
path-integral for the Weyl fermion, we introduce the chiral
bases

{vi±(x) | γ̂5vi±(x) = ±vi±(x); i = 1, · · · , n±}, (39)

where n± = 2(2L)4, and expand the fields as ψ±(x) =
∑

i v
i
±(x)c

i
±. The path-integral measure is then defined by

D[ψ±]D[ψ̄±] =
∏

i

dci±
∏

x∈Λ;α∓

dψ̄α∓
(x), (40)

4
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(31)

where ε is defined as the sign of x0 − y0, and the spacial
momentum pk runs over pk = nkπ/L, (−L ≤ n ≤ L) in
the above summation. In (31), the first term becomesD(x, y)
in the limit L → ∞, and the second term represents a ‘finite
lattice effect’ which vanishes in the limit L → ∞. The latter
is the contribution of the wrong-sign-energy modes and the
minus sign appearing in front ofX(−εiE,p) comes from the
anti-periodicity in the time direction, which is required for the
positivity, as will be seen.
From these observations, now we can show that ∆A ∈ P̄:

for the term with x0 > 0, y0 ≤ 0 (in this case ε = 1), we
obtain

∑
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4 . The overall

minus sign in the r.h.s. of (32) results from (31) by using (30).
This minus sign is canceled after exchanging the order of the
Grassmann products in (32), and we see that this term belongs
to P̄ . Similarly, for the term with x0 ≤ 0, y0 > 0 (in this case
ε = −1), we obtain
∑
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Ỹ−(E,p)ψ(y)e−Ey0e−ip·y, (36)

D′
E,p

=

√

e−2EL

1 + e−2EL

∑

y∈Λ+
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In this case we do not need to exchange the order of the
product, and we immediately see that this term belongs to
P̄ . Thus we obtain ∆A ∈ P̄ and complete the proof of the
reflection positivity in the Dirac case.

IV. MAJORANA ANDWEYL FERMIONS

The above proof for Dirac fermion can be extended for
Majorana fermions[28, 29] and Weyl fermions[30–33]. In
the case of Majorana fermion, the anti-field ψ̄ is the charge
conjugation of the field ψ : ψ̄ ≡ ψTC, where C is the charge
conjugation matrix satisfying CγµC−1 = −γTµ , Cγ5C−1 =
γT5 , C†C = 1, CT = −C. Accordingly, the path-integral
measure reduces to D[ψ] := s

∏

x∈Λ;α{dψα(x)}, where a
sign factor s(= ±1) is introduced for later convenience. This
Majorana-reduction does not contradict with the definition of
time reflection θ, because both (5) and (6) imply θ(ψ(x)) =
Cγ0ψ(θx). Then, the conditions (iii) A− = θ(A+) and (iv)
∆A ∈ P̄ follow immediately. The propery (ii) of P̄ also
holds ture by the fact that one can always choose the sign
factor s so that

∫
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> 0
for F+ =
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x∈Λ+;α=1,2,3,4{ψα(x)}. Thus the reflection
positivity (9) follows from the conditions (i), (ii), (iii) and (iv)
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and denote the spinor indices as α+ = {1, 2},α− = {3, 4}.
Then ψ̄±α∓
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(x). The action of the Weyl fermion is

given byA(±) =
∑

x ψ̄±(x)DLψ±(x), and the Dirac fermion
action (1) decomposes as A = A(+) + A(−). To define the
path-integral for the Weyl fermion, we introduce the chiral
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where n± = 2(2L)4, and expand the fields as ψ±(x) =
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where ε is defined as the sign of x0 − y0, and the spacial
momentum pk runs over pk = nkπ/L, (−L ≤ n ≤ L) in
the above summation. In (31), the first term becomesD(x, y)
in the limit L → ∞, and the second term represents a ‘finite
lattice effect’ which vanishes in the limit L → ∞. The latter
is the contribution of the wrong-sign-energy modes and the
minus sign appearing in front ofX(−εiE,p) comes from the
anti-periodicity in the time direction, which is required for the
positivity, as will be seen.
From these observations, now we can show that ∆A ∈ P̄:

for the term with x0 > 0, y0 ≤ 0 (in this case ε = 1), we
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minus sign in the r.h.s. of (32) results from (31) by using (30).
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to P̄ . Similarly, for the term with x0 ≤ 0, y0 > 0 (in this case
ε = −1), we obtain
∑

x∈Λ−

∑

y∈Λ+

ψ̄(x)DL(x, y)ψ(y)

=
∑

p

∫ ∞

E1

dE

2π

1

V

[

θ(C′
E,p)C

′
E,p + θ(D′

E,p)D
′
E,p

]

, (35)

where C′
E,p andD′

E,p are defined by

C′
E,p

=

√

1

1 + e−2EL

∑

y∈Λ+

Ỹ−(E,p)ψ(y)e−Ey0e−ip·y, (36)

D′
E,p

=

√

e−2EL

1 + e−2EL

∑

y∈Λ+

Ỹ+(E,p)ψ(y)eEy0e−ip·y. (37)

In this case we do not need to exchange the order of the
product, and we immediately see that this term belongs to
P̄ . Thus we obtain ∆A ∈ P̄ and complete the proof of the
reflection positivity in the Dirac case.

IV. MAJORANA ANDWEYL FERMIONS

The above proof for Dirac fermion can be extended for
Majorana fermions[28, 29] and Weyl fermions[30–33]. In
the case of Majorana fermion, the anti-field ψ̄ is the charge
conjugation of the field ψ : ψ̄ ≡ ψTC, where C is the charge
conjugation matrix satisfying CγµC−1 = −γTµ , Cγ5C−1 =
γT5 , C†C = 1, CT = −C. Accordingly, the path-integral
measure reduces to D[ψ] := s

∏

x∈Λ;α{dψα(x)}, where a
sign factor s(= ±1) is introduced for later convenience. This
Majorana-reduction does not contradict with the definition of
time reflection θ, because both (5) and (6) imply θ(ψ(x)) =
Cγ0ψ(θx). Then, the conditions (iii) A− = θ(A+) and (iv)
∆A ∈ P̄ follow immediately. The propery (ii) of P̄ also
holds ture by the fact that one can always choose the sign
factor s so that

∫

D[ψ]θ(F+)F+ = {det(Cγ0)}8L
4

> 0
for F+ =

∏

x∈Λ+;α=1,2,3,4{ψα(x)}. Thus the reflection
positivity (9) follows from the conditions (i), (ii), (iii) and (iv)
also for the Majorana case.
For Weyl fermion, we define the chiral components by

ψ±(x) =

(
1± γ̂5

2

)

ψ(x), ψ̄±(x) = ψ̄(x)

(
1∓ γ5

2

)

,

(38)
where γ̂5 = γ5(1 − 2D). We adopt, for simplicity, the chiral
basis for gammamatrices in which γ5 = σ3⊗ , γ0 = σ1⊗ ,
and denote the spinor indices as α+ = {1, 2},α− = {3, 4}.
Then ψ̄±α∓

(x) = ψ̄α∓
(x). The action of the Weyl fermion is

given byA(±) =
∑

x ψ̄±(x)DLψ±(x), and the Dirac fermion
action (1) decomposes as A = A(+) + A(−). To define the
path-integral for the Weyl fermion, we introduce the chiral
bases

{vi±(x) | γ̂5vi±(x) = ±vi±(x); i = 1, · · · , n±}, (39)

where n± = 2(2L)4, and expand the fields as ψ±(x) =
∑

i v
i
±(x)c

i
±. The path-integral measure is then defined by

D[ψ±]D[ψ̄±] =
∏

i

dci±
∏

x∈Λ;α∓

dψ̄α∓
(x), (40)

4

representation ofDL(x, y) as follows: putting V = 1/(2L)3,

DL(x, y)
∣
∣
∣
x0 !=y0

=
∑

p

∫ ∞

E1

dE

2π

1

1 + e−2EL

1

V

× e−E|x0−y0|eip·(x−y) X(εiE,p)
√

−X†X(iE,p)

+
∑

p

∫ ∞

E1

dE

2π

e−2EL

1 + e−2EL

1

V

× eE|x0−y0|eip·(x−y) −X(−εiE,p)
√

−X†X(iE,p)
,

(31)

where ε is defined as the sign of x0 − y0, and the spacial
momentum pk runs over pk = nkπ/L, (−L ≤ n ≤ L) in
the above summation. In (31), the first term becomesD(x, y)
in the limit L → ∞, and the second term represents a ‘finite
lattice effect’ which vanishes in the limit L → ∞. The latter
is the contribution of the wrong-sign-energy modes and the
minus sign appearing in front ofX(−εiE,p) comes from the
anti-periodicity in the time direction, which is required for the
positivity, as will be seen.
From these observations, now we can show that ∆A ∈ P̄:

for the term with x0 > 0, y0 ≤ 0 (in this case ε = 1), we
obtain

∑

x∈Λ+

∑

y∈Λ−

ψ̄(x)DL(x, y)ψ(y)

= −
∑

p

∫ ∞

E1

dE

2π

1

V

[

CE,pθ(CE,p) +DE,pθ(DE,p)

]

,

(32)

where CE,p andDE,p are defined by

CE,p

=

√

1

1 + e−2EL

∑

x∈Λ+

ψ̄(x)γ0Ỹ+(E,p)†e−Ex0eip·x, (33)

DE,p

=

√

e−2EL

1 + e−2EL

∑

x∈Λ+

ψ̄(x)γ0Ỹ−(E,p)†eEx0eip·x, (34)

with Ỹ+(E,p) = Y+(E,p)/(−X†X(iE,p))
1
4 . The overall

minus sign in the r.h.s. of (32) results from (31) by using (30).
This minus sign is canceled after exchanging the order of the
Grassmann products in (32), and we see that this term belongs
to P̄ . Similarly, for the term with x0 ≤ 0, y0 > 0 (in this case
ε = −1), we obtain
∑

x∈Λ−

∑

y∈Λ+

ψ̄(x)DL(x, y)ψ(y)

=
∑

p

∫ ∞

E1

dE

2π

1

V

[

θ(C′
E,p)C

′
E,p + θ(D′

E,p)D
′
E,p

]

, (35)

where C′
E,p andD′

E,p are defined by

C′
E,p

=

√

1

1 + e−2EL

∑

y∈Λ+

Ỹ−(E,p)ψ(y)e−Ey0e−ip·y, (36)

D′
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=

√

e−2EL

1 + e−2EL

∑

y∈Λ+

Ỹ+(E,p)ψ(y)eEy0e−ip·y. (37)

In this case we do not need to exchange the order of the
product, and we immediately see that this term belongs to
P̄ . Thus we obtain ∆A ∈ P̄ and complete the proof of the
reflection positivity in the Dirac case.

IV. MAJORANA ANDWEYL FERMIONS

The above proof for Dirac fermion can be extended for
Majorana fermions[28, 29] and Weyl fermions[30–33]. In
the case of Majorana fermion, the anti-field ψ̄ is the charge
conjugation of the field ψ : ψ̄ ≡ ψTC, where C is the charge
conjugation matrix satisfying CγµC−1 = −γTµ , Cγ5C−1 =
γT5 , C†C = 1, CT = −C. Accordingly, the path-integral
measure reduces to D[ψ] := s

∏

x∈Λ;α{dψα(x)}, where a
sign factor s(= ±1) is introduced for later convenience. This
Majorana-reduction does not contradict with the definition of
time reflection θ, because both (5) and (6) imply θ(ψ(x)) =
Cγ0ψ(θx). Then, the conditions (iii) A− = θ(A+) and (iv)
∆A ∈ P̄ follow immediately. The propery (ii) of P̄ also
holds ture by the fact that one can always choose the sign
factor s so that

∫

D[ψ]θ(F+)F+ = {det(Cγ0)}8L
4

> 0
for F+ =

∏

x∈Λ+;α=1,2,3,4{ψα(x)}. Thus the reflection
positivity (9) follows from the conditions (i), (ii), (iii) and (iv)
also for the Majorana case.
For Weyl fermion, we define the chiral components by

ψ±(x) =

(
1± γ̂5

2

)

ψ(x), ψ̄±(x) = ψ̄(x)

(
1∓ γ5

2

)

,

(38)
where γ̂5 = γ5(1 − 2D). We adopt, for simplicity, the chiral
basis for gammamatrices in which γ5 = σ3⊗ , γ0 = σ1⊗ ,
and denote the spinor indices as α+ = {1, 2},α− = {3, 4}.
Then ψ̄±α∓

(x) = ψ̄α∓
(x). The action of the Weyl fermion is

given byA(±) =
∑

x ψ̄±(x)DLψ±(x), and the Dirac fermion
action (1) decomposes as A = A(+) + A(−). To define the
path-integral for the Weyl fermion, we introduce the chiral
bases

{vi±(x) | γ̂5vi±(x) = ±vi±(x); i = 1, · · · , n±}, (39)

where n± = 2(2L)4, and expand the fields as ψ±(x) =
∑

i v
i
±(x)c

i
±. The path-integral measure is then defined by

D[ψ±]D[ψ̄±] =
∏

i

dci±
∏

x∈Λ;α∓

dψ̄α∓
(x), (40)

5

and the path-integral measure of Dirac fermion (4) is factor-
ized as D[ψ]D[ψ̄] = J D[ψ+]D[ψ̄+]D[ψ−]D[ψ̄−] where the
Jacobin

J [ψα(x); c
i
+, c

j
−]

= | v+α(x)1 · · · v+α(x)n+ v−α(x)1 · · · v−α(x)n− |
(41)

can be set to unity by choosing the chiral basis vectors ap-
propriately. The expectational functional for the left-handed
Weyl fermion is defined by

〈F 〉(−) :=
1

Z(−)

∫

D[ψ−]D[ψ̄−] e
A(−)(ψ̄−,ψ−)F (ψ̄−,ψ−).

(42)

Because of the factorization properties of the action and the
path-integral measure, we note the identity

〈

F (ψ̄−,ψ−)
〉(−)

=
〈

F (ψ̄−,ψ−)
〉(−) 〈1〉(+)

=
〈

F (ψ̄−,ψ−)
〉

. (43)

In this setup, we can formulate the reflection positivity
condition for the Weyl fermion as follows. We define the time
reflection operator θ for the left-handed fields as

θ(ψ−α−
(x)) = {ψ̄−(θx)γ0}α−

= ψ̄−α+(θx), (44)
θ(ψ̄−α+(x)) = {γ0ψ−(θx)}α+ = ψ−α−

(θx), (45)

where α+ = α− − 2. And let A±
(−) be the algebra of all

the polynomials of the left-handed field componentsψ−α−
(x)

and ψ̄−α+(x) on Λ±. Then one can show

〈θ(F+)F+〉(−) ≥ 0 for ∀F+ ∈ A(−)
+ . (46)

Note that, in this formulation of the reflection positivity, the
field components ψ−α+(x) are completely excluded from
observables.
To prove (46), we note the fact that the expectational

functional for the left-handed Weyl fermion (42) is simply
related to the expectational functional for the Dirac fermion
(3) by 〈F 〉(−) = 〈F 〉(−) 〈1〉(+) = 〈F 〉 for F (ψ̄−,ψ−).
Moreover, since
{(

1− γ̂5
2

)

D−1

}

α−,α+

=

{(
1− γ5

2

)

D−1

}

α−,α+

,

(47)
one can show

〈

F (ψ−α−
, ψ̄−α+)

〉(−)
=
〈

F (ψα−
, ψ̄α+)

〉

, (48)

by performing the Wick contructions explicitly. Then, (46)
follows immediately from the reflection positivity condition
(9) for the overlap Dirac fermion.

V. REFLECTION POSITIVITY OF CHIRAL YUKAWA
THEORY

In this section, we consider the case with an interaction —
chiral Yukawa model. Chiral Yukawa model is defineded by

the action[9]

A =
∑

x∈Λ

{

ψ̄Dψ − φ∗∂†µ∂µφ−m2
0φ

∗φ−
λ0
2
(φ∗φ)2 − 2χ̄χ

+ g0(ψ̄ + χ̄)
{1

2
(1 − γ5)φ+

1

2
(1 + γ5)φ

∗
}

(ψ + χ)
}

,

(49)

where ψ is a Dirac field, χ is an auxiliary Dirac field, and
φ is a complex scalar field. In this case, we define the field
algebra A(Y) of the chiral Yukawa theory as the set of all the
polynomials F (ψ,χ,φ) of fermionic fields ψ and χ whose
coefficients are complex valued continuous (not necessarily
holomorphic) functions of bosonic field configuration φ, with
converging expectation value 〈F 〉(Y) defined through the path
integration as usual:

〈F 〉(Y) :=
1

Z(Y)

∫

D[path] eA(ψ,χ,φ)F (ψ,χ,φ) < ∞.

