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Heavy Quark QCD |sing model

In this talk, we consider heavy quark QCD and its phase diagram
using hopping parameter expansion on a lattice.

~Heavy quark mass expansion



Hopping parameter expansion in lattice effective action

Setup

- Wilson(plaquette) gauge action for pure gluons(SU(3) Yang Mills)

- Degenerated Wilson fermion with Nf flavor with chemical potential(we set u =0 later)
- Finite temperature system

Partition function

/DUDqueXp[ Sg — Sg| = /DU@ s exp [InDet(1 — kH)] T/DU@ gexp[ Nfz TrHl]
=1

Wilson fermion action hopping parameter expansion

So = Ny Z(j(s) (1 —xH(s,s")]q(s) kK~1/m, <1 { In action level L %

s,s’ hopping matrix heavy quark 2
Hopping matrix ﬂ
3

) = Z [ (1 =) Ur(s )53+;;,Sf + (1 + ) U;(S - ]%)53—12,5’}
=

~

1
4 (1= 90 9T ($)5, 1 + (L) 92T 5 — D)6, ]



Hopping parameter expansion in lattice effective action

Fermion action

In Det(1 — kH) = —Nfz z K el = Z e iy | (2 = pg/T)
k=—o00
Spatially closed loops (k = 0) Temporally closed loops (k # 0)

X, V,Z

xX,V,Z
)k+1

Ao = (28) Nfz Z Retre By (s) + O0(x®) Ak = (2i)*N fZNfN Ly + O(x*Ner?)

S u<v E kN¢—1 k ~
L, = FZ tre [l_[ Ues(s +j4)] .

k -winding Polyakov loop

Higher k means higher order(small contribution to effective action) in hopping parameter expansion.
Hopping parameter expansion in action level is considered to be converged within the physical «.
N. Wakabayashi, S. Ejiri , K. Kanaya , M. Kitazawa, Progress of Theoretical and Experimental Physics, 2022-3, 033B05, 2022

Our motivation: How about thermodynamic potential? () = —['In 7/



Hopping parameter expansion of thermodynamic potential
The partition function

e Z = [ DUexp[=5,].
Z=1, \exp _kZOO ek”qu_/ (0) = Li_l;[(l)zig f DUexp|—S; — aSq |0
(fiq = pg/T)
The grand potential , |
(T, 1g) = —=TInZ, — Tn [exp Z eklla,

| e |

— cumulant expansion



Hopping parameter expansion of thermodynamic potential

e 2k KMkliq ( mk
Q(T,uq)=—T1nZg—TZ H Ay,

my,!

{my} [l e=—co
e §
09 calculate : :

3“ e Q, : quark contributions

—-——“__

T, T ’
O(T.ta) _ Xo + E (e"Ha + e W)X,
—T ~ "\

w=1

X, @ written by A
= (Zrc)“NfZ Z Retr¢ By, (s) + 0(x®)

(_i)k+1
k

| show the 2 topics from this formula.
1. Quark number susceptibility A = (26)KNe2NeN,
2. Convergence radius of cumulant exp.

Li + 0(xckNe+2)




Qua rk num ber susce ptl b| | ities Tohme, et al., PRD112, 094515 (2025)

lattice QCD result(physical quark mass) Heavy quark limit
1.2 . . . (Q)
R42(T.0) Tpe = 156.5(1.5) MeV (Q)(T ), Ve {1/9 (T > T),
1 ' i cont. est. 1 (T, p1q) 9 1 (T < T),
— o % # N8
X =
o™ QUT, A
"o 08 $ 12 =8 XSUT, ) = — B (T 2 (fiq = pg/T)
iﬁ B B a] 'uq 4
e RE (T, 0) - RS, (T, 0)
=~ 0.6 [-002 | - -
Cu o af @ 9:1 (low T: high T) is approximately reproduced
0.01 - i 7 d even in the physical quark mass lattice QCD!
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A. Bazavov, D. Bollweg, H.-T. Ding, P. Enns, J. Goswami,

P. Hegde, O. Kaczmarek, F. Karsch, R. Larsen et al. .
(HotQCD Collaboration), Phys. Rev. D 101, 074502 (2020) The (part of) properties of real QCD

can be investigated from the heavy quark QCD.




