QCD Phase Diagram at Finite Volume
via Lee—=Yang Zeros and Lee—Yang Edge Singularities

Tatsuya Wada (Kyoto Univ./YITP)

Collaborators : Gy6z6 Kovacs(Univ. Wroclaw), M. Kitazawa (YITP), T. M. Doi (Kyoto Univ.)

This talk is based on 2605.19964
QCD Ciritical Point and Hydrodynamic Evolution @ YITP June 01, 2026

mn"mmm YUKAWA INSTITUTE FOR
o THEORETICAL PHYSICS




2/32

QCD Critical Point

QCD Critical Point(CP)

@ Constraint to behavior of physical
quantities
@ Classification by universality class

QCD Phase diagram

QCD is asymptotic-free theory
Non-perturbative in low energy.
Analytic approach is too difficult!

Temperature 1’

Sign PI‘Oblem @ Effective Model Approach

> NJL model etc.

@ FRG Approach

& Numerical Approach
» Monte Carlo simulation
» Tensor Network

» Quantum Computation

Baryon chemical potential ug



Recent progress of QCD-CP: Lee-Yang zeros
Lattice QCD

- Pure imaginary chemical potential + Pade approximation
- Extrapolate effective potential method

- Pure imaginary chemical potential + Padé approx. 160 m———
» Clarke, et al. (2024)
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Recent progress of QCD-CP: Lee-Yang zeros
QCD-CP via Lee-Yang zeros /edge singularity approach

A

*

Adam et al. 2025
Cosh-Padé

Clarke et al. 2024 .

multi-point Padé

Basar 2024 .

two-cut map
Wan et al. 2024
DSE

Borsanyi et al. (prelim.)
Effective potential

Basar 2024

uniformizing map

Basar 2024
Padé

84% T<103 MeV or CP does not exist
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Lattice QCD
- Pure imaginary chemical potential + Pade approximation
- Extrapolate effective potential method

Lee-Yang zero = Lee-Yang edge singularity
Finite V ? V - o

Lee-Yang zero approach is powerful.
But, in practice we always work at finite V.
How do we treat finite volume effect?

For the simple argument,
we use the mean field approach
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Contents of This Talk

. Introduction
. Review : Lee-Yang Zeros/ Edge Singularity
. Review Finite Volume Mean Field

. Effective model w/ LYZ, LYES

- Comparison to Lattice

- LYZR Method
. Summary
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Review : Lee-Yang Zero Lee, Yang 1952

Ex.) d-dimensional Ising model s; = %1

Lee-Yang Zeros L
1 h
= Zeros of Z in Complex Parameter space Z(t,h,L) = Trexp T Z SiSj t 3 Z Si
(4,3) z
Phase diagram (d = 2) t=(T-T)/T. t <0 :1st order
: reduced temperature Im h

t=(T-T)/T. %

Crossover V - o

LYZs intersect
with Re axis.

0 Critical Point  p
>

1st order




LY

Review : Lee-Yang Zero Lee, Yang 1952

Lee-Yang Zeros Lee-Yang’s circle theorem
LYZs exist only on imaginary axis.

t <0 :1st order
V - o Im h

LYZs intersect with Re axis.
t

= Zeros of Z in Complex Parameter space

Fact:

Crossover d = 2, Ising model has a CP. V - o

LYZs intersect with Re axis.

Re h

t : reduced temperature
Critical Point 0

Re h

X & /
1st order/

Im A

NN\ NN\

* The intervals of LYZs
are same. (Volume scaling)
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Review : Lee-Yang Zero Lee, Yang 1952

Lee-Yang Zeros Lee-Yang’s circle theorem
LYZs exist only on imaginary axis.

= Zeros of Z in Complex Parameter space

t > 0: Crossover
LY edge singularity Im h

V — oo,
LYZ never intersect
with Re axis

Re h
The Edge of LYZ
. = Lee-Yang edge singularity

LY edge singularity [Fisher 1978]

~Bs
— hyygs(t) = 2, P0th?