(50)

Here, D[path] stands for the path integration measure,

D[path] = D[ψ]D[ψ̄]D[χ]D[χ̄]D[φ]D[φ∗]. (51)

Note that all the polynomials of bosonic field configuration
belong to A(Y).
The θ operation for the fermionic fields ψ,χ is the same as

in the free case (5)(6). For the bosonic field φ, the θ reflection
is defined as

θφ(x) := φ(θx). (52)

For F ∈ A(Y) of the form F (ψ,χ,φ) = f(φ)M(ψ,χ) with f
being a continuous function of {φ(x)}x∈Λ andM(ψ,χ) some
monomial of {ψα(x), ψ̄α(x),χα(x), χ̄α(x)}x∈Λ, we define

θ(F )(ψ,χ,φ) = f∗(θφ)M †(θψ, θχ), (53)

where M † means the monomial whose order of the Grass-
mann product is reversed in the originalM . We extend the θ
operation for arbitrary F ∈ A(Y) by anti-linearity. Then, the
reflection positivity of this chiral Yukawa model is defined in
the same way as in the free overlap fermion case :

〈θ(F+)F+〉(Y) ≥ 0, for ∀F+ ∈ A(Y)
+ . (54)

We will prove the reflection positivity of the chiral Yukawa
model in the same manner as in the free fermion case, based
on the statements (i)-(iv). The statement (i) clearly holds true.
In the statement (ii), we define the expectation 〈·〉(Y)

0 for the
Yukawa model as

〈F 〉(Y)
0 :=

∫

D[path]F (ψ,χ,φ). (55)

For this definition to make sense, F should be a special ele-
ment in A(Y) so that the right hand side of (55) is convergent.
Let B be the subset of A(Y) whose elements are integrable
with respect to the above 〈·〉0-measure. Note that if F belongs

5

and the path-integral measure of Dirac fermion (4) is factor-
ized as D[ψ]D[ψ̄] = J D[ψ+]D[ψ̄+]D[ψ−]D[ψ̄−] where the
Jacobin

J [ψα(x); c
i
+, c

j
−]

= | v+α(x)1 · · · v+α(x)n+ v−α(x)1 · · · v−α(x)n− |
(41)

can be set to unity by choosing the chiral basis vectors ap-
propriately. The expectational functional for the left-handed
Weyl fermion is defined by

〈F 〉(−) :=
1

Z(−)

∫

D[ψ−]D[ψ̄−] e
A(−)(ψ̄−,ψ−)F (ψ̄−,ψ−).

(42)

Because of the factorization properties of the action and the
path-integral measure, we note the identity

〈

F (ψ̄−,ψ−)
〉(−)

=
〈

F (ψ̄−,ψ−)
〉(−) 〈1〉(+)

=
〈

F (ψ̄−,ψ−)
〉

. (43)

In this setup, we can formulate the reflection positivity
condition for the Weyl fermion as follows. We define the time
reflection operator θ for the left-handed fields as

θ(ψ−α−
(x)) = {ψ̄−(θx)γ0}α−

= ψ̄−α+(θx), (44)
θ(ψ̄−α+(x)) = {γ0ψ−(θx)}α+ = ψ−α−

(θx), (45)

where α+ = α− − 2. And let A±
(−) be the algebra of all

the polynomials of the left-handed field componentsψ−α−
(x)

and ψ̄−α+(x) on Λ±. Then one can show

〈θ(F+)F+〉(−) ≥ 0 for ∀F+ ∈ A(−)
+ . (46)

Note that, in this formulation of the reflection positivity, the
field components ψ−α+(x) are completely excluded from
observables.
To prove (46), we note the fact that the expectational

functional for the left-handed Weyl fermion (42) is simply
related to the expectational functional for the Dirac fermion
(3) by 〈F 〉(−) = 〈F 〉(−) 〈1〉(+) = 〈F 〉 for F (ψ̄−,ψ−).
Moreover, since
{(

1− γ̂5
2

)

D−1

}

α−,α+

=

{(
1− γ5

2

)

D−1

}

α−,α+

,

(47)
one can show

〈

F (ψ−α−
, ψ̄−α+)

〉(−)
=
〈

F (ψα−
, ψ̄α+)

〉

, (48)

by performing the Wick contructions explicitly. Then, (46)
follows immediately from the reflection positivity condition
(9) for the overlap Dirac fermion.

V. REFLECTION POSITIVITY OF CHIRAL YUKAWA
THEORY

In this section, we consider the case with an interaction —
chiral Yukawa model. Chiral Yukawa model is defineded by

the action[9]

A =
∑

x∈Λ

{

ψ̄Dψ − φ∗∂†µ∂µφ−m2
0φ

∗φ−
λ0
2
(φ∗φ)2 − 2χ̄χ

+ g0(ψ̄ + χ̄)
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(1 − γ5)φ+

1
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(1 + γ5)φ
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(ψ + χ)
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,

(49)

where ψ is a Dirac field, χ is an auxiliary Dirac field, and
φ is a complex scalar field. In this case, we define the field
algebra A(Y) of the chiral Yukawa theory as the set of all the
polynomials F (ψ,χ,φ) of fermionic fields ψ and χ whose
coefficients are complex valued continuous (not necessarily
holomorphic) functions of bosonic field configuration φ, with
converging expectation value 〈F 〉(Y) defined through the path
integration as usual:

〈F 〉(Y) :=
1

Z(Y)

∫

D[path] eA(ψ,χ,φ)F (ψ,χ,φ) < ∞.

(50)

Here, D[path] stands for the path integration measure,

D[path] = D[ψ]D[ψ̄]D[χ]D[χ̄]D[φ]D[φ∗]. (51)

Note that all the polynomials of bosonic field configuration
belong to A(Y).
The θ operation for the fermionic fields ψ,χ is the same as

in the free case (5)(6). For the bosonic field φ, the θ reflection
is defined as

θφ(x) := φ(θx). (52)

For F ∈ A(Y) of the form F (ψ,χ,φ) = f(φ)M(ψ,χ) with f
being a continuous function of {φ(x)}x∈Λ andM(ψ,χ) some
monomial of {ψα(x), ψ̄α(x),χα(x), χ̄α(x)}x∈Λ, we define

θ(F )(ψ,χ,φ) = f∗(θφ)M †(θψ, θχ), (53)

where M † means the monomial whose order of the Grass-
mann product is reversed in the originalM . We extend the θ
operation for arbitrary F ∈ A(Y) by anti-linearity. Then, the
reflection positivity of this chiral Yukawa model is defined in
the same way as in the free overlap fermion case :

〈θ(F+)F+〉(Y) ≥ 0, for ∀F+ ∈ A(Y)
+ . (54)

We will prove the reflection positivity of the chiral Yukawa
model in the same manner as in the free fermion case, based
on the statements (i)-(iv). The statement (i) clearly holds true.
In the statement (ii), we define the expectation 〈·〉(Y)

0 for the
Yukawa model as

〈F 〉(Y)
0 :=

∫

D[path]F (ψ,χ,φ). (55)

For this definition to make sense, F should be a special ele-
ment in A(Y) so that the right hand side of (55) is convergent.
Let B be the subset of A(Y) whose elements are integrable
with respect to the above 〈·〉0-measure. Note that if F belongs

5

and the path-integral measure of Dirac fermion (4) is factor-
ized as D[ψ]D[ψ̄] = J D[ψ+]D[ψ̄+]D[ψ−]D[ψ̄−] where the
Jacobin

J [ψα(x); c
i
+, c

j
−]

= | v+α(x)1 · · · v+α(x)n+ v−α(x)1 · · · v−α(x)n− |
(41)

can be set to unity by choosing the chiral basis vectors ap-
propriately. The expectational functional for the left-handed
Weyl fermion is defined by

〈F 〉(−) :=
1

Z(−)

∫

D[ψ−]D[ψ̄−] e
A(−)(ψ̄−,ψ−)F (ψ̄−,ψ−).

(42)

Because of the factorization properties of the action and the
path-integral measure, we note the identity

〈

F (ψ̄−,ψ−)
〉(−)

=
〈

F (ψ̄−,ψ−)
〉(−) 〈1〉(+)

=
〈

F (ψ̄−,ψ−)
〉

. (43)

In this setup, we can formulate the reflection positivity
condition for the Weyl fermion as follows. We define the time
reflection operator θ for the left-handed fields as

θ(ψ−α−
(x)) = {ψ̄−(θx)γ0}α−

= ψ̄−α+(θx), (44)
θ(ψ̄−α+(x)) = {γ0ψ−(θx)}α+ = ψ−α−

(θx), (45)

where α+ = α− − 2. And let A±
(−) be the algebra of all

the polynomials of the left-handed field componentsψ−α−
(x)

and ψ̄−α+(x) on Λ±. Then one can show

〈θ(F+)F+〉(−) ≥ 0 for ∀F+ ∈ A(−)
+ . (46)

Note that, in this formulation of the reflection positivity, the
field components ψ−α+(x) are completely excluded from
observables.
To prove (46), we note the fact that the expectational

functional for the left-handed Weyl fermion (42) is simply
related to the expectational functional for the Dirac fermion
(3) by 〈F 〉(−) = 〈F 〉(−) 〈1〉(+) = 〈F 〉 for F (ψ̄−,ψ−).
Moreover, since
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2

)

D−1

}

α−,α+

=
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1− γ5

2

)

D−1

}

α−,α+

,

(47)
one can show
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=
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〉

, (48)

by performing the Wick contructions explicitly. Then, (46)
follows immediately from the reflection positivity condition
(9) for the overlap Dirac fermion.
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the action[9]

A =
∑

x∈Λ

{
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(49)

where ψ is a Dirac field, χ is an auxiliary Dirac field, and
φ is a complex scalar field. In this case, we define the field
algebra A(Y) of the chiral Yukawa theory as the set of all the
polynomials F (ψ,χ,φ) of fermionic fields ψ and χ whose
coefficients are complex valued continuous (not necessarily
holomorphic) functions of bosonic field configuration φ, with
converging expectation value 〈F 〉(Y) defined through the path
integration as usual:

〈F 〉(Y) :=
1

Z(Y)

∫

D[path] eA(ψ,χ,φ)F (ψ,χ,φ) < ∞.

(50)

Here, D[path] stands for the path integration measure,

D[path] = D[ψ]D[ψ̄]D[χ]D[χ̄]D[φ]D[φ∗]. (51)

Note that all the polynomials of bosonic field configuration
belong to A(Y).
The θ operation for the fermionic fields ψ,χ is the same as

in the free case (5)(6). For the bosonic field φ, the θ reflection
is defined as

θφ(x) := φ(θx). (52)

For F ∈ A(Y) of the form F (ψ,χ,φ) = f(φ)M(ψ,χ) with f
being a continuous function of {φ(x)}x∈Λ andM(ψ,χ) some
monomial of {ψα(x), ψ̄α(x),χα(x), χ̄α(x)}x∈Λ, we define

θ(F )(ψ,χ,φ) = f∗(θφ)M †(θψ, θχ), (53)

where M † means the monomial whose order of the Grass-
mann product is reversed in the originalM . We extend the θ
operation for arbitrary F ∈ A(Y) by anti-linearity. Then, the
reflection positivity of this chiral Yukawa model is defined in
the same way as in the free overlap fermion case :

〈θ(F+)F+〉(Y) ≥ 0, for ∀F+ ∈ A(Y)
+ . (54)

We will prove the reflection positivity of the chiral Yukawa
model in the same manner as in the free fermion case, based
on the statements (i)-(iv). The statement (i) clearly holds true.
In the statement (ii), we define the expectation 〈·〉(Y)

0 for the
Yukawa model as

〈F 〉(Y)
0 :=

∫

D[path]F (ψ,χ,φ). (55)

For this definition to make sense, F should be a special ele-
ment in A(Y) so that the right hand side of (55) is convergent.
Let B be the subset of A(Y) whose elements are integrable
with respect to the above 〈·〉0-measure. Note that if F belongs
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representation ofDL(x, y) as follows: putting V = 1/(2L)3,

DL(x, y)
∣
∣
∣
x0 !=y0

=
∑

p

∫ ∞

E1

dE

2π

1

1 + e−2EL

1

V

× e−E|x0−y0|eip·(x−y) X(εiE,p)
√

−X†X(iE,p)

+
∑

p

∫ ∞

E1

dE

2π

e−2EL

1 + e−2EL

1

V

× eE|x0−y0|eip·(x−y) −X(−εiE,p)
√

−X†X(iE,p)
,

(31)

where ε is defined as the sign of x0 − y0, and the spacial
momentum pk runs over pk = nkπ/L, (−L ≤ n ≤ L) in
the above summation. In (31), the first term becomesD(x, y)
in the limit L → ∞, and the second term represents a ‘finite
lattice effect’ which vanishes in the limit L → ∞. The latter
is the contribution of the wrong-sign-energy modes and the
minus sign appearing in front ofX(−εiE,p) comes from the
anti-periodicity in the time direction, which is required for the
positivity, as will be seen.
From these observations, now we can show that ∆A ∈ P̄:

for the term with x0 > 0, y0 ≤ 0 (in this case ε = 1), we
obtain

∑

x∈Λ+

∑

y∈Λ−

ψ̄(x)DL(x, y)ψ(y)

= −
∑

p

∫ ∞

E1

dE

2π

1

V

[

CE,pθ(CE,p) +DE,pθ(DE,p)

]

,

(32)

where CE,p andDE,p are defined by

CE,p

=

√

1

1 + e−2EL

∑

x∈Λ+

ψ̄(x)γ0Ỹ+(E,p)†e−Ex0eip·x, (33)

DE,p

=

√

e−2EL

1 + e−2EL

∑

x∈Λ+

ψ̄(x)γ0Ỹ−(E,p)†eEx0eip·x, (34)

with Ỹ+(E,p) = Y+(E,p)/(−X†X(iE,p))
1
4 . The overall

minus sign in the r.h.s. of (32) results from (31) by using (30).
This minus sign is canceled after exchanging the order of the
Grassmann products in (32), and we see that this term belongs
to P̄ . Similarly, for the term with x0 ≤ 0, y0 > 0 (in this case
ε = −1), we obtain
∑

x∈Λ−

∑

y∈Λ+

ψ̄(x)DL(x, y)ψ(y)

=
∑

p

∫ ∞

E1

dE

2π

1

V

[

θ(C′
E,p)C

′
E,p + θ(D′

E,p)D
′
E,p

]

, (35)

where C′
E,p andD′

E,p are defined by

C′
E,p

=

√

1

1 + e−2EL

∑

y∈Λ+

Ỹ−(E,p)ψ(y)e−Ey0e−ip·y, (36)

D′
E,p

=

√

e−2EL

1 + e−2EL

∑

y∈Λ+

Ỹ+(E,p)ψ(y)eEy0e−ip·y. (37)

In this case we do not need to exchange the order of the
product, and we immediately see that this term belongs to
P̄ . Thus we obtain ∆A ∈ P̄ and complete the proof of the
reflection positivity in the Dirac case.

IV. MAJORANA ANDWEYL FERMIONS

The above proof for Dirac fermion can be extended for
Majorana fermions[28, 29] and Weyl fermions[30–33]. In
the case of Majorana fermion, the anti-field ψ̄ is the charge
conjugation of the field ψ : ψ̄ ≡ ψTC, where C is the charge
conjugation matrix satisfying CγµC−1 = −γTµ , Cγ5C−1 =
γT5 , C†C = 1, CT = −C. Accordingly, the path-integral
measure reduces to D[ψ] := s

∏

x∈Λ;α{dψα(x)}, where a
sign factor s(= ±1) is introduced for later convenience. This
Majorana-reduction does not contradict with the definition of
time reflection θ, because both (5) and (6) imply θ(ψ(x)) =
Cγ0ψ(θx). Then, the conditions (iii) A− = θ(A+) and (iv)
∆A ∈ P̄ follow immediately. The propery (ii) of P̄ also
holds ture by the fact that one can always choose the sign
factor s so that

∫

D[ψ]θ(F+)F+ = {det(Cγ0)}8L
4

> 0
for F+ =

∏

x∈Λ+;α=1,2,3,4{ψα(x)}. Thus the reflection
positivity (9) follows from the conditions (i), (ii), (iii) and (iv)
also for the Majorana case.
For Weyl fermion, we define the chiral components by

ψ±(x) =

(
1± γ̂5

2

)

ψ(x), ψ̄±(x) = ψ̄(x)

(
1∓ γ5

2

)

,

(38)
where γ̂5 = γ5(1 − 2D). We adopt, for simplicity, the chiral
basis for gammamatrices in which γ5 = σ3⊗ , γ0 = σ1⊗ ,
and denote the spinor indices as α+ = {1, 2},α− = {3, 4}.
Then ψ̄±α∓

(x) = ψ̄α∓
(x). The action of the Weyl fermion is

given byA(±) =
∑

x ψ̄±(x)DLψ±(x), and the Dirac fermion
action (1) decomposes as A = A(+) + A(−). To define the
path-integral for the Weyl fermion, we introduce the chiral
bases

{vi±(x) | γ̂5vi±(x) = ±vi±(x); i = 1, · · · , n±}, (39)

where n± = 2(2L)4, and expand the fields as ψ±(x) =
∑

i v
i
±(x)c

i
±. The path-integral measure is then defined by

D[ψ±]D[ψ̄±] =
∏

i

dci±
∏

x∈Λ;α∓

dψ̄α∓
(x), (40)

5

and the path-integral measure of Dirac fermion (4) is factor-
ized as D[ψ]D[ψ̄] = J D[ψ+]D[ψ̄+]D[ψ−]D[ψ̄−] where the
Jacobin

J [ψα(x); c
i
+, c

j
−]

= | v+α(x)1 · · · v+α(x)n+ v−α(x)1 · · · v−α(x)n− |
(41)

can be set to unity by choosing the chiral basis vectors ap-
propriately. The expectational functional for the left-handed
Weyl fermion is defined by

〈F 〉(−) :=
1

Z(−)

∫

D[ψ−]D[ψ̄−] e
A(−)(ψ̄−,ψ−)F (ψ̄−,ψ−).

(42)

Because of the factorization properties of the action and the
path-integral measure, we note the identity

〈

F (ψ̄−,ψ−)
〉(−)

=
〈

F (ψ̄−,ψ−)
〉(−) 〈1〉(+)

=
〈

F (ψ̄−,ψ−)
〉

. (43)

In this setup, we can formulate the reflection positivity
condition for the Weyl fermion as follows. We define the time
reflection operator θ for the left-handed fields as

θ(ψ−α−
(x)) = {ψ̄−(θx)γ0}α−

= ψ̄−α+(θx), (44)
θ(ψ̄−α+(x)) = {γ0ψ−(θx)}α+ = ψ−α−

(θx), (45)

where α+ = α− − 2. And let A±
(−) be the algebra of all

the polynomials of the left-handed field componentsψ−α−
(x)

and ψ̄−α+(x) on Λ±. Then one can show

〈θ(F+)F+〉(−) ≥ 0 for ∀F+ ∈ A(−)
+ . (46)

Note that, in this formulation of the reflection positivity, the
field components ψ−α+(x) are completely excluded from
observables.
To prove (46), we note the fact that the expectational

functional for the left-handed Weyl fermion (42) is simply
related to the expectational functional for the Dirac fermion
(3) by 〈F 〉(−) = 〈F 〉(−) 〈1〉(+) = 〈F 〉 for F (ψ̄−,ψ−).
Moreover, since
{(

1− γ̂5
2

)

D−1

}

α−,α+

=

{(
1− γ5

2

)

D−1

}

α−,α+

,

(47)
one can show

〈

F (ψ−α−
, ψ̄−α+)

〉(−)
=
〈

F (ψα−
, ψ̄α+)

〉

, (48)

by performing the Wick contructions explicitly. Then, (46)
follows immediately from the reflection positivity condition
(9) for the overlap Dirac fermion.