Convergence radius of cumulant expansion

ezkkmkﬁq( > \

m
) Q(T,llq)=—Tang—TZ I me HA"R

{my} |fe=—co |

calculate

T, o ,
O(T-a) _ Xo + g (e"Pa + e~wHa)x,
—T ~ "\

w=1

X, written by A g

m %[ Truly converged? finite convergence radius? asymptotic expansion? ]
~ S

! We check the convergence radius of the cumulant expansion in the simplest case.

), : quark contributions




Convergence radius of cumulant expansion

We check the convergence radius of the cumulant expansion in the simplest case.
- Nt=4

- We take Leading order(LO) in hopping parameter expansion for the effective action.
- zero chemical potential u =0.

plaguette Polyakov loop
7 = f DUe™ %A+ hot2Rels Ao = (26)IN; YN RetrPi,,(s) ReA; = (2/{)42NfNCReIl/1
= Zym{exp(Ag + 2ReAq))ym k -dependent p?rt A= 2NN NN = 25N Nt (N, = 4)
= Zym(exp(Aa))ym k -independent part a = & D RetrP,,(s) + ReL,
¢ s u<v
§ o= -Thz
We take Z3 rotations
Our target 3 i the average (-vu

to consider the situation
of the thermodynamic limit.

—Qo /T = In(exp(Aa))vm

Simulation: Nconf=100000



Convergence radius of cumulant expansion

Cumulant expansion of the thermodynamic potential

o

In(exp(Aa))ym = Z e \¥ : hopping parameter expansion
—1 of thermodynamic potential

We estimate the convergence radius A. by 2 methods.

method 1. Cauchy-Hadamard formula o= <a;YM )
1k ca = (a”)ym — (a)ym
Ae = lim Ny N\ = (i) e = (a")vne = 3{a% e + 200y
k— 00 |C’€| oo

method 2. Lee-Yang zero

Ao =min A | A e suchthat (exp(A%,a))yar = 0
mn



1. Convergence radius from Cauchy-Hadamard formula

0.010 A

0.008 A

oo
1/k
In{exp(Aa))yn = E c\” A. = lim A\ Ay = (L) /
k— o0 k|
k=1
(Nx,Nt)=(48,4)
® beta=5.6845 lattice parameter Temperature
beta=5.6900
$ beta=5.6920 0
® beta=5.6925 ﬁ p— < -
# beta=5.6930 92 corresponds
® beta=5.6950

0.006

0.004 -

0.002 -

0.000 A

- We estimate the convergence radius
CH) .
ACH) ~ g
- Error bar is statistical error of Monte Carlo calc.

- We find the convergence radii depend on S.

LA



Im(A)

2. Convergence radius from Lee-Yang zeros(LYZ)
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2. Convergence radius from Lee-Yang zeros(LYZ) [Horizontal axis: Re A

(n) (n) (n) Vertical axis: Im A
)\C — mln ALYZ ALnYZ < C such that <eXp()\LYZ ))YM =0 color: |<eXP()\G)>Y1\/I|
n

Nt=4, Nx=48, f=5.6845, Z3 rotated

0015 Nt=4, Nx=48, f=5.69, Z3 rotated Nt=4, Nx=48, f=5.692, Z3 rotated

0.015

Imi{A)

loglz(A)|

0.015
X Detected LYZ n X Detected LYZ M ¥ Detected LYZ m 225
L 42
24 200
0.010 0.010 0.010
L 36
20 t175
L 16 30
0.005 0.005 0.005 - 150
24
F2 _ F125 _
= =
N o N
0.000 g = 0.000 18 =< 0.000 | 100
2 2
F12
L 4 - 75
—0.005 —0.005 " —0.005
L o - 50
Ho
L _4 |
—0.010 —0.010 —0.010 »
- —6
| s -0
—0.015 —0.015 —0.015
—0.015 —0.010 —0.005 0.000 0.005 0.010 0.015 —0.015 —0.010 —0.005 0.000 0.005 0.010 0.015 —0.015 —0.010 —0.005 0.000 0.005 0.010 0.015
Nt=4, Nx=48, B=5.6925, Z3 rotated Nt=4, Nx=48, B=5.693, Z3 rotated Nt=4, Nx=48, B=5.695, Z3 rotated
0.015 0.015 0.015
¥ Detected LYZ M ¥ Detected LYZ M ¥ Detected LYZ M
F70 L
- 140 42
0.010 - 0.010 - 0.010 -
- 60 36
F120
| 50 - 30
0.005 - | 100 0.005 - 0.005 -
= 40 24
80 = =
4 N 4 N 4
0.000 = 0.000 0 o 0.000 18
-] 2
- 60
- 12
- 20
—0.005 | 10 —0.005 —0.005 P
- 10
20 o
—0.010 - —0.010 Lo —0.010
Lo - —6
- —10
—0.015 —0.015 - —0.015 -