Z., 3,0 : universal constants
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Lee-Yang Zero Ratio 1w, kitazaws, kanaya (2025)

LYZ Ratio
Rym(t, L) =

h™ (¢, L)
h(m) (¢, L)

@ t < 0: 1st order phase transition

The distance between LYZ and Re-axisis 1:3:5...inV — oo
- Ratio=(2n—1)/(Z2m — 1)

€t > 0:Crossover

All LYZ accumulate at LYES in IV — oo

—> Ratio=1

How is the behavior in finite volume?




Finite Size Scaling (FSS)

FSS of Free Energy BFsing(t, h L_l) = —log Z(t, h,L_l) Im h
Fling(t, h, L™Y) =Fyng(LY*t, LV* h)

FSS of Partition function

Zging (t, hy LYY =Zgng (LYtt, LY* )

Factorization of Partition function

N
Zsing(ta ha L_l) H( h(n) t L~ 0 Re h
n=1 [ltzykson 1983]
LYZ function FSS of LYZ
h = h{Y(t, Lo bW (¢, L1 = A" (Lvet)

We can treat finite volume using FSS in the vicinity of the CP!
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LYZR near C P TW, Kitazawa, Kanaya (2025)

FSS & Taylor Expansion near the CP
Lo b\, LY = X, + Y LVt + O(2)

Y Rum(t,L) = WM, L) X, + YLVt + Ot?)
mmAn T ) (4 L) Xom + YLVt + O¢2)  Bam(t, L)

)) an(tv L) — (Tnm = G 7 == O(tz))

R,.,(t = 0) does not depend on the volume.

-> Useful to locate CP
Cf. Similar to Binder Cumulant B,(t = 0) = b,

Crossing Point = Critical Point




1st order

Sc

Consistent with general LYES

[Stephanov 2006]

>

12/32
General System W/ Z,-CP 1w, «itazawa, kanaya (2025)

Linear Approximation

()

. 0T __[a11 ai2 T — Te
=4 (5§> - <a21 azz) (f — fc)

R LY = B (L9 ~ §( X, + Yot LY?)

X

(+(n a21
<§§2>: £, — 2Ly ( <
\ﬁl(-n) = const. x 6779

§e —
Xn
.22

Ko [=yn 4 L8 Y0 5018 + O(L29)

w5y o(py TN

22

L — o0
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General System W/ Z,-CP 1w, «itazawa, kanaya (2025)

) y=1y; —yn = —0.894 for 3d-Z(2)
e _An detf o pvesr 4 O(L%) t :
det A [ Y5 Y; a
a22 99 C = . (X % ) Dza—f(Yf—Yf)
(n) (7_ L) _ _
Rom(T, L) = 2L 222 = (rnm + Crm (LY10T) + (’)(7'2)) (1 + Dy LY + (’)(L4y))

(L) . .
Ising term Mixed term from a;, # 0

Ising Model R,,,, (t, L) = (Tnm + Cm LYt + O(tz))

* |nthe L - oo limit, Crossing Point = Critical Point !

* T, is dependent on )) Guideline for critical point search
only universality class Determination of universality class



LYZR method in Spin Model

2nd/1st IYZR in 3d Ising

2.47 21

2.45

(T7L) L—16 —L—24

—L=32  L—48
—L—64 —L=96
—[—=128 —L—=192
— [, =256

243 Lmjn7 XQ/d.O.f.
O 16 5.06

® 24 1.68
® 32 1.26
o 48 1.21
2417 @ 64 1.40
® 96 1.52 .
®128 165 ;
L 192 248 Ferrenberg etial. (2018)
4.51145 4.51 |1475 4.5|1 15 4.511525 451155

TW, Kitazawa, Kanaya (2026)

2.5

24 ¢

2.3

2"d /15t LYZR in Potts model

R (1, L)