V. REFLECTION POSITIVITY OF CHIRAL YUKAWA
THEORY

In this section, we consider the case with an interaction —
chiral Yukawa model. Chiral Yukawa model is defineded by

the action[9]

A =
∑

x∈Λ

{

ψ̄Dψ − φ∗∂†µ∂µφ−m2
0φ

∗φ−
λ0
2
(φ∗φ)2 − 2χ̄χ

+ g0(ψ̄ + χ̄)
{1

2
(1 − γ5)φ+

1

2
(1 + γ5)φ

∗
}

(ψ + χ)
}

,

(49)

where ψ is a Dirac field, χ is an auxiliary Dirac field, and
φ is a complex scalar field. In this case, we define the field
algebra A(Y) of the chiral Yukawa theory as the set of all the
polynomials F (ψ,χ,φ) of fermionic fields ψ and χ whose
coefficients are complex valued continuous (not necessarily
holomorphic) functions of bosonic field configuration φ, with
converging expectation value 〈F 〉(Y) defined through the path
integration as usual:

〈F 〉(Y) :=
1

Z(Y)

∫

D[path] eA(ψ,χ,φ)F (ψ,χ,φ) < ∞.

(50)

Here, D[path] stands for the path integration measure,

D[path] = D[ψ]D[ψ̄]D[χ]D[χ̄]D[φ]D[φ∗]. (51)

Note that all the polynomials of bosonic field configuration
belong to A(Y).
The θ operation for the fermionic fields ψ,χ is the same as

in the free case (5)(6). For the bosonic field φ, the θ reflection
is defined as

θφ(x) := φ(θx). (52)

For F ∈ A(Y) of the form F (ψ,χ,φ) = f(φ)M(ψ,χ) with f
being a continuous function of {φ(x)}x∈Λ andM(ψ,χ) some
monomial of {ψα(x), ψ̄α(x),χα(x), χ̄α(x)}x∈Λ, we define

θ(F )(ψ,χ,φ) = f∗(θφ)M †(θψ, θχ), (53)

where M † means the monomial whose order of the Grass-
mann product is reversed in the originalM . We extend the θ
operation for arbitrary F ∈ A(Y) by anti-linearity. Then, the
reflection positivity of this chiral Yukawa model is defined in
the same way as in the free overlap fermion case :

〈θ(F+)F+〉(Y) ≥ 0, for ∀F+ ∈ A(Y)
+ . (54)

We will prove the reflection positivity of the chiral Yukawa
model in the same manner as in the free fermion case, based
on the statements (i)-(iv). The statement (i) clearly holds true.
In the statement (ii), we define the expectation 〈·〉(Y)

0 for the
Yukawa model as

〈F 〉(Y)
0 :=

∫

D[path]F (ψ,χ,φ). (55)

For this definition to make sense, F should be a special ele-
ment in A(Y) so that the right hand side of (55) is convergent.
Let B be the subset of A(Y) whose elements are integrable
with respect to the above 〈·〉0-measure. Note that if F belongs
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and the path-integral measure of Dirac fermion (4) is factor-
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can be set to unity by choosing the chiral basis vectors ap-
propriately. The expectational functional for the left-handed
Weyl fermion is defined by

〈F 〉(−) :=
1

Z(−)

∫

D[ψ−]D[ψ̄−] e
A(−)(ψ̄−,ψ−)F (ψ̄−,ψ−).

(42)

Because of the factorization properties of the action and the
path-integral measure, we note the identity
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=
〈

F (ψ̄−,ψ−)
〉(−) 〈1〉(+)

=
〈

F (ψ̄−,ψ−)
〉

. (43)

In this setup, we can formulate the reflection positivity
condition for the Weyl fermion as follows. We define the time
reflection operator θ for the left-handed fields as

θ(ψ−α−
(x)) = {ψ̄−(θx)γ0}α−

= ψ̄−α+(θx), (44)
θ(ψ̄−α+(x)) = {γ0ψ−(θx)}α+ = ψ−α−

(θx), (45)

where α+ = α− − 2. And let A±
(−) be the algebra of all

the polynomials of the left-handed field componentsψ−α−
(x)

and ψ̄−α+(x) on Λ±. Then one can show

〈θ(F+)F+〉(−) ≥ 0 for ∀F+ ∈ A(−)
+ . (46)

Note that, in this formulation of the reflection positivity, the
field components ψ−α+(x) are completely excluded from
observables.
To prove (46), we note the fact that the expectational

functional for the left-handed Weyl fermion (42) is simply
related to the expectational functional for the Dirac fermion
(3) by 〈F 〉(−) = 〈F 〉(−) 〈1〉(+) = 〈F 〉 for F (ψ̄−,ψ−).
Moreover, since
{(

1− γ̂5
2

)

D−1

}

α−,α+

=

{(
1− γ5

2

)

D−1

}

α−,α+

,

(47)
one can show

〈

F (ψ−α−
, ψ̄−α+)

〉(−)
=
〈

F (ψα−
, ψ̄α+)

〉

, (48)

by performing the Wick contructions explicitly. Then, (46)
follows immediately from the reflection positivity condition
(9) for the overlap Dirac fermion.

V. REFLECTION POSITIVITY OF CHIRAL YUKAWA
THEORY

In this section, we consider the case with an interaction —
chiral Yukawa model. Chiral Yukawa model is defineded by

the action[9]

A =
∑

x∈Λ

{

ψ̄Dψ − φ∗∂†µ∂µφ−m2
0φ

∗φ−
λ0
2
(φ∗φ)2 − 2χ̄χ

+ g0(ψ̄ + χ̄)
{1

2
(1 − γ5)φ+

1

2
(1 + γ5)φ

∗
}

(ψ + χ)
}

,

(49)

where ψ is a Dirac field, χ is an auxiliary Dirac field, and
φ is a complex scalar field. In this case, we define the field
algebra A(Y) of the chiral Yukawa theory as the set of all the
polynomials F (ψ,χ,φ) of fermionic fields ψ and χ whose
coefficients are complex valued continuous (not necessarily
holomorphic) functions of bosonic field configuration φ, with
converging expectation value 〈F 〉(Y) defined through the path
integration as usual:

〈F 〉(Y) :=
1

Z(Y)

∫

D[path] eA(ψ,χ,φ)F (ψ,χ,φ) < ∞.

(50)

Here, D[path] stands for the path integration measure,

D[path] = D[ψ]D[ψ̄]D[χ]D[χ̄]D[φ]D[φ∗]. (51)

Note that all the polynomials of bosonic field configuration
belong to A(Y).
The θ operation for the fermionic fields ψ,χ is the same as

in the free case (5)(6). For the bosonic field φ, the θ reflection
is defined as

θφ(x) := φ(θx). (52)

For F ∈ A(Y) of the form F (ψ,χ,φ) = f(φ)M(ψ,χ) with f
being a continuous function of {φ(x)}x∈Λ andM(ψ,χ) some
monomial of {ψα(x), ψ̄α(x),χα(x), χ̄α(x)}x∈Λ, we define

θ(F )(ψ,χ,φ) = f∗(θφ)M †(θψ, θχ), (53)

where M † means the monomial whose order of the Grass-
mann product is reversed in the originalM . We extend the θ
operation for arbitrary F ∈ A(Y) by anti-linearity. Then, the
reflection positivity of this chiral Yukawa model is defined in
the same way as in the free overlap fermion case :

〈θ(F+)F+〉(Y) ≥ 0, for ∀F+ ∈ A(Y)
+ . (54)

We will prove the reflection positivity of the chiral Yukawa
model in the same manner as in the free fermion case, based
on the statements (i)-(iv). The statement (i) clearly holds true.
In the statement (ii), we define the expectation 〈·〉(Y)

0 for the
Yukawa model as

〈F 〉(Y)
0 :=

∫

D[path]F (ψ,χ,φ). (55)

For this definition to make sense, F should be a special ele-
ment in A(Y) so that the right hand side of (55) is convergent.
Let B be the subset of A(Y) whose elements are integrable
with respect to the above 〈·〉0-measure. Note that if F belongs

2

The reflection positivity condition — a condition on this
expectational functuonal — is formulated as follows: let us
define time reflection operator θ which acts on polynomials of
the fermionic field variables by the relations

θ(ψ(x)) =
(

ψ̄(θx)γ0
)T (5)

θ(ψ̄(x)) = (γ0ψ(θx))
T (6)

θ(αF + βG) = α∗θ(F ) + β∗θ(G) (7)
θ(FG) = θ(G)θ(F ), (8)

where we denote θ(t,x) = (−t+1,x) and F,G are arbitrary
polynomials of fermionic fields and * means complex conju-
gation. Let Λ± ⊂ Λ be the sets of sites with positive or non-
positive time respectively. Let A± be the algebra of all the
polynomials of the fields on Λ±, and A on Λ. Then one says
the theory is reflection positive if its expectation 〈·〉 : A →
satisfies

〈θ(F+)F+〉 ≥ 0 for ∀F+ ∈ A+. (9)

A popular choice of lattice Dirac operator is the Wilson
Dirac operator,

Dw =
∑

µ=0,1,2,3

{
1

2
γµ(∂µ − ∂†µ) +

1

2
∂†µ∂µ

}

, (10)

and in this case, the rigorous proofs of the reflection posi-
tivity have been given [20–22]. The proofs cover the case
with gauge interaction. Therefore, the use of Wilson Dirac
fermions in numerical applications has a completely sound
basis[38]. Here we consider the overlap Dirac operator

D =
1

2

(

1 +X
1√
X†X

)

, X = Dw −m, (11)

for 0 < m ≤ 1. This lattice Dirac operator describes a
single massless Dirac fermion and satisfies the GW relation,
γ5D + Dγ5 = 2Dγ5D. Although the action is necessarily
non ultra-local [27], the free overlap Dirac fermion indeed
satisfies the reflection positivity condition, as will be shown
below.

III. PROOF OF REFLECTION POSITIVITY OF OVERLAP
DIRAC FERMION

To prove the reflection positivity, we need some additional
definitions and notations. First, let us denote

〈F 〉0 :=

∫

D[ψ]D[ψ̄]F (ψ̄,ψ). (12)

This 〈·〉0 defines a linear function fromA into . Second, we
decompose the lattice action A into the following three parts :

A = A+ +A− +∆A (13)

where A+ ∈ A+, A− ∈ A−, and ∆A is the part of the
action which contain both positive and negative time fields.
Thirdly, let us call P the set of all polynomials of the form
∑

j θ(F+j)F+j in a finite summation, where F+j ∈ A+.
Although the above definition of P works well for the

proof of the Wilson fermion, it is not enough for the proof
of the overlap fermion. In our case of the overlap fermion,
one needs to consider not only finite summations of the form
∑

j θ(F+j)F+j , but also infinite summations or integrations
like
∫

ds θ(F (s))F (s) = lim
N→∞

N
∑

k=1

θ(F (sk))F (sk)∆sk, (14)

where the integration is defined as a limit of a finite Riemanian
summation. (see also eq. (32) or (35)). To this end, we
consider P̄ , the closure of P . The closure P̄ contains not
only elements of the original P , but also all the limit points of
conversing sequences in P . That is,

F ∈ P̄ ⇔ ∃{Fn}∞n=1 ∈ P : lim
n→∞

Fn = F. (15)

Here, the sequence {Fn}n ⊂ A is defined to be convergent
to some F ∈ A, if any coefficient in Fn converges to the
corresponding coefficient in F as a complex number [39].
Note that with respect to this definition of convergence, the
linear operation, the product operation in A, and the linear
mappings 〈·〉0 , 〈·〉 : A → are all continuous functions, i.e.
if Fn → F , Gn → G, then

αFn + βGn → αF + βG, FnGn → FG, (16)
〈Fn〉 → 〈F 〉 , 〈Fn〉0 → 〈F 〉 . (17)

Now, we note the fact that the following four statements
(i)-(iv) imply the reflection positivity:
(i) If F,G belong to P̄ then FG also belongs to P̄ .
(ii) For all F ∈ P̄ , 〈F 〉0 ≥ 0.
(iii) θ(A+) = A−.
(iv)∆A ∈ P̄ .
In fact, from these statements, it follows that
〈

eA θ(F+)F+

〉

0
=
〈

eA++A−+∆A θ(F+)F+

〉

0

=
〈

eA++θ(A+)+∆A θ(F+)F+

〉

0

=

〈

θ(eA+)eA+ e∆A

︸ ︷︷ ︸

∈P̄ (by (i),(iv))

θ(F+)F+
︸ ︷︷ ︸

∈P̄

〉

0

≥ 0

(18)

for arbitrary F+ ∈ A+. Considering the special case where
F+ = 1 ∈ A+, we have

〈

eA
〉

0
≥ 0. Hence, we obtain

〈θ(F+)F+〉 =
〈

eA θ(F+)F+

〉

0

〈eA〉0
≥ 0. (19)

Therefore the proof is reduced to showing these four state-
ments (i)-(iv).



the spectral property and the positivity of the overlap Dirac fermion is inherited 
from that of the domain wall fermion (Wilson fermion)
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Fig. 3. Support of the spectral density (5.2) at p2 = p3 = 0. The physical pole

(curves starting from the origin) disappears in the continuum (shaded areas) precisely

at the boundary of the inner region of the Brillouin zone.

consequence of the definition (4.5) of ωp. Now since

ζ†γ0 (γ0 sinhE − iγkp̊k) ζ ≥ 0 (5.3)

for all complex Dirac spinors ζ if sinhE ≥ |̊p|, and since this is guaranteed in the
support of the spectral density, it follows that the measure (1.5) is non-negative.

6. Remarks

It seems likely that the unitarity of the theory considered in this note derives from
the existence of a transfer matrix in the 4+1 dimensional (domain-wall) formulation
of the theory. Evidently the transfer matrix has to go in the physical time direction
in this case, not in the fifth dimension. The inclusion of the gauge field should not
interfere with this, i.e. one may have both exact chiral symmetry and unitarity in
lattice QCD (needs to be checked).

In the case of chiral lattice gauge theories the situation is more complicated and it
is not clear at present whether unitarity is preserved in the current set-up. One may,
however, be able to construct these theories directly in a hamiltonian framework,
starting with a hamiltonian formulation of domain-wall fermions. The continuous
spectrum that we have found above can presumably be traced back to the heavy
modes of such a hamiltonian system (the spectrum is continuous, because the extent
of space-time in the extra dimension is taken to infinity).
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at the boundary of the inner region of the Brillouin zone.

consequence of the definition (4.5) of ωp. Now since

ζ†γ0 (γ0 sinhE − iγkp̊k) ζ ≥ 0 (5.3)

for all complex Dirac spinors ζ if sinhE ≥ |̊p|, and since this is guaranteed in the
support of the spectral density, it follows that the measure (1.5) is non-negative.

6. Remarks

It seems likely that the unitarity of the theory considered in this note derives from
the existence of a transfer matrix in the 4+1 dimensional (domain-wall) formulation
of the theory. Evidently the transfer matrix has to go in the physical time direction
in this case, not in the fifth dimension. The inclusion of the gauge field should not
interfere with this, i.e. one may have both exact chiral symmetry and unitarity in
lattice QCD (needs to be checked).
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Lattice fermions, exact chiral symmetry & unitarity

Martin Lüscher August 2000

1. Introduction

In euclidean space chiral symmetry can be preserved on the lattice by choosing a
lattice Dirac operator D that satisfies the Ginsparg-Wilson relation [1–5]

γ5D + Dγ5 = aDγ5D. (1.1)

The known solutions of this equation are relatively complicated expressions that
involve arbitrary powers of the lattice derivatives. Unitarity is thus expected to be
violated at energy scales on the order of the momentum cutoff, as is generally the
case in theories with higher-derivative actions.

In the present note we consider free fermions with D given by [3]

aD = 1 − A(A†A)−1/2, A = 1 − aDw, (1.2)

Dw = 1
2 {γµ(∂∗µ + ∂µ) − a∂∗µ∂µ} (1.3)

(see appendix A for unexplained notations). We then show that the fermion propa-
gator admits a Källén–Lehmann spectral representation

〈ψ(x)ψ(y)〉 =
x0>y0

∫ ∞

0
dE

∫ π/a

−π/a

d3p

(2π)3
%(E,p)e−E(x0−y0)+ip(x−y) (1.4)

such that

dEd3p ζ†γ0%(E,p)ζ (1.5)

is a non-negative measure for all complex Dirac spinors ζ. Contrary to expectations,
this theory is thus unitary and it could be reformulated in terms of operators that
act in a Hilbert space of physical states.

