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➤ Knowledge of the equation of state of strongly-interacting matter in equilibrium is 
crucial for: 

➤ Fluctuations, via derivatives of the pressure 

➤ The hadronic spectrum, i.e. the composition of the system in HICs, via thermal models 

➤ Hydrodynamic simulations 

➤ Hadronic transport simulations 

➤ Merger simulations 

➤ The behavior of the bulk viscosity & transport 

➤ The interior composition of neutron stars 

➤ …

Phase Diagram (Sketch)
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Phase diagram by F. Rennecke 
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(Less Sketchy) Phase Diagram

➤ Much of the current knowledge of the QCD phase diagram from ab initio theory and 
experiment from QCD crossover transition & freeze-out
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Improved precision equation of state at µB = 0 Contours of constant entropy for µB > 0

Results on the phase diagram
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Lattice EoS at Finite T & μB

➤ Equilibrium thermodynamics calculated from first principles lattice QCD 
computations are well-established with good agreement amongst techniques
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Recently, an important validation of the lattice QCD Equation of State has been

obtained from a Bayesian analysis [29]. This framework, based on a comparison of data

from RHIC and the LHC to theoretical models, has applied state-of-the-art statistical

techniques to the combined analysis of a large number of observables while varying the
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Figure 1. Left: Continuum extrapolated results for trace anomaly, entropy density
and pressure. The gray points are from the HotQCD collaboration [17], while the
colored ones are from the WB collaboration [19]. The figure also shows the Stefan-
Boltzmann limit for the pressure and the scaled entropy; the curves at low temperature
correspond to the HRG model predictions. Right: the trace anomaly and pressure in
the 2+1 and 2+1+1 flavor theories (from Ref. [24]).

Figure 2. From Ref [29]: Constraints on the QCD equation of state from the
Bayesian analysis. (a) Fifty equations of state were generated by randomly choosing
the parameters from the prior distribution and weighted by the posterior likelihood (b).
The two red lines in each figure represent the range of lattice equations of state shown
in [17], and the green line shows the equation of state of a non-interacting hadron gas.
This suggests that the matter created in heavy-ion collisions at RHIC and at the LHC
has a pressure that is similar to that expected from equilibrated matter.
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model parameters. The posterior distribution over possible equations of states turned

out to be consistent with results from lattice QCD simulations, as shown in Fig. 2. This

analysis has also been successfully applied to infer the behavior of other quantities, such

as the shear viscosity of the QGP at zero [30] and finite density [31].

It is worth pointing out that results exist for the equation of state of QCD

in background magnetic fields [32, 33]: in Ref. [33] the equation of state for a

system of 2+1 flavors at physical quark masses has been obtained, together with the

magnetic susceptibility and permeability, which show that strongly interacting matter

is paramagnetic around and above the transition temperature.

3.2. Equation of state at µB 6= 0

The equation of state of strongly interacting matter at finite density is a very relevant

quantity, among other things, for the low energy runs of heavy ion collisions and for

neutron star physics. It is worth mentioning that recently, results from perturbative

QCD at very large density have been obtained and used to constrain neutron star

matter [34]. Extracting the equation of state (and other properties) of QCD at finite

chemical potential from regular Monte Carlo simulations is not possible at the moment.

Indeed, ab initio calculations in the baryon dense regime of QCD are hindered by the

fermion sign problem, a fundamental technical obstacle of exponential complexity [35]

inherent to any path integral representation of Fermi systems at finite density.

Over the last few years, alternative methods have been proposed to extract

the properties of QCD matter at small chemical potential. These include Taylor

expansion around µB = 0 [36, 37, 38, 39, 40], analytic continuation from imaginary

µB [41, 42, 42, 43, 44, 45, 46, 47, 48], reweighting of the generated configurations

[49, 50, 51, 52], use of the canonical ensemble [53, 54, 55] and density of state methods

[56, 57]. Here we will focus on the first two.

The pressure of QCD can be expanded in a Taylor series around µB = 0 in the

following way

p(T, µB)

T 4
=

p(T, 0)
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The coe�cients ci(T ) of the Taylor series are simulated on the lattice, either directly

at µB = 0 or by using the analytical continuation technique from imaginary µB. This

means that the method traditionally used at µB = 0 can be generalized to any imaginary

µB, and the µB-dependence of the direct derivative is then analyzed, in order to extract

higher order coe�cients. More in detail, in the direct method a derivative of the partition

function can be written in terms of the action with all fermionic degrees of freedom

already integrated out, Seff , as follows:

@i log Z =
1

Z

Z
DU@ie

�Se↵ = hAii . (9)

Here i indicates the variable of the derivative, the chemical potential µi in this

case. Ai is the first derivative of Se↵ without the factor e�Se↵ . Its ensemble average is
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temperature; more recently, it has been pointed out that the transition becomes first

order in the presence of asymptotically large magnetic fields [87].

3.4. Fluctuations of conserved charges

Fluctuations of conserved charges are defined as

�BSQ
lmn =

@l+m+n(p/T 4)

(@µB/T )l(@µS/T )m(@µQ/T )n
. (14)

They can be calculated on the lattice as combinations of quark flavor fluctuations,

through the following relationship between chemical potentials:

µu =
1

3
µB +

2

3
µQ

µd =
1

3
µB �

1

3
µQ

µs =
1

3
µB �

1

3
µQ � µS. (15)

The relevance of fluctuations for the physics of heavy ion collisions has been increasing

in recent years. The higher order fluctuations of conserved charges are expected to

diverge at the critical point, and therefore they have been proposed long ago as one

of its possible experimental signatures [38, 88, 89]. For this reason, fluctuations have

became one of the central measurements for the Beam Energy Scan at RHIC. Renewed

interest in these observables has been stimulated also at small chemical potentials, due

to the possibility of extracting freeze-out parameters of a heavy-ion collision from first

principles, by comparing measurements to lattice QCD results [90, 91, 92] or of studying

the chiral criticality through higher order fluctuations [93]. Besides, linear combinations

of fluctuations can be used to identify the e↵ective degrees of freedom and study the

chemical composition of the system at a given temperature and chemical potential

[94, 95].

The first continuum-extrapolated results for second order fluctuations of conserved

charges at physical quark masses were presented in Ref. [96] (almost-physical quark

mass results are shown in Ref. [97], heavier quark mass results are shown in Ref. [98])

and later extended to selected fourth-order fluctuations and correlations [99, 100]. From

these results it is evident that, at large temperatures, the observables are much closer

to the ideal-gas limit, compared to the global thermodynamic observable presented in

Section 3.1; also, these observables agree with perturbation theory predictions [101, 102]

for temperatures T � 250 MeV.

Before concentrating on the comparison of fluctuations of conserved charges

with experiments, here we describe a couple of other possible applications for these

observables. For example, it is possible to construct linear combinations of fluctuations

which, in the low-temperature phase, select the contribution to thermodynamic

quantities of hadrons according to their quantum numbers [95, 103, 104]. In the range
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Alternative Expansion Scheme: TExS

➤ Extend the coverage at finite density with the -Expansion Scheme (TExS) via a 
rescaled -dependent temperature 

T′￼

μB T′￼

5
 S. Borsanyi et al, PRL (2021)

3

Empirical observation:
• all 1st order susceptibilities scale when defining 

a µB -dependent temperature T'(T, µB)

• scales like:

One can thus redefine temperature and use a T'-Expansion Scheme (TExS):

with expansion coefficients κ, related to susceptibilities:

Borsa ́nyi et al., PRL 126 (2021) 23, 232001

LATTICE QCD – GOING TO FINITE DENSITY

3
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• all 1st order susceptibilities scale when defining 

a µB -dependent temperature T'(T, µB)

• scales like:

One can thus redefine temperature and use a T'-Expansion Scheme (TExS):

with expansion coefficients κ, related to susceptibilities:
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LATTICE QCD – GOING TO FINITE DENSITY

 expansion coefficients are 
reshuffling of Taylor terms:
T′￼
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FIG. 9. Baryon density, pressure, entropy, energy density, strangeness density and �S
2 at increasing values of µ̂B . With solid

lines we show the results from the HRG model.

chemical potential, designed to overcome the shortcom-
ings which are characteristic of the Taylor expansion ap-
proach. Combining simulations at both zero and imag-
inary chemical potentials, we determined the LO and
NLO parameters describing the chemical potential de-
pendence of the baryon density, which we could then ex-
trapolate to large real chemical potentials.

By combining this new element, and previously pub-

lished results for the EoS at vanishing density, we could
reconstruct all thermodynamic variables at chemical po-
tentials as large as µB/T = 3.5 with rather limited un-
certainty. Systematic as well as statistical errors were
considered in the analysis.

These results, although still limited in precision at the
level of the parameters ij

2 and ij
4 , suggest that the

avenue we pursue in this work is rather promising for

3

Empirical observation:
• all 1st order susceptibilities scale when defining 

a µB -dependent temperature T'(T, µB)

• scales like:

One can thus redefine temperature and use a T'-Expansion Scheme (TExS):

with expansion coefficients κ, related to susceptibilities:

Borsa ́nyi et al., PRL 126 (2021) 23, 232001

LATTICE QCD – GOING TO FINITE DENSITY
T → T′￼

3

This may explain why including one more term in
a truncated Taylor series will not always improve the
convergence. On the contrary, pathological behavior –
namely non-monotonicity in the T - or µB-dependence –
appears in the extrapolated thermodynamic quantities
at chemical potentials beyond µB/T <

⇠ 2 � 2.5. This
is due to the fact that, for large enough µB/T , the ob-
servables at finite chemical potential are dictated by the
µB = 0 temperature dependence of the last coe�cient in-
cluded in the expansion. Hence, the structures appearing
around the QCD transition temperature in higher order
coe�cients are “translated” into the finite-µB behavior
of e.g., the entropy, baryon density, etc.

Another inherent problem with the Taylor expansion
is the fact that it is carried out at constant temperature.
This means that the values of the coe�cients at µB = 0
and a certain temperature T , determine the equation of
state at the same T at finite µB , while the pseudo-critical
temperature Tpc might have varied considerably. While a
su�ciently large number of expansion coe�cients would
lead to smooth extrapolated functions, even though the
Taylor coe�cients themselves present a complex struc-
ture around the transition temperature, the problem here
is rather practical. A scheme that could work with fewer
coe�cients would be much preferable from the numerical
cost point of view.

In Fig. 1 we show the baryon density nB(T ) ob-
tained from a Taylor expansion with the coe�cients in
Ref. [20], at µ̂B = 1, 2, 3. The extrapolation is shown
including an increasing number of coe�cients, to show
the e↵ect of higher-order ones. The leading-order (LO)
and higher truncations refer to ⇠ µ̂B@nB(T )/@µ̂B , or
⇠

1
6 µ̂

3
B@

3nB(T )/@µ̂3
B , etc. being the last term in the

expansion. The derivatives are taken at µB = 0.
While at µ̂B = 1 apparent convergence is achieved at

the NLO level, for higher chemical potential this is not
the case. Especially at µ̂B = 3, the inclusion of all the
coe�cients in Ref. [20] causes unphysical non-monotonic
behavior. Ultimately, a pathological behaviour could also
come from a finite radius of convergence. Incidentally, re-
cent estimates on coarse lattices [52, 53], but also univer-
sality arguments [54] place the convergence in the same
ball-park in µB .

In this work, we present an alternative summation
scheme which can better cope with the fact that the QCD
transition temperature presents a µB-dependence.

We start from the observation that we made while
working with imaginary values of the chemical poten-
tials in an earlier work on analytical continuation. In the
upper panel of Fig. 2 we show temperature scans of the
quantity nB(T )/µ̂B = �B

1 (T, µ̂B)/µ̂B for several fixed
imaginary µB/T ratios. The 0/0 limit at µB = 0 can be
easily resolved and equals �B

2 (T ).
The T -dependence of the normalized baryon den-

sity at finite chemical potential appears to be simply
shifted/rescaled towards higher temperatures from the
µB = 0 results for �B

2 . This behavior is more apparent
in the vicinity of the transition, where the slope of these
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FIG. 2. Upper panel: The (imaginary) baryon density at
simulated (imaginary) baryon chemical potentials, divided by
the chemical potential. The points at µB = 0 (black) show
the second baryon susceptibility �B

2 (T ). Lower panel: same
curves as in the upper panel, with a temperature rescaled in
accordance to Eq. (5) with  = 0.0205.

curves is larger. At very large, as well as at very low tem-
peratures a simple shift cannot describe the physics, since
the curves become extremely flat. A simple rescaling of
temperatures can be described as:

�B
1 (T, µ̂B)

µ̂B
= �B

2 (T
0, 0) , (4)

where the actual temperature di↵erence can be expressed
through a µB-dependent rescaling factor that we write for
simplicity as

T 0 = T
�
1 + µ̂2

B

�
. (5)

In the lower panel of Fig. 2 we show a version of the curves
in the upper panel, where all the finite-µ̂B curves have
been shifted in accordance to Eq. (5) with  = 0.0205.
Remarkably, we note how well the curves are superim-
posed to each other, even with the simple assumption of
a single, T -independent parameter governing the trans-
formation.
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BQS Fluctuations at the LHC

➤ Hydrodynamic fluid cell trajectories show the range across which all three conserved 
charge chemical potentials can fluctuate for PbPb collisions at the LHC

6

C. Plumberg, D. Almaalol, T. Dore et al, 2405.09648

27

FIG. 15. (color online) Trajectories of fluid cells that have initial temperatures above T0 � 350 MeV across the phase diagram
in {T, µB} (left), {T, µS} (middle), {T, µQ} (right). The trajectories are color coded by their initial temperature, T0. The
BSQ local charge fluctuations survive during the hydrodynamical response and result in finite BSQ chemical potentials at the
freeze-out hypersurface.

FIG. 16. (color online) Two-dimensional histogram of the
correlation of {µS , µB} (top-left), {µQ, µB} (bottom-left), and
{µQ, µS} (bottom-right) chemical potentials at ⌧ = 0.60 fm/c
for a Pb+Pb system at

p
sNN = 5.02 TeV. In all cases, a

solid contour enclosing 68.27% and a dashed contour enclosing
95.45% of the SPH particles is displayed.

Setting µB 6= 0, µS = µQ = 0 thus creates a system which
has equal parts of each quark flavor with a total baryon
density proportional to Bu +Bd +Bs = 1⁄3+ 1⁄3+ 1⁄3 = +1,
total strangeness density proportional to Su + Sd + Ss =
0 + 0 + (�1) = �1, and total electric charge density

proportional to Qu + Qd + Qs = 2⁄3 + (�1⁄3) + (�1⁄3) = 0.
These results are consistent with the patterns observed
in (111).

Similar considerations apply in the case where two

chemical potentials are non-zero. For example, one finds
by a similar calculation for T = 800 MeV, µB = 3µS = 450
MeV, and µQ = 0 that approximately

p

T 4
= 4.09,

⇢B
T 3

= 0.117,
⇢S
T 3

= 0, and
⇢Q
T 3

= 0.060.

(112)

This charge configuration corresponds to a roughly equal
number of u and d quarks and few or no s quarks, thus
agreeing well with the situation found in iccing [18]. More-
over, if one fixes µB = 3µS and decreases both chemical
potentials to 0 (thereby mimicking the positive corre-
lations visible in the upper left panel of Fig. 16), the
charge densities in Eq. (112) decrease accordingly, while
still maintaining the approximate ratio ⇢B/⇢Q ⇡ 2 and
⇢S ⇡ 0. We conclude that a correlation between two
chemical potentials (in this case, µB and µS) cannot be
naively interpreted as a correlation between the corre-
sponding charge densities (i.e., ⇢B and ⇢S). Again, this is
ultimately a consequence of the fact that different quark
flavors carry different charge combinations.

In addition to being influenced by the non-trivial charge
combinations carried by the u, d, and s quarks, correla-
tions between chemical potentials are further modified by
the correlations implicit in the hadronic contributions to
the Taylor EoS. For example, for thermal models in global
equilibrium, in general the following is approximately true
[35]:

µQ ⇠ �0.1µB (113)

This is also influenced by the constraint that electric
charge is conserved in the collision and most heavy-ion
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Outline

I.  Lattice QCD-based equations of state 

II.  A first study of equilibrium proton factorial cumulants 
with MaxEnt

7



I.  Lattice QCD-based equations of state
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➤ During HICs the system is not only confined to the T-  plane: determine the 
equations that depend on 

μB
μB, μQ, μS

EoS with three conserved charges

I Hydrodynamic simulations can now include all conserved charges

) Produce an EoS depending on (µB , µQ, µS)

I Recent lattice QCD results are available for diagonal and o↵-diagonal �BSQ
ijk

I The full pressure reads:

P (T, µB , µQ, µS)

T 4
=

X

i,j,k

1

i!j!k!
�BQS
ijk (T )

⇣µB

T

⌘j ⇣µQ

T

⌘k ⇣µS

T

⌘i

with the coe�cients:

�BQS
ijk (T ) =

@i+j+k(p/T 4)

@(µB

T )i@(µQ

T )j@(µS

T )k

����
µB ,µQ,µS=0

Up to order O(µ4) the list is complete ) 22 coe�cients

39 / 44

EoS with three conserved charges

I Hydrodynamic simulations can now include all conserved charges

) Produce an EoS depending on (µB , µQ, µS)

I Recent lattice QCD results are available for diagonal and o↵-diagonal �BSQ
ijk

I The full pressure reads:

P (T, µB , µQ, µS)

T 4
=

X

i,j,k

1

i!j!k!
�BQS
ijk (T )

⇣µB

T

⌘j ⇣µQ

T

⌘k ⇣µS

T

⌘i

with the coe�cients:

�BQS
ijk (T ) =

@i+j+k(p/T 4)

@(µB

T )i@(µQ

T )j@(µS

T )k

����
µB ,µQ,µS=0

Up to order O(µ4) the list is complete ) 22 coe�cients

39 / 44

where:

Lattice results only between T ~ 135 - 220 MeV for all 22 coefficients 
➤  Utilize HRG for low T 
➤  Impose Stefan-Boltzmann limit at high T

Equation of State with Three Conserved Charges

9

J. Noronha-Hostler, JS=JMK et al, PRC (2019) See also: A. Monnai et al, PRC (2019)
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EoS with Conserved Charge Constraints

➤ Observe the effect of imposing strangeness neutrality and a fixed ratio of baryon 
number to electric charge as expected for the densities

10

J. NORONHA-HOSTLER et al. PHYSICAL REVIEW C 100, 064910 (2019)

FIG. 3. Normalized pressure, entropy density, energy density, baryonic, strangeness, and electric charge densities are shown as functions
of temperature along the µB/T = 0.5 (top), µB/T = 1.0 (middle), and µB/T = 2.0 (bottom) lines. In all plots, the solid black curves indicate
the case 〈nS〉 = 0 and 〈nQ〉 = 0.4〈nB〉, whereas the dashed red ones indicate the case µQ = µS = 0.

064910-4

J. Noronha-Hostler, JS=JMK et al, PRC (2019) See also: A. Monnai et al, PRC (2019)
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➤ New continuum estimated lattice results in full 4D phase diagram of temperature 
and conserved charges by transforming to spherical coordinates 

New Lattice QCD EoS in - - - : 4D TExST μB μQ μS

11

A. Abuali et al, PRD (2025)
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FIG. 3. Continuum estimate of all fourth order susceptibilities (orange). The Stefan-Boltzmann limits of the susceptibilities
are indicated by the arrows. The gray points show the finite-Nω lattice data used to construct the estimate. The solid lines
show the ideal HRG model predictions.

