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Introduction
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QCD phase diagram and critical point

Universality (Z2 Ising & model H) argument provides clues to the critical point
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Baryon number fluctuations [STAR (25)]
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図 （左上）QCD 相図のイメージ図。横軸が密度、縦軸が温度。低温・低密度領域（⽔⾊部分）では、
クォークやグルーオンはハドロンガスとして存在しているが、⾼温・⾼密度領域（⻘⾊部分）では QGP
へ変化する。２つの相の間の相転移の仕組みはよく分かっていないが、低密度領域では滑らかな変化であ
るクロスオーバー、⾼密度領域では１次相転移（体積やエントロピーに不連続が⽣じる変化）であると予
想されている。QGP 相中に描かれた複数の⽩線は、原⼦核衝突実験において⽣成された QGP が時空発
展とともに冷え、やがてハドロンガスへ相転移する様⼦を、異なる衝突エネルギーにおいて表したもので
ある。⾼いエネルギーほど⽣成物質の密度は低く、低いエネルギーほど密度が⾼くなるという特徴があ
る。（左下）STAR検出器の概観図。多数のサブシステムから構成され、原⼦核衝突実験において⽣成さ
れる数千以上の粒⼦の運動量やエネルギーの情報が得られる。（右上）QCD 臨界点を含んだ理論モデル
の予測。縦軸が４次ゆらぎ（C4/C2）、横軸が衝突エネルギー。（右下）正味陽⼦数の４次ゆらぎの衝突
エネルギー依存性。⾦の原⼦核同⼠がかするような周辺衝突事象を解析した結果がダイヤ、原⼦核同⼠が
正⾯衝突した事象の結果が⾚四⾓で⽰されている。Hydro EVは QGP の流体的な性質を考慮したモデル
計算、HRG CEはバリオン数保存を考慮したハドロンガスのモデル計算、LQCD は格⼦ QCD による数値
計算、UrQMD がハドロンの輸送モデルを表す。これらのモデル計算（右下図内）には、QCD 臨界点は
含まれていない。 
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Baseline needs to be evaluated for interpretation, which is a nontrivial task
Alternative signals?
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Electromagnetic probes

Critical enhancement in low energy
I Sensitive to electric conductivity σ ∝ ξ (Model H = critical modes + shear modes)

– Dileptons in NJL model [Nishimura-Kitazawa-Kunihiro (23)]
– Photons in model H [Akamatsu-Asakawa-Hongo-Stephanov-Yee (25)]

I Too low energy??
– To see photon enhancement, typically ω ∼ γη/ξ
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Heavy quarks?

Langevin equation for Brownian motion
ṗ = −γp + ξ, 〈ξi(t)ξj(0)〉 = κδijδ(t)

γ =
κ

2MT
, D =

2T2

κ
(diffusion constant)

I Observables are sensitive to heavy quark diffusion constant (D ∝ κ−1)GUY D. MOORE AND DEREK TEANEY PHYSICAL REVIEW C 71, 064904 (2005)
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FIG. 4. (Color online) (a) The nuclear modification factor RAA for charm quarks for representative values of the diffusion coefficient.
(b) v2(pT ) for charm quarks for the same set of diffusion coefficients given in the legend in (a). In perturbation theory, D × (2πT ) ≈ 6 (0.5/αs)2.
The model for the drag and fluctuation coefficients is referred to as LO QCD in the text. The band estimates the light hadron elliptic flow for
impact parameter b = 6.5 fm using STAR data [2].

η = −20 . . . 20. Periodic boundary conditions are applied in
the η direction. The initial momentum distribution is drawn
from the following:

dN

dy dηd2pT

∝ δ(y − η)
1

(
p2

T + %2
)α , (46)

where α = 3.5 and % = 1.849 GeV. This parametrization
is a fit to leading order parton model calculations that
were performed with the marvelous CompHEP package [52].
Specifically, charm production at midrapidity was computed
for proton-proton collisions with

√
s = 200 GeV. The charm

mass was set to 1.4 GeV and the strong coupling constant was
evaluated at a scale 4m2

T = ŝ[1 − (−t + m2
c/ŝ)2]. Similarly

the CETQ4m parton distributions were evaluated at a scale
4m2

T . The resulting momentum distribution is comparable to
the results of Pythia calculations [53].

A few remarks about Lorentz invariance and numerical
implementation are necessary. Consider a heavy quark with
position and momentum four-vectors (x ′)µ and (p′)µ in a
medium with four-velocity uµ(x ′) in the computational frame.
Given an infinitesimal time interval &t ′, we can calculate
&x′ in the computational frame (i.e., &x′ = p′/E′&t ′). We
therefore know the four-vector (&x ′)µ and we can compute
(&x)µ in the rest frame of the medium. In particular, we know
the time interval in the rest frame &t . In the rest frame, we can
update the momentum using the Langevin rule. Now because
the quark is on mass shell, the four-momentum is known in
the rest frame and can be boosted back to the computational
frame. Generally there will be numerical artifacts that are
not Lorentz invariant of order

√
&t/L, where L is some

typical time/length scale of change in the computational frame.
Because of this dependence on &t , it is important to check
that Lorentz invariance is respected. Several test runs were
performed in different frames to verify that numerical artifacts
are under control at the 1.0% level when the γ factor u0 is
less than 15. The

√
&t error can presumably be avoided by

employing a higher order algorithm for stochastic differential

equations [54]. But, given the complexity of the intermediate
boosts, the lowest order algorithm was adopted.