T

—] =24 =1 — 30
— ], — 40 =] — 50
— =60 =L =70
1O R ® 7321,31,41

0.54930

0.54935 0.54940 0.54945
TW, Kitazawa, Kanaya (2025)

LYZR method is valid! = Next, Discussion of Effective model
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Finite-Volume Mean-Field Approach
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General Argument in Mean Field .0 eta. o025

— /D¢6_SE(¢) SE(¢) : Euclidian Action

¢ Conventional mean field approach -
Assumption : ¢ is temporally and spatially uniform ¢ = ¢(x)
The potential is given by
_ T _
U(@ — VSE(@
qb is determined by minimalizing potential Z/[ ) Free energy : | = Z/{(¢)

¢ Finite volume mean field approach

Assumption : - T
z_ /d¢6—VU(¢)/T ) FEEATE:
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M Od e I Gyozo, et al. (2025)

Single component N, = 3 quark-meson model in 3d

Y : Quark

1 — . L
L=3 190" — Uct(¢) + ¥ (iv" 0, — Yorqg — gb) ¥ ¢ : Mesonic field
Ug: quark chemical potential

2 A
Ua(9) = 5 + 76" — ho

Taking mesonic field constant, ¢(x ) ¢ and thermodynamic limit
Uzq(9, T, pg) = UZa(d) + Umat(ﬁb T, uB)

UV&C

E(p) = \/p? + 926

gil: — 1+ 6—(E(p):F,qu)/T

UmA(G T, ) = —2N.T / (27:; (log 4" +log ™)

Effective potential
U(Q_ﬁ, T, ,LLB) — Ucl(é) -+ Uégat (Q_ﬁ, T, ,LLB) We assume that the vacuum terms

is encoded in parameters of U
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Gyozo, et al. (2025)

Phase Diagram
-n * Dimensionful quantities are given in unis of MeV.

SetA 29.0 4.55 121.53 57997 158.46 m? = —0.155 GeV?
setB 46.0 4.35 40.04 890.84 158.38 h = 0.0018 GeV?

............. Y = |4 anf(Tv 12253 L)
L , T 8(uB/T)”
L Hxo (1) = max xo (T, pis)
%100- ¢ CPs belong to mean field universality class
z —> Mapping
e~ T\ _ (a1 a2\ (1 —=dcp
>01 Set A Set B 1 a1 G22) \MB — [LCP
----- p(T) e (T a;; are determined by effective potential.
. — 1st order — Ist order \| Zis calculable numerically
0 500 1000

pip [MeV] ) We can calculate LYZ/LYES
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Set A

LYZ and LYES

11 \ K
1 P
| & T=160 MeV

SetB
L [fm] 300 W "T.:'.160 MeV L [fm]
o 8 v K
-- 12|
- 16]| = 200-
=

200

400 600
Re pug [MeV]




300

Set A

LYZ and LYES

1 \

|‘ |‘ * T

—160 MeV

Set A
L [fm] 6.0x10% {100 MeV L [fm]
. 8 ® 150 —--- 8
- 12 5.0x10% 1 “\140 R 12
L 10 oo 16
-- 16 % 4.0x10%1 B ——LYES

2.50x10°
Re up, [MeV?]

5.00x10°




LYZ and LYES

Char nj ion symm
ge co Jl(Jgat)O sy : etrV) Ug- plane
Z(ug) = Z(—Ugp
Set A
. : 2
) Z is expressed as function of ug 5,01 04 7= 160 MeV L [fm]
. . 0 .‘N\\]-E)O ST 8
Mapping relation is replaced £ 0x10¢ - L A . 1o
T\ _ (a1 a1 I —1cp L 10 Lvég
n as1 422 UB — UCP % 40104 120 ¢ T
=3 o ] \” P
v ~ /| 3.0x10% 4 A “~~‘~~ \~\110
2 T — T = e . ™ T
T\ [(a11 ai2/2ucp CP = 2.0x10%- ‘.. g e
= 2 2 = T~ T
n a1 a92/2ucp K- — Hep § 0x10°- "\, - %)
Ox R N 3
" . . 0- **--I::;;;:‘
Modified scaling function of LYZ . . .
. , ) dor - 0 2.50x10° 5.00x10°
_ _
Re(ppy (T, L))" = pep — 2ucp—0T + O(6T, L) Re pip [MeV”]