3

FIG. 1. The 3D space of chemical potentials in cartesian (µ̂B , µ̂Q, µ̂S) (left) and spherical (µ̂, ω,ε) (right) coordinates. With
the latter, we can perform a 1D extrapolation in any direction.

di!erent physics-motivated rearrangements of the Taylor
expansion, and the coe”cients ωn(T ), εn(T ) are in di-
rect correspondence with the Taylor coe”cients ϑn(T ).
At LO one has [28, 29] (we drop the superscript B, as
this applies in general):

ω2(T ) =
1

6Tϑ→
2(T )

ϑ4(T ) , (7)

ε2(T ) =
1

6Tϑ→
2(T )

(
ϑ4(T )→

ϑ4

ϑ2
ϑ2(T )

)
, (8)

where ϑ→
2 is the T derivative of ϑ2 and the barred quan-

tities again indicate the SB limit values. By imposing
the equality on quantities normalized by their SB limit,
the high temperature behavior is automatically encoded
in the SB-corrected expansion defined by Eq. (5). It was
shown that, in the case of baryon density, ωB

2 (T ) and
εB
2 (T ) start to di!er substantially around the transition

temperature, where the second term in εB
2 (T ) becomes

relevant.
We define here a generalization of Eq. (3), whereby

we perform the expansion in an arbitrary direction in
the 3D space of chemical potentials. We use spherical
coordinates as shown in Fig. 1:

µ̂B = µ̂ cω ,

µ̂Q = µ̂ sωcε , (9)

µ̂S = µ̂ sωsε ,

where sϑ = sin ϖ and cϑ = cos ϖ, and:

µ̂ =
√

µ̂2
B + µ̂2

Q + µ̂2
S ,

ϱ = arccos (µ̂B/µ̂) , (10)

ς = sgn(µ̂S)↑ arccos
(
µ̂Q/

√
µ̂2
Q + µ̂2

S

)
.

With this prescription, given any set of (µ̂B , µ̂Q, µ̂S),
the angles ϱ, ς are fixed and we are faced with a 1D ex-
trapolation in µ̂ along the specified direction. In analogy
with Eq. (5), we can define the generalized expansion:

Xω,ε
1 (T, µ̂) =

X
ω,ε
1 (µ̂)

X
ω,ε
2 (0)

Xω,ε
2 (T → ω,ε(T, µ̂), 0) (11)

where Xω,ε
1 and Xω,ε

2 are the generalized density and sec-
ond order susceptibility along the direction specified by
the angles (ϱ,ς). As before, barred quantities refer to
SB limits, with their argument being the chemical po-
tential. The e!ective temperature is defined, in analogy
with Eq. (6), as:

T → ω,ε(T, µ̂) = T
(
1 + εω,ε

2 (T )µ̂2 + . . .
)
, (12)

where the expansion coe”cient εω,ε
2 (T ) now reads:

εω,ε
2 (T ) =

1

6T (Xω,ε
2 (T ))→

(
Xω,ε

4 (T )→
X4

ω,ε
(0)

X2
ω,ε

(0)
Xω,ε

2 (T )

)
.

(13)

There, Xω,ε
4 (T ) is the generalized fourth order suscepti-

bility along the direction specified by (ϱ,ς). Note that,
when we refer to quantities at µ̂ = 0, we drop the µ̂
dependence to alleviate the notation.
The quantities Xω,ε

n (T ) generalize the susceptibilities
ϑn(T ), as they are derivatives of the QCD pressure with
respect to the direction-dependent generalized chemical
potential µ̂:

Xω,ε
n (T ) =

φnp/T 4

φµ̂n

∣∣∣∣∣

ω,ε

µ̂=0

, (14)
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still a 2D-TExS, but along a constant μ/T line at fixed (θ, φ)
Abuali, J.J. et al., PRD 112 (2025) 5, 054502

4D-TEXS EQUATION OF STATE  FROM LQCD
•  Generalization of the previously introduced 2D-TExS to 3 conserved charges

by projecting the "cartesian" (μB , μQ , μS) coordinates to spherical ones

See Ahmed Abuali's talk on Tuesday, 3:35pm 

• Calculate expansion coefficient λ2 based on so-called "generalized susceptibilities" X2/4
(linear combinations of lattice QCD susceptibilities) + their Stefan-Boltzmann limits

➤ Extended coverage via TExS along lines of constant  at fixed  and define the 
generalized susceptibilities 

to determine the expansion with constrained high  by approach to SB limit with 
coefficient : 

μ/T (θ, ϕ)

T
λ

12
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4D-TEXS EQUATION OF STATE FROM LQCD
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New Lattice QCD EoS in - - - : 4D TExST μB μQ μS
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of models of QCD matter, showing superior convergence
properties around and above the transition temperature
at finite µB and along the strangeness neutral trajectory,
though not in the hadronic phase. A comparison with di-
rect lattice QCD results at finite chemical potential from
reweighting methods was presented in Ref. [15], showing
substantial agreement.

Although it is customary to depict the phase diagram
in the T → µB plane, it is actually a four-dimensional
space, where three chemical potentials can be varied,
associated to the conserved charges of QCD: baryon
number B, electric charge Q and strangeness S. Most
commonly, results at finite density are extrapolated ei-
ther along the µQ = µS = 0 direction, or along the
strangeness neutral line, defined by nS = 0 and nQ =
0.4nB , to reproduce the experimental setting of heavy
ion collision systems.

However, for realistic simulations of QCD mat-
ter, a comprehensive description of the full 4D space
T, µB , µQ, µS is necessary. It was shown in Ref. [32] that
even in LHC settings, where all densities vanish on aver-
age, local fluctuations lead to a large range of chemical
potentials to be sampled by individual fluid cells.

In order to address the need for a 4D equation of state,
in Ref. [33] a Taylor expansion of the QCD pressure was
constructed, based on lattice QCD results at Nω = 12
for the susceptibilities [22], and in the continuum for the
zero-density equation of state [9]:

p(T, µ̂B , µ̂Q, µ̂S)

T 4
=

∑

i,j,k

1

i!j!k!
ωBQS
ijk (T )µ̂i

Bµ̂
j
Qµ̂

k
S , (1)

where µ̂i =
µi

T (i = {B,Q, S}), and the coe!cients are
the susceptibilities:

ωBQS
ijk (T ) =

εi+j+k(p/T 4)

εµ̂i
Bµ̂

j
Qµ̂

k
S

∣∣∣∣∣
µ̂B ,µ̂Q,µ̂S=0

. (2)

The lattice susceptibilities in Eq. (2) were merged with
results from the hadron resonance gas (HRG) model [34]
to cover the low-temperature range relevant for hydrody-
namic simulations. At high temperatures, the approach
to the Stefan-Boltzmann (SB) limit was imposed on each
susceptibility. The resulting equation of state, expanded
to order O(µ4) (i.e. i + j + k ↑ 4), was made available
in the range T = 30 → 800 MeV, µk < 450MeV. A sim-
ilar construction was presented in Refs. [35, 36], based
on susceptibilities up to order O(µ4) and some of order
O(µ6), from Refs. [37–39], and the zero-density equation
of state from Ref. [40]. In both constructions, the 4D
equation of state showcases the same limitations in the
range reliably covered by the expansion.

In this work, we construct a new 4D equation of state
for QCD covering a broader range of densities accessible
in high-energy heavy-ion collisions, by generalizing the
expansion scheme of Ref. [28] to the case with three in-
dependent chemical potentials. We base our construction
on continuum estimated susceptibilities obtained with

the 4stout action on lattices with Nω = 10, 12, 16, 20, 24
time slices, with an aspect ratio LT = 4 except for the
643 ↓ 24 lattice. This is the first equation of state of
QCD in the 3D space of chemical potentials to be based
entirely on continuum estimated susceptibilities and pro-
viding an estimate of the related uncertainties. Working
with a large volume, we can expect finite size e”ects to
be small [41]. Details on the action used to obtain the
susceptibilities and its parametrization can be found in
Ref. [42].
We go over the basics of the T →-expansion scheme and

formulate its generalization to any direction in the chemi-
cal potential space in Section II. In Section III we present
our results for the continuum estimated susceptibilities of
order 2 and 4. We show results for the di”erent thermo-
dynamic quantities in Section IV, together with a discus-
sion on the limits of applicability of our expansion, before
presenting our conclusions in Section V.

II. T →
→EXPANSION SCHEME IN 4D

The idea behind the T →
→expansion scheme introduced

in Refs. [28, 29] is to take advantage of the fact that
the dependence of certain fluctuation observables on
the chemical potential µB largely amounts to a µB-
dependent temperature shift. In particular, it was no-
ticed that the normalized baryon density ωB

1 /µ̂B at imag-
inary chemical potential resembles the second baryon cu-
mulant at µB = 0, with a simple redefinition of the tem-
perature. The expansion scheme is defined rigorously as:

nB(T, µ̂B)

µ̂B
= ωB

2 (T
→, 0) , (3)

with the re-defined temperature

T →(T, µ̂B) = T
(
1 + ϑB

2 (T )µ̂
2
B + . . .

)
. (4)

In Ref. [29], the scheme was applied to the strangeness
neutral setting, where non-zero values of µQ and µS are
introduced to ensure nS = 0 and nQ = 0.4nB . These con-
ditions define a T -dependent trajectory in the 3D space
of chemical potentials for the expansion. Additionally,
Eq. (3) was modified by considering on both sides of the
equation quantities normalized by their own infinite tem-
perature limits:

F (T, µ̂B)

F (µ̂B)
=

F (T →
F , 0)

F (0)
, (5)

where the SB limits are indicated by barred quanti-
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observable-dependent e”ective temperature T →
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T →
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(
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2
B + . . .

)
. (6)

Note that the ϖn(T ) coe!cients in Eq. (6) are di”erent
from the ϑn(T ) coe!cients in Eq. (4). In fact, the ex-
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We present in Fig. 6, as an example, our results
for the thermodynamic quantities at di!erent chemical
potentials µ/T = 0 → 3.5 for the choice of angles
(ω = 45→, ε = 45→), corresponding to a direction where
µB/

↑
2 = µQ = µS , same as in Fig. 4. We show re-

sults for pressure, entropy density, energy density, as
well as baryon, electric charge and strangeness number
densities. All results are compared to predictions from
the ideal HRG model. Curves corresponding to larger
values of µ/T stop at lower temperatures because we
limit the values of the dimensionful chemical potentials
to µB ↓ 670MeV, µQ ↓ 475MeV and µS ↓ 475MeV,
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diagram) the correlation functions of hydrodynamic densities in thermal equilibrium and the corresponding equilibrium

fluctuations in the hydrodynamic densities are determined, and in all cases they have the universal features expected

in the 3D Ising universality class. The microscopic, nonuniversal, information unique to QCD is encoded in the values

of the mapping parameters. In this Section we shall review the mapping from the Ising model to QCD introduced in

Refs. [70, 72], describe the mapping of contours of constant correlation length to illustrate the size and shape of the

critical region and set up the calculation of hydrodynamic correlations in equilibrium.

In Section III, we shall use the maximum entropy method to translate the correlations of hydrodynamic densities

into momentum correlations between observed particles, and thereby the cumulants. We shall discuss quantitatively

how di!erent features of the QCD EoS (including its universal features and the nonuniversal mapping parameters

that we introduce in this Section) modify the equilibrium estimates for the cumulants of particle multiplicities along

the freeze-out curve. We shall discuss, qualitatively and semi-quantitatively, the dependence of various properties

such as the hierarchy of the magnitude of cumulants, and the scaling dependence of the cumulants on the separation

between the freeze-out point and the cross-over trajectories on the various mapping parameters in the family of EoS.

A. Mapping from the Ising Model to QCD

The critical point characterizing the end-point of the conjectured first-order phase transition curve demarcating the

QGP phase from the hadron resonance gas phase is expected to fall in the 3D Ising universality class. This universality

of critical phenomena follows from renormalization group theory [9]. Thus, the EoS near the critical point can be

mapped to the Gibbs free energy of the 3D Ising Model EoS, as follows. We write the QCD EoS as

P (µ, T ) = P
reg(µ, T ) + P

sing(µ, T ) , (1)

where here and henceforth we shall denote µB just by µ, where P
reg is an analytic (more precisely, less singular than

P
sing) function of µ and T near the critical point (µc, Tc), and where we can equate the most singular part of the

logarithm of QCD partition function to that of 3D Ising model yielding

P
sing(µ, T ) = →T

4
c GIsing(r(µ, T )h(µ, T )) (2)

where GIsing(r, h), the negative of the logarithm of the partition function, is the Gibbs free energy as a function of the

reduced temperature r and the magnetic field h in the three-dimensional Ising model. We have taken the coe”cient

of proportionality between P
sing and →GIsing to be T

4
c , as in Ref.[70]. A di!erent choice of normalization would

correspond to an overall rescaling of both the h and r axes on the T → µ plane, and hence can be compensated by

an overall rescaling of the two mapping parameters ω and w, introduced below. Because the explicit form of GIsing is

rather cumbersome, we present the details of the scaling Equation of State (2) in Appendix A.

The framework for mapping the universal physics of a critical point from the Ising model onto the QCD phase

Nonaka & Asakawa, PRC (2005) 
P. Parotto et al, PRC (2020)



06/04/26 J.M. Karthein - Fluctuation Signatures from EoS to p Factorial Cumulants

➤ Original work from the BEST collaboration to implement critical features into 
EoS for heavy-ion collisions: 

BEST Critical EoS

16

7

diagram) the correlation functions of hydrodynamic densities in thermal equilibrium and the corresponding equilibrium

fluctuations in the hydrodynamic densities are determined, and in all cases they have the universal features expected

in the 3D Ising universality class. The microscopic, nonuniversal, information unique to QCD is encoded in the values

of the mapping parameters. In this Section we shall review the mapping from the Ising model to QCD introduced in

Refs. [70, 72], describe the mapping of contours of constant correlation length to illustrate the size and shape of the

critical region and set up the calculation of hydrodynamic correlations in equilibrium.

In Section III, we shall use the maximum entropy method to translate the correlations of hydrodynamic densities

into momentum correlations between observed particles, and thereby the cumulants. We shall discuss quantitatively

how di!erent features of the QCD EoS (including its universal features and the nonuniversal mapping parameters

that we introduce in this Section) modify the equilibrium estimates for the cumulants of particle multiplicities along

the freeze-out curve. We shall discuss, qualitatively and semi-quantitatively, the dependence of various properties

such as the hierarchy of the magnitude of cumulants, and the scaling dependence of the cumulants on the separation

between the freeze-out point and the cross-over trajectories on the various mapping parameters in the family of EoS.

A. Mapping from the Ising Model to QCD

The critical point characterizing the end-point of the conjectured first-order phase transition curve demarcating the

QGP phase from the hadron resonance gas phase is expected to fall in the 3D Ising universality class. This universality

of critical phenomena follows from renormalization group theory [9]. Thus, the EoS near the critical point can be

mapped to the Gibbs free energy of the 3D Ising Model EoS, as follows. We write the QCD EoS as

P (µ, T ) = P
reg(µ, T ) + P

sing(µ, T ) , (1)

where here and henceforth we shall denote µB just by µ, where P
reg is an analytic (more precisely, less singular than

P
sing) function of µ and T near the critical point (µc, Tc), and where we can equate the most singular part of the

logarithm of QCD partition function to that of 3D Ising model yielding

P
sing(µ, T ) = →T

4
c GIsing(r(µ, T )h(µ, T )) (2)

where GIsing(r, h), the negative of the logarithm of the partition function, is the Gibbs free energy as a function of the

reduced temperature r and the magnetic field h in the three-dimensional Ising model. We have taken the coe”cient

of proportionality between P
sing and →GIsing to be T

4
c , as in Ref.[70]. A di!erent choice of normalization would

correspond to an overall rescaling of both the h and r axes on the T → µ plane, and hence can be compensated by

an overall rescaling of the two mapping parameters ω and w, introduced below. Because the explicit form of GIsing is

rather cumbersome, we present the details of the scaling Equation of State (2) in Appendix A.

The framework for mapping the universal physics of a critical point from the Ising model onto the QCD phase

3D Ising modelMatched to 
lattice QCD 

Taylor coefficients

Equation of state for QCD with a critical point

4

Up to !("B4):
P. Parotto, DM, et al PRC (2020)

• Map a parameterization of the 3D Ising model critical point to QCD variables 
(BEST EoS): 

P(T, μB) = T4 ∑
n

cNon−Ising
n (T )( μB

T )
n

+ PQCD
crit (T, μB)

• Reconstruct QCD pressure via Taylor 
expansion using coefficients extracted on the 
lattice: T4cLAT

n (T ) = T4cNon−Ising
n (T ) + cIsing

n (T )

Up to !("B4) + strangeness neutrality:
J.M. Karthein, DM, et al EPJ+ (2021)

• Reduce number of free parameters by 
imposing:
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4. Theory and Phenomenology of the Critical Point

4.1. Critical phenomena
The critical phenomena which we shall focus on occur at an end-point of a first-order transition in a thermo-

dynamic system. The first-order transition corresponds to a situation when a thermodynamic system under given
external conditions (such as T and µ, for example) can be in equilibrium in two distinct thermodynamic states. Such
a two-phase coexistence can occur only for special values of external parameters, typically, on a manifold of one less
dimension than the space of external parameters. E.g., in the T � µ plane this manifold is a first-order transition line.
One of the two states is thermodynamically stable on one side of the first-order phase transition, and the other – on
the other side. By adjusting parameters along the phase-coexistence line one could arrive at a special point where the
di↵erence between the two coexisting phases disappears. This is a critical point, also known as a second-order phase
transition. This point is characterized by critical phenomena which manifest themselves in singular thermodynamic
and hydrodynamic properties.

The two most common examples of such critical points are the end point of the liquid-gas coexistence curve and
the Curie point in a (uniaxial) ferromagnet. Although the two systems in which these two examples occur are di↵erent
on a fundamental, microscopic level, the physics near the critical point is remarkably similar on qualitative as well as
quantitative level. This observation is the basis of the concept of universality of the second-order phase transitions.

The uniaxial, or Ising, ferromagnet is the simplest of such systems. It can be modeled by a lattice of spins
si = ±1, or two-state systems, with local (e.g., nearest neighbor) interaction favoring the alignment of spins in the
same direction. There are two ground states, with all the spins pointing in one of the two possible directions. The
degeneracy is lifted if one applies a magnetic, or ordering, field h, which changes the energy of the spins by h

P
i si.

The two ordered states are distinguished by the value of the magnetization

M =
1
N

NX

i=1

si (18)

which equals +1 or �1 depending on the sign of h, or more precisely, by its thermal average hMi. At finite, low
enough temperature the ordering persists and hMi plays the role of the order parameter which flips sign at h = 0. The
two ordered phases coexist on the line h = 0 in the T � h plane as shown in Fig. 7

The magnetization M along the coexistence line, h = 0, decreases with increasing temperature due to thermal
fluctuations. At the Curie temperature, Tc, the magnetization completely vanishes and remains zero for all higher
temperatures. The coexistence line (the first-order phase transition) ends at T = Tc – the critical point. There is only
one phase at and above the Curie point temperature.

Similarly, liquids (e.g., water) coexists with their vapour at given pressure p at the boiling temperature T , which
defines a line in the T vs p plane. At any of the coexistence points on this line the molecules making up the substance

Figure 7: The phase diagram of the Ising ferromagnet. The transition between the phases with positive and negative magnetization is a first-order
transition for T < Tc and a continuous crossover at T > Tc. The transition changes its character at the critical point.
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h = h0RβδH(θ)

G = h0M0R2−α[g(θ) − θH(θ)] = − P

r =
T − Tc

Tc
= R(1 − θ2)
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➤ Original work from the BEST collaboration to implement critical features into 
EoS for heavy-ion collisions: 

BEST Critical EoS
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diagram) the correlation functions of hydrodynamic densities in thermal equilibrium and the corresponding equilibrium

fluctuations in the hydrodynamic densities are determined, and in all cases they have the universal features expected

in the 3D Ising universality class. The microscopic, nonuniversal, information unique to QCD is encoded in the values

of the mapping parameters. In this Section we shall review the mapping from the Ising model to QCD introduced in

Refs. [70, 72], describe the mapping of contours of constant correlation length to illustrate the size and shape of the

critical region and set up the calculation of hydrodynamic correlations in equilibrium.

In Section III, we shall use the maximum entropy method to translate the correlations of hydrodynamic densities

into momentum correlations between observed particles, and thereby the cumulants. We shall discuss quantitatively

how di!erent features of the QCD EoS (including its universal features and the nonuniversal mapping parameters

that we introduce in this Section) modify the equilibrium estimates for the cumulants of particle multiplicities along

the freeze-out curve. We shall discuss, qualitatively and semi-quantitatively, the dependence of various properties

such as the hierarchy of the magnitude of cumulants, and the scaling dependence of the cumulants on the separation

between the freeze-out point and the cross-over trajectories on the various mapping parameters in the family of EoS.

