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Critical point and Hydrodynamics

2

This question is difficult to address directly in real-world QCD, but QCD  
in (1+1)-dimension may be solvable in the Hamiltonian formulation.

My question is how soft modes (near a QCD critical point) can be 
characterized from microscopic dense QCD.

In this talk, I will report our recent results from this perspective.



 at finite densityQC2D2

3

We numerically construct the translational and gauge invariant ground 
states of (1+1)-dimensional  gauge theory with a single flavor at 

finite baryon density using tensor network method.
SU(2)

 quark chemical potentialμq :  quark massmq :

<latexit sha1_base64="1flwy/9rzl5nubCF/DY+10MMalk="></latexit>

S =

∫
d2x

[
→1

2
Tr (FµωFµω) + iq̄ωµDµq + µqq

†q →mq q̄q

]

*The choice  and  is made for purely technical reasons.Nc = 2 Nf = 1
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Previous studies on QC2D2

4

• Bosonization with a certain regularization at strong coupling limit

• The Hamiltonian formulation with a strong coupling expansion on the lattice

• Matrix product state with an open boundary condition on the lattice

[V. Baluni (1980), P. J. Steinhardt (1980), T. Kojo (2011)]

[H.J. Hamer (1982)]

[M. C. Banuls, K. Cichy, J. I. Cirac, K. Jansen, S. Khun (2017), T. Hayata, Y. Hidaka, K. Nishimura (2023)]

[M. Lajer, R. M. Konik, R. D. Pisarski, A. M. Tsvelik (2021)]

Cold and dense  is Tomonaga-Luttinger liquid!(Bosonization)QCD2

• Grassmann tensor renormalization group approach 
[K. H. Pai, S. Akiyama, S. Todo (2025)]

• Two-color QCD at finite baryon density can be simulated by lattice Monte 
Carlo for even  in (1+3)-dimensions.Nf

[Review by V. V. Braguta (2023), E. Itou (2025).]



Tomonaga—Luttinger Liquid (1)
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Consider a (1+1)-dimensional many-particle system:

When the density-density interaction is local, the Hamiltonian in the 
long-distance limit is described by

<latexit sha1_base64="OvX8vHQuSJiUZdCaQzcZFuqCPYI="></latexit>

HTLL =

∫
dx

[
2ωcsK!2

B +
cs

8ωK
(ε1ϑB)

2
]

Two parameters capture physics of a cold and dense quantum fluid.
 Sound speed,  Luttinger parametercs : K :

 Labeling field (particle number)ϕB(t, x) :

1 2 3 4 5 6 7 8 9 10 11
<latexit sha1_base64="g0joCDWo/zVvqkMnIDowwu2WVaA="></latexit>x

<latexit sha1_base64="ISkw7lzdXmnGSmDZDlk6V88zKa4="></latexit>

→ωB↑ = NB(x)

[Tomonaga (1950), Luttinger (1960)]

[Haldane (1981)]

<latexit sha1_base64="ia7euRMSiIf7Msxp4wMIg2pwHY8="></latexit>

[!B(t, x1),ωB(t, x2)] = →iε(x1 → x2)



Tomonaga—Luttinger Liquid (2)
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The density-density correlation function:
<latexit sha1_base64="xGKvd5JfpExjjktwfSUExaTC4BM="></latexit>

→ωnB(t, x1)ωnB(t, x2)↑ ↓
→∑

ω=1

Bω
cos(2εϑnB |x1 ↔ x2|)

|x1 ↔ x2|2ω2K

A spatial modulation appears in two-point function:
<latexit sha1_base64="4oWiB93ySr6xEI/qzOgbYRu/NFo="></latexit>

dB → 1/nB

<latexit sha1_base64="Dr3JcXRPKioBpVaf0wuX5JNbOBg="></latexit>

pf = ω→nB↑

[Haldane (1981)]



Our Results
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•A central charge is  (A single baryon number density mode).c = 1

•There are spatial modulations in the baryon number density-density 
correlation with wavenumber, , .pf = 2πℓ⟨nB⟩ ℓ = 1,2,⋯

•A gapless behavior is observed at any finite baryon number density, 
.⟨nB⟩ ≠ 0

•We compute the EFT parameters using first-principles methods.

Cold and dense  is indeed Tomonaga—Luttinger liquid!QC2D2

We confirm the following using Hamiltonian lattice calculations.
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Hamiltonian formulation



Hamiltonian formalism
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<latexit sha1_base64="7TN67cV/5AOliqCnHQhR02In6lQ="></latexit>

→!|Ô|!↑ : Physical state|Ψ⟩

Huge vector 
(Hilbert space)

Huge and usually sparse matrix 
(Operator)

In the Hamiltonian formalism, physical states can be constructed directly.