a9



LYZ and LYES

Charge conjugation symmetry uZ plane
&-
Z(MB) — Z(_MB) Set A

) Z is expressed as function of ug 6.0x10¢ 1= 160 MeV L [fm]
. I . . I | ~‘~~~150 o 8
Mapping relation is replaced £ 0x10¢ - LN e 1o
T\ _ (e a2 1T —1cp Cg '\\130 T LYég
n a21 a99 UB — HUCP g 4010 k '\\120 4 Tep

—, el a
v ap 3:0x10%7 T~ *. 110

< +
ol o, AN
T\ _ (air a12/2pcp) (T —Tcp 5 2.0x10%- el g 10
o Aan D11 12 _ 2 — N RN T~.90
n)  \an aee/2uon - . T -,
N e Tk
Crossing with 0 MeV? ~ T=158 MeV 4 RS- 2
ifi 1 . . C ' T T
Moditied scaling g yalue is close to TOp = 158.46 MeV 0 2.50x105 5.00x105

Re (,ug} (T, 1 New crossover definition ? ) Re pu; [Me V]



Crossover line defined LYES

Crossover ug by LYES

--u(T) | pps(T) = V/Re s (T)?

1601 < _
.................. 1st order Crossover ug by LYZ
= | ™ pe (1) 2
gmo pry (T \/Re 'uLY (T, L))
~ Consistent with y, def.
— s (T) -> One of the crossover criterion
|- -R T
120 pe,uE;(L ) S f 4 Volume dependence of real part of LYZ
HEY( m) | | | is small.
0 1 OO 200 300 400 500 600

—>This may be useful for tracing phase

pg [MeV] boundaries.



ug/T- plane

Comparison to Lattice Result

Im[prye/T]
11

Nf = 2+ 1 QCD on Lattice
[Clarke, et. al, 2024]

3.0 1
2.5 1
2.0 1
1.5
1.0 1

0.5 7

0.0

Roberge-Weiss

T = 166.6 MeV
T = 157.5 MeV
T = 145.0 MeV
T =136.1 MeV
T =120.0 MeV

0




Comparison to Lattice Result

ug/T- plane Nf = 2+ 1 QCD on Lattice
Set A o -

At high T, Re of LYZ Re uyy IS increasing.

Pade effect, Roberge-Weiss effect,
or Small Volume dependence?
o 6 L T =166.6 /
_ — 920 = 166.6 M
8 % . T =157.5MeV
—LYES > T = 145.0 MeV
X e T % 191 w7 = 1361 Mev
< = T =120.0 MeV
- _ 1.0-
- 129 00 0.5 1
*H-'I--l-‘--l---_q 00 l l l l l
10 0 1 2 3 4 5) 6




ug/T- plane

Comparison to Lattice Result

Nf = 2+ 1 QCD on Lattice

Set A

-

At high T, Re of LYZ Re uyy IS increasing.
Pade effect, Roberge-Weiss effect,

or Small Volume dependence?

204 1 T'=166.6 M
- T =157.5MeV

T = 145.0 MeV
00 T =136.1 MeV
00 T =120.0 MeV

1.5 1

Im|prye/T]

1.0 1

0.5 7

/

00

.

in this lattice size.

" LYZ = LYES approximation is not good )

J




Rpm(T, L) =

Lee-Yang Zero Ratio Method

Im ,ug() (T, L)

Im g’y (', L)

2nd / 1st LYZR

2.00+

2.84

3rd / 1st LYZR

= (Fam + Co (LY 6T) + O(6T%))(1 4 Dy L?Y + O(L*))

121.5 122.0 120.0 120.5

Intersection Points converge to CP!