A. Mapping from the Ising Model to QCD

The critical point characterizing the end-point of the conjectured first-order phase transition curve demarcating the

QGP phase from the hadron resonance gas phase is expected to fall in the 3D Ising universality class. This universality

of critical phenomena follows from renormalization group theory [9]. Thus, the EoS near the critical point can be

mapped to the Gibbs free energy of the 3D Ising Model EoS, as follows. We write the QCD EoS as

P (µ, T ) = P
reg(µ, T ) + P

sing(µ, T ) , (1)

where here and henceforth we shall denote µB just by µ, where P
reg is an analytic (more precisely, less singular than

P
sing) function of µ and T near the critical point (µc, Tc), and where we can equate the most singular part of the

logarithm of QCD partition function to that of 3D Ising model yielding

P
sing(µ, T ) = →T

4
c GIsing(r(µ, T )h(µ, T )) (2)

where GIsing(r, h), the negative of the logarithm of the partition function, is the Gibbs free energy as a function of the

reduced temperature r and the magnetic field h in the three-dimensional Ising model. We have taken the coe”cient

of proportionality between P
sing and →GIsing to be T

4
c , as in Ref.[70]. A di!erent choice of normalization would

correspond to an overall rescaling of both the h and r axes on the T → µ plane, and hence can be compensated by

an overall rescaling of the two mapping parameters ω and w, introduced below. Because the explicit form of GIsing is

rather cumbersome, we present the details of the scaling Equation of State (2) in Appendix A.

The framework for mapping the universal physics of a critical point from the Ising model onto the QCD phase
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4. Theory and Phenomenology of the Critical Point

4.1. Critical phenomena
The critical phenomena which we shall focus on occur at an end-point of a first-order transition in a thermo-

dynamic system. The first-order transition corresponds to a situation when a thermodynamic system under given
external conditions (such as T and µ, for example) can be in equilibrium in two distinct thermodynamic states. Such
a two-phase coexistence can occur only for special values of external parameters, typically, on a manifold of one less
dimension than the space of external parameters. E.g., in the T � µ plane this manifold is a first-order transition line.
One of the two states is thermodynamically stable on one side of the first-order phase transition, and the other – on
the other side. By adjusting parameters along the phase-coexistence line one could arrive at a special point where the
di↵erence between the two coexisting phases disappears. This is a critical point, also known as a second-order phase
transition. This point is characterized by critical phenomena which manifest themselves in singular thermodynamic
and hydrodynamic properties.

The two most common examples of such critical points are the end point of the liquid-gas coexistence curve and
the Curie point in a (uniaxial) ferromagnet. Although the two systems in which these two examples occur are di↵erent
on a fundamental, microscopic level, the physics near the critical point is remarkably similar on qualitative as well as
quantitative level. This observation is the basis of the concept of universality of the second-order phase transitions.

The uniaxial, or Ising, ferromagnet is the simplest of such systems. It can be modeled by a lattice of spins
si = ±1, or two-state systems, with local (e.g., nearest neighbor) interaction favoring the alignment of spins in the
same direction. There are two ground states, with all the spins pointing in one of the two possible directions. The
degeneracy is lifted if one applies a magnetic, or ordering, field h, which changes the energy of the spins by h

P
i si.

The two ordered states are distinguished by the value of the magnetization

M =
1
N

NX

i=1

si (18)

which equals +1 or �1 depending on the sign of h, or more precisely, by its thermal average hMi. At finite, low
enough temperature the ordering persists and hMi plays the role of the order parameter which flips sign at h = 0. The
two ordered phases coexist on the line h = 0 in the T � h plane as shown in Fig. 7

The magnetization M along the coexistence line, h = 0, decreases with increasing temperature due to thermal
fluctuations. At the Curie temperature, Tc, the magnetization completely vanishes and remains zero for all higher
temperatures. The coexistence line (the first-order phase transition) ends at T = Tc – the critical point. There is only
one phase at and above the Curie point temperature.

Similarly, liquids (e.g., water) coexists with their vapour at given pressure p at the boiling temperature T , which
defines a line in the T vs p plane. At any of the coexistence points on this line the molecules making up the substance

Figure 7: The phase diagram of the Ising ferromagnet. The transition between the phases with positive and negative magnetization is a first-order
transition for T < Tc and a continuous crossover at T > Tc. The transition changes its character at the critical point.
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h = h0RβδH(θ)

G = h0M0R2−α[g(θ) − θH(θ)] = − P

r =
T − Tc

Tc
= R(1 − θ2)

P. Parotto et al, PRC (2020) 
Fig: A. Bzdak et al, Phys.Rept. (2020) 
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Taylor Coefficients from LQCD

➤ Lattice results for Taylor expansion of pressure around  up to  are the 
backbone of the procedure for creating this equation of state

μB = 0 𝒪(μ4
B)

19

JMK et al, EPJ+ (2021) 
J. Guenther et al, NPA (2017) 
R. Bellweid et al, PRD (2015) 
See also: A. Bazavov et al, PRD (2017)

-  

- strangeness-neutral
μQ = μS = 0

P(T, μB)
T4

= ∑
n

c2n(T)( μB
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Singular and Non-singular Contributions

➤ Require that the total free energy (pressure) is the one from the lattice, so order-by-
order we have:

20

JMK et al, EPJ+ (2021)

χLat
N (T) = χIsing

N (T) + χNon−Ising
N (T)

PAOLO PAROTTO et al. PHYSICAL REVIEW C 101, 034901 (2020)

FIG. 4. Parametrization of baryon susceptibilities from lattice QCD [20,64] and HRG model calculations.

the most up-to-date particle list available from the Particle
Data Group [66] (list PDG2016+ in Ref. [67]).

The smooth curves obtained from the parametrization will
be the cLAT

n (T ) coefficients in Eq. (16), thus defining the
cNon-Ising

n (T ) coefficients that will be used for the Taylor ex-
pansion. Figure 5 shows the comparison of the “Ising” and
“non-Ising” contributions to the parametrized lattice/HRG
model results.

VI. RESULTS

At this point, we have all the ingredients in Eq. (17):

P(T, µB) = T 4
2∑

n=0

cnon-Ising
2n (T )

(µB

T

)2n
+ T 4

C P Ising
symm(T, µB),

(32)
which is now straightforward. However, although the overall
behavior is correct, at low temperatures and in particular
in regions where the ratio µB/T is very large, the pressure
becomes negative, and so do other observables as well. This is
due to the fact that, given our choice of the function f (T, µB)
in Eq. (17), the “Ising” coefficients at low temperature follow
a power law, whereas the full ones from lattice calculations
fall off exponentially; hence, there will always be a value of T
for which one or more of the cnon-Ising

n (T ) falls below zero, and
thus a value of µB/T large enough that the pressure from the
Taylor expansion in Eq. (17) is large and negative, resulting

in unphysical values for the thermodynamic observables. The
recipe to cure this problem is to make use of the fact that one
can reasonably expect the system to find itself in a hadron gas
state in that region of the phase diagram and find a way to
smoothly merge the pressure coming from the procedure we
developed so far with the one from the HRG model.

The smooth merging can be obtained through a hyperbolic
tangent as

PFinal(T, µB)
T 4

= P(T, µB)
T 4

1
2

[
1 + tanh

(
T − T ′(µB)

!T ′

)]

+ PHRG(T, µB)
T 4

1
2

[
1 − tanh

(
T − T ′(µB)

!T ′

)]
,

(33)

where T ′(µB) works as the “switching temperature” and !T ′

is roughly the size of the “overlap region” where both pres-
sures contribute to the sum. The dependence on the baryon
chemical potential of the “switching temperature” is chosen
to be parabolic and parallel to the chiral transition line we
assumed in Eq. (26):

T ′(µB) = T0 + κ

T0
µ2

B − T ∗,

where T0 and κ are the transition temperature and curvature
of the transition line at µB = 0, and we choose T ∗ = 23 MeV
and in Eq. (33) !T ′ = 17 MeV.
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➤ Recent development of critical EoS to extend coverage to  MeV in BES-II 
range: Ising TExS EoS is successor to BEST EoS 

➤ Utilize lattice results from -Expansion Scheme (TExS) and incorporate singularity in  
via a singularity in 

μB ≃ 700

T′￼ nB
T′￼

Ising TExS EoS

21

M. Kahangirwe et al, PRD (2024)

3

Empirical observation:
• all 1st order susceptibilities scale when defining 

a µB -dependent temperature T'(T, µB)

• scales like:

One can thus redefine temperature and use a T'-Expansion Scheme (TExS):

with expansion coefficients κ, related to susceptibilities:

Borsa ́nyi et al., PRL 126 (2021) 23, 232001

LATTICE QCD – GOING TO FINITE DENSITY
T → T′￼
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Empirical observation:
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with expansion coefficients κ, related to susceptibilities:
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LATTICE QCD – GOING TO FINITE DENSITY

3

This may explain why including one more term in
a truncated Taylor series will not always improve the
convergence. On the contrary, pathological behavior –
namely non-monotonicity in the T - or µB-dependence –
appears in the extrapolated thermodynamic quantities
at chemical potentials beyond µB/T <

⇠ 2 � 2.5. This
is due to the fact that, for large enough µB/T , the ob-
servables at finite chemical potential are dictated by the
µB = 0 temperature dependence of the last coe�cient in-
cluded in the expansion. Hence, the structures appearing
around the QCD transition temperature in higher order
coe�cients are “translated” into the finite-µB behavior
of e.g., the entropy, baryon density, etc.

Another inherent problem with the Taylor expansion
is the fact that it is carried out at constant temperature.
This means that the values of the coe�cients at µB = 0
and a certain temperature T , determine the equation of
state at the same T at finite µB , while the pseudo-critical
temperature Tpc might have varied considerably. While a
su�ciently large number of expansion coe�cients would
lead to smooth extrapolated functions, even though the
Taylor coe�cients themselves present a complex struc-
ture around the transition temperature, the problem here
is rather practical. A scheme that could work with fewer
coe�cients would be much preferable from the numerical
cost point of view.

In Fig. 1 we show the baryon density nB(T ) ob-
tained from a Taylor expansion with the coe�cients in
Ref. [20], at µ̂B = 1, 2, 3. The extrapolation is shown
including an increasing number of coe�cients, to show
the e↵ect of higher-order ones. The leading-order (LO)
and higher truncations refer to ⇠ µ̂B@nB(T )/@µ̂B , or
⇠

1
6 µ̂

3
B@

3nB(T )/@µ̂3
B , etc. being the last term in the

expansion. The derivatives are taken at µB = 0.
While at µ̂B = 1 apparent convergence is achieved at

the NLO level, for higher chemical potential this is not
the case. Especially at µ̂B = 3, the inclusion of all the
coe�cients in Ref. [20] causes unphysical non-monotonic
behavior. Ultimately, a pathological behaviour could also
come from a finite radius of convergence. Incidentally, re-
cent estimates on coarse lattices [52, 53], but also univer-
sality arguments [54] place the convergence in the same
ball-park in µB .

In this work, we present an alternative summation
scheme which can better cope with the fact that the QCD
transition temperature presents a µB-dependence.

We start from the observation that we made while
working with imaginary values of the chemical poten-
tials in an earlier work on analytical continuation. In the
upper panel of Fig. 2 we show temperature scans of the
quantity nB(T )/µ̂B = �B

1 (T, µ̂B)/µ̂B for several fixed
imaginary µB/T ratios. The 0/0 limit at µB = 0 can be
easily resolved and equals �B

2 (T ).
The T -dependence of the normalized baryon den-

sity at finite chemical potential appears to be simply
shifted/rescaled towards higher temperatures from the
µB = 0 results for �B

2 . This behavior is more apparent
in the vicinity of the transition, where the slope of these
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FIG. 2. Upper panel: The (imaginary) baryon density at
simulated (imaginary) baryon chemical potentials, divided by
the chemical potential. The points at µB = 0 (black) show
the second baryon susceptibility �B

2 (T ). Lower panel: same
curves as in the upper panel, with a temperature rescaled in
accordance to Eq. (5) with  = 0.0205.

curves is larger. At very large, as well as at very low tem-
peratures a simple shift cannot describe the physics, since
the curves become extremely flat. A simple rescaling of
temperatures can be described as:

�B
1 (T, µ̂B)

µ̂B
= �B

2 (T
0, 0) , (4)

where the actual temperature di↵erence can be expressed
through a µB-dependent rescaling factor that we write for
simplicity as

T 0 = T
�
1 + µ̂2

B

�
. (5)

In the lower panel of Fig. 2 we show a version of the curves
in the upper panel, where all the finite-µ̂B curves have
been shifted in accordance to Eq. (5) with  = 0.0205.
Remarkably, we note how well the curves are superim-
posed to each other, even with the simple assumption of
a single, T -independent parameter governing the trans-
formation.

6

model, while sc and nc are the critical entropy and baryon
density respectively. Since Ghh is the same for all mapping
parameters, we can use the coe!cient in front of it as a “uni-
versal” measure of the strength of the singularity. It is then
obvious that the strength measured that way depends on ω12

and w (at fixed ω1) only via the combination w sinω12.
The mapping in Fig. 3 comes with inherent advantages.

The tunable free parameters can be guided by physics, such as
the physical value of the quark masses, stability, and causal-
ity of the equation of state [73]. This feature enables us to
transport any physical quantity in 3D Ising to any point in
the QCD phase diagram, and as the mapping is an even func-
tion in the baryon chemical potential, it ensures the expected
charge conjugation symmetry.

C. Transition Line

With the mapping defined in Eq.(13), the location of the
transition line in the phase diagram is naturally determined.
The transition line TC(µBC) is such that TC and µBC have
to satisfy T →(T, µB) = T0, where T0 is the crossover temper-
ature at µB = 0. For convenience, we use the pseudo-critical
temperature related to chiral symmetry restoration T0 = 158
MeV computed from the lattice in [9]. In addition, for sim-
plicity, we identify T → with T →

lat(T, µB) in [13] up to second
order in µB/T . From Eq. (12), we make use of the mapping
to express the critical pressure P crit as a function of temper-
ature and chemical potential:

P crit(T, µB) = →T 4G(R(T, µB), ε(T, µB)) . (19)

The critical baryon density is then defined as

ϑB crit
1 =

ncrit
B (T, µB)

T 3
=

ϖ(P crit(T, µB)/T
4)

ϖ(µB/T )

∣∣∣
T
. (20)

With this mapping the critical point is also forced to sit
on the transition line by construction. Therefore, the number
of free parameters is reduced since the critical temperature
follows from the choice of critical chemical potential, and the
angle ω1 is given by the slope of the transition line at the
critical point:

ω1 = tan↑1

(
2ϱ2(TC)µBC

TCT →
,T

)
. (21)

In this paper, we illustrate two choices of critical baryon
chemical potential. The first one, used mainly for compari-
son with the BEST collaboration EoS, is µBC = 350 MeV,
giving TC = 140 MeV and ω1 = 6.7↓. For the first choice of
parameters, we show in Fig. 4 contours of equal normalized
critical pressure, in the r → h, T →

→ µ2
B and T → µB planes.

The first-order transition line is shown as a red solid line, and
the critical point corresponds to a black dot. We show posi-
tive and negative values of µB , corresponding to positive and
negative baryon chemical potentials, to illustrate the sym-
metry of QCD under baryon-and-antibaryon exchange. This
symmetry arises naturally from the selection of a quadratic
mapping of the chemical potential in Eq. (13). For the same
choice of parameters, in Fig. 5 we show the critical baryon
density, which develops a discontinuity for µB > µBC , as re-
quired for a first order transition. With the second choice we
place the critical point in a region that goes beyond the limits
of the BEST collaboration EoS: we choose µBC = 500 MeV,
corresponding to TC = 116 MeV and ω1 = 11.2↓.

IV. EQUATION OF STATE: MERGING THE
LATTICE DATA AND THE CRITICAL POINT

SINGULARITY

It is important to keep in mind that equation (4) is the
definition of T →(T, µB). Since the function ϑB

2 (T
→, 0) is an-

alytic (smooth crossover), the singularity in nB due to the
critical point and the first-order transition must be carried by
T →(T, µB). Since the singularity of nB is inherited from the
singularity of the pressure via Eq. (20), we can determine the
corresponding singularity in T → via equation (4).

We shall separate the baryon density into a regular and
singular parts: nB = nreg

B + ncrit
B , where ncrit

B is defined by
Eq.(20). Similarly, we separate T →: T → = T →

reg + T →
crit. Since

ncrit
B vanishes at the critical point we can expand ϑB

2 in Eq.(4)
and obtain the relationship between T →

crit and ncrit
B :

T →
crit(T, µB) =

(
ϖϑB

2 (T, 0)
ϖT

∣∣∣
T0

)↑1
ncrit
B (T, µB)

T 3 ↑ (µB/T )
(22)

Of course, the Taylor expansion of T →
crit is di”erent from Eq.(5)

inferred from lattice data. However, we can always choose the
regular T →

reg contribution so that the Taylor expansion of the
full T → agrees with the lattice. To match lattice results at low
(µB/T ), since ϱ

BB
4 (T ) is consistent with zero, we can truncate

the Taylor expansion in Eq.(5) and define

T →
lat(T, µB) = T

(
1 + ϱBB

2 (T )
(µB

T

)2
)
. (23)

We can then write

T →(T, µB) = T →
lat(T, µB)︸ ︷︷ ︸

lowest orders in (µB/T )

+

T →
crit(T, µB)→ Taylorn↔2[T

→
crit(T, µB)]

︸ ︷︷ ︸
higher orders in (µB/T )

, (24)

which has the same singularity as T →
crit and the same truncated

Taylor expansion as T →
lat.

The last term in Eq.(24) represents the Taylor-expansion
of T →

crit(T, µB), which we will carry out to order O((µB/T )
2)

and truncate beyond that order. Using Eq.(22) we find:

Taylorn↔2[T
→
crit] =

(
ϖϑB

2,lat(T )

ϖT

∣∣∣∣
T0

)↑1 [
ϖncrit

B /T 3

ϖ(µB/T )

∣∣∣∣
µ̂B=0

+
1
3!

ϖ3ncrit
B /T 3

ϖ(µB/T )3

∣∣∣∣
µ̂B=0

(µB

T

)2
]
. (25)

One can thus identify the regular contribution T →
reg, using

Eq.(24), as T →
reg = T →

lat → Taylorn↔2[T
→
crit].

At this point, inserting Eq. (24) in (4) completely de-
fines the baryon density with a critical point for a chosen
set of critical point parameters. As an example, we show in
Fig. 6 the baryon density as a function of the temperature,
for di”erent values of µB/T , for a critical point located at
µBC = 350 MeV, resulting in TC = 140 MeV, ω1 = 6.65↓,
with ω2 = ω1 → ω12, ω12 = 90↓, w = 2 and ς = 2. We
compare these results with lattice QCD results obtained in
Ref. [13] from the alternative expansion scheme. Notably, we
can see that our results are not in tension, within error bars,
with the lattice ones, even when a critical point is placed in
the chemical potential regime accessible to the extrapolation.

which has the same singularity as  and the same 
truncated Taylor expansion as 

T′￼crit
T′￼lat
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This may explain why including one more term in
a truncated Taylor series will not always improve the
convergence. On the contrary, pathological behavior –
namely non-monotonicity in the T - or µB-dependence –
appears in the extrapolated thermodynamic quantities
at chemical potentials beyond µB/T <

⇠ 2 � 2.5. This
is due to the fact that, for large enough µB/T , the ob-
servables at finite chemical potential are dictated by the
µB = 0 temperature dependence of the last coe�cient in-
cluded in the expansion. Hence, the structures appearing
around the QCD transition temperature in higher order
coe�cients are “translated” into the finite-µB behavior
of e.g., the entropy, baryon density, etc.

Another inherent problem with the Taylor expansion
is the fact that it is carried out at constant temperature.
This means that the values of the coe�cients at µB = 0
and a certain temperature T , determine the equation of
state at the same T at finite µB , while the pseudo-critical
temperature Tpc might have varied considerably. While a
su�ciently large number of expansion coe�cients would
lead to smooth extrapolated functions, even though the
Taylor coe�cients themselves present a complex struc-
ture around the transition temperature, the problem here
is rather practical. A scheme that could work with fewer
coe�cients would be much preferable from the numerical
cost point of view.

In Fig. 1 we show the baryon density nB(T ) ob-
tained from a Taylor expansion with the coe�cients in
Ref. [20], at µ̂B = 1, 2, 3. The extrapolation is shown
including an increasing number of coe�cients, to show
the e↵ect of higher-order ones. The leading-order (LO)
and higher truncations refer to ⇠ µ̂B@nB(T )/@µ̂B , or
⇠

1
6 µ̂

3
B@

3nB(T )/@µ̂3
B , etc. being the last term in the

expansion. The derivatives are taken at µB = 0.
While at µ̂B = 1 apparent convergence is achieved at

the NLO level, for higher chemical potential this is not
the case. Especially at µ̂B = 3, the inclusion of all the
coe�cients in Ref. [20] causes unphysical non-monotonic
behavior. Ultimately, a pathological behaviour could also
come from a finite radius of convergence. Incidentally, re-
cent estimates on coarse lattices [52, 53], but also univer-
sality arguments [54] place the convergence in the same
ball-park in µB .

