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Dynamics and universality

e Start from fluid dynamics as description Quark-Gluon Plasma \

of large scales
& go &

* Fluctuations required for critical
[+ o

phenomena
o wm 9O

e Turn to theories of stochastic
hydrodynamics Critical endpoint(?) @

* Relevant to us are models G (chiral o
transition) and model H (QCD critical Hadrons
endpoint)

Methods to study these models include %& Q
Hydro+ (Misha) and functional

renormalization group.

Early Universe
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Temperature (T')
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Baryon Density (1:p)

Simulating the critical dynamics of stochastic fluids Josh Ott 1/13



Model A

The simplest model: stochastic relaxation.
The order parameter ¢ gets the equation of motion

atqs—rf;—f;+ ¢, where (C(t,7)C(t,7)) = TT8(z — &)d(t — /),
N0|se
Relaxatlon

with free energy functional
_ a L2 77772 5 A
f_/de(w) + 50

Just a field-theoretic generalization of Brownian motion with Einstein relation.
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Metropolis algorithm

Standard hydrodynamic solvers face infinite noise problem due to stochastic term:

rr
oLy

ot + At) = ¢(t) + At 5 i )a39

Address this by employing a Metropolis algorithm where the update

o(Z,t + At) = ) 4+ /2TT(At)6,

is accepted with probability min(1, e=#27). This handles both diffusion and noise:

0F

(o(t + At) — (1)) = —(AH)T 30 7Y ((At)?)

([t + At) — ¢()]?) = 2(A)L T + O ((At)?)

We thus end up with P[¢] ~ exp (—BF[]).
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Correlation functions

Look for dynamical scaling in G (t) = (¢(0)¢(t)) ~ f(t/7).

1.00 1.00

0.75 0.75
= x
=0.50 =050
G} <)

0.25 0.25

0.00 0.00

0 250x10%5.00x10" 7.50x 10" 1.00x 10° 0 25 50 75 100
t t/L”

Find the dynamic critical exponent z by fitting the relaxation time to 7 ~ L~.
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Dynamical scaling in models A and B

Model A (2204.02433)
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Model H

The order parameter ¢ gets the equation of motion

0F 0F
0,0 =TV2-2 (v¢>) + <
o9
N0|se
Diffusion Advection

and the momentum density 7 gets the equations of motion

0F > 0F 0F = >
2 . A =
o, =nV 5T <V¢) I — (—(ﬁ_T V) T+ &

Based on dispersion relations, we only consider the transverse component 77
The free energy now just includes a term quadratic in :

2
?:/ddx[ 72 %(ng) ¢2+2¢4}
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Conserving Metropolis step

Now we need to enforce a conservation law with
fluctuation-dissipation relations

(C(t,2)¢(t, 7)) = —2TTV?§(Z — Z')d(t —t') 20
(&(t,2)E(t, 7)) = =2TV>PLo(ZF — 2" )5(t —t').

1.0

0.5

To ensure conservation, we work with pairs of sites
and propose fluxes

(2t + At) = (2, 1) + /2TT(At)6,
¢(f+ﬂ,t+At)=¢f+M, — /2TT(At)6. 0.5

Likewise for the momentum density, propose a flux

T, =\ 2Tn(At)¢, between 7,(7) and m, (7 + fi).

0.0

-0.5
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Advection

We need to solve the ideal part of the equations of motion

NN L7 0F 0F =)\ .
00 == (V0) 5 077 = (V6) 55 = (5 ¥) 7"
mode coupling self-advection

Neglecting self-advection leaves universal properties intact: we call this model HO.

Then we solve the advection equations for ¢ and 7

T

. T3
¢ = _va(b’
P

J

1 1 1
il :_pghvk (;”g”‘T) 3,k Vi) V50V

skew-symmetric derivative

as one would treat Navier-Stokes. (note: mj = P}7)
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Viscosity

A one-loop calculation for the self-advection 1 oS € ]
of = predicts a renormalization to the R P
viscosity 1 *
=10 ] E
= .
+ 7 pTA m L] :
NMr =1 2 : - O pure diffusion
607 n 10 ° A s:If adlv:ctlion 3
° B model HO
Here we also consider Model HO, which ; © model H
. . 107' L - L n
neglect's this self—couplmg. Sgch a N 1072 10! 1
truncation permits lower physical viscosities. n

2403.10608 in PRL
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Dynamical scaling

A one-loop calculation with the advection of

¢ by 7 predicts L.oof =001 ==L —48,a— (48/40)*" |
=L = 48, a = (48/40)*
0.75 el =40, =1
% 0.50
0.25
Dy = (k)2 (14 (K)?) + —— K (k)
S 6mnpes ’
This suggests the dynamic critical exponent
crosses over from z ~ 4 to z ~ 3 for
¢ 6mng/T. We find z ~ 3.013 + 0.058 at n = 102.
With lower n permitted by Model HO, we 403.10608 in PRL

can observe this crossover.
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Dynamical scaling

A one-loop calculation with the advection of , , , :
¢ by 7 predicts 421 @ model HO } 1

Kawasaki approximation }

39r

=361 E

30f® ¢ @

102 107! 10° 10"

r T
2 s

This suggests the dynamic critical exponent
crosses over from z ~ 4 to z ~ 3 for

Ty = (k&) (1 + (k)?) +

§ > 6mnp/T. _ We find 2 ~ 3.013 4+ 0.058 at y = 102,
With lower n permitted by Model HO, we
can observe this crossover. 2403.10608 in PRL
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Dynamical scaling

A one-loop calculation with the advection of

¢ by 7 predicts 421 ¢ mode HO
30l 1 Kawasaki approximation
= 3.6
3.3F
r T 3.0F 3¢9
_ 2 2 . ) . .
Ly = g(k/f) (1+(k§)?) + WKUGQ. e e s o
R
This suggests the dynamic critical exponent
crosses over from z ~ 4 to z ~ 3 for
> 6mng/T. We find z ~ 3.013 4+ 0.058 at n = 102,
With lower n permitted by Model HO, we _
can observe this crossover. 2403.10608 in PRL
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Scaling in two-dimensional fluids

The e-expansion predicts z = 2.179. For n = 1072, we get z = 2.11 4 0.015.
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2411.15994 in PRD
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Non-Gaussian moments

Non-Gaussian fluctuations are particularly
important as experimental observables for
the critical point search.

Integrate over a subvolume V' of the lattice

G, (1) = (M"™(0)M"(t))

/d3x¢>xt

This method is only restricted by statistics

. O.bl) U.b' 0.‘10 0_‘15' U.;U (J.‘Z'
and compute. We find: ’ g ’

* Dynamical scaling still holds

* Nontrivial dependence of 7 on n 2403.10608 in PRL
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Look ahead

What we have studied with this method:
¢ Renormalization of parameters
* Dynamical scaling
¢ Non-Gaussian moments

To connect this with experiment, we need to put it on a relativistic, expanding
background.

Disordered Critical __ Ordered
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