121.0
T [MeV]

121.5 122.0



Rpm(T, L) =

Lee-Yang Zero Ratio Method

Im ,ug() (T, L)
Im g’y (', L)

2nd / 1st LYZR

D RA ~~

= (Fam + Co (LY 6T) + O(6T%))(1 4 Dy L?Y + O(L*))

3rd / 1st LYZR

2.00+

Values at T = Tp overshoot universal values.

Violation of FSS ?

1.99
A. No! We must consider

1981 the higher order terms of FSS!

_ | - 8
1974 S 280 B 12

P 1 SR & S N |- 4
198 ®(Tep, \ & (Tep, 7“116>

120.0 120.5 121.0 121.5 122.0 120.0 120.5 121.0




Single LYZ method

N; =2 +1QCD tm f

(4)
1st LYZ is investigated, but more than 2nd is not. h

Hh(3)
LYZ function

Expansion

FSS of LYZ in Ising model () ;
~ n Yt 4+ — Yt
1y p M) (t, L) = h(n)(Lytt) ) hpy (LYt) = X + Yo L¥'t + O(t 1

LY \™ LY ) . _
This value is independentto V att=0

[Itzykson 1983]

Crossing point = Critical Point



3.151

LTy (

3.00

Finite volume effect is large.
However, this value is a good indicator of CP. )

Single LYZ method in Effective model
L9 (LY 6T) = X, + Y, LY 6T + O(6T?)

T= TCPE

121.2

1215
T[MeV]

121.8

(If we know the universality class.)

* crossing value = X,, are not universal

6.20 1 T — TCPQ
615
Q‘\
&~ 6.10
E\?/ L [fm]
m
= 6.05 6
= " 10
~ 6,00 — 19
- 14
5.95 . L
121.2 121.5 121.8
T[MeV]
Next :

Application to Nr = 2 + 1 Lattice Result




Single LYZ method in N=2+1 QCD

Lyn ,U{';L() (L’yr 6T) — Xn + YnLyT 5T T O(5T2) Speculation:

Lattice result is still high temperature.
T. =90 — 100 MeV?

1st LYZ
4.0x104
— BirPar — BirPar
400 — HotQCD —HotQCD
— Buddapest-Wuppertal — Buddapest-Wuppertal
3.0x10%] LT =6
300
® LT =2
= £ 2.0x10
— 200 s
LT =6
1 00_ 1 OX1 04
LT =4
0 0 ? LT =2
110 120 130 140 150 160 17 110 120 130 140 150 160 17(

T [MeV] T [MeV]
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Conclusion

v' We investigate Lee-Yang zeros and Lee-Yang edge singularity
using finite-volume mean field approach.

v' We obtain the qualitative properties of LYZ and LYES.
» Behaviors LYES and LYZs.
» New criteria of crossover line (squared definition)

v Application to LYZR and single LYZ method

Future Works

0 Final Goal : Application to 2+1 flavor QCD

QCD critical point (We need 2nd LYZ!)
O Application to systems including Roberge Weiss transition (Imaginary ug)
0 Application to systems with more richer phases (HQ-QCD+RW )
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Review : Lee-Yang Zero Lee, Yang 1952

Lee-Yang Zeros Lee-Yang’s circle theorem
LYZs exist only on imaginary axis.

t <0 :1st order

= Zeros of Z in Complex Parameter space

The intervals of LYZs are same. Im h
p(m) V- o V - o
7 ~ e~ VBhmo | VBhmo LYZs intersect with Re axis.

— e—Vmao(l _I_ GQVmao)

(2n + 1)me
hLY(t) - 25‘/7710
~ i(2n + 1) X const.

—My Moy m



Short Summary

Lee-Yang edge singularity is defined in the infinite volume limit.