In this work, we present an alternative summation
scheme which can better cope with the fact that the QCD
transition temperature presents a µB-dependence.

We start from the observation that we made while
working with imaginary values of the chemical poten-
tials in an earlier work on analytical continuation. In the
upper panel of Fig. 2 we show temperature scans of the
quantity nB(T )/µ̂B = �B

1 (T, µ̂B)/µ̂B for several fixed
imaginary µB/T ratios. The 0/0 limit at µB = 0 can be
easily resolved and equals �B

2 (T ).
The T -dependence of the normalized baryon den-

sity at finite chemical potential appears to be simply
shifted/rescaled towards higher temperatures from the
µB = 0 results for �B

2 . This behavior is more apparent
in the vicinity of the transition, where the slope of these
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FIG. 2. Upper panel: The (imaginary) baryon density at
simulated (imaginary) baryon chemical potentials, divided by
the chemical potential. The points at µB = 0 (black) show
the second baryon susceptibility �B

2 (T ). Lower panel: same
curves as in the upper panel, with a temperature rescaled in
accordance to Eq. (5) with  = 0.0205.

curves is larger. At very large, as well as at very low tem-
peratures a simple shift cannot describe the physics, since
the curves become extremely flat. A simple rescaling of
temperatures can be described as:

�B
1 (T, µ̂B)

µ̂B
= �B

2 (T
0, 0) , (4)

where the actual temperature di↵erence can be expressed
through a µB-dependent rescaling factor that we write for
simplicity as

T 0 = T
�
1 + µ̂2

B

�
. (5)

In the lower panel of Fig. 2 we show a version of the curves
in the upper panel, where all the finite-µ̂B curves have
been shifted in accordance to Eq. (5) with  = 0.0205.
Remarkably, we note how well the curves are superim-
posed to each other, even with the simple assumption of
a single, T -independent parameter governing the trans-
formation.
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model, while sc and nc are the critical entropy and baryon
density respectively. Since Ghh is the same for all mapping
parameters, we can use the coe!cient in front of it as a “uni-
versal” measure of the strength of the singularity. It is then
obvious that the strength measured that way depends on ω12

and w (at fixed ω1) only via the combination w sinω12.
The mapping in Fig. 3 comes with inherent advantages.

The tunable free parameters can be guided by physics, such as
the physical value of the quark masses, stability, and causal-
ity of the equation of state [73]. This feature enables us to
transport any physical quantity in 3D Ising to any point in
the QCD phase diagram, and as the mapping is an even func-
tion in the baryon chemical potential, it ensures the expected
charge conjugation symmetry.

C. Transition Line

With the mapping defined in Eq.(13), the location of the
transition line in the phase diagram is naturally determined.
The transition line TC(µBC) is such that TC and µBC have
to satisfy T →(T, µB) = T0, where T0 is the crossover temper-
ature at µB = 0. For convenience, we use the pseudo-critical
temperature related to chiral symmetry restoration T0 = 158
MeV computed from the lattice in [9]. In addition, for sim-
plicity, we identify T → with T →

lat(T, µB) in [13] up to second
order in µB/T . From Eq. (12), we make use of the mapping
to express the critical pressure P crit as a function of temper-
ature and chemical potential:

P crit(T, µB) = →T 4G(R(T, µB), ε(T, µB)) . (19)

The critical baryon density is then defined as

ϑB crit
1 =

ncrit
B (T, µB)

T 3
=

ϖ(P crit(T, µB)/T
4)

ϖ(µB/T )

∣∣∣
T
. (20)

With this mapping the critical point is also forced to sit
on the transition line by construction. Therefore, the number
of free parameters is reduced since the critical temperature
follows from the choice of critical chemical potential, and the
angle ω1 is given by the slope of the transition line at the
critical point:

ω1 = tan↑1

(
2ϱ2(TC)µBC

TCT →
,T

)
. (21)

In this paper, we illustrate two choices of critical baryon
chemical potential. The first one, used mainly for compari-
son with the BEST collaboration EoS, is µBC = 350 MeV,
giving TC = 140 MeV and ω1 = 6.7↓. For the first choice of
parameters, we show in Fig. 4 contours of equal normalized
critical pressure, in the r → h, T →

→ µ2
B and T → µB planes.

The first-order transition line is shown as a red solid line, and
the critical point corresponds to a black dot. We show posi-
tive and negative values of µB , corresponding to positive and
negative baryon chemical potentials, to illustrate the sym-
metry of QCD under baryon-and-antibaryon exchange. This
symmetry arises naturally from the selection of a quadratic
mapping of the chemical potential in Eq. (13). For the same
choice of parameters, in Fig. 5 we show the critical baryon
density, which develops a discontinuity for µB > µBC , as re-
quired for a first order transition. With the second choice we
place the critical point in a region that goes beyond the limits
of the BEST collaboration EoS: we choose µBC = 500 MeV,
corresponding to TC = 116 MeV and ω1 = 11.2↓.

IV. EQUATION OF STATE: MERGING THE
LATTICE DATA AND THE CRITICAL POINT

SINGULARITY

It is important to keep in mind that equation (4) is the
definition of T →(T, µB). Since the function ϑB

2 (T
→, 0) is an-

alytic (smooth crossover), the singularity in nB due to the
critical point and the first-order transition must be carried by
T →(T, µB). Since the singularity of nB is inherited from the
singularity of the pressure via Eq. (20), we can determine the
corresponding singularity in T → via equation (4).

We shall separate the baryon density into a regular and
singular parts: nB = nreg

B + ncrit
B , where ncrit

B is defined by
Eq.(20). Similarly, we separate T →: T → = T →

reg + T →
crit. Since

ncrit
B vanishes at the critical point we can expand ϑB

2 in Eq.(4)
and obtain the relationship between T →

crit and ncrit
B :

T →
crit(T, µB) =

(
ϖϑB

2 (T, 0)
ϖT

∣∣∣
T0

)↑1
ncrit
B (T, µB)

T 3 ↑ (µB/T )
(22)

Of course, the Taylor expansion of T →
crit is di”erent from Eq.(5)

inferred from lattice data. However, we can always choose the
regular T →

reg contribution so that the Taylor expansion of the
full T → agrees with the lattice. To match lattice results at low
(µB/T ), since ϱ

BB
4 (T ) is consistent with zero, we can truncate

the Taylor expansion in Eq.(5) and define

T →
lat(T, µB) = T

(
1 + ϱBB

2 (T )
(µB

T

)2
)
. (23)

We can then write

T →(T, µB) = T →
lat(T, µB)︸ ︷︷ ︸

lowest orders in (µB/T )

+

T →
crit(T, µB)→ Taylorn↔2[T

→
crit(T, µB)]

︸ ︷︷ ︸
higher orders in (µB/T )

, (24)

which has the same singularity as T →
crit and the same truncated

Taylor expansion as T →
lat.

The last term in Eq.(24) represents the Taylor-expansion
of T →

crit(T, µB), which we will carry out to order O((µB/T )
2)

and truncate beyond that order. Using Eq.(22) we find:

Taylorn↔2[T
→
crit] =

(
ϖϑB

2,lat(T )

ϖT

∣∣∣∣
T0

)↑1 [
ϖncrit

B /T 3

ϖ(µB/T )

∣∣∣∣
µ̂B=0

+
1
3!

ϖ3ncrit
B /T 3

ϖ(µB/T )3

∣∣∣∣
µ̂B=0

(µB

T

)2
]
. (25)

One can thus identify the regular contribution T →
reg, using

Eq.(24), as T →
reg = T →

lat → Taylorn↔2[T
→
crit].

At this point, inserting Eq. (24) in (4) completely de-
fines the baryon density with a critical point for a chosen
set of critical point parameters. As an example, we show in
Fig. 6 the baryon density as a function of the temperature,
for di”erent values of µB/T , for a critical point located at
µBC = 350 MeV, resulting in TC = 140 MeV, ω1 = 6.65↓,
with ω2 = ω1 → ω12, ω12 = 90↓, w = 2 and ς = 2. We
compare these results with lattice QCD results obtained in
Ref. [13] from the alternative expansion scheme. Notably, we
can see that our results are not in tension, within error bars,
with the lattice ones, even when a critical point is placed in
the chemical potential regime accessible to the extrapolation.

Incorporate critical physics into 
higher orders in  by subtracting 

the 2nd order Taylor term
μB

which has the same singularity as  and the same 
truncated Taylor expansion as 

T′￼crit
T′￼lat
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This may explain why including one more term in
a truncated Taylor series will not always improve the
convergence. On the contrary, pathological behavior –
namely non-monotonicity in the T - or µB-dependence –
appears in the extrapolated thermodynamic quantities
at chemical potentials beyond µB/T <

⇠ 2 � 2.5. This
is due to the fact that, for large enough µB/T , the ob-
servables at finite chemical potential are dictated by the
µB = 0 temperature dependence of the last coe�cient in-
cluded in the expansion. Hence, the structures appearing
around the QCD transition temperature in higher order
coe�cients are “translated” into the finite-µB behavior
of e.g., the entropy, baryon density, etc.

Another inherent problem with the Taylor expansion
is the fact that it is carried out at constant temperature.
This means that the values of the coe�cients at µB = 0
and a certain temperature T , determine the equation of
state at the same T at finite µB , while the pseudo-critical
temperature Tpc might have varied considerably. While a
su�ciently large number of expansion coe�cients would
lead to smooth extrapolated functions, even though the
Taylor coe�cients themselves present a complex struc-
ture around the transition temperature, the problem here
is rather practical. A scheme that could work with fewer
coe�cients would be much preferable from the numerical
cost point of view.

In Fig. 1 we show the baryon density nB(T ) ob-
tained from a Taylor expansion with the coe�cients in
Ref. [20], at µ̂B = 1, 2, 3. The extrapolation is shown
including an increasing number of coe�cients, to show
the e↵ect of higher-order ones. The leading-order (LO)
and higher truncations refer to ⇠ µ̂B@nB(T )/@µ̂B , or
⇠

1
6 µ̂

3
B@

3nB(T )/@µ̂3
B , etc. being the last term in the

expansion. The derivatives are taken at µB = 0.
While at µ̂B = 1 apparent convergence is achieved at

the NLO level, for higher chemical potential this is not
the case. Especially at µ̂B = 3, the inclusion of all the
coe�cients in Ref. [20] causes unphysical non-monotonic
behavior. Ultimately, a pathological behaviour could also
come from a finite radius of convergence. Incidentally, re-
cent estimates on coarse lattices [52, 53], but also univer-
sality arguments [54] place the convergence in the same
ball-park in µB .

In this work, we present an alternative summation
scheme which can better cope with the fact that the QCD
transition temperature presents a µB-dependence.

We start from the observation that we made while
working with imaginary values of the chemical poten-
tials in an earlier work on analytical continuation. In the
upper panel of Fig. 2 we show temperature scans of the
quantity nB(T )/µ̂B = �B

1 (T, µ̂B)/µ̂B for several fixed
imaginary µB/T ratios. The 0/0 limit at µB = 0 can be
easily resolved and equals �B

2 (T ).
The T -dependence of the normalized baryon den-

sity at finite chemical potential appears to be simply
shifted/rescaled towards higher temperatures from the
µB = 0 results for �B

2 . This behavior is more apparent
in the vicinity of the transition, where the slope of these
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FIG. 2. Upper panel: The (imaginary) baryon density at
simulated (imaginary) baryon chemical potentials, divided by
the chemical potential. The points at µB = 0 (black) show
the second baryon susceptibility �B

2 (T ). Lower panel: same
curves as in the upper panel, with a temperature rescaled in
accordance to Eq. (5) with  = 0.0205.

curves is larger. At very large, as well as at very low tem-
peratures a simple shift cannot describe the physics, since
the curves become extremely flat. A simple rescaling of
temperatures can be described as:

�B
1 (T, µ̂B)

µ̂B
= �B

2 (T
0, 0) , (4)

where the actual temperature di↵erence can be expressed
through a µB-dependent rescaling factor that we write for
simplicity as

T 0 = T
�
1 + µ̂2

B

�
. (5)

In the lower panel of Fig. 2 we show a version of the curves
in the upper panel, where all the finite-µ̂B curves have
been shifted in accordance to Eq. (5) with  = 0.0205.
Remarkably, we note how well the curves are superim-
posed to each other, even with the simple assumption of
a single, T -independent parameter governing the trans-
formation.
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model, while sc and nc are the critical entropy and baryon
density respectively. Since Ghh is the same for all mapping
parameters, we can use the coe!cient in front of it as a “uni-
versal” measure of the strength of the singularity. It is then
obvious that the strength measured that way depends on ω12

and w (at fixed ω1) only via the combination w sinω12.
The mapping in Fig. 3 comes with inherent advantages.

The tunable free parameters can be guided by physics, such as
the physical value of the quark masses, stability, and causal-
ity of the equation of state [73]. This feature enables us to
transport any physical quantity in 3D Ising to any point in
the QCD phase diagram, and as the mapping is an even func-
tion in the baryon chemical potential, it ensures the expected
charge conjugation symmetry.

C. Transition Line

With the mapping defined in Eq.(13), the location of the
transition line in the phase diagram is naturally determined.
The transition line TC(µBC) is such that TC and µBC have
to satisfy T →(T, µB) = T0, where T0 is the crossover temper-
ature at µB = 0. For convenience, we use the pseudo-critical
temperature related to chiral symmetry restoration T0 = 158
MeV computed from the lattice in [9]. In addition, for sim-
plicity, we identify T → with T →

lat(T, µB) in [13] up to second
order in µB/T . From Eq. (12), we make use of the mapping
to express the critical pressure P crit as a function of temper-
ature and chemical potential:

P crit(T, µB) = →T 4G(R(T, µB), ε(T, µB)) . (19)

The critical baryon density is then defined as

ϑB crit
1 =

ncrit
B (T, µB)

T 3
=

ϖ(P crit(T, µB)/T
4)

ϖ(µB/T )

∣∣∣
T
. (20)

With this mapping the critical point is also forced to sit
on the transition line by construction. Therefore, the number
of free parameters is reduced since the critical temperature
follows from the choice of critical chemical potential, and the
angle ω1 is given by the slope of the transition line at the
critical point:

ω1 = tan↑1

(
2ϱ2(TC)µBC

TCT →
,T

)
. (21)

In this paper, we illustrate two choices of critical baryon
chemical potential. The first one, used mainly for compari-
son with the BEST collaboration EoS, is µBC = 350 MeV,
giving TC = 140 MeV and ω1 = 6.7↓. For the first choice of
parameters, we show in Fig. 4 contours of equal normalized
critical pressure, in the r → h, T →

→ µ2
B and T → µB planes.

The first-order transition line is shown as a red solid line, and
the critical point corresponds to a black dot. We show posi-
tive and negative values of µB , corresponding to positive and
negative baryon chemical potentials, to illustrate the sym-
metry of QCD under baryon-and-antibaryon exchange. This
symmetry arises naturally from the selection of a quadratic
mapping of the chemical potential in Eq. (13). For the same
choice of parameters, in Fig. 5 we show the critical baryon
density, which develops a discontinuity for µB > µBC , as re-
quired for a first order transition. With the second choice we
place the critical point in a region that goes beyond the limits
of the BEST collaboration EoS: we choose µBC = 500 MeV,
corresponding to TC = 116 MeV and ω1 = 11.2↓.

IV. EQUATION OF STATE: MERGING THE
LATTICE DATA AND THE CRITICAL POINT

SINGULARITY

It is important to keep in mind that equation (4) is the
definition of T →(T, µB). Since the function ϑB

2 (T
→, 0) is an-

alytic (smooth crossover), the singularity in nB due to the
critical point and the first-order transition must be carried by
T →(T, µB). Since the singularity of nB is inherited from the
singularity of the pressure via Eq. (20), we can determine the
corresponding singularity in T → via equation (4).

We shall separate the baryon density into a regular and
singular parts: nB = nreg

B + ncrit
B , where ncrit

B is defined by
Eq.(20). Similarly, we separate T →: T → = T →

reg + T →
crit. Since

ncrit
B vanishes at the critical point we can expand ϑB

2 in Eq.(4)
and obtain the relationship between T →

crit and ncrit
B :

T →
crit(T, µB) =

(
ϖϑB

2 (T, 0)
ϖT

∣∣∣
T0

)↑1
ncrit
B (T, µB)

T 3 ↑ (µB/T )
(22)

Of course, the Taylor expansion of T →
crit is di”erent from Eq.(5)

inferred from lattice data. However, we can always choose the
regular T →

reg contribution so that the Taylor expansion of the
full T → agrees with the lattice. To match lattice results at low
(µB/T ), since ϱ

BB
4 (T ) is consistent with zero, we can truncate

the Taylor expansion in Eq.(5) and define

T →
lat(T, µB) = T

(
1 + ϱBB

2 (T )
(µB

T

)2
)
. (23)

We can then write

T →(T, µB) = T →
lat(T, µB)︸ ︷︷ ︸

lowest orders in (µB/T )

+

T →
crit(T, µB)→ Taylorn↔2[T

→
crit(T, µB)]

︸ ︷︷ ︸
higher orders in (µB/T )

, (24)

which has the same singularity as T →
crit and the same truncated

Taylor expansion as T →
lat.

The last term in Eq.(24) represents the Taylor-expansion
of T →

crit(T, µB), which we will carry out to order O((µB/T )
2)

and truncate beyond that order. Using Eq.(22) we find:

Taylorn↔2[T
→
crit] =

(
ϖϑB

2,lat(T )

ϖT

∣∣∣∣
T0

)↑1 [
ϖncrit

B /T 3

ϖ(µB/T )

∣∣∣∣
µ̂B=0

+
1
3!

ϖ3ncrit
B /T 3

ϖ(µB/T )3

∣∣∣∣
µ̂B=0

(µB

T

)2
]
. (25)

One can thus identify the regular contribution T →
reg, using

Eq.(24), as T →
reg = T →

lat → Taylorn↔2[T
→
crit].

At this point, inserting Eq. (24) in (4) completely de-
fines the baryon density with a critical point for a chosen
set of critical point parameters. As an example, we show in
Fig. 6 the baryon density as a function of the temperature,
for di”erent values of µB/T , for a critical point located at
µBC = 350 MeV, resulting in TC = 140 MeV, ω1 = 6.65↓,
with ω2 = ω1 → ω12, ω12 = 90↓, w = 2 and ς = 2. We
compare these results with lattice QCD results obtained in
Ref. [13] from the alternative expansion scheme. Notably, we
can see that our results are not in tension, within error bars,
with the lattice ones, even when a critical point is placed in
the chemical potential regime accessible to the extrapolation.

 completely defines the 
baryon density with a critical 

point  converges faster

T′￼

→

which has the same singularity as  and the same 
truncated Taylor expansion as 

T′￼crit
T′￼lat

}
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diagram was first developed in Ref. [62] and was later updated in Refs. [63, 64]. The method of mapping has been

studied in further detail in Refs. [65, 66]. This framework has also been utilized for various studies both in and out

of equilibrium [67–69], and in studies of a first-order phase transition [70, 71]. Another approach to implementing a

critical point from universality can be found in Ref. [72]. The Ising model phase diagram has axes r (Ising-temperature

direction) and h (Ising-magnetic-field direction) with a critical point at r = h = 0. Upon mapping to the QCD phase

diagram whose axes are µ and T , the Ising variables r and h are analytic functions of µ and T . By definition, r = h = 0

is mapped onto the QCD critical point at T = Tc and µ = µc. In the close vicinity of the critical point, the Ising r

and h axes will be mapped onto straight lines on the QCD phase diagram and in this region a linear mapping between

(r, h) and !T → T ↑ Tc and !µ → µ ↑ µc su”ces to describe the leading singular behavior. Following the notation

introduced by Parotto et al [62], a linear mapping between the variables can be parametrized as:

h(µ, T ) = ↑
!T cosω1 +!µ sinω1

wTc sin(ω1 ↑ ω2)
(3a)

r(µ, T ) =
!T cosω2 +!µ sinω2

εw Tc sin(ω1 ↑ ω2)
. (3b)

The parameters ω1 and ω2 are the angles between the axes of the QCD phase diagram and those of the Ising model,

and w and ε are the scaling parameters between Ising and QCD coordinates: w determines the overall scale of both

r and h, while ε determines the relative scale between them. We shall visualize the consequence of changes in the

values of w and ε in the next Subsection.