Ex) dim  even for -site Ising model.|Ψ⟩ = 2N N
No sign problem, but dimension of  is quite large…|Ψ⟩



Tensor Network
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Tensor network provides a good basis to construct the physical state by 
classical computing.

[TensorNetwork.org]

PEPSMPS

http://TensorNetwork.org


Kogut-Susskind Hamiltonian formulation
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A spatial direction is discretized, while the temporal direction is continuous.

A gauge field lives on the link.

: Left and right electric fieldsLa, Ra

: Wilson line in fund. rep.U : Generator of Ta SU(2)

<latexit sha1_base64="WORSDOdljHCZswA2pO3YC/jnHrY="></latexit>

[Ra, Rb] = ifab
c Rc, [La, Lb] = �ifab

c Lc

[Kogut, Susskind (1974)]

A matter field lives on the site.

 (Staggered) fermion in the 
fundamental rep.

ϕc :

<latexit sha1_base64="4ymbro/yLOtG5POaFYOCElDbqhs="></latexit>

{�†
c1(n),�

c2(m)} = �n,m�c2c1

The calculation is mostly performed using group theory.

<latexit sha1_base64="/OVkR1KTlywkDqqjIXv52+8HI9A="></latexit>

|ω→ =

<latexit sha1_base64="nX2xzqtik1prihUg4u64dvKGuyc="></latexit>

[Ra, U ] = UT a, [La, U ] = T aU



Hamiltonian in 1+1 dimension
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The total Hamiltonian with a single flavor

: lattice spacing, : gauge coupling, : quark massa g m

: square of electric fieldE2 = (Ra)2 = (La)2

Hopping term

Quark mass term

<latexit sha1_base64="5Np/o60cKcAt7fVKuD0u3oHfViI="></latexit>

Htot = HE +Hhop +Hmass

HE =
X

n

ag
2

2
E

2(n),

Hhop =
X

n

1

2a

�
�
†
c1(n+ 1)U c1

c2 (n)�
c2(n) + h.c.

�
,

Hmass = m

X

n

(�1)n�†
c(n)�

c(n).



13

uniform Matrix Product States (uMPS)
• Assuming the translational invariance and using the truncation, uniform 

matrix product states reduce the number of variational parameters!

• An exact physical state is realized for .D → ∞ [Verstraete, Cirac (2006)]

Number of parameters ~ (dim. of local Hilbert space)D2×
[M. Fannes, B. Nachtergaele, R. F. Werner (1992)]

13

<latexit sha1_base64="3axikvitilk9KKuFxZvw4nyQAyE="></latexit>· · ·<latexit sha1_base64="3axikvitilk9KKuFxZvw4nyQAyE="></latexit>· · ·
<latexit sha1_base64="DXxL2V69GztYBYQT0jr3mdKY2WE="></latexit>

A
<latexit sha1_base64="DXxL2V69GztYBYQT0jr3mdKY2WE="></latexit>

A
<latexit sha1_base64="DXxL2V69GztYBYQT0jr3mdKY2WE="></latexit>

A
<latexit sha1_base64="DXxL2V69GztYBYQT0jr3mdKY2WE="></latexit>

A
<latexit sha1_base64="s72OclzZPxjYXwvb2Wp49m1xpXE="></latexit>

|!→ = v†L · · ·AsnAsn+1 · · · vR| · · · , sn, sn+1, · · · → =

: bond dimensionD

• We use gauge and translational invariant uMPS ansatz and construct the 
ground state by minimizing the grand potential by variational method.

[Zauner-Stauber, Vanderstraeten, Fishman, Verstraete, Haegeman (2017)]
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Result
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Quark distribution function

15

Remark: Fermi surface is destabilized by the gauge interaction.
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<latexit sha1_base64="EaIN44qwMUo2uKSjXgvpMTw5qh4="></latexit>

→ : pf = ω↑nB↓

<latexit sha1_base64="EaIN44qwMUo2uKSjXgvpMTw5qh4="></latexit>

→ : pf = ω↑nB↓
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Cold, Dense and Uniform
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 for . ( : the lightest baryon mass)⟨nB⟩ ≠ 0 μB ≥ MB MB

Caution: No continuous global symmetry is spontaneously broken . 
 carries  quantum number.