1
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Lattice domain-wall fermion

こで Uµν(x)は

Uµν(x) ≡ U(x, µ)U(x+ µ̂a, ν)

×U(x+ ν̂a, µ)−1U(x, ν)−1

で与えられる．これより，ゲージ場の作用関数は

SG[U ] =
∑

xµν

1
2g2

Tr
[
(1− Uµν)

†(1− Uµν)(x)
]

と定義できる．量子化に際しては，ゲージ場の経路積
分測度を群上の右 (左)不変測度を使って

D[U ] =
∏

xµ

dU(x, µ)

と定義する．このように，格子ゲージ理論ではゲージ
変換 (1)に対するゲージ不変性を厳密にかつ明白に保っ
た形で量子場の理論を構成的に定義していく．∗2）

3.1 格子ワイルフェルミオン
格子ゲージ理論においてワイルフェルミオンを導入
する際には，ディラック演算子 i /D に対応する，局所
的かつゲージ共変な差分演算子 D を定式化する必要
がある．しかし，i /D と同様に

{γ5, D} = 0

を満たすように構成すると，粒子重複問題が生じる
ことが知られている．実際，共変差分を用いて素朴に
D = γµ 1

2 (∇µ −∇†
µ) とおくと，正負カイラリティの

ワイルフェルミオンがそれぞれ１６個ずつ現れる．こ
れに対応して，カイラル行列式 det(DP−)は U(x, µ)

のゲージ不変な関数となって，カイラルフェルミオン
に伴うはずのゲージアノマリーは生じない．この状
況を Nielsenと二宮は “格子上にニュートリノは存在
できない” と表現した．4) Nielsen-二宮定理によれば，
D̃(p) ≡

∑
x e

−ipµ(x−y)µD(x, y)
∣∣
U=1

に対して，次の
４つの条件は同時に成立しない：

1. D̃(p)は pµ について周期的かつ解析的
2. pµ % 0のとき，D̃(p) % iγµpµ

3. pµ = 0以外では，D̃(p)−1 が存在
4. {γ5, D̃(p)} = 0

*2） 格子サイズは 0 ≤ nµ < L (µ = 1, . . . , 4)と有限にして，
系の自由度を正則化したのちに無限体積極限 V ≡ L4 → ∞
をとる．連続極限は系の相関距離 ξ (% 1

ma ) が無限大にな
る２次相転移点に結合定数を微調整することで実現する．

この問題は，上記の条件 4 の代わりに Ginsparg-

Wilson関係式5)

{γ5, D} = 2aDγ5D

を採ることで解決できる．この関係式が成り立つとき，

γ̂5 ≡ γ5(1− 2aD)

とおくと

(γ̂5)
2 = 1, Dγ̂5 = −γ5D

が成り立つ．これよりカイラリティの固有成分を

γ̂5ψ±(x) = ±ψ±(x), ψ̄±(x)γ5 = ∓ψ̄±(x)

と定義すれば，Dの作用に対して各成分は独立な場と
なり，ワイルフェルミオンと見なすことができる．

3.2 Overlapディラック演算子
Ginsparg-Wilson関係式を満たす，局所的かつゲー
ジ共変な差分演算子Dの具体形は overlap ディラック
演算子によって与えられる6)7)：

Dov ≡ 1
2a

(
1 +Xw

1√
X†

wXw

)

=
1
2a

(
1 + γ5

Hw√
H2

w

)
,

Xw = Dw − m0

a
m0 ∈ (0, 2),

Hw = γ5(Dw − m0

a
),

Dw = −γµ
1
2
(∇µ −∇†

µ) +
a
2
∇µ∇†

µ.

ゲージ共変性は共変差分∇µ から構成されていること
から明白であり，局所性は指数関数的な上限

‖ Dov(x, y) ‖≤ C |x− y|σ e−|x−y|/λ

(C > 0, σ > 0 は定数，λ > 0 は O(1) の定数) を満
たすことから従う．ただし，ゲージ場は許容条件を満
たす配位空間

U =
{
{U(x, µ)}

∣∣∣ ‖ 1− Uµν(x) ‖< ε ∀(x, µ, ν)
}

(d次元で ε < 2
5d(d−1) ) に限るものとする．
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[Kaplan(1992)] [Shamir(1993)]

SDW =
X

x,t

 ̄(x, t)X(5)
w  (x, t)
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が得られる．ここで D′
ov は

D′
ov =

1
2

(
1 +X

1√
X†X

)
,

X = Xw
1

1 + a5Xw/2

である．この導出を格子ゲージ理論の枠組みで最初に
与えた Neubergerと Narayananは，この結果を “カ
イラル行列式の overlap公式” と呼んだ．8)∗8）overlap
ディラック演算子の名前の由来はこの結果にある．

4.1 有限区間の格子ドメインウォールフェルミオン
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図 2
d 次元格子 Domain wall フェルミオン
– Shamir’s type.

ドメインウォールフェルミオンは，Shamir の提案
したように，５次元方向の有限区間 t ∈ [−N + 1, N ]

から定義することもできる ．境界ではディリクレ境界
条件 (あるいは自由境界条件)が設定される (図 2)：

ψ−(x, t)|t=−N = 0, ψ+(x, t)|t=N+1 = 0,

ψ̄−(x, t)|t=−N = 0, ψ̄+(x, t)|t=N+1 = 0.

この結果，t = N のドメインウォールには負カイラリ
ティのワイルフェルミオンが，t = −N + 1のドメイ
ンウォールには正カイラリティのワイルフェルミオン
が局在することになる．
これら正負のカイラリティを持つモードの間には質
量項を導入できる：

+mq

{
ψ̄−(x,N)ψ+(x,−N + 1)

+ψ̄+(x,−N + 1)ψ−(x,N)
}
.

mq = 1 とすると，２つの境界を反周期境界条件で接
続した場合と等価になる．したがって，反周期境界条
件を課したドメインウォールフェルミオンは，ゼロ質
量あるいは軽い質量をもつモードは完全になくなり，
Pauli-Villars 場として用いることが可能になる．

*8） 最近の米倉氏による Dai-Freed 定理の導出27) において
も，この手法が用いられている．詳しくは本特集の米倉氏の
解説を参照のこと．

カイラルフェルミオンを有限区間のドメインウォー
ルフェルミオンを用いて定式化する場合には，２つの
境界に異なる４次元ゲージ場をおく必要がある．5次元
ゲージ場は境界の４次元ゲージ場 U0(x, µ)と U1(x, µ)

を滑らかに内挿する経路 c : Ut(x, µ)(t ∈ [−N+1, N ])

に対応する．解析の簡単化のため，実際の内挿区間を
c̃ : Ut(x, µ)(t ∈ [−∆ + 1,∆]) として，∆ を固定し，
N 無限大の極限を考える．反周期境界条件に対しては，
２つの内挿経路 c1，c2 の合成 l = c1c

−1
2 に対応する

ゲージ場を採るものとする．(図 3)

! ! ! ! ! ! ! ! ! ! ! ! ! ! !

−N + 1 0 N−∆ ∆

U0(x, µ)

U1(x, µ)

c1(c2) !

c̃1(c̃2)

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !

−N + 1 0 N 2N 3N−∆ ∆

U0(x, µ) U0(x, µ)

U1(x, µ)

c1 !

c̃1

c−1

2
!

c̃−1

2

図 3 格子ゲージ場の d 次元依存性

ディリクレ，反周期境界条件を課した 5次元格子をそ
れぞれ

Y|Dir = {L4 × L ; c : Ut(x, µ) ∈ U(5)},

Y|AP = {L4 × 2L ; l : Ut(x, µ) ∈ U(5)},

境界の 4次元格子をそれぞれ

X0 = {L4;U0(x, µ) ∈ U}, X1 = {L4;U1(x, µ) ∈ U}

とする．このとき，バルクと境界の関係は ∂Y|Dir =

X1 ∪ X̄0，∂Y|AP = ∅となる．ただし，X̄0 は X0 の向
きづけを逆転させたものとし，複素共役を対応させる．

4.2 マスター公式
ディリクレ境界条件 (Shamirタイプ)の格子ドメイ
ンウォールフェルミオンの解析には，次のマスター方
程式が有用になる：

detX(d)
w

∣∣c1
Dir

= det
(
P− + P+

∏

t∈c̃1

Tt

)

detX(d)
w

∣∣c1 c̃−1
2

AP
= det

(
1 +

∏

t∈c1 c̃
−1
2

Tt

)

Tt =
1− adHt/2
1 + adHt/2
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∏
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∏
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ディリクレ，反周期境界条件を課した 5次元格子をそ
れぞれ

Y|Dir = {L4 × L ; c : Ut(x, µ) ∈ U(5)},

Y|AP = {L4 × 2L ; l : Ut(x, µ) ∈ U(5)},

境界の 4次元格子をそれぞれ

X0 = {L4;U0(x, µ) ∈ U}, X1 = {L4;U1(x, µ) ∈ U}

とする．このとき，バルクと境界の関係は ∂Y|Dir =

X1 ∪ X̄0，∂Y|AP = ∅となる．ただし，X̄0 は X0 の向
きづけを逆転させたものとし，複素共役を対応させる．

4.2 マスター公式
ディリクレ境界条件 (Shamirタイプ)の格子ドメイ
ンウォールフェルミオンの解析には，次のマスター方
程式が有用になる：
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w

∣∣c1
Dir

= det
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P− + P+

∏

t∈c̃1

Tt
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detX(d)
w

∣∣c1 c̃−1
2

AP
= det

(
1 +

∏

t∈c1 c̃
−1
2

Tt

)

Tt =
1− adHt/2
1 + adHt/2

8

が得られる．ここで D′
ov は

D′
ov =

1
2

(
1 +X

1√
X†X

)
,

X = Xw
1

1 + a5Xw/2
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[Neuberger(1998)] 

rigorous result at a finite lattice spacing “a”

the boundary(edge) effective theory on the lattice (not in the continuum)
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hq(x)q̄(y)i = D0
ov

�1 � 1 [Noguchi-YK(1999)] 

overlap Dirac fermion as 

<latexit sha1_base64="e7VSxQoNK8K4oDx3mlgot2134sU="></latexit>

q(x) = (1� 2D) (x)
<latexit sha1_base64="ThYiJbPjdKOMN3jTWyl+exkIquE="></latexit>

q̄(x) =  ̄(x)



Chiral Lattice Gauge Theory with Overlap Weyl fermions / GW rel. 


Path integral measure and Chiral determinant 

       

 

                                 
Single-valued, Smooth Function of Link Gauge Fields, 
satisfying the requirement of Locality, Gauge-invariance & 
Lattice Symmetry ?

(v̄Dovv)ki = a4
∑

x

v̄k(x)Dovvi(x)

ͱಘΒΕΔɽ(v̄Dovv) ͸ SW [ψ−, ψ̄−;U ] ΛܾΊΔΧΠϥϧσΟϥοΫԋࢠࢉ P+DovP̂− :

V̂− → V+ͷجఈ {vi(x)}ɼ{v̄k(x)}ʹ͓͚ΔྻߦදݱͰ͋Δɽ
͜ͷੵ෼ଌ౓D[ψ−]D[ψ̄−] ͸جఈ {vi(x)}ͷϢχλϦʔม׵

ṽi(x) = vl(x)
(
Q−1

)
li
, c̃j =

∑

l

Qjlcl

ʹରͯ͠ϠίϏΞϯ detQ͚ͩม׵Λड͚Δ͔ΒɼෳૉҐ૬ͷ෼͚ͩήʔδ৔΁ͷґଘੑ͕
ෆఆʹͳ͍ͬͯΔɽ͜ͷΑ͏ͳجఈͷબ୒ʹΑΔήʔδ৔ґଘੑ͸ɼੵ෼ଌ౓D[ψ−]D[ψ̄−]

(͋Δ͍͸ΧΠϥϧࣜྻߦ det(v̄Dovv)) ͕഑Ґۭؒ U[Q] ্ͷU(1)ଋʢࣜྻߦଋʣͷ “੾அ”

ʹͳ͍ͬͯΔ͜ͱΛࣔ͢ɽ࣮ࡍɼجఈ {vi(x)}͸গͳ͘ͱ΋U(x, µ)ͷۙ๣O ⊂ U[Q]Ͱ͸׈
Β͔ʹಋೖͰ͖Δɽ̎ͭͷۙ๣ OaɼObͷجఈ {vai (x)}ɼ{vbi (x)}͸ Oa ∩ ObͰϢχλϦʔ
ม׵

vbi (x) =
∑

l

val (x)τ(a → b)li

Ͱ݁ͼ͚ͭΒΕΔɽ͜ͷมྻߦ׵͸ɼ3ͭͷۙ๣OaɼObɼOcͷOa ∩Ob ∩OcͰίαΠΫ
ϧ৚݅ τ(a → c) = τ(a → b)τ(b → c) Λຬͨ͢ɽ͕ͨͬͯ͠ɼτ(a → b)͸ओ U

(
N
2 −Q

)
ଋ

Λఆٛ͢Δɽಉ༷ʹ
gab ≡ det τ(a → b)

͸U(1)ଋΛఆٛ͢Δɽ·ͨɼ֤ۙ๣Ͱͷجఈม׵ ṽai (x) = val (x)h
a
lj ͸U(1)ଋͷม׵ g̃ab =

detha gab deth
−1
b Λ༩͑Δɽdetha͸׈Β͔ʹಋೖͰ͖Δ͔Βɼ͜ͷม׵͸ U(1)ଋͷಉ૬

ࣸ૾ʹͳΔɽ
ੵ෼ଌ౓D[ψ−]D[ψ̄−] ͕ήʔδ৔U(x, µ)ͷ׈Β͔ͳ “ؔ਺”ͱͯ͠ҰҙʹఆٛͰ͖Δͨ

Ίʹ͸ɼ͜ͷ U(1)ଋ͕ࣗ໌ʹͳΔ͜ͱɼ͢ͳΘͪɼgab = 1ʹͰ͖Δ͜ͱ͕ඞཁे෼৚݅ʹ
ͳΔɽ[14][15] ϫΠϧϑΣϧϛΦϯͷήʔδΞϊϚϦʔ͸ɼ͔͠͠ɼ͜ͷࢠ֨ U(1)ଋͷࣗ໌
ੑͷো֐ʹͳΔɽ

3.5 U(1)ଋͱੵ෼Մೳੑɼہॴੑɼήʔδෆมੑ

༗ޮ࡞༻ͷήʔδ৔ʹର͢Δඍখม෼͸

δηΓW [U ] = a4Tr{δηDovP̂−D
−1
ov P+}

+ a4
∑

i,x

v†i (x)δηvi(x) (3.2)

ͱͳΓɼੵ෼ଌ౓ͷήʔδ৔ґଘੑ͕

Lη ≡ ia4
∑

i,x

v†i (x)δηvi(x)

≡ a4
∑

x

ηAµ (x)j
A
µ (x)

ʹΑͬͯಛ௃͚ͮΒΕΔ͜ͱ͕Θ͔ΔɻLη ͸جఈͷϢχλϦʔม׵ͷԼͰ

L̃η = Lη − i δη ln detQ

– 8 –
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D[ �] ! D[ �] detQ
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detMji ! detMji detQ
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O ⇢ U[Q]

Xw = Dw − m0

a
m0 ∈ (0, 2),

Hw = γ5(Dw − m0

a
),

Dw = −γµ
1

2
(∇µ −∇†

µ) +
a

2
∇µ∇†

µ.

ήʔδڞมੑ͸ڞมࠩ෼∇µ͔Βߏ੒͞Ε͍ͯΔ͜ͱ͔Β໌നͰ͋Γɼہॴੑ͸ࢦ਺ؔ਺త
ͳ্ݶ

‖ Dov(x, y) ‖≤ C |x− y|σ e−|x−y|/λ

(C > 0, σ > 0͸ఆ਺ɼλ > 0͸O(1)ͷఆ਺)Λຬͨ͢͜ͱ͔Βै͏ɽͨͩ͠ɼήʔδ৔͸
༰৚݅Λຬͨ͢഑Ґۭؒڐ

U =
{
{U(x, µ)}

∣∣∣ ‖ 1− Uµν(x) ‖< ε ∀(x, µ, ν)
}

(d࣍ݩͰ ε < 2
5d(d−1)) Δ΋ͷͱ͢Δɽݶʹ

3.3 Atiyah-Singerࢦ਺ఆཧ

Ginsparg-Wilsonؔࣜ܎ΛΈͨ͢D͕ہॴత͔ͭήʔδڞมʹఆٛͰ͖Δͱɼ֨ࢠήʔδཧ
࿦ʹτϙϩδΧϧͳߏ଄͕ೖΔɽ࣮ࡍɼDovʹରͯ͠ɼAtiyah-Singerࢦ਺ఆཧ্͕֨ࢠͰݫ
ີʹ੒ཱ͢Δ [8][9][10]ɿ

IndexDov = −Tr(aγ5Dov) (∈ Z).

ΑΓθϩϞʔυɼDovψ0(x)ʹࣜ܎ลͰ͸ɼGinsparg-Wilsonؔࠨ = 0ɼ͕ γ5ͷݻ༗ঢ়ଶʹͳ
ΔͨΊDovͷࢦ਺ n+ − n−͕ҙຯΛ΋ͭɽӈล͸ہॴτϙϩδΧϧ৔ q(x)ͷ֨ࢠ࿨Ͱද͞
ΕΔ3ɿ

−Tr(aγ5Dov) =
∑

x

q(x) (= Q),

q(x) ≡ −1

2
tr

{
Hw√
H2

w

}
(x, x).

ɼq(x)͸ήʔδ৔ͷඍখม෼ʹରͯ͠ࡍ࣮
∑

x

δηq(x) = 0

[
δηU(x, µ) = iaηµ(x)U(x, µ)

]

Λຬͨ͠ɼઁಈల։ʹΑΔݹయ࿈ଓݶۃͰ͸

q(x) = a4
{

g2

32π2
trF 2 +O(a)

}

[
U(x, µ) = 1 +

∞∑

l=1

1

l!

(
igaAµ(x)

)l ]

3Ginsparg-Wilsonؔͮ͘جʹࣜ܎ΧΠϥϧม׵ɼδψ(x) = γ̂5ψ(x)ɼδψ̄(x) = ψ(x)γ5 ͱͯ͠ҙຯ׵ॴมہ͕
Λ΋ͪɼσΟϥοΫ৔ͷܦ࿏ੵ෼ଌ౓

∏
x dψ(x)dψ̄(x)ͷϠίϏΞϯͱͯ͠ Tr(γ5 + γ̂5) = −2Tr(aγ5Dov)͕ಘ

ΒΕΔɽ

5

Single-valued, 
Smooth Function 
globally ?