—0.015 —0.010 —0.005 0.000 0.005 0.010 0.015 —0.015 —0.010 —0.005 0.000 0.005 0.010 0.015 —0.015 —0.010 —0.005 0.000 0.005 0.010 0.015

log|z(A)



2. Convergence radius from Lee-Yang zeros(LYZ) [Horizontal axis: Re A
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Convergence radius of cumulant expansion

H |gh tem peratu re YM: A. Francis et al.,, PRD91, 096002, 2015
CP: A. Kiyohara et al, PRD104, 114509, 2021
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5.688 - * Yang Mills critical temperature
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(Nx,Nt)=(48,4), from cumulant
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e (Nx,Nt)=(60,4), from cumulant
kel (Nx,Nt)=(60,4), from LYZ
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Low temperature

Data points indicate
the convergence radii at S

Cauchy-Hadamard formula

™
. )\gCH) ~ )\k:SO

Lee-Yang zeros

tol
e g,

V3 = Ng’ : 3-dim (lattice) volume

We found that
- two methods are consistent.

- The convergence radii are small
near B ~ XM

0.006 - The convergence radii are larger

YM’
C

as larger|8 —



Convergence radius of cumulant expansion

Nx=40 (not so large volume)but large range of beta. It seems that
— . the convergence radius will be larger
2737 o | as larger |8 — BIM|.
— , 5 e , The h_adron/quark regimes
K . are disconnected
5.71 - Quar regime Ho—e— by the convergence radii.
2707 ?}@ i * Heavy quark critical point
iﬁ o] * Yang Mills critical temperature How about the two limits:
= 3.69 - Ho l{  (Nx, Nt)=(40,4), from cumulant . ,8 oo (free gluons)'.
L s lol  (Nx,Nt)=(40,4), from LYZ ? o
5.68 - -o-0— convergence radius will be o,

. - B —0 (strong coupling limit):
5677 Hadron regime Ho—e—— N convergence radius is © ? finite?

~
-

3.66 o

5.65 & —e—

We will answer the question

I I I I I I I
0.0000 0.0025 0.0050 0.0075 0.0100 0.0125 0.0150 0.0175 0.0200 in the future.
A




Future works: Landau potential analysis, larger Nt, finite u,

Su m ma ry higher order in hopping parameter expansion, observables, ---
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- We consider heavy quark QCD.
- We consider hopping parameter expansion of the thermodynamic potential in addition to the lattice action

using the technique of the cumulant expansion.

Q
- Heavy quark limit approximately reproduce the quark number fluctuation. X3 (T, g _ {1 (T > To)
ST ) |9 (T <To).
- Using the Leading order of hopping parameter expansion for the effective action, (k —0 limit)

we estimate the convergence radius of the cumulant expansion by two methods,
Cauchy-Hadamard approach and Lee-Yang zero approach.

- The two methods are consistent.
- quark regime at high temperature and hadron regime at low temperature are disconnected by the

finite convergence radii.

T T T T T T T
0.015 —0.010 —0.005 0.000 0.005 0.010 0.015 0.0000 0.0025 0.0050 0.0075 0.0100 0.0125 0.0150 0.0175 0.0200
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Hopping parameter expansion in lattice effective action

Partition function

p— m l
K
Z = fDUDcTDq exp[—Sg —SQ] = fDU e Sgexp | —N¢ E TTrH‘
_ l=1

Closed trajectories of length [. /

Spatially closed loops Temporally closed loops
t

e Haqd eHq? Y j

—»X,V,Z
Uq-dependences

* Spatially closed loops: ug-independent
* Temporally closed loops: u,-dependent




Convergence radius of cumulant expansion

High temperature

YM: A. Francis et al.,, PRD91, 096002, 2015

CP: A. Kiyohara et al, PRD104, 114509, 2021
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Quark number susceptibilities

(Q)(T )= — 0" ‘Q(T’“q)z_ 0" (T, pq)
Ha) = o TV ong TV

lﬂq(r, o) =Ko+ Y (%0 + o)X,

w=1

1 R _
=7 Z wh|e®Ha + (—1)"e *Ha|X,,
w=1

The ratio of 4t to 214 ;
‘h25e (Q)(T ”q) Yoo 1 WC WX,y
M-p-; (Q)(T Hq) Z » w’ZC X

.