⟨B⟩ ≃ 0
B ∼ ϵc1c2

qc1qc2 U(1)B
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Cold, Dense, Uniform and Gapless

17

The system behaves as the gapless phase for !⟨nB⟩ ≠ 0

The best fitted-value of the central charge is c = 1.00083 ± 0.005
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<latexit sha1_base64="WXR3qgNmUywrGBrGiVFpCEG9us0="></latexit>

SEE → c

6
log(ω/a) [P. Calabrese, J. Cardy (2009)]
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Tomonaga—Luttinger liquid theory

18
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A low-energy behavior is described by

Charge Density Wave-like

<latexit sha1_base64="xGKvd5JfpExjjktwfSUExaTC4BM="></latexit>

→ωnB(t, x1)ωnB(t, x2)↑ ↓
→∑

ω=1

Bω
cos(2εϑnB |x1 ↔ x2|)

|x1 ↔ x2|2ω2K

Spatial 
modulation

<latexit sha1_base64="GXaXBbFX2zUE6Oc9yebtoECt3nc="></latexit>

HTLL(µB > MB) =

∫
dx

[
2ωcsK!2

B +
cs

8ωK
(ε1ϑB)

2
]

Density-density correlation:
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Dilute Baryon Liquid
Unfortunately, I couldn’t construct the ground state at very dilute baryon 

density region, …⟨nB⟩/g ≤ 0.04

As far as I understand, the most plausible scenario is a Pokrovsky—Talapov 
transition, which is described by a non-relativistic free-fermion gas. 

(*However, baryon is boson for !)Nc = 2

<latexit sha1_base64="eOfmYKPIq5gUaD509f5P2q/RXH8="></latexit>

ωB(p)

<latexit sha1_base64="kmQtjaItnkv9aamyIULbBo9SSU4="></latexit>p

ωB = μB
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[Pokrovsky, Talapov (1980)]
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Conclusion

21

•We explore the two-color single flavor dense QCD in (1+1)-dimension 
with uniform matrix product states.

•There are spatial modulations in the baryon number density-density 
correlation with wavenumber, , .pf = 2πℓ⟨nB⟩ ℓ = 1,2,⋯

•A gapless behavior is observed at any finite baryon number density 
, and the central charge is .⟨nB⟩ ≠ 0 c = 1

•We compute EFT parameters using first-principles methods for cold and 
dense .QC2D2



22

VUMPS
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Variational Uniform Matrix Product State (VUMPS) algorithm

Energy is the target function: 

<latexit sha1_base64="stw82Kh3Y72p2kMIfn2d4lOeTTE="></latexit>

|!→ = tr(· · ·AsnAsn+1 · · · )| · · · , sn, sn+1,···→uMPS:

VUMPS is based on the gradient descent method:
<latexit sha1_base64="kWcyd3B78oMsw0hkKNiwEAa3klE="></latexit>

ωE

ω(Asm)†
= 0Find the MPS tensor minimizing energy:

Variational parameters

[Zauner-Stauber, Vanderstraeten, Fishman, Verstraete, Haegeman (2017)]
<latexit sha1_base64="6+EPSq5VdCVzuq4PP8zf54eby4Q="></latexit>

E → ↑!uMPS|Ĥ|!uMPS↓
↑!uMPS|!uMPS↓
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Cold and Dense Ground states

23

The ground state property is investigated by minimizing,

under fixed lattice input parameters: , 
(The gauge coupling has mass dimension 1 in (1+1)-dim.)

m/g, μB/g, D, ga

with a translational and gauge invariant MPS ansatz .|ΨuMPS⟩

Remark: The translational invariance plays a crucial role to obtain new results.

: baryon number operatorNB

<latexit sha1_base64="E3aTMEqkgjwUcFONKziH25TeOL0="></latexit>

h uMPS|Htot � µBNB | uMPSi
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Thermodynamic quantities
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Gauss law constraint

25

Gauss law constraint (gauge invariance) is imposed on the physical state:

<latexit sha1_base64="Hy8ryR6rYJ2K5bA0KsgbxmZUhqo="></latexit>

[Htot, G
a(n)] = 0, G

a(n)|!→ = 0 (↑n)

<latexit sha1_base64="hUVPiW96uW5TPdphnPn54w1Rw9s="></latexit>

Ga(n) = Ra(n)→ La(n→ 1) +Qa(n)
<latexit sha1_base64="t7q5GNO3Yy7ts4Est81NYe0+jLE="></latexit>

Qa(n) = ω†(n)T aω(n)

<latexit sha1_base64="Xx/rjZkv3DK/O8iNiptsCjVyfD8="></latexit>

[A
jLn ,mLn ,Mn,jRn ,mRn
n ]JLωJL

;JRεJR
= b

jLn ,jMn ,qn,jRn
ωJL

εJR

1√
djLn

C
jLn ,mLn
jRn ,mRn ,jMn ,mMn

ω
jLn
JL

ω
jRn
JR

<latexit sha1_base64="3axikvitilk9KKuFxZvw4nyQAyE="></latexit>· · ·<latexit sha1_base64="3axikvitilk9KKuFxZvw4nyQAyE="></latexit>· · ·
<latexit sha1_base64="DXxL2V69GztYBYQT0jr3mdKY2WE="></latexit>

A
<latexit sha1_base64="DXxL2V69GztYBYQT0jr3mdKY2WE="></latexit>

A
<latexit sha1_base64="DXxL2V69GztYBYQT0jr3mdKY2WE="></latexit>

A
<latexit sha1_base64="DXxL2V69GztYBYQT0jr3mdKY2WE="></latexit>

A
<latexit sha1_base64="FPhqujUf7Vvu1XdeW/eXcnjjIbg="></latexit>

|!→ =
Gauge invariant variational ansatz:

Gauge invariant variational d.o.f
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Looking for transfer matrix
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To see the modulation accurately, I use the translational invariance.