Determinant line bundle over 
<latexit sha1_base64="yEENMhide5+WJzaZehijzFL2nfc="></latexit>

U

Mji = a
4
∑

x

v̄jDvi(x)

(N
−
× N̄

−
rectangular matrix)

and allows us to prove the CP invariance of the effective action of the lattice model, as
discussed bellow.9

The partition function of our lattice model for the SO(10) chiral Gauge theory is then
given as follows,

Z ⌘
Z

D[U ] e
�SG[U ]+�W [U ], (3.9)

where �W [U ] is the effective action induced by the path-integration of the Weyl field,

e
�W [U ]

=

Z
D[ �]D[ ̄�] e

�SW [ �, ̄�]

⌘
Z

D[ ]D[ ̄]
Y

x2⇤
F (T+(x))

Y

x2⇤
F (T̄+(x)) e

�SW [ �, ̄�]

=

Z
D[ ]D[ ̄]D[E]D[Ē] e

�SW [ �, ̄�]+
P

x2⇤
{Ea

(x)V
a
+
(x)+Ē

a
(x)V̄

a
+
(x)}[ +, ̄+].

(3.10)

In the last equation, the integral representation of F (w) is used and the path-integrations
over the SO(10)-vector real spin fields with unit length, Ea

(x) and Ēa
(x), are introduced:

D[E] =

Y

x2⇤
(⇡5/12)�1

10Y

a=1

dEa
(x)�(

q
Eb(x)Eb(x)� 1) (3.11)

D[Ē] =

Y

x2⇤
(⇡5/12)�1

10Y

a=1

dĒa
(x)�(

q
Ēb(x)Ēb(x)� 1). (3.12)

Defined with all the components of the Dirac field  (x),  ̄(x), the Weyl field measure is
manifestly invariant under the SO(10) gauge transformation. It also possesses all required
transformation properties under lattice symmetries: translations, rotations, reflections and
charge conjugation. As to the global U(1) fermion symmetry of the left-handed field  �(x),
 ̄�(x), the fermionic measure transforms as

�↵D[ �]D[ ̄�] = �i
X

x2�
↵(x)tr{P̂� � P+}(x, x)⇥D[ �]D[ ̄�] (3.13)

with a local parameter ↵(x), and it gives rise to the non-trivial chiral anomaly in the U(1)
Ward-Takahashi relation. One may consider the similar global U(1) fermion symmetry of
the right-handed field  +(x),  ̄+(x), but it is broken explicitly by the ’t Hooft vertexes,
T+(x) and T̄+(x), down to Z4 ⇥ Z4, one Z4 for the field  +(x) and the other Z4 for the

9One possible choice for F (w) is simply F (w) = ew =
P1

k=0

wk

k! . It also has the integral representation,

F (w)
���
w=(1/2)uaua

= (2⇡)�5

Z 10Y

a=1

dxa e�(1/2)xcxc
+xcuc

(3.8)

In this case, however, we do not succeed yet in proving the CP invariance of the effective action of the
lattice model.

– 9 –

{vi(x) | γ̂5vi(x) = −vi(x) (i = 1, · · · , N
−

)}

{v̄i(x) | v̄i(x)γ5 = +v̄i(x) (i = 1, · · · , N̄
−

)}
ψ
−

(x) =
∑

i

vi(x)ci ψ̄
−

(x) =
∑

i

c̄iv̄i(x)

Z =

∫ ∏
i

dci

∏
j

dc̄j e
−

P

ij c̄jMjici = 0= detMji
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P1

k=0

wk

k! . It also has the integral representation,

F (w)
���
w=(1/2)uaua

= (2⇡)�5

Z 10Y

a=1

dxa e�(1/2)xcxc
+xcuc

(3.8)

In this case, however, we do not succeed yet in proving the CP invariance of the effective action of the
lattice model.
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Chiral gauge theories with Weyl fermions in an anomaly-free rep.


Gauge anomaly cancellation

• local gauge anomalies :       ΣR TrR[ Ta {Tb,Tc} ]=0

• global gauge anomalies :      exp( i 2π η ) = 1
                                                            

The standard model (SM)
    quarks and leptons belong to complex reps. of the gauge groups

GUT models

• local gauge anomalies are cancelled non-trivially 

• there is no global gauge anomalies       [D. S. Freed (2008)]

                    Ω5spin(BSpin(10)) = 0                       [Garcia-Etxebarria-Montero (2018)]

                                                                         [Wang-Wen, Wang-Wen-Witten (2018) ]

SU(3)xSU(2)xU(1) xU(1)B-L (3 ,2) 1/6                              (1, 2) -1/2 


(3*,1) -2/3  (3*,1) 1/3      (1, 1) 1       (1, 1) 0  

SU(5) xU(1) Q

(10) 1    


(5*) -3   (1) 5

SO(10)  (16)  



A gauge invariant path-integral measure for 

the overlap Weyl  fermions in 16 of SO(10)

2.3 Topology of the SO(10) lattice gauge fields

The admissibility condition ensures that the overlap Dirac operator[23, 25] is a smooth and
local function of the gauge field [27]. Moreover, the Ginsparg-Wilson relation implies the
index theorem

IndexD = Tr�5(1�D). (2.21)

Then, through the lattice Dirac operator D, it is possible to define a topological charge of
the gauge fields [24, 29, 30, 32, 50]: for the admissible SO(10) gauge fields, one has

Q = �1

8
Tr�5(1�D) = �1

8

X

x2�
tr {�5(1�D)} (x, x), (2.22)

where D(x, y) is the kernel of the lattice Dirac operator D. (Our convention for the gamma
matrices is such that �0�1�2�3�5 = 1.) Then the admissible SO(10) gauge fields can be
classified by the topological numbers Q.6 We denote the space of the admissible SO(10)
gauge fields with a given topological charge Q by U[Q].

3 Path Integration – a proposal for the gauge-invariant measure

3.1 Definition of the path integration measures

The path-integral measures for the link field and the Weyl field are formulated as follows.
For the link field U(x, µ), it is defined with the group-invariant Haar measure as usual:

D[U ] ⌘
Y

x2⇤

3Y

µ=0

dU(x, µ). (3.1)

For the Weyl field  �(x),  ̄�(x), it is defined by using the whole components of the original
Dirac field  ↵s(x)(↵ = 1, · · · , 4; s = 1, · · · , 16) not as usual, but the right-handed part of
the measure is just saturated completely by inserting a suitable product of the ’t Hooft
vertexes in terms of the right-handed fields,

T+(x) =
1

2
V a
+(x)V

a
+(x), V a

+(x) =  +(x)
Ti�5CDT

a +(x), (3.2)

T̄+(x) =
1

2
V̄ a
+(x)V̄

a
+(x), V̄ a

+(x) =  ̄+(x)i�5CDT
a ̄+(x)

T. (3.3)

Namely, the Weyl field measure is defined as

D[ �]D[ ̄�] ⌘ D[ ]D[ ̄]
Y

x2⇤
F (T+(x))

Y

x2⇤
F (T̄+(x)), (3.4)

where

D[ ]D[ ̄] ⌘
Y

x2⇤

4Y

↵=1

16Y

s=1

d ↵s(x)
Y

x2⇤

4Y

↵=1

16Y

s=1

d ̄↵s(x), (3.5)

6 Strictly speaking, the complete topological classification of the space of admissible SO(10) gauge fields
is not known yet. We assume that it is classified with Q as in the continuum theory.
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and F (w) is the certain function to represent the product of the ’t Hooft vertexes, T+(x)

and T̄+(x). The Weyl field measure so defined depends on the link field U(x, µ) through the
chiral projection P̂+ to define T+(x) in terms of the right-handed field  +(x) = P̂+ (x).
Note that we use the four-spinor notation in the definition of the ’t Hooft vertexes and the
factor P̂ T

+ i�5CDT aEa
(x)P̂+, not P̂ T

+{i�5CdP+T aEa
(x)}P̂+, appears for the field  +(x),

while P�i�5CDT aĒa
(x)P�

T
= P�{i�5CDP�

TT aĒa
(x)}P�

T for the anti-field  ̄+(x).7 Our
choice for F (w) is

F (w) ⌘ 4! (z/2)�4I4(z)
���
(z/2)2=w

= 4!

1X

k=0

wk

k!(k + 4)!
, (3.6)

where I⌫(w) is the modified Bessel function of the first kind. It has the integral represen-
tation as

F (w)
���
w=(1/2)uaua

= (⇡5/12)�1

Z 10Y

a=1

dea�(
p
ebeb � 1) e

ecuc
(3.7)

and allows us to prove the CP invariance of the effective action of the lattice model, as
discussed bellow.8

The partition function of our lattice model for the SO(10) chiral Gauge theory is then
given as follows,

Z ⌘
Z

D[U ] e
�SG[U ]+�W [U ], (3.9)

where �W [U ] is the effective action induced by the path-integration of the Weyl field,

e
�W [U ] ⌘

Z
D[ �]D[ ̄�] e

�SW [ �, ̄�]

=

Z
D[ ]D[ ̄]

Y

x2⇤
F (T+(x))

Y

x2⇤
F (T̄+(x)) e

�SW [ �, ̄�]

=

Z
D[ ]D[ ̄]D[E]D[Ē] e

�SW [ �, ̄�]+
P

x2⇤
{Ea

(x)V a
+
(x)+Ēa

(x)V̄ a
+
(x)}[ +, ̄+].

(3.10)

In the last equation, the integral representation of F (w) is used and the path-integrations
over the SO(10)-vector real spin fields with unit length, Ea

(x) and Ēa
(x), are introduced:

D[E] =

Y

x2⇤
(⇡5/12)�1

10Y

a=1

dEa
(x)�(

q
Eb(x)Eb(x)� 1) (3.11)

D[Ē] =

Y

x2⇤
(⇡5/12)�1

10Y

a=1

dĒa
(x)�(

q
Ēb(x)Ēb(x)� 1). (3.12)

7This point is crucial for our proposal and will be discussed later in relation to other formulations.
8One possible choice for F (w) is simply F (w) = ew =

P1
k=0

wk

k! . It also has the integral representation,

F (w)
���
w=(1/2)uaua

= (2⇡)�5

Z 10Y

a=1

dxa e�(1/2)xcxc
+xcuc

(3.8)

In this case, however, we do not succeed yet in proving the CP invariance of the effective action of the
lattice model.
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[YK (2017)]

2.3 Topology of the SO(10) lattice gauge fields

The admissibility condition ensures that the overlap Dirac operator[23, 25] is a smooth and
local function of the gauge field [27]. Moreover, the Ginsparg-Wilson relation implies the
index theorem

IndexD = Tr�5(1�D). (2.21)

Then, through the lattice Dirac operator D, it is possible to define a topological charge of
the gauge fields [24, 29, 30, 32, 50]: for the admissible SO(10) gauge fields, one has

Q = �1

8
Tr�5(1�D) = �1

8

X

x2�
tr {�5(1�D)} (x, x), (2.22)

where D(x, y) is the kernel of the lattice Dirac operator D. (Our convention for the gamma
matrices is such that �0�1�2�3�5 = 1.) Then the admissible SO(10) gauge fields can be
classified by the topological numbers Q.6 We denote the space of the admissible SO(10)
gauge fields with a given topological charge Q by U[Q].

3 Path Integration – a proposal for the gauge-invariant measure

3.1 Definition of the path integration measures

The path-integral measures for the link field and the Weyl field are formulated as follows.
For the link field U(x, µ), it is defined with the group-invariant Haar measure as usual:

D[U ] ⌘
Y

x2⇤

3Y

µ=0

dU(x, µ). (3.1)

For the Weyl field  �(x),  ̄�(x), it is defined by using the whole components of the original
Dirac field  ↵s(x)(↵ = 1, · · · , 4; s = 1, · · · , 16) not as usual, but the right-handed part of
the measure is just saturated completely by inserting a suitable product of the ’t Hooft
vertexes in terms of the right-handed fields,

T+(x) =
1

2
V a
+(x)V

a
+(x), V a

+(x) =  +(x)
Ti�5CDT

a +(x), (3.2)

T̄+(x) =
1

2
V̄ a
+(x)V̄

a
+(x), V̄ a

+(x) =  ̄+(x)i�5CDT
a ̄+(x)

T. (3.3)

Namely, the Weyl field measure is defined as

D[ �]D[ ̄�] ⌘ D[ ]D[ ̄]
Y

x2⇤
F (T+(x))

Y

x2⇤
F (T̄+(x)), (3.4)

where

D[ ]D[ ̄] ⌘
Y

x2⇤

4Y

↵=1

16Y

s=1

d ↵s(x)
Y

x2⇤

4Y

↵=1

16Y

s=1

d ̄↵s(x), (3.5)

6 Strictly speaking, the complete topological classification of the space of admissible SO(10) gauge fields
is not known yet. We assume that it is classified with Q as in the continuum theory.
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We also introduce the overlap Dirac operator D acting on  (x) as

D =
1

2

⇣
1 +X/

p
X†X

⌘
, X = �µ

1

2

�
rµ �r†

µ

�
+

1

2
rµr†

µ �m0, (2.9)

where rµ is the covariant difference operator which acts on  (x) as rµ (x) = U(x, µ) (x+

µ̂)� (x) and 0 < m0 < 2. Under the admissibility condition, D is a local, gauge-covariant
lattice Dirac operator. It also satisfies the Ginsparg-Wilson relation,

�5D +D�̂5 = 0, (2.10)

where
�̂5 ⌘ �5(1� 2D), (�̂5)

2
= I. (2.11)

Then we define the left-handed Weyl fermions in the 16-dimensional spinor representation
of SO(10) by the eigenstates of the chiral operators, �̂5 for the field and �5 for the anti-fields:

 �(x) = P̂� (x),  ̄�(x) =  ̄(x)P+, (2.12)

where P̂± and P± are the chiral projection operators given by

P̂± =

✓
1± �̂5

2

◆
, P± =

✓
1± �5

2

◆
. (2.13)

We note that
⇥
P̂±,P±

⇤
= 0 and

⇥
P±,P±

⇤
= 0.

The action of the left-handed Weyl field in the 16-dimensional spinor representation of
SO(10) is given by

SW[ �,  ̄�] =
X

x2⇤
 ̄�(x)D �(x) =

X

x2⇤
 ̄(x)P+D (x). (2.14)

This action is manifestly invariant under the SO(10) lattice gauge transformations. It is
also invariant under the global U(1) transformation of the left-handed fields,

�↵ �(x) = i↵ �(x)
⇥
or � (x) = i↵ P̂� (x)

⇤
, (2.15)

�↵ ̄�(x) = �i↵  ̄�(x)
⇥
or � ̄(x) = �i↵  ̄(x)P+

⇤
. (2.16)

This global U(1) symmetry is, as we will see below, broken due to the non-trivial trans-
formation property of the Weyl field path-integral measure and the non-vanishing vacuum
expectation values of ’t Hooft vertices,

T�(x) =
1

2
V a

�(x)V
a

�(x), V a

�(x) =  �(x)
Ti�5CDT

a �(x), (2.17)

T̄�(x) =
1

2
V̄ a

�(x)V̄
a

�(x), V̄ a

�(x) =  ̄�(x)i�5CDT
a† ̄�(x)

T, (2.18)

in the topologically nontrivial sectors of the gauge field. Here T
a
(a = 1, 2, · · · , 10) are the

operators acting on the SO(10) spinor space, Ta
= C�

a. The explicit representations of C
and {Ta|a = 1, · · · , 10} are given in the appendix B. The action also possesses all required
transformation properties under lattice symmetries: translations, rotations, reflections and
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T
a
= C�

a
; T

aT
= T

a (B.16)

T
1
= i(�i)(+i)(�i)(+i)(�i) ⌧3 ⇥ ⌧2 ⇥ ⌧3 ⇥ ⌧2 ⇥ ⌧3,

T
2
= i(+1)(+i)(�i)(+i)(�i) I ⇥ ⌧2 ⇥ ⌧3 ⇥ ⌧2 ⇥ ⌧3,

T
3
= i(+i)(+i)(�i)(+i)(�i) ⌧1 ⇥ ⌧2 ⇥ ⌧3 ⇥ ⌧2 ⇥ ⌧3,

T
4
= i(+1)(�i)(�i)(+i)(�i) ⌧2 ⇥ ⌧1 ⇥ ⌧3 ⇥ ⌧2 ⇥ ⌧3,

T
5
= i(+1)(+1)(�i)(+i)(�i) ⌧2 ⇥ I ⇥ ⌧3 ⇥ ⌧2 ⇥ ⌧3,

T
6
= i(+1)(+1)(+1)(+i)(�i) ⌧2 ⇥ ⌧3 ⇥ I ⇥ ⌧2 ⇥ ⌧3,

T
7
= i(+1)(+1)(+i)(+i)(�i) ⌧2 ⇥ ⌧3 ⇥ ⌧1 ⇥ ⌧2 ⇥ ⌧3,

T
8
= i(+1)(+1)(+1)(�i)(�i) ⌧2 ⇥ ⌧3 ⇥ ⌧2 ⇥ ⌧1 ⇥ ⌧3,

T
9
= i(+1)(+1)(+1)(+1)(�i) ⌧2 ⇥ ⌧3 ⇥ ⌧2 ⇥ I ⇥ ⌧3,

T
10

= i(+1)(+1)(+1)(+1)(+1) ⌧2 ⇥ ⌧3 ⇥ ⌧2 ⇥ ⌧3 ⇥ I

The reduced Clliford algebra of 2[9/2]

�
a
0
= �̌

a
0 ⇥ ⌧1 (a0 = 1, · · · , 9), (B.17)

C = Č⇥ ⌧2. (B.18)

The reduced T matrices

T
a
0
= Ť

a
0 ⇥ ⌧3, (B.19)