Lattice simulation is always performed in finite volume.

g Problem : Exclude the finite volume effect )

? : :
_ 1st LYZ on finite volume = LY edge singularity (V —» o) |

\

Lee-Yang zero ratio method

A new method to locate a CP using Finite size scaling
TW, Kitazawa, Kanaya, PRL, 134, 162302 2025

) Finite Volume Mean Field approach + Effective Model



How to obtain LYZ and LYES

& Lee-Yang edge singularity = critical point in complex-plane

O¢ ’ D2

)

For fixed T, the solution is (Re ¢, Im ¢, Re ugs(T), Im ugs(T))

& Lee-Yang zero

Z(T7 UB, L) — /dQEQ_LSU($7T’“B)/T 0.008

0.006

For numerical convenience, "
we define normalized partition function Zy; ; 0.004
Z(T7 KB L) a
ZN (T7 UB, L) — 0.002
Z(T,Reug, L)

) Re Zn (T, s, L) =0
ImZN(T ,LLB,L) 0

=0 incomplex ug plane

log | (ZI (T op, ,u , L=

@j/

16fm

w

@

I W

0.000
0.1924  0.1926

%

— == —

0.1928

0.1930

Re fo

0.1932




Lee-Yang Zero Ratio Method

Im i\ (T, L : )
R (T, L) = m“(%( L) (o + Coum (LV5T) + O(6T?))(1 + Dy L¥ + O(LY))
Im p; (T, L)
2nd / 1st LYZR 4th Binder cumulant
2.00- i :
2221
)
& 220
€ /
""""""" 2181 :
120.0 120.5 121.0 1215 122.0 120 121 | 122 123 124
T[MeV] T[MeV]

Intersection Points converge to CP



The origin of Higher order terms
¢ Parameter mixing

T _ ail a12> (T_TCP)
T az1 422 UB — UCP

Lowest order
LlYZR 2y =2(y; —yy) = —3/2

Binder : y = Z(yT — yn) = —-3/4

& Irrelevant operator

Uﬁandau(é; T, 1, {A}) - Uﬁandau(é; T, 1, >‘57 >‘67 .

Exponent:ys = —3/4, yo=—3/2 ...

)

N
= ULandau(gg; T, 77) + Z )\291_51
=5

’ ’
o'
, ’
‘> /.-
¢ @y
“,
¢
Fit range ’ 4
< > ‘4 /,’
“'
.0 ‘At
.‘-"‘.“‘ /’/
.t 7
...... o ®” Lol
------------ 4"&,’% ‘R21
.ol T '0-—:_—"%':* * Ry
\~~Z~---‘__”0¢ ’ﬂ41
TTeT e B,
1/24 1/20 1/16 112 1/10 1/8
1/L[fm ]

Fitting function (A4,a) = (Ru1,7n1), (Ba, bs)

A(Tcp, L
( CP, ):1—|—’LU1L_3/4—|—UJ2L_3/2—|—UJ3L_9/4




Recent progress: Lee-Yang ZEros

# 2+1 flavor QCD-CP 2 RS i e
> Clarke, et al. (2024) or , EN . Padé
PN = 4l
+80 so0f - TR &
pe = 422750MeV \ .
2001 i _ ]
T = 105+ MGV — — . . . . . ? ' i
m e [MeV] 7 HotQCD [4,4] 2.0} il
400 i {1 BiPar Multi 1_ !
> Basar (2024) 300} i 13"
200 | 1 1.0 il
e ™~ H&OMeV Lok i . 05 o
T. ~ 100MeV NS o o 0 T o w0 1 OO s 100 10 Ha0 160
Clarke, et al. (2024) Im(py) (/80 T (MeV) Basar (2024)
» Alexander(2025) 60 ] o Toen = 55,8753 Mev
—— X24:0.99 .
TC ~ 7T0MeV 104 = nHCIjRG@Im!=r[ *
or CP does not exist! Ll Ll
20 1 ™
ol = . T [MeV]
0 50 100 150 200

Alexander(2025)