Note that if one always chooses the critical point to lie on the chiral crossover line as in Refs. [62–64], this fixes Tc

once µc has been chosen. Furthermore, requiring that the Ising crossover line h = 0; r > 0 maps onto a line on the

QCD phase diagram that is tangent to the chiral crossover line fixes ω1 once µc has been chosen. This means that

the linear mapping from the Ising phase diagram to the QCD phase diagram (3) is specified by the four parameters

µc, ω2, w and ε.

The linear mapping (3) is not su”cient for our purposes precisely because it is linear: it maps the Ising r-axis

(h = 0 with r > 0) which corresponds to the crossover onto a straight line on the QCD phase diagram, whereas

in QCD the crossover follows a curve in the (µB , T ) phase diagram. The authors of Ref. [64] have taken advantage

of the charge conjugation symmetry of the QCD Lagrangian to extend the linear mapping in (µ ↑ µc, T ↑ Tc) to a

mapping in (µ2
↑ µ

2
c , T ↑ Tc). Employing a quadratic mapping in µ makes it possible to map the Ising crossover

line (h = 0, r > 0) onto a curve in the QCD phase diagram that follows the chiral crossover. Ref. [64] further

improved the extrapolation of lattice data from small µ to large µ by using the T
→
expansion introduced in Ref. [22].

We shall employ the resulting mapping since even though it is more complicated than (3) it represents a significant

improvement. The parametrization of the mapping from the Ising model variables to QCD variables introduced in

Ref. [64] is given by:

h(µ, T ) = ↑
!T

→ cosω1

Tcw sin(ω1 ↑ ω2)
, r(µ, T ) = ↑

µ
2
↑ µ

2
c

2µcTc εw cosω1
+

!T
→ cosω2

Tc εw sin(ω1 ↑ ω2)
(4)

Equation of state for QCD with a critical point

4

Up to !("B4):
P. Parotto, DM, et al PRC (2020)

• Map a parameterization of the 3D Ising model critical point to QCD variables 
(BEST EoS): 

P(T, μB) = T4 ∑
n

cNon−Ising
n (T )( μB

T )
n

+ PQCD
crit (T, μB)

• Reconstruct QCD pressure via Taylor 
expansion using coefficients extracted on the 
lattice: T4cLAT

n (T ) = T4cNon−Ising
n (T ) + cIsing

n (T )

Up to !("B4) + strangeness neutrality:
J.M. Karthein, DM, et al EPJ+ (2021)

• Reduce number of free parameters by 
imposing:
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studied in further detail in Refs. [65, 66]. This framework has also been utilized for various studies both in and out

of equilibrium [67–69], and in studies of a first-order phase transition [70, 71]. Another approach to implementing a

critical point from universality can be found in Ref. [72]. The Ising model phase diagram has axes r (Ising-temperature

direction) and h (Ising-magnetic-field direction) with a critical point at r = h = 0. Upon mapping to the QCD phase

diagram whose axes are µ and T , the Ising variables r and h are analytic functions of µ and T . By definition, r = h = 0
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and h axes will be mapped onto straight lines on the QCD phase diagram and in this region a linear mapping between
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!T cosω1 +!µ sinω1

wTc sin(ω1 ↑ ω2)
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r(µ, T ) =
!T cosω2 +!µ sinω2

εw Tc sin(ω1 ↑ ω2)
. (3b)

The parameters ω1 and ω2 are the angles between the axes of the QCD phase diagram and those of the Ising model,

and w and ε are the scaling parameters between Ising and QCD coordinates: w determines the overall scale of both

r and h, while ε determines the relative scale between them. We shall visualize the consequence of changes in the

values of w and ε in the next Subsection.

Note that if one always chooses the critical point to lie on the chiral crossover line as in Refs. [62–64], this fixes Tc

once µc has been chosen. Furthermore, requiring that the Ising crossover line h = 0; r > 0 maps onto a line on the

QCD phase diagram that is tangent to the chiral crossover line fixes ω1 once µc has been chosen. This means that

the linear mapping from the Ising phase diagram to the QCD phase diagram (3) is specified by the four parameters

µc, ω2, w and ε.

The linear mapping (3) is not su”cient for our purposes precisely because it is linear: it maps the Ising r-axis

(h = 0 with r > 0) which corresponds to the crossover onto a straight line on the QCD phase diagram, whereas

in QCD the crossover follows a curve in the (µB , T ) phase diagram. The authors of Ref. [64] have taken advantage

of the charge conjugation symmetry of the QCD Lagrangian to extend the linear mapping in (µ ↑ µc, T ↑ Tc) to a

mapping in (µ2
↑ µ

2
c , T ↑ Tc). Employing a quadratic mapping in µ makes it possible to map the Ising crossover

line (h = 0, r > 0) onto a curve in the QCD phase diagram that follows the chiral crossover. Ref. [64] further

improved the extrapolation of lattice data from small µ to large µ by using the T
→
expansion introduced in Ref. [22].

We shall employ the resulting mapping since even though it is more complicated than (3) it represents a significant

improvement. The parametrization of the mapping from the Ising model variables to QCD variables introduced in

Ref. [64] is given by:

h(µ, T ) = ↑
!T

→ cosω1

Tcw sin(ω1 ↑ ω2)
, r(µ, T ) = ↑

µ
2
↑ µ

2
c

2µcTc εw cosω1
+

!T
→ cosω2

Tc εw sin(ω1 ↑ ω2)
(4)9

where we have defined

!T
→(µ, T ) →

T
→(µ, T )↑ T0

(ωT →/ωT )cp
, (5)

with T0 = 158 MeV being the (known) crossover temperature at µ = 0 and the subscript “cp” referring to the

evaluation of the derivative at the critical point at (µc, Tc). Here, T
→
↑ T can be specified order by order in (µ/T )2,

and following Ref. [72] we truncate this expansion at quadratic order, yielding

T
→
(µ, T ) = T

[
1 + ε

BB
2 (T )

(
µ

T

)2
+O

((
µ

T

)4
)]

, (6)

where T
→ = T0 is the crossover curve, εBB

2 (T0) is the curvature of the chiral crossover curve at µ = 0, and the full

expression for εBB
2 (T ) can be found in Ref. [72]. Note that at µ = 0 the variable T

→ becomes simply T . This means

that when the Ising h = 0 axis is mapped onto the QCD phase diagram it maps onto a curve that crosses µ = 0 at

T = T0, ensuring that it maps onto a quadratic curve connecting (µ = 0, T = T0) to (µ = µc, T = Tc), following the

chiral crossover curve !T
→ = 0. Note also that, as for the linear map (3), the quadratic mapping from the Ising phase

diagram to the QCD phase diagram defined by Eqs. (4)-(6) is specified by the four parameters µc, ϑ2, w and ϖ as

long as the critical point is indeed chosen to lie along the chiral crossover curve.

We want to focus on the EoS close to the critical point and the e”ect of it on the hydrodynamic fluctuations

and experimental observables, the cumulants of proton multiplicity. We shall compute the cumulants of proton

multiplicity along a freezeout curve that we shall take to be parallel to the crossover curve T → = T0, shifted downward

in temperature relative to it by the same amount !T at all µ. We shall quote results for !T = 4, 6 and 9 MeV, which

is to say that we shall consider scenarios where the freezeout curve passes within only 4, 6 or 9 MeV below the critical

point. We shall present more details with the cumulant results in Sec. IVB. (We are assuming that the fluctuations

are in equilibrium at freezeout; were we to analyze out-of-equilibrium fluctuations including “memory e”ects”, the

enhanced critical contributions to the cumulants of proton multiplicity would persist even if the time between when

the fluid cools past the critical point and when it freezes out is longer.) Focusing on the critical fluctuations also

allows us to ignore the subtleties associated with the descriptions of the regular part P reg in this paper. That is, the

only deviations from the hadron resonance gas EoS that we shall take into account in this paper are those coming

from the P
sing part of the QCD EoS.

B. Correlation Length Contours Mapped from Ising Model to QCD

In this Subsection, we build our intuition for the mapping from the Ising phase diagram to the QCD phase diagram

by illustrating where contours of constant values of the critical magnitude of the equilibrium correlation length ϱ land

on the QCD phase diagram. Since ϱ diverges at the critical point, the constant-ϱ contours encircle the critical point,

and it is conventional to refer to a “critical region” as the region on the phase diagram around the critical point

M. Kahangirwe et al, PRD (2024)
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FIG. 5. Critical baryon density for the chosen parameters w =
2, ω = 2, ε12 = 900 with the critical point at µBC = 350 MeV
and TC = 140 MeV. For µB < µBC , no significant changes
occur, indicating a smooth crossover transition. However, for
µB > µBC , a distinct jump appears, marking the transition
as first-order.

FIG. 6. Baryon density as a function of the temperature,
for di!erent values of µB/T . Solid lines correspond to the
equation of state with a critical point located at µBC = 350
MeV resulting in TC = 140 MeV, ε1 = 6.650, with ε2 =
ε1 → ε12, ε12 = 900, w = 2 and ω = 2. They are compared
to lattice QCD results from Ref. [13] obtained using the T →-
expansion scheme, shown as bands indicating the errors due
to Taylor expansion truncation.

VII. SUMMARY AND CONCLUSIONS

Determining the QCD equation of state, in particular, es-
tablishing the existence of the QCD critical point and pinning
down its location, is a major goal of heavy-ion collision ex-
periments. The strategy based on comparing predictions of
hydrodynamics sensitive to EoS with experiment requires a
parametric family of EoS which can be fed into a hydrody-
namic code. In this paper, we introduced a novel framework
for constructing such a family of QCD equations of state.

Our framework improves on the BEST collaboration ap-
proach [51] by introducing several significant innovations.
This allows us to achieve coverage over a wider range of the

FIG. 7. Baryon density as a function of the temperature for
di!erent baryon chemical potentials. As expected, a discon-
tinuity appears when µB > µBC , where the transition is first
order. The critical point is located at µBC = 500 MeV, result-
ing in TC = 117 MeV and ε1 = 11↑. Additionally, we have
w = 15, ω = 0.3, and ε12 = ε1, meaning ε2 = ε1 → ε12 = 0.

FIG. 8. Pressure as a function of the temperature for di!erent
baryon chemical potentials. The critical point manifests itself
less clearly in the pressure, which only develops a kink for
µB > µBC . The plot corresponds to the same parameters as
the ones used in Fig. 7.

QCD phase diagram relevant for critical point searches.
The main innovation in our paper is merging the universal

critical point singularity with the implementation of the T →-
expansion scheme [13]. The T →-expansion scheme takes into
account the observation that the temperature driven crossover
looks remarkably similar at di!erent chemical potentials, the
main di!erence being a shift of the crossover temperature with
increasing µB . The “rescaled temperature” T →(T, µB) defined
in Eq.(4) carries information about the dependence of the
position and the shape of the crossover at di!erent µB . Since
this dependence is relatively slow, the expansion of T →, as
in Eq.(5), is much better controlled than the expansion of
quantities such as ϑB

2 , which vary rapidly at the crossover.
We introduce the critical singularity into the function

T →(T, µB), while making sure that the Taylor expansion coef-
ficients (at µB = 0) still agree with the lattice data.

Another innovation, relative to the BEST EoS framework,

New quadratic mapping puts Ising 
phase transition line directly on 

chiral crossover from lattice
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the linear mapping from the Ising phase diagram to the QCD phase diagram (3) is specified by the four parameters

µc, ω2, w and ε.

The linear mapping (3) is not su”cient for our purposes precisely because it is linear: it maps the Ising r-axis
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• Reconstruct QCD pressure via Taylor 
expansion using coefficients extracted on the 
lattice: T4cLAT

n (T ) = T4cNon−Ising
n (T ) + cIsing

n (T )

Up to !("B4) + strangeness neutrality:
J.M. Karthein, DM, et al EPJ+ (2021)

• Reduce number of free parameters by 
imposing:

8

diagram was first developed in Ref. [62] and was later updated in Refs. [63, 64]. The method of mapping has been

studied in further detail in Refs. [65, 66]. This framework has also been utilized for various studies both in and out

of equilibrium [67–69], and in studies of a first-order phase transition [70, 71]. Another approach to implementing a

critical point from universality can be found in Ref. [72]. The Ising model phase diagram has axes r (Ising-temperature

direction) and h (Ising-magnetic-field direction) with a critical point at r = h = 0. Upon mapping to the QCD phase

diagram whose axes are µ and T , the Ising variables r and h are analytic functions of µ and T . By definition, r = h = 0

is mapped onto the QCD critical point at T = Tc and µ = µc. In the close vicinity of the critical point, the Ising r

and h axes will be mapped onto straight lines on the QCD phase diagram and in this region a linear mapping between

(r, h) and !T → T ↑ Tc and !µ → µ ↑ µc su”ces to describe the leading singular behavior. Following the notation

introduced by Parotto et al [62], a linear mapping between the variables can be parametrized as:

h(µ, T ) = ↑
!T cosω1 +!µ sinω1

wTc sin(ω1 ↑ ω2)
(3a)

r(µ, T ) =
!T cosω2 +!µ sinω2

εw Tc sin(ω1 ↑ ω2)
. (3b)

The parameters ω1 and ω2 are the angles between the axes of the QCD phase diagram and those of the Ising model,

and w and ε are the scaling parameters between Ising and QCD coordinates: w determines the overall scale of both

r and h, while ε determines the relative scale between them. We shall visualize the consequence of changes in the

values of w and ε in the next Subsection.

Note that if one always chooses the critical point to lie on the chiral crossover line as in Refs. [62–64], this fixes Tc

once µc has been chosen. Furthermore, requiring that the Ising crossover line h = 0; r > 0 maps onto a line on the

QCD phase diagram that is tangent to the chiral crossover line fixes ω1 once µc has been chosen. This means that

the linear mapping from the Ising phase diagram to the QCD phase diagram (3) is specified by the four parameters

µc, ω2, w and ε.

The linear mapping (3) is not su”cient for our purposes precisely because it is linear: it maps the Ising r-axis

(h = 0 with r > 0) which corresponds to the crossover onto a straight line on the QCD phase diagram, whereas

in QCD the crossover follows a curve in the (µB , T ) phase diagram. The authors of Ref. [64] have taken advantage

of the charge conjugation symmetry of the QCD Lagrangian to extend the linear mapping in (µ ↑ µc, T ↑ Tc) to a

mapping in (µ2
↑ µ

2
c , T ↑ Tc). Employing a quadratic mapping in µ makes it possible to map the Ising crossover

line (h = 0, r > 0) onto a curve in the QCD phase diagram that follows the chiral crossover. Ref. [64] further

improved the extrapolation of lattice data from small µ to large µ by using the T
→
expansion introduced in Ref. [22].

We shall employ the resulting mapping since even though it is more complicated than (3) it represents a significant

improvement. The parametrization of the mapping from the Ising model variables to QCD variables introduced in

Ref. [64] is given by:

h(µ, T ) = ↑
!T

→ cosω1

Tcw sin(ω1 ↑ ω2)
, r(µ, T ) = ↑

µ
2
↑ µ

2
c

2µcTc εw cosω1
+

!T
→ cosω2

Tc εw sin(ω1 ↑ ω2)
(4)9

where we have defined

!T
→(µ, T ) →

T
→(µ, T )↑ T0

(ωT →/ωT )cp
, (5)

with T0 = 158 MeV being the (known) crossover temperature at µ = 0 and the subscript “cp” referring to the

evaluation of the derivative at the critical point at (µc, Tc). Here, T
→
↑ T can be specified order by order in (µ/T )2,

and following Ref. [72] we truncate this expansion at quadratic order, yielding

T
→
(µ, T ) = T

[
1 + ε

BB
2 (T )

(
µ

T

)2
+O

((
µ

T

)4
)]

, (6)

where T
→ = T0 is the crossover curve, εBB

2 (T0) is the curvature of the chiral crossover curve at µ = 0, and the full

expression for εBB
2 (T ) can be found in Ref. [72]. Note that at µ = 0 the variable T

→ becomes simply T . This means

that when the Ising h = 0 axis is mapped onto the QCD phase diagram it maps onto a curve that crosses µ = 0 at

T = T0, ensuring that it maps onto a quadratic curve connecting (µ = 0, T = T0) to (µ = µc, T = Tc), following the

chiral crossover curve !T
→ = 0. Note also that, as for the linear map (3), the quadratic mapping from the Ising phase

diagram to the QCD phase diagram defined by Eqs. (4)-(6) is specified by the four parameters µc, ϑ2, w and ϖ as

long as the critical point is indeed chosen to lie along the chiral crossover curve.

We want to focus on the EoS close to the critical point and the e”ect of it on the hydrodynamic fluctuations

and experimental observables, the cumulants of proton multiplicity. We shall compute the cumulants of proton

multiplicity along a freezeout curve that we shall take to be parallel to the crossover curve T → = T0, shifted downward

in temperature relative to it by the same amount !T at all µ. We shall quote results for !T = 4, 6 and 9 MeV, which

is to say that we shall consider scenarios where the freezeout curve passes within only 4, 6 or 9 MeV below the critical

point. We shall present more details with the cumulant results in Sec. IVB. (We are assuming that the fluctuations

are in equilibrium at freezeout; were we to analyze out-of-equilibrium fluctuations including “memory e”ects”, the

enhanced critical contributions to the cumulants of proton multiplicity would persist even if the time between when

the fluid cools past the critical point and when it freezes out is longer.) Focusing on the critical fluctuations also

allows us to ignore the subtleties associated with the descriptions of the regular part P reg in this paper. That is, the

only deviations from the hadron resonance gas EoS that we shall take into account in this paper are those coming

from the P
sing part of the QCD EoS.