T
10

= Ť
10 ⇥ I = Č⇥ I. (B.20)

T
10†

T
a
0
= �

10
�
a
0
= �i �̌a

0 ⇥ ⌧3. (B.21)

C Chiral basis in the weak coupling limit

H = �5(Dw �m0) =
1

L4

X

p

e
ip(x�y)

 
b(p)I c(p)

c†(p) �b(p)I

!
, (C.1)

where

b(p) =
�X

µ

(1� cos pµ)�m0

 
, (C.2)

c(p) = I{i sin p0}�
X

k

�k sin pk. (C.3)
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3 Path Integration – a proposal for the gauge-invariant measure

3.1 Definition of the path integration measures

The path-integral measures for the link field and the Weyl field are formulated as follows.
For the link field U(x, µ), it is defined with the group-invariant Haar measure as usual:

D[U ] ⌘
Y

x2⇤

3Y

µ=0

dU(x, µ). (3.1)

For the Weyl field  �(x),  ̄�(x), it is defined by using all the components of the original
Dirac field  ↵s(x)(↵ = 1, · · · , 4; s = 1, · · · , 16) not as usual, but the right-handed part of
the measure is just saturated completely by inserting a suitable product of the ’t Hooft
vertexes in terms of the right-handed fields,

T+(x) =
1

2
V a

+(x)V
a

+(x), V a

+(x) =
1

2
 +(x)

Ti�5CDT
a +(x), (3.2)

T̄+(x) =
1

2
V̄ a

+(x)V̄
a

+(x), V̄ a

+(x) =
1

2
 ̄+(x)i�5CDT

a ̄+(x)
T. (3.3)

Namely, the Weyl field measure is defined as

D[ �]D[ ̄�] ⌘ D[ ]D[ ̄]
Y

x2⇤
F (T+(x))

Y

x2⇤
F (T̄+(x)), (3.4)

where

D[ ]D[ ̄] ⌘
Y

x2⇤

4Y

↵=1

16Y

s=1

d ↵s(x)
Y

x2⇤

4Y

↵=1

16Y

s=1

d ̄↵s(x), (3.5)

and F (w) is the certain function to represent the product of the ’t Hooft vertexes, T+(x)

and T̄+(x). The Weyl field measure so defined depends on the link field U(x, µ) through the
chiral projection P̂+ to define T+(x) in terms of the right-handed field  +(x) = P̂+ (x).
Note that we use the four-spinor notation in the definition of the ’t Hooft vertexes and the
factor P̂ T

+ i�5CDT
aEa

(x)P̂+, not P̂ T
+{i�5CDP+T

aEa
(x)}P̂+, appears for the field  +(x),

while P�i�5CDT
aĒa

(x)P�
T
= P�{i�5CDP�

T
T
aĒa

(x)}P�
T for the anti-field  ̄+(x).8 Our

choice for F (w) is

F (w) ⌘ 4! (z/2)�4I4(z)
���
(z/2)2=w

= 4!

1X

k=0

wk

k!(k + 4)!
, (3.6)

8This point is crucial for our proposal. If one includes the factor P+ in the definition of the ’t Hooft
operator for the field  +(x), one has P̂T
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aEa(x)P̂+ = (1�D)T i�5CDP+T

aEa(x)(1 � D). The
factor (1�D) projects out the modes with the momenta ⇡(A)
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Chiral determinant and ’t Hooft vertex pfaffians

and F (w) is the certain function to represent the product of the ’t Hooft vertexes, T+(x)

and T̄+(x). The Weyl field measure so defined depends on the link field U(x, µ) through the
chiral projection P̂+ to define T+(x) in terms of the right-handed field  +(x) = P̂+ (x).
Note that we use the four-spinor notation in the definition of the ’t Hooft vertexes and the
factor P̂ T
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(x)P̂+, not P̂ T
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(x)}P̂+, appears for the field  +(x),
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���
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1X
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where I⌫(w) is the modified Bessel function of the first kind. It has the integral represen-
tation as

F (w)
���
w=(1/2)uaua

= (⇡5/12)�1

Z 10Y

a=1

dea�(
p
ebeb � 1) e

ecuc
(3.7)

and allows us to prove the CP invariance of the effective action of the lattice model, as
discussed bellow.8

The partition function of our lattice model for the SO(10) chiral Gauge theory is then
given as follows,

Z ⌘
Z

D[U ] e
�SG[U ]+�W [U ], (3.9)

where �W [U ] is the effective action induced by the path-integration of the Weyl field,

e
�W [U ] ⌘

Z
D[ �]D[ ̄�] e

�SW [ �, ̄�]

=

Z
D[ ]D[ ̄]

Y

x2⇤
F (T+(x))

Y

x2⇤
F (T̄+(x)) e

�SW [ �, ̄�]

=

Z
D[ ]D[ ̄]D[E]D[Ē] e

�SW [ �, ̄�]+
P

x2⇤
{Ea

(x)V a
+
(x)+Ēa

(x)V̄ a
+
(x)}[ +, ̄+].

(3.10)

In the last equation, the integral representation of F (w) is used and the path-integrations
over the SO(10)-vector real spin fields with unit length, Ea

(x) and Ēa
(x), are introduced:

D[E] =

Y

x2⇤
(⇡5/12)�1

10Y

a=1

dEa
(x)�(

q
Eb(x)Eb(x)� 1) (3.11)

D[Ē] =

Y

x2⇤
(⇡5/12)�1

10Y

a=1

dĒa
(x)�(

q
Ēb(x)Ēb(x)� 1). (3.12)

7This point is crucial for our proposal and will be discussed later in relation to other formulations.
8One possible choice for F (w) is simply F (w) = ew =

P1
k=0

wk

k! . It also has the integral representation,

F (w)
���
w=(1/2)uaua

= (2⇡)�5

Z 10Y

a=1

dxa e�(1/2)xcxc
+xcuc

(3.8)

In this case, however, we do not succeed yet in proving the CP invariance of the effective action of the
lattice model.
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choose the bases of the Dirac fields, {uj(x), vj(x)}, and {ūk(x), v̄k(x)}, so that the jacobian
factors, det(uj(x), vj(x)), and det(ūj(x), v̄j(x)), are unity independent of the gauge field.
In this choice of the chiral bases, the pfaffian can be evaluated as

pf

 
�P̂ T

+ i�5CDT
aEaP̂+ �P̂ T

�DTP T
+

P+DP̂� �P�i�5CDT
a†ĒaP T

�

!

= pf

0

BBB@

�(uT i�5CDT
aEau) 0 0 0

0 0 0 �(vTDT v̄T )

0 0 �(ū i�5CDT
a†ĒaūT ) 0

0 (v̄Dv) 0 0

1

CCCA
(3.20)

= det(v̄Dv)⇥ pf(uT i�5CDT
aEau)⇥ pf(ū i�5CDT

a†ĒaūT ), (3.21)

where the matrices (v̄Dv), (uT i�5CDT
aEau) and (ū i�5CDT

a†ĒaūT) are given by

(v̄Dv)ki ⌘
X

x2⇤
v̄k(x)Dvi(x) (k = 1, · · · , n/2; i = 1, · · · , n/2 + 8Q),

(3.22)
�
uTi�5CDT

aEau
�
ij

⌘
X

x2⇤
ui(x)

Ti�5CDT
aEa

(x)uj(x)

(i, j = 1, · · · , n/2� 8Q), (3.23)

�
ūi�5CDT

a†ĒaūT
�
kl

⌘
X

x2⇤
ūk(x)i�5CDT

a†Ēa
(x)ūl(x)

T

(k, l = 1, · · · , n/2), (3.24)

and (uT i�5CDT
aEau) and (ū i�5CDT

a†ĒaūT) are anti-symmetric complex matrices.
Therefore, the effective action eq. (3.10) is now given by

e
�W [U ]

= det(v̄Dv) ⇥
Z

D[Ē] pf(uT i�5CDT
aEau)

Z
D[Ē] pf(ū i�5CDT

a†ĒaūT ).

(3.25)

Thus the effective action �W [U ], with our definition of the Weyl field measure eq. (3.4), has
the extra factor of logarithm of the pfaffians, pf(uT i�5CDT

aEau) and pf
�
ū i�5CDT

a†ĒaūT
�
,

integrated over the auxiliary spin fields in addition to the usual effective action given by
the logarithm of the chiral determinant, ln det(v̄Dv) [30–32] [76, 77].

The first factor in the r.h.s. of eq. (3.25) is nothing but the chiral determinant in
the overlap formalism.[30–32] In the weak gauge-coupling limit, the matrix (v̄Dv) shows
the massless singularity associated with the free left-handed Weyl field. With the periodic
boundary condition, in particular, (v̄Dv) is not invertible because there appear the zero
modes in the eigenvalues of D, which have zero index n+�n� = 0. In the topologically non-
trivial sectors, the matrix (v̄kDvi) is not a square matrix and det(v̄Dv) vanishes identically.
This is due to the appearance of the chiral zero modes with a non-trivial index n+ � n� =

�8Q 6= 0. These zeromodes, saturated by the insetion of the ’t Hooft vertices in terms
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with a local parameter ↵(x), and it gives rise to the non-trivial chiral anomaly in the U(1)
Ward-Takahashi relation. One may consider the similar global U(1) fermion symmetry of
the right-handed field  +(x),  ̄+(x), but it is broken explicitly by the ’t Hooft vertexes,
T+(x) and T̄+(x), down to Z4 ⇥ Z4, one Z4 for the field  +(x) and the other Z4 for the
anti-field  ̄+(x). The reason for the two independent Z4 is that the bilinear kinetic term of
the right-handed field,

P
x2⇤  ̄+(x)D +(x), is not introduced here. Conversely, this Z4 ⇥

Z4 symmetry prohibits such bilinear terms of the right-handed field to appear, as long as
it is not broken spontaneously.

3.2 Chiral determinant and ’t Hooft-vertex pfaffians

The path-integral weight for the effective action defined by eq. (3.10) consists of SW [ �,  ̄�],
the action of the left-handed fields, and

P
x2⇤{Ea

(x)V a
+(x) + Ēa

(x)V̄ a
+(x)}[ +,  ̄+], the ’t

Hooft vertex terms of the right-handed fields. These two terms can be written in terms of
the Dirac fields  (x),  ̄(x), as follows:

SW [ �,  ̄�]�
X

x2⇤
{Ea

(x)V a

+(x) + Ēa
(x)V̄ a

+(x)}[ +,  ̄+]

=
1

2

X

x2⇤

⇣
 T  ̄

⌘
(x)

 
�P̂ T

+ i�5CDT
aEaP̂+ �P̂ T

�DTP T
+

P+DP̂� �P�i�5CDT
a†ĒaP T

�

! 
 

 ̄T

!
(x).

(3.14)

Then the path-integration of the fermion fields with the Dirac field measure D[ ]D[ ̄] gives
rise to the pfaffian of the above gauge-covariant anti-symmetric operator,

pf

 
�P̂ T

+ i�5CDT
aEaP̂+ �P̂ T

�DTP T
+

P+DP̂� �P�i�5CDT
a†ĒaP T

�

!
. (3.15)

This pfaffian factorises into the chiral determinant of the left-handed fields and the ’t
Hooft-vertex pfaffians of the right-handed fields in the chiral bases for the field  (x) and
the anti-field  ̄(x) where �̂5 and �5 are diagonalized, respectively. One can introduce the
four-spinor vectors of the chiral bases as

P+ ⌦ P̂+ui(x) = ui(x) (i = 1, · · · , n/2� 8Q); (ui, uj) = �ij , (3.16)
P+ ⌦ P̂�vi(x) = vi(x) (i = 1, · · · , n/2 + 8Q); (vi, vj) = �ij , (3.17)

ūk(x)P� ⌦ P+ = ūk(x) (k = 1, · · · , n/2); (ūk, ūl) = �kl, (3.18)
v̄k(x)P+ ⌦ P+ = v̄k(x) (k = 1, · · · , n/2); (v̄k, v̄l) = �kl (3.19)

in the given topological sector U[Q], where n = dim⇤⇥4⇥16. The basis vectors ui(x) and
vi(x) depend on the gauge field through the chiral projectors P̂±, while the basis vectors
ūk(x) and v̄k(x) can be chosen so that they are independent of the gauge field. For example,
ūk(x)↵s = �xx0�↵,�+2�st for k = {x0 2 ⇤;� = 1, 2; t = 1, · · · , 16} and v̄k(x)↵s = �xx0�↵��st
for k = {x0 2 ⇤;� = 1, 2; t = 1, · · · , 16}, assuming �5 = diag(1, 1,�1,�1). One can always
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Defined with all components of the Dirac field  (x),  ̄(x), the Weyl field measure is
manifestly invariant under the SO(10) gauge transformation. It also possesses all required
transformation properties under lattice symmetries: translations, rotations, reflections and
charge conjugation. As to the global U(1) fermion symmetry of the left-handed field  �(x),
 ̄�(x), the fermionic measure transforms as

�↵D[ �]D[ ̄�] = �i
X

x2�
↵(x)tr{P̂� � P+}(x, x)⇥D[ �]D[ ̄�] (3.13)

with a local parameter ↵(x), and it gives rise to the non-trivial chiral anomaly in the U(1)
Ward-Takahashi relation. One may consider the similar global U(1) fermion symmetry of
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dcj

n/2Y
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n/2�8QY
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where n = dim⇤ ⇥ 4 ⇥ 16 and {cj , c̄k} and {bj , b̄k} are the Grassmann coefficients in the
expansion of the chiral component fields,

 �(x) =
X

j

vj(x)cj ,  ̄�(x) =
X

k

c̄kv̄k(x), (3.15)

 +(x) =
X

j

uj(x)bj ,  ̄+(x) =
X

k

b̄kūk(x), (3.16)

in terms of the chiral orthonormal bases defined by

P+ ⌦ P̂�vi(x) = vi(x) (i = 1, · · · , n/2 + 8Q); (vi, vj) = �ij , (3.17)
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P+ ⌦ P̂+ui(x) = ui(x) (i = 1, · · · , n/2� 8Q); (ui, uj) = �ij , (3.19)
ūk(x)P� ⌦ P+ = ūk(x) (k = 1, · · · , n/2); (ūk, ūl) = �kl. (3.20)

The basis vectors ui(x) and vi(x) depend on the gauge field through the chiral projectors
P̂±, while the basis vectors ūk(x) and v̄k(x) can be chosen so that they are independent
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for all topological sectors

the square matrix of the fixed size n/2. Therefore these pfaffians do not vanish identically
in general and the path-integration of the pfaffians over the spin fields Ea

(x) and Ēa
(x)

gives a certain non-zero functional of the admissible link field U(x, µ).
The pfaffian of the second matrix eq. (3.26) turns out to be unity. This is because the

matrix is represented as

(ūi�5CDT
a†ĒaūT)kl = i ✏��0�xx0

�
T
a†
P+

�
tt0
Ēa

(x0) (3.27)

for k = {x,�, t} and l = {x0,�0, t0}, in the bases �5 = diag(1, 1,�1,�1), ūk(x)↵s =

�xx0�↵�+2�st for k = {x0 2 ⇤;� = 1, 2; t = 1, · · · , 16}. Then the pfaffian of the matrix
is evaluated as

pf
�
ūi�5CDT

aĒaūT
�
=

Y

x

det
�
P� + P+iT

a†Ēa
(x)

�

=

Y

x

det
�
i Ťa†Ēa

(x)
�

=

Y

x

det
�
iČ†

[E10
(x) + i�̌a0Ēa0

(x)]
�

= 1. (3.28)

Note that det(iČ†
) and det

�
[E10

(x) + i�̌a0Ēa0
(x)]

�
are both equal to +1 and the latter, in

particular, is independent of Ēa
(x). Then the path-integration over Ēa

(x) simply gives
Z

D[Ē] pf
�
ū i�5CDT

a†ĒaūT
�
= 1. (3.29)

Thus the measure of the right-handed anti-field, D?[ ̄+], is indeed saturated completely by
inserting the product of the ’t Hooft vertex T̄+(x)[ ̄+]. This is actually the known result
which was first shown in [81], where the effects of the generalized Wilson-terms were studied
in the strong coupling limit. In fact, our result reads

1 =

Z
D?[ ̄+]F

�
T̄+(x)[ ̄+]

�

=

Z Y

x2⇤

4Y

↵=3

16Y

s=1

d ̄↵s(x)
Y

x2⇤

4!

8!12!

⇢
1

2
 ̄(x)P�i�5CDT

a ̄(x)T  ̄(x)P�i�5CDT
a ̄(x)T

�8

(3.30)

and it provides the explicit normalization for the constant in the result there[81].
The pfaffian of the first matrix eq. (3.25), on the other hand, is a complex number in

general, which depends on the spin field Ea
(x) as well as the link field U(x, µ). We do not

have a rigorous proof that the path-integration of the pfaffian over Ea
(x) is non-zero for any

admissible link fields. But there are typical examples of link field configurations where one
can argue that it is indeed the case. This is because the complex phase of the pfaffian does
not actually depend on the spin field Ea

(x) for rather genneric spin-field configurations as
long as the link field U(x, µ) is within the Spin(9) subgroup. Those include the case in the
weak gauge-coupling limit where the link variables are set to unity, U(x, µ) = 1, and the
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(x)
�

=

Y

x

det
�
iČ†
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) and det

�
[E10

(x) + i�̌a0Ēa0
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a†ĒaūT
�
= 1. (3.29)

Thus the measure of the right-handed anti-field, D?[ ̄+], is indeed saturated completely by
inserting the product of the ’t Hooft vertex T̄+(x)[ ̄+]. This is actually the known result
which was first shown in [81], where the effects of the generalized Wilson-terms were studied
in the strong coupling limit. In fact, our result reads

1 =

Z
D?[ ̄+]F

�
T̄+(x)[ ̄+]

�

=

Z Y

x2⇤

4Y

↵=3

16Y

s=1

d ̄↵s(x)
Y

x2⇤

4!