In summary, we place heavy quarks with a reasonable
initial transverse momentum distribution in a hydrodynamic
simulation of heavy-ion collisions. Then the heavy quarks
are evolved according the Langevin update rule in the local
rest frame. We have simulated a solidly midcentral collision,
b = 6.5 fm.

There are at least two items of experimental interest in the
heavy-ion program. The first is the suppression factor RAA,
which experimentally is the ratio of the proton-proton D meson
spectrum to the Au-Au D meson spectrum. We estimate RAA

at midrapidity using our “input” and “output” charm quark
spectrum as follows:

RAA =
(

dN
dpT

)
output(

dN
dpT

)
input

.

The “input” spectrum has already been described. Given the
Langevin nature of the force, the spectrum never completely
stops changing. However, the drag and fluctuations are
proportional to powers of the temperature, and therefore their
influence decreases at late times, as the temperature drops. We
have found that the spectrum is nearly frozen after τ = 9 fm.
The “output” spectrum is really the spectrum at τ = 15 fm.
Integrating further would have only a negligible effect. A
large unknown in the comparison to D meson data is how
hadronization will affect the final spectrum. In the truly heavy
quark limit, hadronization would not affect the spectrum
significantly. However, the charm quark is not particularly
heavy, and therefore various models of hadronization will give
different answers. Coalescence and independent fragmentation
are two extreme models that have been studied recently
[19,20]. We will ignore the important effects of hadronization
in this work. Therefore, a direct comparison of our RAA to the
experimental RAA is certainly misguided. The RAA factor is
illustrated in Fig. 4(a). This figure is discussed below.
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[Moore-Teaney (05)]

Is there any critical effects in κ?
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Force correlator near the critical point
[Akamatsu-Asakawa, PRC109 (2024) L031901]
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Coupling to critical fluctuations

Slow modes at the critical point
I Model B: critical modes δσ ∼ δnB ∼ δe
I Model H: critical modes δσ ∼ δnB ∼ δe coupled with shear modes gT
I Heavy quark is also a slow d.o.f. due to its large mass

Coupling between a heavy quark and critical modes
I At finite µB, coupling δσδnB is allowed

Similarly, we model a heavy quark effective Lagrangian

Lkin = Q†
(

i∂t +
∇2

2M

)
Q, Lint = −λδσnQ = −λδσQ†Q

I Force acting on a heavy quark

PQ =

∫
x

Q†∇
i

Q,
dPQ

dt
= −

∫
x
∇δσ · (λQ†Q)
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Heavy quark momentum diffusion constant by force correlator

Definition of κ by matching Langevin equation to QCD

(Langevin) κδij =

∫
dt〈ξi(t)ξj(0)〉

M→∞−−−−→
∫

dt
〈

dpi
dt

(t)
dpj
dt

(0)
〉

︸ ︷︷ ︸
force correlator at M → ∞

(QCD) κδij =

∫
dt 〈TrcW (−∞, t)Ei(t)W (t, 0)Ej(0)W (0,−∞)〉︸ ︷︷ ︸

at M → ∞, Lorentz force = electric force

I Near the QCD critical point

(CP) κδij =

∫
dt

〈∫
x
∂iδσ · (λQ†Q)(t)

∫
x
∂jδσ · (λQ†Q)(0)

〉
NQ=1
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Force correlator near the critical point

Weak coupling case, at order O(λ2) (= neglecting the medium back reaction)

κ = −1
3
∇2λ2

∫
dt 〈δσ(t, x)δσ(0, 0)〉

∣∣∣
x=0

+O(λ3)

=
1
3
λ2

∫
ddkk2

∫
dt 〈δσ̃(t, k)δσ̃(0,−k)〉︸ ︷︷ ︸

decay with τσ(k)

∼ λ2
∫

ddkk2 χσ(k)︸ ︷︷ ︸
amplitude

τσ(k)

I In the scaling regime 1/ξ � k � 1/`o:

χσ(k) ∼ k−2+η, τσ(k) ∼ k−z → κ ∼ λ2
∫ 1/`o

1/ξ
dkkd−1+η−z ∼ λ2ξz−d−η

I Model B (z ≈ 4): κ ∼ λ2ξ → critical enhancement!
I Model H (z ≈ 3): κ ∼ λ2ξ0 → difficult to observe, how about higher order in λ?
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Heavy quark width near the critical point

Width from the heavy quark self-energy at weak coupling

Γ

2
= Im

[
λ2

∫
dt 〈δσ(t, 0)δσ(0, 0)〉

]
∼ λ2ξz+2−d−η

I Model B (z ≈ 4): Γ ∼ λ2ξ3 → critical enhancement!
I Model H (z ≈ 3): Γ ∼ λ2ξ2 → critical enhancement!?

Heavy quarks are strongly coupled with critical fluctuations → consistent with the result of κ?
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Summary and outlook
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Is there any critical behavior in heavy quark dynamics?

Critical scaling of heavy quark momentum diffusion constant

κ ∝ λ2ξz−d−η +O(λ3)

I Depends on the critical dynamics:
model B (z ≈ 4 → κ ∝ λ2ξ) and model H (z ≈ 3 → κ ∝ λ2ξ0)

I Width Γ ∝ λ2ξz+2−d−η → suggests strong coupling in model H

Outlook
I Higher-order expansion in λ needs to be analyzed? [Akamatsu-Asakawa-Sogabe, in progress]

I Schwinger-Keldysh EFT with heavy quarks and soft modes?
I Experimental test for impurity-critical coupling

→ Polaron in cold atoms at the superfluid transition [Lau et al, in progress]
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