4% We can analytically calculate the ratio!

. (Cp = e%HFa 4 g~WHa)

OWCIV

2
o
0



Quark number susceptibilities
@ deconfined phase (T > T )

Zz-symmetry is broken and all X, can have
nonzero value.

— The leading contribution: X;.

Xz(;Q)(Trﬂq) _GX + 276X +
o 2
X;Q) (T’ H’Q) C]_X]_ + 2 C2X2 +

CZ XZ
=14+12——.
T,

O (M)

We get the ratios in low/high temperature
at heavy quark limit:

Tohme, et al.,, PRD112, 094515 (2025)

@ confined phase (T <T,)

Zz-symmetry is preserved and X3, (n € Z)
can have nonzero value.

— The leading contribution: X;.

X;Q)(Trﬂq) _ 34C3X3 + 64C6X6 + .-
B 2 2 'R
2 (T, pg)  32CaXs + 6%CeXe +

C6 X6
=9 + 140228
X

O (xc3Nt)

X (T pg) {1 (T > T)
s (T, pq)
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Volume dependence of LYZs o

* Heavy quark critical point
* Yang Mills critical temperature K, Hge*tgl
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We know that the LYZs will touch the real axis in V— |imit in the case of beta=5.6900
corresponding to the 1st order transition.

A. Kiyohara, M. Kitazawa, S. Ejiri, and K. Kanaya, Phys. Rev. D 104, 114509, 2021



Volume dependence of LYZs
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We know that the LYZs in A >0 region does not touch the real axis in V— [imitin high T>Tc.

But LYZs are located near

real axis A <0 region. Then, the convergence radius is finite.

A. Kiyohara, M. Kitazawa, S. Ejiri, and K. Kanaya, Phys. Rev. D 104, 114509, 2021



Convergence radius of cumulant expansion

Nx=40 (not so large volume)but large range of beta. It seems that

the convergence radius will be larger
2.73 — & | as |arger‘6_62(l\/[‘.
575 - , b o , The hadron/quark regimes
. are disconnected
5.71 - Quark regime Ho—e— by the convergence radii.

This is good news for me because

2707 : 9}@ | : Heavy quark critical point my concern below is resolved.

iq, o] Yang Mills critical temperature
= 3.69 - Ho |  (Nx,Nt)=(40,4), from cumulant

K oo lol  (Nx,Nt)=(40,4), from LYZ The two phases should be
5.68 - Ho-o— smoothly connected.
5.67 1 Had ron regime H—e—— 1 ? how consistent?
5 66 - P it is difficult to smoothly connect
the two regimes
5.65 & e in the viewpoint of our result

T T T T T T T Q
0.0000 0.0025 0.0050 0.0075 0.0100 0.0125 0.0150 0.0175 0.0200 i (T q) :{1 (T > T¢) (A —0 limit)
A (T |9 (T <T).



Convergence radius of cumulant expansion

Nx=40 (not so large volume)but large range of beta.

5.73 - - |

5.72 | O s |

3.71 A Quark reglme Ho—eo—

>-70 7 ?}@ i * Heavy quark critical point

hq, o * Yang Mills critical temperature
= 2.697 Fo- lel  (Nx,Nt)=(40,4), from cumulant
* O-e kol (Nx,Nt)=(40,4), from LYZ

5.88 1 HO-—

>677 Hadron regime Fo—e——

5.60 7 o———

5.65 - &——e—|
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A

How about the two limits:
- B— o (free gluons):

9 . .
“‘ convergence radius will be .
' + 8 —0 (strong coupling limit):

& convergence radius is o ? finite?

‘d\‘
e <

We will answer the question -
in the future.
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