8!12!

⇢
1

2
 ̄(x)P�i�5CDT

a ̄(x)T  ̄(x)P�i�5CDT
a ̄(x)T

�8

(3.30)

and it provides the explicit normalization for the constant in the result there[81].
The pfaffian of the first matrix eq. (3.25), on the other hand, is a complex number in

general, which depends on the spin field Ea
(x) as well as the link field U(x, µ). We do not

have a rigorous proof that the path-integration of the pfaffian over Ea
(x) is non-zero for any

admissible link fields. But there are typical examples of link field configurations where one
can argue that it is indeed the case. This is because the complex phase of the pfaffian does
not actually depend on the spin field Ea

(x) for rather genneric spin-field configurations as
long as the link field U(x, µ) is within the Spin(9) subgroup. Those include the case in the
weak gauge-coupling limit where the link variables are set to unity, U(x, µ) = 1, and the

– 11 –

The saturation of the Right-handed measures due to ’t 
Hooft vertices (the anti-fields)

the part of the anti-field:
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(x)

gives a certain non-zero functional of the admissible link field U(x, µ).
The pfaffian of the second matrix eq. (3.26) turns out to be unity. This is because the

matrix is represented as
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ūi�5CDT

aĒaūT
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iČ†

[E10
(x) + i�̌a0Ēa0
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cf. strong coupling limit of Eichten-Preskill model                     [Eichten-Preskill(1986)]



In this formula eq. (6.1), the total action of the model, including the ’t Hooft vertex terms,
can be defined as

SOv[ ,  ̄, E
a, Ēa

] =

X

x2⇤
 ̄�(x)D �(x)

�
X

x2⇤
{Ea

(x) T

+(x)i�5CDT
a +(x) + Ēa

(x) ̄+(x)i�5CDT
a† ̄+(x)

T }.

(6.2)

Here the right-handed Weyl fields are introduced explicitly, trying to make the path-integral
measure of the left-handed Weyl fields in 16 simplified and manifestly gauge-invariant. The
SO(10) invariant ’t Hooft vertex operators of the right-handed fields are used to saturate
completely the right-handed part of the fermion measure. The short range correlations of
order the lattice spacing are required for the the right-handed Weyl fields and the aux-
iliary spin fields so that they are decoupled from physical degrees of freedom, preserving
the symmetries and leaving only the smooth and local terms of the link fields. These
features/requirements are actually shared with other various approaches and proposals to
decouple the species doubling or mirror modes of models.

An important technical difference lies on the fact that the path-integral measure of the
right-handed Weyl fields, i.e. the right-handed part of the chiral decomposition of Dirac
field measure, are formulated with the non-trivial chiral basis {ui(x) |P+ ⌦ P̂+ui = ui, i =

1, · · · , n/2� 8Q }, {ūk(x) | ūkP� ⌦ P+ = uk, k = 1, · · · , n/2 }, which depends on the gauge
field, as given by eq. (3.14),

 +(x) =
X

i

ui(x)bi,  ̄+(x) =
X

k

b̄kūk(x), (6.3)

D?[ +]D?[ ̄+] =

n/2�8QY

j=1

dbj

n/2Y

k=1

db̄k. (6.4)

We need to make sure the locality of this right-handed-measure contribution to the induced
effective action.

Another important technical difference is that we choose the product function for the ’t
Hooft vertices F (!) as given by eq. (3.6) and therefore use the unit SO(10)-vector spin fields,
Ea

(x) and Ēa
(x) with the constraints Ea

(x)Ea
(x) = 1 and Ēa

(x)Ēa
(x) = 1, omitting their

kinetic(hopping) terms. This choice allows us to prove the CP symmetry. It is also relevant
for preserving the (global) SO(10) symmetry in the thermodynamic limit.

In the following, we discuss the relations to Eichten-Preskill model, Ginsparg-Wilson
Mirror-fermion model, Domain wall fermion model with the boundary Eichten-Preskill
term, 4D Topological Insurators/Superconductors with gapped boundary phases, and the
recent studies on the Paramagnetic Strong-coupling (PMS) phase/Mass without symmetry
breaking, trying to clarify the similarity and the difference in technical detail and to show
that our proposal is a well-defined testing ground for that basic question.
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3 Path Integration – a proposal for the gauge-invariant measure

3.1 Definition of the path integration measures

The path-integral measures for the link field and the Weyl field are formulated as follows.
For the link field U(x, µ), it is defined with the group-invariant Haar measure as usual:

D[U ] ⌘
Y

x2⇤

3Y

µ=0

dU(x, µ). (3.1)

For the Weyl field  �(x),  ̄�(x), it is defined by using all the components of the original
Dirac field  ↵s(x)(↵ = 1, · · · , 4; s = 1, · · · , 16) not as usual, but the right-handed part of
the measure is just saturated completely by inserting a suitable product of the ’t Hooft
vertexes in terms of the right-handed fields,

T+(x) =
1

2
V a

+(x)V
a

+(x), V a

+(x) =
1

2
 +(x)

Ti�5CDT
a +(x), (3.2)

T̄+(x) =
1

2
V̄ a

+(x)V̄
a

+(x), V̄ a

+(x) =
1

2
 ̄+(x)i�5CDT

a ̄+(x)
T. (3.3)

Namely, the Weyl field measure is defined as

D[ �]D[ ̄�] ⌘ D[ ]D[ ̄]
Y

x2⇤
F (T+(x))

Y

x2⇤
F (T̄+(x)), (3.4)

where

D[ ]D[ ̄] ⌘
Y

x2⇤

4Y

↵=1

16Y

s=1

d ↵s(x)
Y

x2⇤

4Y

↵=1

16Y

s=1

d ̄↵s(x), (3.5)

and F (w) is the certain function to represent the product of the ’t Hooft vertexes, T+(x)

and T̄+(x). The Weyl field measure so defined depends on the link field U(x, µ) through the
chiral projection P̂+ to define T+(x) in terms of the right-handed field  +(x) = P̂+ (x).
Note that we use the four-spinor notation in the definition of the ’t Hooft vertexes and the
factor P̂ T

+ i�5CDT
aEa

(x)P̂+, not P̂ T
+{i�5CDP+T

aEa
(x)}P̂+, appears for the field  +(x),

while P�i�5CDT
aĒa

(x)P�
T
= P�{i�5CDP�

T
T
aĒa

(x)}P�
T for the anti-field  ̄+(x).8 Our

choice for F (w) is

F (w) ⌘ 4! (z/2)�4I4(z)
���
(z/2)2=w

= 4!

1X

k=0

wk

k!(k + 4)!
, (3.6)

8This point is crucial for our proposal. If one includes the factor P+ in the definition of the ’t Hooft
operator for the field  +(x), one has P̂T

+ i�5CDP+T
aEa(x)P̂+ = (1�D)T i�5CDP+T

aEa(x)(1 � D). The
factor (1�D) projects out the modes with the momenta ⇡(A)
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(0,⇡, 0, 0), · · · ,⇡(15) ⌘ (⇡,⇡,⇡,⇡). This type of the operator cannot saturate the right-handed part of the
measure completely. Therefore it is not acceptable for our purpose. This point will be discussed later in
relation to other formulations. See section 6.
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The Spin(10) CLGT with overlap Weyl fermions is R.P.  

in the weak gauge-coupling limit



DW fermion with the ultra-local boundary Eichten-Preskill term

[Kaplan(1992), Creutz et al (1997)] 

 [Wen(2013),  You-BenTov-Xu(2014), 
                              You-Xu (2015), 
                   Morimoto et al (2015) ]
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 ̄+(x, 1) = q̄+(x) =  ̄+(x)

 [Wen(2013)]



Thus, the Spin(10) CLGT with the overlap Weyl fermions is R.P.  
in the weak gauge-coupling limit

Xw = Dw − m0

a
m0 ∈ (0, 2),

Hw = γ5(Dw − m0

a
),

Dw = −γµ
1

2
(∇µ −∇†

µ) +
a

2
∇µ∇†

µ.

ήʔδڞมੑ͸ڞมࠩ෼∇µ͔Βߏ੒͞Ε͍ͯΔ͜ͱ͔Β໌നͰ͋Γɼہॴੑ͸ࢦ਺ؔ਺త
ͳ্ݶ

‖ Dov(x, y) ‖≤ C |x− y|σ e−|x−y|/λ

(C > 0, σ > 0͸ఆ਺ɼλ > 0͸O(1)ͷఆ਺)Λຬͨ͢͜ͱ͔Βै͏ɽͨͩ͠ɼήʔδ৔͸
༰৚݅Λຬͨ͢഑Ґۭؒڐ

U =
{
{U(x, µ)}

∣∣∣ ‖ 1− Uµν(x) ‖< ε ∀(x, µ, ν)
}

(d࣍ݩͰ ε < 2
5d(d−1)) Δ΋ͷͱ͢Δɽݶʹ

3.3 Atiyah-Singerࢦ਺ఆཧ

Ginsparg-Wilsonؔࣜ܎ΛΈͨ͢D͕ہॴత͔ͭήʔδڞมʹఆٛͰ͖Δͱɼ֨ࢠήʔδཧ
࿦ʹτϙϩδΧϧͳߏ଄͕ೖΔɽ࣮ࡍɼDovʹରͯ͠ɼAtiyah-Singerࢦ਺ఆཧ্͕֨ࢠͰݫ
ີʹ੒ཱ͢Δ [8][9][10]ɿ

IndexDov = −Tr(aγ5Dov) (∈ Z).

ΑΓθϩϞʔυɼDovψ0(x)ʹࣜ܎ลͰ͸ɼGinsparg-Wilsonؔࠨ = 0ɼ͕ γ5ͷݻ༗ঢ়ଶʹͳ
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ΕΔ3ɿ

−Tr(aγ5Dov) =
∑

x

q(x) (= Q),

q(x) ≡ −1

2
tr

{
Hw√
H2

w

}
(x, x).

ɼq(x)͸ήʔδ৔ͷඍখม෼ʹରͯ͠ࡍ࣮
∑

x

δηq(x) = 0

[
δηU(x, µ) = iaηµ(x)U(x, µ)

]
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q(x) = a4
{

g2

32π2
trF 2 +O(a)

}

[
U(x, µ) = 1 +

∞∑

l=1

1

l!

(
igaAµ(x)

)l ]

3Ginsparg-Wilsonؔͮ͘جʹࣜ܎ΧΠϥϧม׵ɼδψ(x) = γ̂5ψ(x)ɼδψ̄(x) = ψ(x)γ5 ͱͯ͠ҙຯ׵ॴมہ͕
Λ΋ͪɼσΟϥοΫ৔ͷܦ࿏ੵ෼ଌ౓

∏
x dψ(x)dψ̄(x)ͷϠίϏΞϯͱͯ͠ Tr(γ5 + γ̂5) = −2Tr(aγ5Dov)͕ಘ

ΒΕΔɽ
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At a finite gauge coupling, R.P. is not maintained even in the gauge-field-action, 
due to the admissibility condition 

[Luscher-Weisz (1984)] 

cf. improved gauge actions



Relation between Creutz-Horvath-Neuberger fermions and DW fermions

Implementation of the Spin(10) CLGT with CHN fermion/DW fermion



Hamiltonian Approach to Lattice Gauge Theory

Then the following chiral Majorana-type mass operator can gap the right-handed compo-
nent out of Dirac fermion, while the left-handed component remain massless,

m+ ψ+(x)
T icDψ+(x) + h.c. . (2.20)

The resulted massive component consist of a single Majorana fermion.

H =
∑

x∈L3

g2

2

3∑

k=1

Ea
k(x)E

a
k(x) +

∑

x∈L3

ψ̄−(x)γ0Dψ−(x),

Hc =
∑

x

g2

2
Ea

1 (x) {U1(x)}ab ψ†(x+ 1)T b

(
1− γ1

2

)
ψ(x+ 1)

+
∑

x

g2

2

1

2

(
ψ†(x)T a

(
1− γ1

2

)
ψ(x)

)2

Hm =
∑

x

Nf∑

l=1

ml ψ
†
l (x)γ0 (1−D)ψl(x), (2.21)

where the link operators U1(x) ∈ SU(N) and their conjugate momenta Ea
1 (x) are defined

by the commutation relations
[
Ea

k(x), {Uk′(y)}ij
]
= + {T aUk(x)}ij δk,k′ δx,y, (2.22)

[
Ea

k(x),
{
U−1
k′ (y)

}
ij

]
= −

{
U−1
k (x)T a

}
ij
δk,k′ δx,y, (2.23)

and, in the representation where Uk(x) (k = 1, 2, 3) are diagonal, they are given by

Ea
k(x) = {T aUk(x)}ij

δ

δ {Uk(x)}ij
, (2.24)

and we note that

δ

δ {U}ij

{
U−1

}
kl

= −
{
U−1

}
km

[
δ

δ {U}ij
{U}mn

]
{
U−1

}
nl

= −
{
U−1

}
km

[δimδjn]
{
U−1

}
nl

= −
{
U−1

}
ki

{
U−1

}
jl
. (2.25)

2.4.1 Dirac-type mass term

Since {
γ0(1−D),Q5

}
= 0, (2.26)

the following Dirac-type mass term decomposes in chiral components as

a3
∑

x

mD

{
ψ†(x)γ0(1−D)ψ(x)

}

= a3
∑

x

mD

{
ψ†
+(x)γ0(1−D)ψ−(x) + ψ†

−(x)γ0(1−D)ψ+(x)
}
. (2.27)
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X(3)
w = D(3)

w �m0 (0 < m0 < 2)

[Creutz, Horvath, Neuberger  (2001)]

[Neuberger,  YK (1998)]

Creutz-Horvath-Neuberger fermionswhere Dw is the D-dimensional Wilson-Dirac operator given by

Dw =
D∑

k=1

[
−
(
1− γk

2

)
∇k −

(
1 + γk

2

)
∇k

†
]
, (2.3)

∇k = U1(x)δx+1,x′ − δx,x′ . (2.4)

By the definition, the overlap Dirac operator Dov satisfies the two-types of the Ginsparg-
Wilson relations[35, 36],

γ5D +Dγ5 = 2Dγ5D, (2.5)
γ0D +Dγ0 = 2Dγ0D. (2.6)

Since these Ginsparg-Wilson relations imply

Q5 = γ5(1−D), H = γ0D, [H,Q5] = 0, Q2
5 +H2 = I, (2.7)

one may define an axial charge Q5 by

Q5 =
∑

x

ψ†(x)γ5(1−D)ψ(x) (2.8)

which commutes with the Hamiltonian of overlap-Dirac fermions, [Q5, Hov,F] = 0.
In d = 1 + 1 dimensions, we specify the representation of the gamma matrixes as

γ1 = −σ3, γ0 = σ2, γ5 = σ1 for convenience. The one-dimensional Wilson-Dirac operator
Dw is then given by

Dw =

[
−
(
1− γ1

2

)
∇1 −

(
1 + γ1

2

)
∇1

†
]
=

1

2

(
1− t 0

0 1− t†

)
, (2.9)

∇1 = t− 1, txx′ = U1(x)δx+1,x′ . (2.10)

We note that t stands for the “gauge-covariant” one-site lattice translation.4 The one-
dimensional ovelrap-Dirac operator D is given in a simple expression similar to the Wilson-
Dirac operator as

D =
1

2

[
−
(
1− γ1

2

)
∇ε

1 −
(
1 + γ1

2

)
∇ε

1
†
]
=

1

2

(
1− tε 0

0 1− t†ε

)
, (2.11)

∇ε
1 = tε − 1, tε = (t+ ε)

1√
(t+ ε)†(t+ ε)

, ε = m0 − 1. (2.12)

In the limit m0 → 1 and ε → 0, D becomes identical to Dw/2 because |t|2 = t†t = 1

or ∇1 +∇†
1 = ∇†

1∇1. And vise versa: from Wilson- to overlap-Dirac fermions, the lattice
translation kernel t is deformed by the parameter ε and generalized to tε.

4Dw satisfies the conjugate relations D†
w = γ5Dwγ5 = γ0Dwγ0.
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2

)
∇ε

1 −
(
1 + γ1

2

)
∇ε

1
†
]
=

1

2

(
1− tε 0

0 1− t†ε

)
, (2.11)

∇ε
1 = tε − 1, tε = (t+ ε)

1√
(t+ ε)†(t+ ε)

, ε = m0 − 1. (2.12)

In the limit m0 → 1 and ε → 0, D becomes identical to Dw/2 because |t|2 = t†t = 1

or ∇1 +∇†
1 = ∇†

1∇1. And vise versa: from Wilson- to overlap-Dirac fermions, the lattice
translation kernel t is deformed by the parameter ε and generalized to tε.

4Dw satisfies the conjugate relations D†
w = γ5Dwγ5 = γ0Dwγ0.
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chiral anomaly ?
[Hayata, Nakayama, Yamamoto(2024)]

[Hikida, Yamamoto(2025)]

unitary discrete chiral symmetry,  θ term  & counter terms ?

[YK (2025)]cf.  [Dempsey, Klebanov, Pufu, Zan 2023)]



Weyl fermion degrees of freedom ?

asymmetric definition of chiral components is not allowed 

in Hamiltonian formalism ?

where
�̂5 ⌘ �5(1� 2D), (�̂5)

2
= I. (2.11)

Then we define the left-handed Weyl fermions in the 16-dimensional spinor representation
of SO(10) by the eigenstates of the chiral operators, �̂5 for the field and �5 for the anti-fields:

 �(x) = P̂� (x),  ̄�(x) =  ̄(x)P+, (2.12)

where P̂± and P± are the chiral projection operators given by

P̂± =

✓
1± �̂5

2

◆
, P± =

✓
1± �5

2

◆
. (2.13)

We note that
⇥
P̂±,P±

⇤
= 0 and

⇥
P±,P±

⇤
= 0.