B. Correlation Length Contours Mapped from Ising Model to QCD

In this Subsection, we build our intuition for the mapping from the Ising phase diagram to the QCD phase diagram

by illustrating where contours of constant values of the critical magnitude of the equilibrium correlation length ϱ land

on the QCD phase diagram. Since ϱ diverges at the critical point, the constant-ϱ contours encircle the critical point,

and it is conventional to refer to a “critical region” as the region on the phase diagram around the critical point

Full EoS agrees with lattice and 
includes critical features with user-
chosen parameters (e.g. location)
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still a 2D-TExS, but along a constant μ/T line at fixed (θ, φ)
Abuali, J.J. et al., PRD 112 (2025) 5, 054502

4D-TEXS EQUATION OF STATE  FROM LQCD
•  Generalization of the previously introduced 2D-TExS to 3 conserved charges

by projecting the "cartesian" (μB , μQ , μS) coordinates to spherical ones

See Ahmed Abuali's talk on Tuesday, 3:35pm 

• Calculate expansion coefficient λ2 based on so-called "generalized susceptibilities" X2/4
(linear combinations of lattice QCD susceptibilities) + their Stefan-Boltzmann limits

Critical EoS in - - - : 4D Ising TExST μB μQ μS

➤ Extend to all relevant conserved charges based on the Ising TExS critical EoS 
approach and the 4D TExS EoS in spherical coordinates: 

26

ISING+4D-TEXS – REDEFINING THE MAPPING
We can redefine the addition of the Ising CP within the 4D-TExS formalism:

10

where PIsing(R(r, h), Θ(r, h)), with r(T, µ) and h(T, µ) obtained from the 
mapping defined through (µc , w, ρ, α12 ), the input parameters specified by the 
user.

where T'lat is nothing else than the usual expanded temperature,
and
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Critical EoS in - - - : 4D Ising TExST μB μQ μS

➤ Adding additional dimensions in conserved charges promotes the critical point to a 
critical surface: first consider two chemical potentials - a critical ellipse

27
11

PARAMETRIZING THE CRITICAL LINE AT FINITE (µB , µS )
• Assuming a CP at finite µS, then the CP could sit on an ellipse, as 

a first simple assumption 

• Because of QCD charge conjugation: 
•  F(µX, µY) = F(-µX, -µY) but F(µX, µY) ≠ F(-µX, µY)

• One can parametrize the ellipse using:
• τ, µBc , µSc

• µC , dµ/dθ, d²µ/dθ² along the strangeness neutral 
trajectory

(no guidance yet on CP location in the (µB, µS) plane, tilting angle 
chosen randomly as an illustrative example here)CP sy

mmetr
y

Parametrize the location of the critical 
ellipse by: 

➤  

➤  along 
strangeness neutrality 

{τ, μB,c, μS,c}

{μc, dμ/dθ, d2μ/dθ2}
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• Because of QCD charge conjugation: 
•  F(µX, µY) = F(-µX, -µY) but F(µX, µY) ≠ F(-µX, µY)

• One can parametrize the ellipse using:
• τ, µBc , µSc

• µC , dµ/dθ, d²µ/dθ² along the strangeness neutral 
trajectory

(no guidance yet on CP location in the (µB, µS) plane, tilting angle 
chosen randomly as an illustrative example here)

Figure adapted from F. DiClemente CPOD 2026
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Critical EoS in - - - : 4D Ising TExST μB μQ μS

➤ Adding additional dimensions in conserved charges promotes the critical point to a 
critical surface: first consider two chemical potentials - a critical ellipse

28

An example critical ellipse: 
 MeV,  MeV 

Temperature constrained by  

τ = 57∘, μB,c = 450 μS,c = 500

ΔT′￼ = 0

12

(µB , µS )CRITICAL ELLIPSE IN THE  PLANE

• We fix τ = 57°, with µBc = 450 MeV and 
µSc = 500 MeV, compatible with
(illustrative purpose only)

• Temperature of the critical point is fixed by the 
line of constant T' = T0 =158 MeV 
(crossover T at µ=0 )

Borsányi et al., PRD 112 (2025) 11

9

where we have defined

!T
→(µ, T ) →

T
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with T0 = 158 MeV being the (known) crossover temperature at µ = 0 and the subscript “cp” referring to the

evaluation of the derivative at the critical point at (µc, Tc). Here, T
→
↑ T can be specified order by order in (µ/T )2,
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long as the critical point is indeed chosen to lie along the chiral crossover curve.
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is to say that we shall consider scenarios where the freezeout curve passes within only 4, 6 or 9 MeV below the critical

point. We shall present more details with the cumulant results in Sec. IVB. (We are assuming that the fluctuations

are in equilibrium at freezeout; were we to analyze out-of-equilibrium fluctuations including “memory e”ects”, the

enhanced critical contributions to the cumulants of proton multiplicity would persist even if the time between when

the fluid cools past the critical point and when it freezes out is longer.) Focusing on the critical fluctuations also

allows us to ignore the subtleties associated with the descriptions of the regular part P reg in this paper. That is, the

only deviations from the hadron resonance gas EoS that we shall take into account in this paper are those coming

from the P
sing part of the QCD EoS.
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Critical EoS in - - - : 4D Ising TExST μB μQ μS

➤ Preliminary results given an example choice of parameters and trajectory in 
hyperplane

29

THERMODYNAMICS - FIRST RESULTS

14

• HIC conditions

CP Parameters:

THERMODYNAMICS - FIRST RESULTS

14

• HIC conditions

CP Parameters:

 MeV 

 MeV 

 

 

μB,c = 450

μS,c = 500

α12 = α1 − α2 = 14.6∘

w = 5

ρ = 0.3

Preliminary

Preliminary Preliminary

Preliminary
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First-order Phase Transition Features

➤ Besides the critical point itself, the features of the first order phase transition can tell 
us about the existence of a critical point 

➤ Coexistence region & spinodals

V. Vovchenko, D.V. Anchishkin, M.I. Gorenstein, PRC (2015)Figure 4: Density of the symmetric nuclear matter in (T, µ) coordinates, calculated in the quantum

van der Waals equation of state with parameters a ∼= 329 MeV fm3 and b ∼= 3.42 fm3 (r ∼= 0.59 fm).

The open circle denotes the ground state of nuclear matter, the full circle corresponds to the critical

endpoint, and the phase transition curve is depicted by the solid black line.

V. SUMMARY

In the present paper we have formulated a generalization of the van der Waals equation of

state to include effects of quantum statistics. In the grand canonical ensemble a system of two

transcendental equations for the pressure and particle density is obtained. These equations can

be solved for all possible values of temperature, T ≥ 0, and chemical potential, −∞ < µ < ∞.

Our quantum generalization of the VDW equation satisfies all basic requirements: it reduces

to the ideal Fermi or Bose gas for a = 0 and b = 0, to the classical VDW equation in the

Boltzmann limit, and it satisfies the 3rd law of thermodynamics, i.e. s → 0 as T → 0.

The VDW equation with Fermi statistics has then been applied to a system of interacting

nucleons to describe the properties of symmetric nuclear matter. The VDW parameters a and

14

Figure 3: Pressure isotherms in (a) (p, v) and (b) (p, n) coordinates, calculated in the quantum Van

der Waals equation of state with parameters a ∼= 329 MeV·fm3 and b ∼= 3.42 fm3 (r ∼= 0.59 fm). The

dashed-dotted lines present the metastable parts of the VDW isotherms at T < Tc, whereas the dotted

lines correspond to unstable parts. The full circle on the T = Tc isotherm corresponds to the critical

point, while the open circle at T = 0 in (b) shows the ground state of nuclear matter. Shaded grey

area in (b) depicts the mixed phase region obtained from the Maxwell construction of equal areas for

p(v) isotherms in (a).

the mixed phase boundary as this boundary starts from the point T = 0 and n = 0. Therefore,

only a metastable gaseous phase at small densities can exist at T = 0 as depicted in Fig. 2. The

stable gaseous phase exists however at any T > 0 for small enough values of the particle number

density, smaller than the ng density of gaseous phase in the mixed phase region resulting from

the Maxwell construction.

Parameters of the critical point found in the VDW case with Fermi statistics for nucleons

differ significantly from those values for the classical VDW gas. With the same VDW param-

eters a and b as in the Fermi statistics, the classical VDW equation (1), i.e., with Boltzmann

statistics, would give Tc = 8a/27b ∼= 28.5 MeV and nc = 1/3b ∼= 0.10 fm−3. This further

indicates an importance of the effects of quantum statistics: these effects are not only crucial

in the limit T → 0 but also remain quantitatively important even near the critical point.

In Fig. 4 the phase diagram of the symmetric nuclear matter in (T, µ) coordinates is depicted.

The nucleon density at different temperature T and chemical potential µ is presented. At T < Tc

12

30



06/04/26 J.M. Karthein - Fluctuation Signatures from EoS to p Factorial Cumulants

➤ Utilize mean field Ising model to incorporate first order features, e.g. spinodals, 
not present in 3D Ising due to shift into complex plane:

EoS for First Order Regime

31

See also: M. Pradeep, N. Sogabe et al, PRC (2024) and J. Kapusta, M. Singh, T. Welle, PRC (2024) JMK, V. Koch, C. Ratti, PRD (2025)

μB,c = 550MeV, T = 0.98Tc,α1=9.2o
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The inverse of the (mean-field) function F (z), i.e., z(w), is multivalued and has three Rie-
mann sheets associated with the high- and low-temperature regimes of the mean-field equation
of state. The principal sheet, which represents the equation of state M(H) for t > 0, features
two branch points. They are located on the imaginary axis in the complex w plane

wLY = ±
2i

3
p
3
, (2.17)

and correspond to the Lee-Yang edge singularities at imaginary values of the magnetic field H,
cf. Eqs. (2.8).

Going under either one of the associated branch cuts, e.g., by following the path shown
in Fig. 2, one arrives on the secondary sheet, which corresponds to the metastable branch of
the equation of state at t < 0. The same branch point in Eq. (2.17) viewed from this sheet
represents the spinodal point located at real negative H. To arrive on the stable t < 0 branch,
i.e., H > 0, one has to follow the circular path further in the anticlockwise direction, as shown in
Fig. 2 (right). We conclude that, in the mean-field approximation, the spinodal points and the
Lee-Yang edge singularities are manifestations of the same singularities of the scaling equation
of state z(w).

3 Beyond the mean-field approximation

The mean-field approximation relies on the smallness of the coupling u0. This is justifiable for
d � 4, where the coupling runs into the Gaussian IR fixed point and becomes arbitrary small as
⇠ ! 1. For d < 4, the Wilson-Fisher (WF) fixed-point value of the coupling, uWF

0 = O("), is
also small as long as " = 4� d ⌧ 1. However, for the most interesting case d = 3 the theory is
nonperturbative and we cannot rely on the mean-field approximation. We would like to address
the following question: What happens with the spinodal points and Lee-Yang edge singularities
in this case? We shall begin with general considerations and later consider the case of small ".

3.1 Langer cut and Fonseca-Zamolodchikov conjecture

According to the Lee-Yang theorem [6, 7] the singularities of the Ising model, and thus, by
universality, of the �4 theory, must be located on the imaginary axis of H. Thus the result of
the mean-field theory that the Lee-Yang edge singularities (and their associated cuts) are on
the imaginary axis holds in general.2

What happens to the spinodal singularities away from mean-field? As we discussed, the
scaling equation of state z(w) describes both high- and low-temperature branches of M(H),
which correspond to primary and secondary Riemann sheets of the variable w. The Lee-Yang
edge singularities are described by wLY, which lie on the imaginary w axis because w ⇠ Ht���

and for t > 0 the value of H at the singularity, HLY, is imaginary. Thus analyticity and scaling
imply that there must also be singularities on the low-temperature branch t < 0, at values of
H given by:

Hsp ⇠ wLY t�� = ⌥|wLY t��|e±i⇡(���3/2), t < 0, (3.1)

where the di↵erent signs correspond to the two (complex conjugate) values of wLY and to the
two possible directions of rotation from t to �t = e±i⇡t. Thus, in general, the spinodal points
Hsp are displaced from the (negative) real H axis by a phase

�� = ⇡

✓
�� �

3

2

◆
, (3.2)

2The theorem applies to singularities on physical stable branches of the function M(H) (both below and above
critical temperature) and thus cannot constrain the position of the spinodal singularities which are located on
the metastable branch.

6

X. An, D. Mesterhazy, M.Stephanov, 
J. Stat. Mech (2018)
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Strong dependence of the features on the angle  
 future work will use new quadratic mapping

α1
→
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How to use EoS to connect to experiment?

32
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JMK et al, EPJ+ (2021) ✅ EoS with parametrized CP
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How to use EoS to connect to experiment?

33

Pressure

Baryon density

Energy density

JMK et al, EPJ+ (2021) 
A. Pandav (STAR collaboration), CPOD 2024

Figure 2. The signatures of the critical point expected in experimentally measured factorial cumulants
of proton multiplicity. Each row in the left column shows a sketch of the QCD phase diagram region
near the critical point (red circle) with the density plot of the baryon density cumulant/susceptibility ωn

for n = 2, 3, 4 [3]. The cumulants are positive/negative in the blue/red regions. The yellow dashed
line is the freezeout trajectory – a set of points where the heavy-ion collision fireball freezes out as a
function of the collision energy

→
s (as

→
s increases in the direction of the arrow). The yellow circle

marks the point where the cumulant reaches maximum value. The middle column shows qualitatively
the corresponding expectation for the collision energy dependence of the corresponding (normalized)
factorial cumulant of the proton multiplicity εn ↑ ϑn/ϑ1 due to the critical fluctuations. For n = 2 also
the noncritical baseline (evident in the experimental data from BES-I and understood as the consequence
of baryon number conservation [11]) is added. The right column shows experimental results from BES-
II at RHIC reported by STAR [9].

(2) The dominant feature of the measured n = 3 factorial cumulant is the peak at around→
s = 11 GeV. This feature is also in apparent qualitative agreement with the equilib-

rium expectations for ε3 shown in the middle column.

(3) The dominant feature of the n = 4 factorial cumulant data is the dip at
→

s ↓ 19 GeV.
This feature also appears to be in qualitative agreement with the equilibrium critical
point predictions (middle column) [3, 14, 15]. However, to establish the peak feature
expected from the critical point at lower

→
s, the data at

→
s < 7.7 GeV would be

necessary. Such data could be provided by the fixed target (FXT) component of BES-
II (see Fig. 1) and/or future dedicated experiments.

?
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Effective Model for Critical Fluctuations

➤ Linear sigma model predicts a critical point at which the sigma mass vanishes & 
correlation length diverges 

➤ Historically used to calculate particle multiplicity fluctuations 

➤ Unknown couplings (particle, g, and higher point, ), correlation length ( )λ ξ = 1/mσ

34

M. Gell-Mann and M. Levy, Nuovo Cim. (1960) 
M. Stephanov, K. Rajagopal, E. Shuryak, PRL (1998) 
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On the sign of kurtosis near the QCD critical point

M. A. Stephanov
Department of Physics, University of Illinois, Chicago, Illinois 60607, USA

We point out that the quartic cumulant (and kurtosis) of the order parameter fluctuations is uni-
versally negative when the critical point is approached on the crossover side of the phase separation
line. As a consequence, the kurtosis of a fluctuating observable, such as, e.g., proton multiplicity,
may become smaller than the value given by independent Poisson statistics. We discuss implications
for the Beam Energy Scan program at RHIC.

INTRODUCTION

Mapping the QCD phase diagram as a function of
temperature T and baryochemical potential µB is one
of the fundamental goals of heavy-ion collision experi-
ments. QCD critical point is a distinct singular feature
of the phase diagram. It is a ubiquitous property of QCD
models based on the chiral symmetry breaking dynamics
(see, e.g., Ref.[1] for a review and further references). Lo-
cating the point using first-principle lattice calculations
is a formidable challenge (see, e.g., Ref.[2] for a recent
review and references). If the critical point is situated in
the region accessible to heavy-ion collision experiments
it can be discovered experimentally. The search for the
critical point is planned at the Relativistic Heavy Ion
Collider (RHIC) at BNL, the Super Proton Synchrotron
(SPS) at CERN, the future Facility for Antiproton and
Ion Research (FAIR) at GSI, and Nuclotron-based Ion
Collider Facility (NICA) in Dubna (see, e.g., Ref.[3]).

The characteristic feature of a critical point is the di-
vergence of the correlation length ξ and of the magnitude
of the fluctuations. The simplest measures of fluctuations
in heavy-ion collisions are the variances of the event-by-
event observables such as multiplicities or mean trans-
verse momenta of particles. The singular, critical con-
tribution to these variances diverges as (approximately)
ξ2, and would manifest in a non-monotonic dependence
of such measures as the critical point is passed by during
the beam energy scan [4, 5]. In realistic heavy ion colli-
sion the divergence of ξ is cut-off by the effects of critical
slowing down [5, 6], and the estimates of the maximum
correlation length are in the range of at most 2 − 3 fm,
compared to the natural 0.5−1 fm away from the critical
point. However, higher, non-Gaussian, moments of the
fluctuations depend much more sensitively on ξ, accord-
ing to Ref.[7]. For example, the 4-th moment grows as
ξ7 near the critical point, making it an attractive exper-
imental tool. In this paper we follow up on the results
of Ref.[7] to point out that the sign of the 4-th moment
could be negative as the critical point is approached from
the crossover side of the QCD phase transition.

The sign of various moments have been discussed in
the literature in related contexts: see, e.g., discussion of
the sign of the 3-rd moment in Ref.[8] or the 6-th and 8-th
moments in Ref.[9] and also numerical lattice calculations

in Ref.[10] where the possible sign change of kurtosis is
noted.
In this paper we shall address specifically the sign of

the 4-th moment (or kurtosis) and do it in a more uni-
versal and quantitative way than has been done previ-
ously, by using the known parametric form of the univer-
sal equation of state near the critical point. We empha-
size universality of the behavior of the kurtosis and draw
experimental consequences from these results.

KURTOSIS AND UNIVERSAL EFFECTIVE
POTENTIAL

Let us begin, as in Ref.[1], by describing fluctuations of
the order parameter field σ(x) near a critical point using
the probability distribution

P [σ] ∼ exp {−Ω[σ]/T } , (1)

where Ω is the effective action (free energy) functional for
the field σ, which can be expanded in powers of σ as well
as in the gradients (we chose σ = 0 at the minimum):

Ω =

∫

d3x

[

(∇σ)2

2
+

m2
σ

2
σ2 +

λ3

3
σ3 +

λ4

4
σ4 + . . .

]

.

(2)
Calculating 2-point correlator 〈σ(x)σ(0)〉 we find that
the correlation length ξ = m−1

σ . For the moments of the
zero momentum mode σV ≡

∫

d3xσ(x) in a system of
volume V we find at tree level

κ2 = 〈σ2
V 〉 = V T ξ2 ; κ3 = 〈σ3

V 〉 = 2λ3V T 2 ξ6 ;

κ4 = 〈σ4
V 〉c = 6V T 3 [ 2(λ3ξ)

2 − λ4 ] ξ
8 .

(3)

where 〈σ4
V 〉c ≡ 〈σ4

V 〉−3〈σ2
V 〉2 denotes the connected 4-th

central moment (the 4-th cumulant). The critical point
is characterized by ξ → ∞. The central observation in
Ref.[7] was that the higher moments (cumulants) κ3 and
κ4 diverge with ξ much faster than the quadratic moment
κ2. Here we shall point out that the sign of the 4-th
moment κ4 is negative in a certain sector near the critical
point. More precisely, the 4-th cumulant is negative when
the critical point is approached from the crossover side.
Let us demonstrate this in several complementary ways.
A simple way to see why the kurtosis is negative is by

following the evolution of the probability distribution of

2

the collision history, due to charge conservation [6, 7].
The charge fluctuation magnitude per entropy is a mea-
sure of the charge per particle or degree of freedom. In
the quark-gluon plasma (QGP) the charge per degree of
freedom is smaller. If the charge fluctuation is equilibrat-
ing too slowly, the observed value will be smaller than
the equilibrium magnitude which can be calculated us-
ing the resonance gas [5]. However, the estimates of the
charge diffusion [21] suggest that for the rapidity windows
achievable in present experiments charge diffusion is very
efficient in equilibrating charge fluctuations, thus practi-
cally washing out the “history” effects. Experimentally,
the QGP suppression of the charge fluctuation is not seen
[22, 23], which is consistent with the diffusion estimates
[21]. The effect of the critical fluctuations we are dis-
cussing here is crucially different from the QGP suppres-
sion. While the latter is the “history” effect, the critical
fluctuations are the equilibrium fluctuations pertaining
to the freezeout point, and the diffusion is necessary to
establish them.

The measure of charge fluctuations, the charge number
susceptibility, χQ, can be expressed in terms of χB and
χI using the relation Q = B/2 + I3 and the fact that
isospin symmetry requires 〈δB δI3〉 = 0:

χQ =
1

V T

〈

(δQ)2
〉

=
1

4
χB + χI . (3)

Eq. (2) then implies that the charge susceptibility di-
verges at the critical point, due to the divergence of χB.
We now wish to relate the susceptibilities χB, χI and

χQ to observable particle number fluctuations. For sim-
plicity, we shall limit our discussion by considering only
protons, neutrons and pions. Accounting for other par-
ticles will not alter our conclusions. In the hadron lan-
guage, the susceptibilities may be written as

χB =
1

V T

〈

(δNp−p̄ + δNn−n̄)
2
〉

χI =
1

V T

〈

(

1

2
δNp−p̄ −

1

2
δNn−n̄ + δNπ+−π−

)2
〉

(4)

and

χQ =
1

V T

〈

(δNp−p̄ + δNπ+−π−)2
〉

(5)

where we introduced notation Np−p̄ ≡ Np − Np̄ for the
net proton number fluctuation, with δ denoting event-
by-event deviation from the equilibrium value. Similar
notations are used for neutrons and pions.

Now we concentrate on singular parts of the suscep-
tibilities and ask a question: what does (2) imply for
the individual particle number fluctuations? It is easy to
check that the following set of relations between singular
parts of the particle correlators reproduces the correct
singular behavior given in (2):

〈δNp−p̄ δNp−p̄〉 = 〈δNn−n̄δNn−n̄〉 = 〈δNp−p̄ δNn−n̄〉
〈δNπ+−π−δNπ+−π−〉 = 0

〈δNp−p̄ δNπ+−π−〉 = 〈δNn−n̄δNπ+−π−〉 = 0

(singular parts only). (6)

Some of these equations follow trivially from isospin in-
variance, but some, for instance, the last equation on the
first line and that on the second line, require a stronger
condition. Such relations occur naturally if we attribute
the divergences to the exchange of a sigma meson, which
is an isospin singlet. Using eqs. (6) we obtain

χB =
4

V T
〈δNp−p̄ δNp−p̄〉 ,

χI = 0,

χQ =
1

V T
〈δNp−p̄ δNp−p̄〉 .