Two-point functions are expressed as

If modulation exists, there should be complex phases of eigenvalues:

<latexit sha1_base64="0Hg4018qjWFQKeP0rbVOqITRAc8="></latexit>

TA
<latexit sha1_base64="0Hg4018qjWFQKeP0rbVOqITRAc8="></latexit>

TA
<latexit sha1_base64="3axikvitilk9KKuFxZvw4nyQAyE="></latexit>· · · <latexit sha1_base64="0Hg4018qjWFQKeP0rbVOqITRAc8="></latexit>

TA
<latexit sha1_base64="0Hg4018qjWFQKeP0rbVOqITRAc8="></latexit>

TA
<latexit sha1_base64="kY48MHR3DHnd+TYq8AZROOm1w4I="></latexit>

O(0)
<latexit sha1_base64="Y0/ycqZSceF1JgIOldMwzXYPrFM="></latexit>

O(n)
<latexit sha1_base64="g+c1RTKehcLaXVPrGWC3G2a7tCU="></latexit>

→O(0)O(n)↑ =

<latexit sha1_base64="ujKRK+KKDJJ7SupnAoFgHUo0TYM="></latexit>

|→O1(0)O2(n)↑connected| ↓ (TA)
n ↓

D2→1∑

j=1

e
→(ωj→iεj)n (n ↔ 1)

Wavenumbers of modulation can be extracted without fitting.



Bosonization

27

My analytic analysis (with some certain assumptions) indicates the 
following infrared phases. (Details are omitted.)

<latexit sha1_base64="4mbpWxjO1+kLznds78L4RKMP2io="></latexit>

µB ⌧ mq

<latexit sha1_base64="rvk1bJBTYITs/fQomeFflwPzWbI="></latexit>

�B ⇠ �B + 2⇡

<latexit sha1_base64="UhIgnFV36iIRLrugz4aBuaBc2Ws="></latexit>

S =

Z
d2x


�1

4
(Fµ⌫ aF a

µ⌫) + iq̄�µDµq � µqq
†q +mq q̄q

�

<latexit sha1_base64="2vNvSN4oeFkPK6QBUzmFLUG5Odg="></latexit>

S =

Z
d2x


1

4⇡
(@�B)

2 +M2(1� cos(�B))

�

<latexit sha1_base64="jXtI8RoioAhZpKb6kDQV8XrXAuo="></latexit>

µB � mq

<latexit sha1_base64="u5L1gqawMgn37TqZ0aksIopZqV4="></latexit>

S =

Z
d2x

K

4⇡


�1

v
(@t�B)

2 + v(@x�B)
2

�
Sine-Gordon model (Gapped) Tomonaga-Luttinger liquid (Gapless)

<latexit sha1_base64="PTctxGr28BU0kswgQUjkFhAaCoQ="></latexit>

@x�B ⇠ q†q

<latexit sha1_base64="aawDWqxJSTmjupsnMXRbib+T9nA="></latexit>

µB = µq/Nc
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Ground state property at μB = 0

28

This is in agreement with the analytic study based on the bosonization.

(Anti-)Baryon is (anti-)kink for  in the bosonic language.m ≠ 0

From the simulation, I obtain the following behavior.

Gapless Gapped
<latexit sha1_base64="+kuG6Ooqg4DaWJuyGUsaCCjGqwo="></latexit>m

<latexit sha1_base64="I/mykvRycTZ0XvQ4n/3tLFCQxcU="></latexit>

S =

∫
d2x

[
1

2
(ωε)2 +M cos(#ε)

]
<latexit sha1_base64="JXVwk3RXxf0/Frncb6WgiYK0SDM="></latexit>

M → m
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Ground state property at μB = 0

29

Baluni and Steinhardt say that there exists the critical point at , 
where the baryon becomes gapless.

m = 0

Our simulation shows the critical behavior, . ( : bond dimension)ξ ∝ Dκ D
The correlation length is extracted from the transfer matrix.
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Ground state property at μB = 0

30

The entanglement entropy tells us the central charge of CFT.

The central charge is in agreement with the free compact boson .c = 1
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<latexit sha1_base64="WXR3qgNmUywrGBrGiVFpCEG9us0="></latexit>

SEE → c

6
log(ω/a) [P. Calabrese, J. Cardy (2009)]
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Truncation on electric flux

31

In uniform MPS, gauge field remains. 
We make a certain truncation on the electric flux (  spin).SU(2)