The action of the left-handed Weyl field in the 16-dimensional spinor representation of
SO(10) is given by

SW[ �,  ̄�] =
X

x2⇤
 ̄�(x)D �(x) =

X

x2⇤
 ̄(x)P+D (x). (2.14)

This action is manifestly invariant under the SO(10) lattice gauge transformations. It is
also invariant under the global U(1) transformation of the left-handed fields,

�↵ �(x) = i↵ �(x)
⇥
or � (x) = i↵ P̂� (x)

⇤
, (2.15)

�↵ ̄�(x) = �i↵  ̄�(x)
⇥
or � ̄(x) = �i↵  ̄(x)P+

⇤
. (2.16)

This global U(1) symmetry is broken due to the non-trivial transformation property of
the Weyl field path-integral measure, as we will see below, and the non-vanishing vacuum
expectation values of ’t Hooft vertices,

T�(x) =
1

2
V a
�(x)V

a
�(x), V a

�(x) =  �(x)
Ti�5CDT

a �(x), (2.17)

T̄�(x) =
1

2
V̄ a
�(x)V̄

a
�(x), V̄ a

�(x) =  ̄�(x)i�5CDT
a† ̄�(x)

T, (2.18)

in the topologically nontrivial sectors of the gauge field. Here T
a
(a = 1, 2, · · · , 10) are the

operators acting on the SO(10) spinor space, Ta
= C�

a. The explicit representations of C
and {Ta|a = 1, · · · , 10} are given in the appendix B. The action also possesses all required
transformation properties under lattice symmetries: translations, rotations, reflections and
charge conjugation. In particular, under P (space reflections) and C (charge conjugation)
the action is not invariant, while under CP the action is transformed into the same form,
but the definitions of the chiral projection for the fields and anti-fields are interchanged:

 �(x) = P̂� (x) )  �(x) = P� (x), (2.19)
 ̄�(x) =  ̄P+(x) )  ̄�(x) =  ̄{�5P̂+�5}(x). (2.20)

But the effective action of the gauge field turns out to be CP invariant. This CP transfor-
mation property of the model will be discussed below.
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Eigenvalue spectrum of the DW fermion 
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Creutz-Horvath-Neuberger fermion in Hamiltonian formulation is not quite chiral 

as Overlap fermion in Path-Integral formulation

It needs the mixing with the bulk massive Wilson fermion (AP, P) to 

reproduce the Weyl fermion d.o.f.  and  the associated anomaly inflow

It seems useful though, when one needs the separation of the bulk 

massive contributions from the boundary / low-lying modes



the Ground State of chiral DW fermions   
Integrability or Bulk independence?



Integrability condition for the G.S. of chiral  DW fermions  ?                                                         

Chiral set up
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である．この導出を格子ゲージ理論の枠組みで最初に
与えた Neubergerと Narayananは，この結果を “カ
イラル行列式の overlap公式” と呼んだ．8)∗8）overlap
ディラック演算子の名前の由来はこの結果にある．

4.1 有限区間の格子ドメインウォールフェルミオン
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−
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図 2
d 次元格子 Domain wall フェルミオン
– Shamir’s type.

ドメインウォールフェルミオンは，Shamir の提案
したように，５次元方向の有限区間 t ∈ [−N + 1, N ]

から定義することもできる ．境界ではディリクレ境界
条件 (あるいは自由境界条件)が設定される (図 2)：

ψ−(x, t)|t=−N = 0, ψ+(x, t)|t=N+1 = 0,

ψ̄−(x, t)|t=−N = 0, ψ̄+(x, t)|t=N+1 = 0.

この結果，t = N のドメインウォールには負カイラリ
ティのワイルフェルミオンが，t = −N + 1のドメイ
ンウォールには正カイラリティのワイルフェルミオン
が局在することになる．
これら正負のカイラリティを持つモードの間には質
量項を導入できる：

+mq

{
ψ̄−(x,N)ψ+(x,−N + 1)

+ψ̄+(x,−N + 1)ψ−(x,N)
}
.

mq = 1 とすると，２つの境界を反周期境界条件で接
続した場合と等価になる．したがって，反周期境界条
件を課したドメインウォールフェルミオンは，ゼロ質
量あるいは軽い質量をもつモードは完全になくなり，
Pauli-Villars 場として用いることが可能になる．

*8） 最近の米倉氏による Dai-Freed 定理の導出27) において
も，この手法が用いられている．詳しくは本特集の米倉氏の
解説を参照のこと．

カイラルフェルミオンを有限区間のドメインウォー
ルフェルミオンを用いて定式化する場合には，２つの
境界に異なる４次元ゲージ場をおく必要がある．5次元
ゲージ場は境界の４次元ゲージ場 U0(x, µ)と U1(x, µ)

を滑らかに内挿する経路 c : Ut(x, µ)(t ∈ [−N+1, N ])

に対応する．解析の簡単化のため，実際の内挿区間を
c̃ : Ut(x, µ)(t ∈ [−∆ + 1,∆]) として，∆ を固定し，
N 無限大の極限を考える．反周期境界条件に対しては，
２つの内挿経路 c1，c2 の合成 l = c1c

−1
2 に対応する

ゲージ場を採るものとする．(図 3)
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c1 !

c̃1

c−1

2
!

c̃−1

2

図 3 格子ゲージ場の d 次元依存性

ディリクレ，反周期境界条件を課した 5次元格子をそ
れぞれ

Y|Dir = {L4 × L ; c : Ut(x, µ) ∈ U(5)},

Y|AP = {L4 × 2L ; l : Ut(x, µ) ∈ U(5)},

境界の 4次元格子をそれぞれ

X0 = {L4;U0(x, µ) ∈ U}, X1 = {L4;U1(x, µ) ∈ U}

とする．このとき，バルクと境界の関係は ∂Y|Dir =

X1 ∪ X̄0，∂Y|AP = ∅となる．ただし，X̄0 は X0 の向
きづけを逆転させたものとし，複素共役を対応させる．

4.2 マスター公式
ディリクレ境界条件 (Shamirタイプ)の格子ドメイ
ンウォールフェルミオンの解析には，次のマスター方
程式が有用になる：

detX(d)
w

∣∣c1
Dir

= det
(
P− + P+

∏

t∈c̃1

Tt

)

detX(d)
w

∣∣c1 c̃−1
2

AP
= det

(
1 +

∏

t∈c1 c̃
−1
2

Tt

)

Tt =
1− adHt/2
1 + adHt/2

8

Dirichlet b.c.

AP b.c.

ゲージアノマリー相殺
δη ln det M = Tr{δηDP̂LD−1PR}− iLη (ηµ = −∇µω, δηD = [ω, D])

=
∑

x

ωa(x)
(
tr{T aγ5(1 − aD)(x, x)}− [∇∗

µjµ]a(x)
)

= 0 (13)

dabc = 2itr{T a[T bT c + T cT b]} = 0 ∵ ja
µ(x)は局所的 (14)

jµ(x) = O(a) (15)

局所性の要請
ゲージ場の運動方程式 (Schwinger-Dyson equation)は局所的であるべき

δU(x, µ) = ηµ(x)U(x, µ) ηµ(x) = ηa
µ(x)T a (16)

δSG[U(x, µ)] +
〈
a4

∑

x

ψ̄L(x)δDψL(x)
〉

F
−

∑

i

(vi, δvi) = 0 (17)

i
∑

i

(vi, δvi) = a4
∑

x

ηa
µ(x)ja

µ(x) (ja
µ(x)は U(x, µ)の局所的な関数) (18)

積分可能性 (Integrability condition)

(Uniqueで Smoothな)測度の位相の変化

W = exp

{
i

∫ 1

0

dtLη

}
, Lη = i

∑

i

(vi, δηvi), aηµ(x) = ∂tUt(x, µ)Ut(x, µ)−1 (19)

Projection op. の変化

Pt = QtP0Q
−1
t , Pt = P̂L|U=Ut ≡

(
1 − γ̂5

2

)∣∣∣∣
U=Ut

(20)

ゲージ場の空間内の閉曲線についての積分可能性 (Integrability condition)

W = det {1 − P0 + P0Q1} (測度の取り方によらない, 位相不変量) (21)

 t=0t=1

t=1

t=0

図 1: ゲージ場の空間内の Path

微分形 (可縮な閉曲線に対する必要十分条件)

δηLζ − δζLη + aL[η,ζ] = iTr
{

P̂L[δηP̂L, δζP̂L]
}

(22)

(Uniqueで Smoothな)測度の再構成 (Reconstruction theorem)

Lη = a4
∑

x

ηa
µ(x)ja

µ(x) satisfying (13), (21) =⇒ vi =

{
Q1w1W−1 if i = 1

Q1wi otherwise
(23)

2

<latexit sha1_base64="1WRowmpYjwsOnJwsQosmhzisdho="></latexit>

U[Q]

ゲージアノマリー相殺
δη ln det M = Tr{δηDP̂LD−1PR}− iLη (ηµ = −∇µω, δηD = [ω, D])

=
∑

x

ωa(x)
(
tr{T aγ5(1 − aD)(x, x)}− [∇∗

µjµ]a(x)
)

= 0 (13)

dabc = 2itr{T a[T bT c + T cT b]} = 0 ∵ ja
µ(x)は局所的 (14)

jµ(x) = O(a) (15)

局所性の要請
ゲージ場の運動方程式 (Schwinger-Dyson equation)は局所的であるべき

δU(x, µ) = ηµ(x)U(x, µ) ηµ(x) = ηa
µ(x)T a (16)

δSG[U(x, µ)] +
〈
a4

∑

x

ψ̄L(x)δDψL(x)
〉

F
−

∑

i

(vi, δvi) = 0 (17)

i
∑

i

(vi, δvi) = a4
∑

x

ηa
µ(x)ja

µ(x) (ja
µ(x)は U(x, µ)の局所的な関数) (18)

積分可能性 (Integrability condition)

(Uniqueで Smoothな)測度の位相の変化

W = exp

{
i

∫ 1

0

dtLη

}
, Lη = i

∑

i

(vi, δηvi), aηµ(x) = ∂tUt(x, µ)Ut(x, µ)−1 (19)

Projection op. の変化

Pt = QtP0Q
−1
t , Pt = P̂L|U=Ut ≡

(
1 − γ̂5

2

)∣∣∣∣
U=Ut

(20)

ゲージ場の空間内の閉曲線についての積分可能性 (Integrability condition)

W = det {1 − P0 + P0Q1} (測度の取り方によらない, 位相不変量) (21)

 t=0t=1

t=1

t=0

図 1: ゲージ場の空間内の Path

微分形 (可縮な閉曲線に対する必要十分条件)
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"
"

"
"
"

"
"
"

"
"
"

"
"
"

"
"
"

t = −N + 1 t = N

ψ+(x) ψ
−
(x)−m0 +m0(↗∞)+m0(↗∞)

Figure 2: d࣍ࢠ֨ݩDomain wallϑΣϧϛΦϯ
– Shamir’s type.

͜ͷ݁Ռɼt = NͷυϝΠϯ΢Υʔϧʹ͸ෛΧΠϥϦςΟͷϫΠϧϑΣϧϛΦϯ͕ɼt = −N+1

ͷυϝΠϯ΢Υʔϧʹ͸ਖ਼ΧΠϥϦςΟͷϫΠϧϑΣϧϛΦϯ͕͢ࡏہΔ͜ͱʹͳΔɽ
͜ΕΒਖ਼ෛͷΧΠϥϦςΟΛ࣋ͭϞʔυͷؒʹ͸࣭ྔ߲ΛಋೖͰ͖Δɿ

+mq
{
ψ̄−(x,N)ψ+(x,−N + 1)

+ψ̄+(x,−N + 1)ψ−(x,N)
}
.

mq = 1 ͱ͢Δͱɼ̎ͭͷڥքΛ൓पڥظք৚݅Ͱ઀ଓͨ͠৔߹ͱ౳ՁʹͳΔɽ͕ͨͬͯ͠ɼ
൓पڥظք৚݅Λ՝ͨ͠υϝΠϯ΢ΥʔϧϑΣϧϛΦϯ͸ɼθϩ࣭ྔ͋Δ͍͸͍࣭ܰྔΛ΋
ͭϞʔυ͸׬શʹͳ͘ͳΓɼPauli-Villars ৔ͱͯ͠༻͍Δ͜ͱ͕ՄೳʹͳΔɽ
ΧΠϥϧϑΣϧϛΦϯΛ༗ؒ۠ݶͷυϝΠϯ΢ΥʔϧϑΣϧϛΦϯΛ༻͍ͯఆࣜԽ͢Δ

৔߹ʹ͸ɼ̎ͭͷڥքʹҟͳΔ̐࣍ݩήʔδ৔Λ͓͘ඞཁ͕͋Δɽ5࣍ݩήʔδ৔͸ڥքͷ
ήʔδ৔ݩ࣍̐ U0(x, µ)ͱ U1(x, µ)Λ׈Β͔ʹ಺ૠ͢Δܦ࿏ c : Ut(x, µ)(t ∈ [−N + 1, N ])

ʹରԠ͢Δɽղੳͷ؆୯ԽͷͨΊɼ࣮ࡍͷ಺ૠ۠ؒΛ c̃ : Ut(x, µ)(t ∈ [−∆+ 1,∆])ͱͯ͠ɼ
∆Λݻఆ͠ɼN ແݶେͷݶۃΛ͑ߟΔɽ൓पڥظք৚݅ʹରͯ͠͸ɼ̎ͭͷ಺ૠܦ࿏ c1ɼc2
ͷ߹੒ l = c1c

−1
2 ʹରԠ͢Δήʔδ৔Λ࠾Δ΋ͷͱ͢Δɽ(ਤ 3)

! ! ! ! ! ! ! ! ! ! ! ! ! ! !

−N + 1 0 N−∆ ∆

U0(x, µ)

U1(x, µ)

c1(c2) !

c̃1(c̃2)

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !

−N + 1 0 N 2N 3N−∆ ∆

U0(x, µ) U0(x, µ)

U1(x, µ)

c1 !

c̃1

c−1

2
!

c̃−1

2

Figure 3: ήʔδ৔ͷࢠ֨ d࣍ݩґଘੑ

σΟϦΫϨɼ൓पڥظք৚݅Λ՝ͨ͠ ΛͦΕͧΕࢠ֨ݩ5࣍

Y|Dir = {L4 × L ; c : Ut(x, µ) ∈ U(5)},
Y|AP = {L4 × 2L ; l : Ut(x, µ) ∈ U(5)},

քͷڥ ΛͦΕͧΕࢠ֨ݩ4࣍

X0 = {L4;U0(x, µ) ∈ U}, X1 = {L4;U1(x, µ) ∈ U}
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<latexit sha1_base64="hjQl/ZswBcingCXAOlMiGOnH0O8="></latexit>

|GSi ⌦ |GSi ⌦ |gsi� ⌦ |gsi�0
<latexit sha1_base64="5nLWbIE9o/LhMr84Wo+I3TuHSH0="></latexit>

= |GS �GSi ⌦ |gsi (0) ⌦ |gsi (1)

<latexit sha1_base64="jkDl8/fNCba0HzSagrqCEal2cmc="></latexit>

|GS �GSi = ⇤�|GS �GSi
<latexit sha1_base64="cxrVWSOTmhXL0BQmxoN5T8vp5Tk="></latexit>

⇤� =
X

x,t

 (x, t)†
✓
1 + �̂0

2

◆
 (x, t)

<latexit sha1_base64="9uNl686gvX1CvJMT7hmB+zK4MS0="></latexit>

H|GSi = Emin.|GSi

<latexit sha1_base64="hNONSEeazUJly61cx/zHGTng+Ds="></latexit>

H =
X

x,t

 (x, t)†�0Xw (x, t)|Dir.

<latexit sha1_base64="QE6UkFtw8Ko44HhrCF6RNDe7vLI="></latexit>

�̂0 = ��0Xw
1q

X†
wXw

���
AP,P

the G.S. of chiral  DW fermions                                                        

Bulk dependence                                                        

<latexit sha1_base64="yhyyw3AQh0OdEnLyf1h/b3s/tLo="></latexit>

|GS �GSi =
Y

I

( †VI)|0i
<latexit sha1_base64="vwdAk4+jRV6fY1+UyojlN25qKdE="></latexit>

�̂0VI = +VI

<latexit sha1_base64="Or/2scAp7zaLFymwYtdoWFZ3NL8="></latexit>

cf. �̂5vi = �vi

=>  Integrability condition                                                       

 [Luscher (1998)]



Relation between Creutz-Horvath-Neuberger fermion and DW fermion

’t Hooft vertex in the Spin(10) CLGT with CHN fermion/DW fermion

Reflection positivity in the Spin(10) CLGT with overlap Weyl fermions

Summary

The Spin(10) CLGT with overlap Weyl fermions is R.P.  
in the weak gauge-coupling limit

At a finite gauge coupling, R.P.  is not maintained even in the gauge-field-action, 
due to the admissibility condition [Luscher-Weisz (1984)] cf. improved gauge actions

<latexit sha1_base64="DbB8gCSASdOovmWqqPwBlLqwfhc="></latexit>

q(x) = Q(x) + (1�Dov) (x)
<latexit sha1_base64="WWLRs3ISzwcEKgEv1WDsF3Ukmss="></latexit>

�(x) = �Q(x) +Dov (x)

CHN fermion needs the mixing with the bulk massive Wilson fermion to 

reproduce the Weyl fermion d.o.f.  and  the associated anomaly inflow

<latexit sha1_base64="k9vqb0IfFFM9n2HANdFHjHujoUI="></latexit>

�
X

x

yEa(x)
�
(Q+ (1�D) )T i�5CDP+T

a(Q+ (1�D) )

<latexit sha1_base64="+kiAI2LDVvCdNg5Vy3WkeEfRxDY="></latexit>

+(Q̄+  ̄(1�D))P�i�5CDTa†(Q̄+  ̄(1�D))T
o

Canonical (Unitary) transformation:  