(singular parts only) (7)

Remarkably, the singular part of the charge fluctuation
comes from the protons. In other words, had we con-
sidered only contributions from charged pions in χQ, the
singular parts of π+π+, π−π−, π+π− correlators (all are
singular at the critical point [4]) would have canceled each
other. We see also that the proton number fluctuation
completely reflects the singularity of the baryon number
susceptibility, which justifies its use as a sensible probe
of the QCD critical end-point.
To provide a simple estimate of how large the net

proton number fluctuation can become near the critical
point, we begin by calculating the correlator

〈δnpδnk〉, (8)

where np is the net proton number in the momentum bin
labeled by the value p. In addition to the usual statis-
tical fluctuation, the correlator (8) receives a contribu-
tion from the effective interaction with the sigma field
σ, Lσpp = gσP̄P , where g is the dimensionless sigma-
nucleon coupling and P is the Dirac field of a proton. All
fluctuation observables of the protons can be constructed
from (8) [3, 13].
Near the critical point, the singular term in (8) is repre-

sented by a diagram of forward proton-proton scattering.
A straightforward calculation following [13] gives,

V 〈δnpδnk〉 =
g2

m2
σT

4m2

EpEk

[

n+
p (1− n+

p )− n−
p (1− n−

p )
]

×
[

n+
k (1 − n+

k )− n−

k (1 − n−

k )
]

(singular part only) (9)

wherem = 940 MeV is the proton mass, Ep =
√

p2 +m2

and n±
p = [exp {(Ep ∓ µB)/T }+ 1]−1, while mσ = 1/ξ

is the sigma meson (screening) mass.
Let us compare the singularity in (9) to the singularity

in (2). The exponent γ/ν = 2− η in (2) is very close to 2
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➤ Order-of-magnitude predictions of volume-
independent normalized cumulants from 2010 
relied on these unknown parameters  

➤ Original estimates used parametrized 
correlation length with width Δ
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35

5

0.0 0.1 0.2 0.3 0.4 0.5
⇤B�GeV0

100

200

300

400

⌅4 p

⇥�0.2 GeV

⇥�0.1 GeV

⇥�0.05 GeV

0 0.1 0.2 0.3
0

1

2

0.0 0.1 0.2 0.3 0.4 0.5 0.6
mBêGeV0

200

400

600

800

w4 p

mBc= 0.4 GeV, g=5
mBc= 0.5 GeV, g=7
mBc= 0.4 GeV, g=7
mBc= 0.3 GeV, g=7

FIG. 2: The µB-dependence of !4p, the normalized 4th cu-
mulant of the proton number distribution defined in (1.13),
with a µB-dependent ⇠ given by (1.17). We only include the
Poisson and critical contributions to the cumulant. In the top
panel we choose µc

B = 400 MeV and illustrate how !4p is af-
fected if we vary the width � of the peak in ⇠ from 50 to 100
to 200 MeV, as in Fig. 1. The inset panel zooms in to show
how !4p is dominated by the Poisson contribution well below
µc
B . In the lower panel, we take � = 100 MeV and illustrate

the e↵ects of changing µc
B and of reducing the sigma-proton

coupling gp from our benchmark gp = 7 to gp = 5.

reasons, because their fluctuations are proxy to the fluc-
tuations of the conserved baryon number [30] and be-
cause their coupling to the critical mode � is relatively
large.

We have defined the normalized cumulants of the pro-
ton and pion distributions in (1.13) and (1.12) and the
normalized mixed cumulants in (1.15). Fig. 2 shows how
!4p might look like, with ⇠(µB) given by Eq. (1.17). We
illustrate how !4p changes if we vary the location of the
critical point µc

B and the width � of the peak in Fig. 1,
as well as the sigma-proton coupling gp. As we shall see
in Section IIA, there are four nonuniversal parameters
that (for a given ⇠max) govern the height of the peaks
of the normalized cumulants. These include gp and the
sigma-pion coupling G, as well as two parameters �̃3 and
�̃4 that we shall define in Section IIA. We have used as
our benchmark values G = 300 MeV, g = 7, �̃3 = 4 and
�̃4 = 12. As we shall discover in Section II and discuss
at length in Section III, the heights of the peaks of dif-
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FIG. 3: The µB-dependence of selected normalized cu-
mulants, defined in (1.12), (1.13) and (1.15), with a µB-
dependent ⇠ given by (1.17) as in Fig. 1. We only include
the Poisson and critical contributions to the cumulants. We
have set all parameters to their benchmark values, described
in the text, and we have chosen the width of the peak in
⇠ to be � = 100 MeV. Note the di↵erent vertical scales in
these figures and in Fig. 2; The magnitude of the e↵ect of
critical fluctuations on di↵erent normalized cumulants di↵ers
considerably, as we shall discuss in Sections II and III. As we
shall also discuss in those Sections, ratios of the magnitudes
of these di↵erent observables depend on (and can be used to
constrain) the correlation length ⇠, the proton number den-
sity np, and four non-universal parameters. We shall also see
in Section III that there are ratios among these observables
that are independent of all of these variables, meaning that
we can predict them reliably. For example, we shall see that
critical fluctuations must yield !2

2p2⇡ = (!4p�1)(!4⇡�1) and
!3
2p1⇡ = (!3p � 1)2(!3⇡ � 1) and !3

1p2⇡ = (!3p � 1)(!3⇡ � 1)2.
(The subtractions of 1 are intended to remove the Poisson
background; in an analysis of experimental data these sub-
tractions could be done by subtracting the !ip or !j⇡ de-
termined from a sample of mixed events, as this would also
subtract various other small background e↵ects.)

ferent normalized cumulants are a↵ected di↵erently by
variations in these four parameters. Fig. 3 shows how six
more di↵erent normalized cumulants vary with µB . In
this figure we keep all parameters set at their benchmark
values, deferring a discussion of how these peaks change
with parameters to Section III.
In the case of free particles in the classical Boltzmann
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point, the equilibrium correlation length ⇠eq is very long
and there is not su�cient time for the actual correlation
length ⇠ achieved in a collision to reach ⇠eq [21]. Lets sup-
pose that ⇠ reaches ⇠eq for |µB � µc

B | & W , for some W ,
while for |µB � µc

B | . W finite time e↵ects limit ⇠ such
that it peaks at ⇠max. In principle, ⇠eq(µB) could one day
be determined from lattice QCD calculations, but these
calculations are challenging at µ 6= 0 because of the no-
torious fermion sign problem, so this day remains in the
future. At present, all we can do is require that the static
correlation length ⇠eq satisfy the constraints imposed by
the universality of critical behavior at long wavelengths.
The universal behavior is really only attained in the limit
in which W ! 0 and ⇠max ! 1, so our use of it in the
present context is illustrative but not quantitative. As
a function of µB � µc

B , in the universal regime ⇠eq must
scale as ⇠ ! f±|µB � µc

B |�⌫ , where ⌫ is the relevant
critical exponent1 and f+ and f� are the amplitudes of
the singularity on the crossover and first-order side of
the transition respectively. The precise value of the criti-
cal exponent is ⌫ = (2�↵)/3 ⇡ 0.63, with the numerical
value being that for a critical point in the Ising universal-
ity class [26]. But, in our calculation in Section II we shall
be neglecting the small anomalous dimensions associated
with nonvanishing values of the exponents ⌘ ⇡ 0.04 and
↵ ⇡ 0.1. So, to be consistent, here too we shall sim-
ply use ⌫ = 2/3. The ratio of the amplitudes f+/f� is
also a universal quantity. In the Ising universality class,
f+/f� ⇡ 1.9 [27]. Since f+/f� > 1, the correlation
length falls o↵ more slowly on the crossover side µ < µc

B .
The simplest ansatz for ⇠(µB) that we have found that

incorporates the physics that we have just described is

⇠(µB) =
⇠max

h
1 +

(µB�µc
B)2

W (µB)2

i1/3 , (1.17)

with

W (µB) = W + �W tanh

✓
µB � µc

B

w

◆
(1.18)

1
For our illustrative model of the ⇠(µB) dependence along the

freezeout curve we are assuming that where the freezeout curve

passes the critical point it is approximately parallel to the tran-

sition line (crossover and first-order lines). The region of the

QCD phase diagram in the (µB , T ) plane near the critical point

can be mapped onto the Ising model phase diagram, whose

reduced temperature and magnetic field axes are convention-

ally denoted by t and h, respectively. Upon approaching the

Ising critical point along the t-direction, i.e., along the tran-

sition line, ⇠eq ⇠ t�⌫ ⇠ t�2/3
, while along the h-direction,

⇠eq ⇠ h�⌫/�� ⇠ h�2/5
. As long as h ⌧ t�� on the freezeout

curve, the t-like scaling dominates and, since |µB � µc
B | ⇠ t, we

obtain ⇠eq ⇠ |µB � µc
B |�⌫

. The condition h ⌧ t�� is violated

at points on the freezeout curve that are very close to the criti-

cal point, t ⇡ 0, where the h-like scaling sets in. For simplicity

we assume that this small-t segment of the freezeout curve in

the QCD phase diagram lies in a region where the equilibrium

correlation length ⇠eq already exceeds ⇠max = 2 fm, and thus

⇠ ⇡ ⇠max in this segment.
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FIG. 1: The correlation length ⇠(µB) achieved in a heavy
ion collision that freezes out with a chemical potential µB ,
according to the ansatz described in the text. We have as-
sumed that the collisions that freeze out closest to the critical
point are those that freeze out at µc

B = 400 MeV. We have
assumed that the finite duration of the collision limits ⇠ to
⇠ < ⇠max = 2 fm. We show ⇠(µB) for three choices of the
width parameter �, defined in the text. The choices of pa-
rameters that have gone into this ansatz are arbitrary, made
for illustrative purposes only. They are not predictions.

whereW and w are nonuniversal parameters to be chosen
and �W is specified by requiring that

W + �W

W � �W
=

✓
f+
f�

◆3/2

= 1.93/2 . (1.19)

We have constructed (1.17) such that ⇠ has the universal
behavior of ⇠eq when |µB � µc

B | � W (µB), but has a
peak that is cut o↵ at ⇠ = ⇠max where µB = µc

B . We
have chosen the shape of ⇠ in the vicinity of the peak
arbitrarily, for illustrative purposes, not via analysis of
the rate of growth of ⇠ during the finite duration in time
of a heavy ion collision. In Fig. 1 we show two instances
of our ansatz for ⇠(µB). They di↵er in their choice of the
width of the peak. We shall define the width � as the
distance in µB between the two points at which ⇠(µB)
crosses 1 fm, i.e. the width in µB within which ⇠ >
1 fm. The three curves in the figure have �=50, 100 and
200 MeV. In all three cases we have chosen w = 0.1�.
(With this choice, W = 0.189� and �W = 0.084�.)
There is no reason to expect that � should be small and,
indeed, in model calculations it seems to be larger than
100 MeV [28]. Ultimately � should be determined by
lattice calculations; one first attempt to do so indicates
� ⇠ 100 MeV [17, 29].

C. Cumulants near the critical point

We shall concentrate our analysis on observables char-
acterizing the fluctuations of pions and protons. Pions
are the most abundant species produced in relativistic
heavy ion collisions. Protons are important, among other

how

51T /R.lt , risk,bD
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and there is not su�cient time for the actual correlation
length ⇠ achieved in a collision to reach ⇠eq [21]. Lets sup-
pose that ⇠ reaches ⇠eq for |µB � µc

B | & W , for some W ,
while for |µB � µc

B | . W finite time e↵ects limit ⇠ such
that it peaks at ⇠max. In principle, ⇠eq(µB) could one day
be determined from lattice QCD calculations, but these
calculations are challenging at µ 6= 0 because of the no-
torious fermion sign problem, so this day remains in the
future. At present, all we can do is require that the static
correlation length ⇠eq satisfy the constraints imposed by
the universality of critical behavior at long wavelengths.
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present context is illustrative but not quantitative. As
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FIG. 1: The correlation length ⇠(µB) achieved in a heavy
ion collision that freezes out with a chemical potential µB ,
according to the ansatz described in the text. We have as-
sumed that the collisions that freeze out closest to the critical
point are those that freeze out at µc

B = 400 MeV. We have
assumed that the finite duration of the collision limits ⇠ to
⇠ < ⇠max = 2 fm. We show ⇠(µB) for three choices of the
width parameter �, defined in the text. The choices of pa-
rameters that have gone into this ansatz are arbitrary, made
for illustrative purposes only. They are not predictions.

whereW and w are nonuniversal parameters to be chosen
and �W is specified by requiring that

W + �W

W � �W
=

✓
f+
f�

◆3/2

= 1.93/2 . (1.19)

We have constructed (1.17) such that ⇠ has the universal
behavior of ⇠eq when |µB � µc

B | � W (µB), but has a
peak that is cut o↵ at ⇠ = ⇠max where µB = µc

B . We
have chosen the shape of ⇠ in the vicinity of the peak
arbitrarily, for illustrative purposes, not via analysis of
the rate of growth of ⇠ during the finite duration in time
of a heavy ion collision. In Fig. 1 we show two instances
of our ansatz for ⇠(µB). They di↵er in their choice of the
width of the peak. We shall define the width � as the
distance in µB between the two points at which ⇠(µB)
crosses 1 fm, i.e. the width in µB within which ⇠ >
1 fm. The three curves in the figure have �=50, 100 and
200 MeV. In all three cases we have chosen w = 0.1�.
(With this choice, W = 0.189� and �W = 0.084�.)
There is no reason to expect that � should be small and,
indeed, in model calculations it seems to be larger than
100 MeV [28]. Ultimately � should be determined by
lattice calculations; one first attempt to do so indicates
� ⇠ 100 MeV [17, 29].

C. Cumulants near the critical point

We shall concentrate our analysis on observables char-
acterizing the fluctuations of pions and protons. Pions
are the most abundant species produced in relativistic
heavy ion collisions. Protons are important, among other

how

51T /R.lt , risk,bD
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We now define the cumulants of the event-by-event dis-
tribution of a single observable, say x. The second and
third cumulants are given by

2x ⌘ hhx2ii ⌘ h (�x)2 i (1.2)

3x ⌘ hhx3ii ⌘ h (�x)3 i , (1.3)

where we have introduced two equivalent notations for
the cumulants. The second cumulant 2x is the variance
of the distribution, while the skewness of the distribution

is given by 3x/
3/2
2x . The fourth cumulant is di↵erent

from the corresponding fourth moment:

4x ⌘ hhx4ii ⌘ h (�x)4 i � 3 h (�x)2 i2 . (1.4)

The kurtosis of the distribution is given by 4x/2
2x.

The defining property of the cumulants is their addi-
tivity for independent variables. For example, if a and
b are two independent random variables, then i(a+b) =
ia+ib. This property is easily seen from the cumulant
generating function

g(µ) = logheµ �xi , (1.5)

which is manifestly additive. The n’th cumulant of the
x-distribution is given by

nx =
@ng(µ)

@µn

����
µ=0

. (1.6)

Using the double bracket notation introduced above,
g(µ) = hheµxii. As a result of their additivity, cumulants
of extensive variables, such as Np or N⇡, are all them-
selves extensive, meaning that they are proportional to
the volume of the system V in the thermodynamic limit.

We shall also consider mixed cumulants, which gener-
alize the more familiar Gaussian measures of correlations
to non-Gaussian measures. These are generated by

g(µ, ⌫) ⌘
X

n,m

nxmy µn⌫m

m!n!
= logheµ �x+⌫ �yi , (1.7)

and, for example, are given by

1x1y ⌘ hhxyii = h �x �y i , (1.8)

1x2y ⌘ hhxy2ii = h �x (�y)2 i , (1.9)

2x2y ⌘ hhx2y2ii
= h (�x)2 (�y)2 i � 2h �x �y i2 � h (�x)2 i h (�y)2 i ,

(1.10)

1x3y ⌘ hhxy3ii
= h �x (�y)3 i � 3 h �x �y i h (�y)2 i . (1.11)

For two extensive variables x and y such mixed cumulants
are also extensive, proportional to V .
We have described how to obtain the cumulants ix,

jy and ixjy from a data set consisting of an ensemble
of events in each of which x and y have been measured.

We can now define the intensive normalized cumulants
that we shall analyze:

!i⇡ ⌘ i⇡

hN⇡i
, (1.12)

!ip ⌘ ip

hNpi
, (1.13)

!i(p�p̄) ⌘
i(p�p̄)

hNp +Np̄i
, (1.14)

!ipj⇡ ⌘ ipj⇡

hNpii/rhN⇡ij/r
, (1.15)

!i(p�p̄)j⇡ ⌘
i(p�p̄)j⇡

hNp +Np̄ii/rhN⇡ij/r
, (1.16)

where r ⌘ i+ j.
If N⇡, Np and Np̄ are statistically independent and

Gaussian distributed, then the !2’s in (1.12), (1.13) and
(1.14) are nonzero and all the other !’s vanish.
If N⇡, Np and Np̄ are statistically independent and

Poisson distributed, then all the !i’s in (1.12), (1.13)
and (1.14) with i � 2 are equal to 1, and all the mixed
cumulants vanish and therefore so do the !’s in (1.15)
and (1.16).
In this paper we shall calculate the contributions of

critical fluctuations to the normalized cumulants (1.12),
(1.13) and (1.14) for i = 2, 3 and 4 and the normalized
mixed cumulants (1.15) and (1.16) for i’s and j’s such
that r = 2, 3 and 4.

B. Dependence of ⇠ on µB

We shall close this Introduction (in Section I.C) by
illustrating possible experimental outcomes of measure-
ments of the cumulants defined in Section I.A, assuming
that the matter produced at the freezeout point of the
fireball evolution for some collision energy

p
s is near the

critical point. In Section I.C we shall present only results,
while the calculations involved are presented in Section
II. What we shall calculate in Section II is the contribu-
tion of critical fluctuations to the observables defined in
Section I.A, in terms of the correlation length ⇠. In order
to give an example of possible experimental outcomes, we
need to make an illustrative choice of how the correlation
length ⇠ that is achieved in a heavy ion collision depends
on µB .
To start, let us assume that the critical point occurs

at µc
B = 400 MeV. Let us also assume that because the

fireball only spends a finite time in the vicinity of the
critical point the correlation length reaches a maximum
value of ⇠max = 2 fm in the collisions in which the freeze-
out point is closest to the critical point during an energy
scan. We stress that our choices of µc

B and ⇠max are
arbitrary, made for illustrative purposes only, and are in
no way predictions.
How does the correlation length achieved in a heavy

ion collision depend on the µB at which the matter pro-
duced in the collision freezes out? Close to the critical
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FIG. 2: The µB-dependence of !4p, the normalized 4th cu-
mulant of the proton number distribution defined in (1.13),
with a µB-dependent ⇠ given by (1.17). We only include the
Poisson and critical contributions to the cumulant. In the top
panel we choose µc

B = 400 MeV and illustrate how !4p is af-
fected if we vary the width � of the peak in ⇠ from 50 to 100
to 200 MeV, as in Fig. 1. The inset panel zooms in to show
how !4p is dominated by the Poisson contribution well below
µc
B . In the lower panel, we take � = 100 MeV and illustrate

the e↵ects of changing µc
B and of reducing the sigma-proton

coupling gp from our benchmark gp = 7 to gp = 5.

reasons, because their fluctuations are proxy to the fluc-
tuations of the conserved baryon number [30] and be-
cause their coupling to the critical mode � is relatively
large.

We have defined the normalized cumulants of the pro-
ton and pion distributions in (1.13) and (1.12) and the
normalized mixed cumulants in (1.15). Fig. 2 shows how
!4p might look like, with ⇠(µB) given by Eq. (1.17). We
illustrate how !4p changes if we vary the location of the
critical point µc

B and the width � of the peak in Fig. 1,
as well as the sigma-proton coupling gp. As we shall see
in Section IIA, there are four nonuniversal parameters
that (for a given ⇠max) govern the height of the peaks
of the normalized cumulants. These include gp and the
sigma-pion coupling G, as well as two parameters �̃3 and
�̃4 that we shall define in Section IIA. We have used as
our benchmark values G = 300 MeV, g = 7, �̃3 = 4 and
�̃4 = 12. As we shall discover in Section II and discuss
at length in Section III, the heights of the peaks of dif-
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FIG. 3: The µB-dependence of selected normalized cu-
mulants, defined in (1.12), (1.13) and (1.15), with a µB-
dependent ⇠ given by (1.17) as in Fig. 1. We only include
the Poisson and critical contributions to the cumulants. We
have set all parameters to their benchmark values, described
in the text, and we have chosen the width of the peak in
⇠ to be � = 100 MeV. Note the di↵erent vertical scales in
these figures and in Fig. 2; The magnitude of the e↵ect of
critical fluctuations on di↵erent normalized cumulants di↵ers
considerably, as we shall discuss in Sections II and III. As we
shall also discuss in those Sections, ratios of the magnitudes
of these di↵erent observables depend on (and can be used to
constrain) the correlation length ⇠, the proton number den-
sity np, and four non-universal parameters. We shall also see
in Section III that there are ratios among these observables
that are independent of all of these variables, meaning that
we can predict them reliably. For example, we shall see that
critical fluctuations must yield !2

2p2⇡ = (!4p�1)(!4⇡�1) and
!3
2p1⇡ = (!3p � 1)2(!3⇡ � 1) and !3

1p2⇡ = (!3p � 1)(!3⇡ � 1)2.
(The subtractions of 1 are intended to remove the Poisson
background; in an analysis of experimental data these sub-
tractions could be done by subtracting the !ip or !j⇡ de-
termined from a sample of mixed events, as this would also
subtract various other small background e↵ects.)

ferent normalized cumulants are a↵ected di↵erently by
variations in these four parameters. Fig. 3 shows how six
more di↵erent normalized cumulants vary with µB . In
this figure we keep all parameters set at their benchmark
values, deferring a discussion of how these peaks change
with parameters to Section III.
In the case of free particles in the classical Boltzmann
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unknown. Normally, one would estimate the error by going to increasingly large
volumes V , but, as discussed above, the method becomes prohibitive too quickly
(exponentially) in this limit. Ultimately, the result of Ref. 32) might turn out to
be a good approximation to the exact answer, but we can only tell once we have
an independent result to compare it to. A qualitatively new approach is needed to
overcome the QCD sign problem. →)
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Fig. 6. Theoretical (models and lattice) predictions for the location of the critical point. The
labels correspond to Table I. The two dashed lines indicate the magnitude of the slope d2T/dµ2

obtained by lattice Taylor expansion.38) The upper curve agrees with Ref. 39). The lower curve
corresponds to smaller quark mass. Errors/uncertainties are not shown.

In the absence of a controllable (i.e., systematically improvable) method, one
turns to model calculations. Many such calculations have been done.9)–16) Figure 6
and Table I summarize the results. One can see that the predictions vary wildly. An
interesting point to keep in mind is that each of these models is tuned to reproduce
vacuum, T = µB = 0, phenomenology. Nevertheless, extrapolation to nonzero µB is
not constrained significantly by this. In a loose sense, the existing lattice methods
can be also viewed as extrapolations from µB = 0, but finite T .

Two new lattice approaches are being developed. Each of them has the capacity
to determine the location of the critical point. One approach is based on simula-
tions at finite imaginary values of µB

39) and the other on Taylor expansions around
µB = 0.38) The curvature of the phase transition line found using these methods is
indicated by the upper parabola in Fig.6. Recent result38) (lower parabola in Fig.6)
seems to indicate large sensitivity of this curvature to the quark mass. This may or
may not be related to the strong sensitivity of the position of the critical point to
the value of the strange quark mass observed in Ref. 39). Qualitatively, one should

∗) In theories similar, or approximating, the finite density QCD, the sign and/or overlap prob-
lems have been tackled recently, using various new methods see, e.g., Refs. 35)–37).
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unknown. Normally, one would estimate the error by going to increasingly large
volumes V , but, as discussed above, the method becomes prohibitive too quickly
(exponentially) in this limit. Ultimately, the result of Ref. 32) might turn out to
be a good approximation to the exact answer, but we can only tell once we have
an independent result to compare it to. A qualitatively new approach is needed to
overcome the QCD sign problem. →)
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Fig. 6. Theoretical (models and lattice) predictions for the location of the critical point. The
labels correspond to Table I. The two dashed lines indicate the magnitude of the slope d2T/dµ2

obtained by lattice Taylor expansion.38) The upper curve agrees with Ref. 39). The lower curve
corresponds to smaller quark mass. Errors/uncertainties are not shown.

In the absence of a controllable (i.e., systematically improvable) method, one
turns to model calculations. Many such calculations have been done.9)–16) Figure 6
and Table I summarize the results. One can see that the predictions vary wildly. An
interesting point to keep in mind is that each of these models is tuned to reproduce
vacuum, T = µB = 0, phenomenology. Nevertheless, extrapolation to nonzero µB is
not constrained significantly by this. In a loose sense, the existing lattice methods
can be also viewed as extrapolations from µB = 0, but finite T .

Two new lattice approaches are being developed. Each of them has the capacity
to determine the location of the critical point. One approach is based on simula-
tions at finite imaginary values of µB

39) and the other on Taylor expansions around
µB = 0.38) The curvature of the phase transition line found using these methods is
indicated by the upper parabola in Fig.6. Recent result38) (lower parabola in Fig.6)
seems to indicate large sensitivity of this curvature to the quark mass. This may or
may not be related to the strong sensitivity of the position of the critical point to
the value of the strange quark mass observed in Ref. 39). Qualitatively, one should

∗) In theories similar, or approximating, the finite density QCD, the sign and/or overlap prob-
lems have been tackled recently, using various new methods see, e.g., Refs. 35)–37).

➤ Early calculations with two light flavored quarks obtained critical point location 
within linear sigma model
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unknown. Normally, one would estimate the error by going to increasingly large
volumes V , but, as discussed above, the method becomes prohibitive too quickly
(exponentially) in this limit. Ultimately, the result of Ref. 32) might turn out to
be a good approximation to the exact answer, but we can only tell once we have
an independent result to compare it to. A qualitatively new approach is needed to
overcome the QCD sign problem. →)
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Fig. 6. Theoretical (models and lattice) predictions for the location of the critical point. The
labels correspond to Table I. The two dashed lines indicate the magnitude of the slope d2T/dµ2

obtained by lattice Taylor expansion.38) The upper curve agrees with Ref. 39). The lower curve
corresponds to smaller quark mass. Errors/uncertainties are not shown.

In the absence of a controllable (i.e., systematically improvable) method, one
turns to model calculations. Many such calculations have been done.9)–16) Figure 6
and Table I summarize the results. One can see that the predictions vary wildly. An
interesting point to keep in mind is that each of these models is tuned to reproduce
vacuum, T = µB = 0, phenomenology. Nevertheless, extrapolation to nonzero µB is
not constrained significantly by this. In a loose sense, the existing lattice methods
can be also viewed as extrapolations from µB = 0, but finite T .

Two new lattice approaches are being developed. Each of them has the capacity
to determine the location of the critical point. One approach is based on simula-
tions at finite imaginary values of µB

39) and the other on Taylor expansions around
µB = 0.38) The curvature of the phase transition line found using these methods is
indicated by the upper parabola in Fig.6. Recent result38) (lower parabola in Fig.6)
seems to indicate large sensitivity of this curvature to the quark mass. This may or
may not be related to the strong sensitivity of the position of the critical point to
the value of the strange quark mass observed in Ref. 39). Qualitatively, one should

∗) In theories similar, or approximating, the finite density QCD, the sign and/or overlap prob-
lems have been tackled recently, using various new methods see, e.g., Refs. 35)–37).
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A B S T R A C T

New measurements of proton number cumulants from the Beam Energy Scan Phase II (BES-II)
program at RHIC by the STAR Collaboration provide unprecedented precision and insights into the
properties of strongly interacting matter. This report discusses the measurements in the context of
predictions from hydrodynamics, emphasizing the enhanced sensitivity of factorial cumulants and
their implications for the search for the QCD critical point. The experimental data shows enhancement
of second-order factorial cumulants and suppression of third-order factorial cumulants relative to the
non-critical baseline at 7.7 <

⌋
𝜔NN 𝜀 10 GeV. We discuss implications of this observation for

the possible location of the critical point in the QCD phase diagram and opportunities for future
measurements of acceptance dependence of factorial cumulants.

1. Introduction

Search for the QCD critical point (CP) – a landmark
feature that may exist in the QCD phase diagram – is a
major goal in the studies of QCD under extreme conditions.
This quest has motivated many theoretical studies and is one
of the primary goals of the beam energy scan program at
RHIC [1, 2]. Determination of the critical point location
from first principles is hindered by the fermion sign problem
in lattice QCD, which precludes direct simulations at non-
zero 𝜗𝜛 . Recent theoretical e!orts are anchored by lattice
QCD data at 𝜗𝜛 = 0 and utilize (i) the expected critical
behavior of Yang-Lee edge singularities [3, 4], (ii) functional
methods [5–7] and (iii) e!ective QCD models [8], or (iv)
contours of constant entropy density [9, 10], to estimate the
location of the CP at finite 𝜗𝜛 . These estimates point to a
similar range in critical temperature 𝜚𝜍 ω 100 ε 120 MeV
and chemical potential 𝜗𝜛,𝜍 ω 400 ε 650 MeV. If accu-
rate, the CP should be accessible by heavy-ion collisions at⌋
𝜔NN 𝜀 7.7 GeV (Fig. 1).

Heavy-ion collisions scan the QCD phase diagram by
varying the collision energy, with lower energies corre-
sponding to higher values of 𝜗𝜛 . Measurements at di!er-
ent collision energies can constrain QCD CP in a number
of ways. First, the measured hadron abundances are well
described by the hadron resonance gas (HRG) model [11],
which defines the chemical freeze-out line on the phase
diagram [12–14]. The freeze-out line serves as a lower bound
in temperature for the CP location at a fixed 𝜗𝜛 , although
certain caveats (e.g. strangeness neutrality) apply [15].

As a more direct CP signature, one utilizes event-by-
event fluctuations of hadron numbers [17]. Cumulants of
baryon number are particularly prominent, as they probe
baryochemical potential derivatives of the partition function
in equilibrium and can be particularly sensitive to singular-
ities induced by the CP. In particular, near a CP, the cu-
mulants exhibit universal singular behavior [17] and reflect
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Figure 1: Based on [9]. The QCD phase diagram with the CP

location estimate from Ref. [9] (black point with red covariance

ellipse) and other approaches, including Yang-Lee edge singu-

larities (YLE-1 [4] and YLE-2 [3]), functional methods (fRG [5],

DSE-fRG [6], DSE [7]), holography (BHE [8]), and finite-size

scaling (FSS [16]). The orange line represents the chemical

freeze-out bound on the CP from Ref. [15], with points on

the line corresponding to various collision energies (in terms of⌋
𝜔NN in GeV).

the macroscopically large density fluctuations, which lead
to the well-known phenomenon of critical opalescence in
classical systems. Of course, the systems created in heavy-
ion collisions are too small and short-lived to observe critical
opalescence. Instead, owing to the smallness of the system,
one can measure the event-by-event distribution of proton
number directly and determine the corresponding cumu-
lants. Critical fluctuations are not expected to fully equili-
brate in heavy-ion collisions, however, model calculations
indicate that remnants of the CP signatures are expected
to survive [18–20]. Therefore, if the QCD CP exists in
the heavy-ion regime, it should manifest itself in enhanced
fluctuations of proton number [21], in particular, leading to
a non-monotonic collision energy dependence of the high-
order, non-Gaussian proton number cumulants [18, 22].
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Figure 2. The signatures of the critical point expected in experimentally measured factorial cumulants
of proton multiplicity. Each row in the left column shows a sketch of the QCD phase diagram region
near the critical point (red circle) with the density plot of the baryon density cumulant/susceptibility ωn

for n = 2, 3, 4 [3]. The cumulants are positive/negative in the blue/red regions. The yellow dashed
line is the freezeout trajectory – a set of points where the heavy-ion collision fireball freezes out as a
function of the collision energy

→
s (as

→
s increases in the direction of the arrow). The yellow circle

marks the point where the cumulant reaches maximum value. The middle column shows qualitatively
the corresponding expectation for the collision energy dependence of the corresponding (normalized)
factorial cumulant of the proton multiplicity εn ↑ ϑn/ϑ1 due to the critical fluctuations. For n = 2 also
the noncritical baseline (evident in the experimental data from BES-I and understood as the consequence
of baryon number conservation [11]) is added. The right column shows experimental results from BES-
II at RHIC reported by STAR [9].

(2) The dominant feature of the measured n = 3 factorial cumulant is the peak at around→
s = 11 GeV. This feature is also in apparent qualitative agreement with the equilib-

rium expectations for ε3 shown in the middle column.

(3) The dominant feature of the n = 4 factorial cumulant data is the dip at
→

s ↓ 19 GeV.
This feature also appears to be in qualitative agreement with the equilibrium critical
point predictions (middle column) [3, 14, 15]. However, to establish the peak feature
expected from the critical point at lower

→
s, the data at

→
s < 7.7 GeV would be

necessary. Such data could be provided by the fixed target (FXT) component of BES-
II (see Fig. 1) and/or future dedicated experiments.

?

… in a model independent way
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Figure 2. The signatures of the critical point expected in experimentally measured factorial cumulants
of proton multiplicity. Each row in the left column shows a sketch of the QCD phase diagram region
near the critical point (red circle) with the density plot of the baryon density cumulant/susceptibility ωn

for n = 2, 3, 4 [3]. The cumulants are positive/negative in the blue/red regions. The yellow dashed
line is the freezeout trajectory – a set of points where the heavy-ion collision fireball freezes out as a
function of the collision energy

→
s (as

→
s increases in the direction of the arrow). The yellow circle

marks the point where the cumulant reaches maximum value. The middle column shows qualitatively
the corresponding expectation for the collision energy dependence of the corresponding (normalized)
factorial cumulant of the proton multiplicity εn ↑ ϑn/ϑ1 due to the critical fluctuations. For n = 2 also
the noncritical baseline (evident in the experimental data from BES-I and understood as the consequence
of baryon number conservation [11]) is added. The right column shows experimental results from BES-
II at RHIC reported by STAR [9].

(2) The dominant feature of the measured n = 3 factorial cumulant is the peak at around→
s = 11 GeV. This feature is also in apparent qualitative agreement with the equilib-

rium expectations for ε3 shown in the middle column.

(3) The dominant feature of the n = 4 factorial cumulant data is the dip at
→

s ↓ 19 GeV.
This feature also appears to be in qualitative agreement with the equilibrium critical
point predictions (middle column) [3, 14, 15]. However, to establish the peak feature
expected from the critical point at lower

→
s, the data at

→
s < 7.7 GeV would be

necessary. Such data could be provided by the fixed target (FXT) component of BES-
II (see Fig. 1) and/or future dedicated experiments.

Maximum Entropy

… in a model independent way



II.  A first study of equilibrium proton 
factorial cumulants with MaxEnt
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Maximum entropy freezeout of hydrodynamic fluctuations
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We propose a general approach to freezing out fluctuations in heavy-ion collisions using the prin-
ciple of maximum entropy. We find the results naturally expressed as a direct relationship between
the irreducible relative correlators quantifying the deviations of hydrodynamic as well as hadron gas
fluctuations from the ideal hadron gas baseline. The method also allows us to determine heretofore
unknown parameters crucial for the freezeout of fluctuations near the QCD critical point in terms
of the QCD equation of state.

Introduction — Mapping the phase diagram of
QCD is the primary goal of heavy-ion collision experi-
ments [1, 2]. Fluctuations carry important information
about the phase diagram. In particular, non-monotonic
behavior of fluctuation measures is a signature of the
QCD critical point [3–7]. Fluctuations are also impor-
tant for the study of hydrodynamics in small systems
as well as understanding of initial conditions [8]. Non-
equilibrium dynamics of fluctuations is important in gen-
eral, and of particular importance is the dynamics of the
non-Gaussian fluctuations near the critical point. For
many of these reasons evolution of fluctuations in hydro-
dynamics has been intensively studied recently [9–24].

Freezeout (particlization) is the crucial step in trans-
lating hydrodynamic fluctuations into fluctuations and
correlations of particles observed in experiment. There
have been attempts to develop appropriate procedure
for fluctuation freezeout, starting from Ref.[9]. One of
the known problems is the proper separation of the triv-
ial (single-particle) contribution from the multi-particle
fluctuations induced by hydrodynamic correlations. This
problem was addressed in [10, 25] for one particular case
of charge diffusion, but a general solution is still lacking,
especially for non-Gaussian fluctuations. Indeed, freeze-
out of non-Gaussian out-of-equilibrium fluctuations have
not yet been adequately addressed, except for a proposal
in Ref. [24], where the procedure introduced earlier for
equilibrium fluctuations was straightforwardly general-
ized in a somewhat ad hoc manner. Even in this case,
the proposal is limited to leading (most singular) critical
contribution to fluctuations. While fluctuating hydro-
dynamics itself obeys conservation laws, implementing
these laws at freezeout is a nontrivial issue [26].

In this Letter we introduce a very general method of
freezing out fluctuations based on the principle of maxi-
mum entropy. In this approach the fluctuations of con-
served quantities are matched exactly (i.e., not only the
leading critical contribution) between the hydrodynamic
and the kinetic (particlized) side of the freezeout transi-
tion as dictated by conservation laws. The distribution of
fluctuations across particle momenta is then determined
by maximizing the entropy of fluctuations – an object we
introduce in this paper, which is mathematically similar

to the n-PI action of the quantum field theory. The en-
tropy of fluctuations has also a lot in common with the
concept of relative entropy, which, in this case, measures
the amount of entropy deficit of a system with known
correlations (relative to the most agnostic state corre-
sponding to complete thermal equilibrium).

Of course, freezeout procedure, being essential for
translating hydrodynamics into particle observables, has
been known for a long time in the form introduced
by Cooper and Frye [27]. This procedure, however,
could only deal with mean hydrodynamic quantities, i.e.,
single-particle observables. It does not address the ques-
tion of how to freeze out the fluctuating hydrodynamics.

In this Letter we apply the general principle of max-
imum entropy to the long-standing problem of the fluc-
tuation freezeout and obtain several novel results, which
non-trivially match some of the existing approaches to
freezeout in the literature, while augmenting or correct-
ing others. Most importantly, the new approach allows
us to tackle the problem of the freezeout of non-Gaussian
fluctuations, in and out of equilibrium. Furthermore we
are now able to determine some of the thus far unknown
parameters crucial for the freezeout of the fluctuations
near the critical point.

Setup and main result — The principle of max-
imum entropy has been applied recently to implement
freezeout of mean hydrodynamic variables into single-
particle observables in Ref. [28]. The procedure repro-
duces the Cooper-Frye procedure when non-equilibrium
effects are ignored, but allows systematic incorporation of
non-equilibrium, dissipative effects. Let us, therefore, be-
gin by briefly reviewing the maximum entropy freezeout
in the simplest case of mean quantities in equilibrium.

The aim is to find the phase space distribution function
fA ≡ fÃ(xA), where by A we denote a composite index
describing discrete quantum numbers of particles such as
spin or baryon number (qA) as well their momenta pA
(collectively Ã) and the coordinate xA. In other words,
A labels a “cell” in the phase space. In position space
this cell matches a hydrodynamic cell, which has a small
but macroscopic size. The function fA is the mean oc-
cupation number of the available single-particle states
in the cell A. It must be such that the conserved hy-

Least-biased determination of particle multiplicity 
fluctuations consistent with hydrodynamic correlations
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We propose a general approach to freezing out fluctuations in heavy-ion collisions using the prin-
ciple of maximum entropy. We find the results naturally expressed as a direct relationship between
the irreducible relative correlators quantifying the deviations of hydrodynamic as well as hadron gas
fluctuations from the ideal hadron gas baseline. The method also allows us to determine heretofore
unknown parameters crucial for the freezeout of fluctuations near the QCD critical point in terms
of the QCD equation of state.

Introduction — Mapping the phase diagram of
QCD is the primary goal of heavy-ion collision experi-
ments [1, 2]. Fluctuations carry important information
about the phase diagram. In particular, non-monotonic
behavior of fluctuation measures is a signature of the
QCD critical point [3–7]. Fluctuations are also impor-
tant for the study of hydrodynamics in small systems
as well as understanding of initial conditions [8]. Non-
equilibrium dynamics of fluctuations is important in gen-
eral, and of particular importance is the dynamics of the
non-Gaussian fluctuations near the critical point. For
many of these reasons evolution of fluctuations in hydro-
dynamics has been intensively studied recently [9–24].

Freezeout (particlization) is the crucial step in trans-
lating hydrodynamic fluctuations into fluctuations and
correlations of particles observed in experiment. There
have been attempts to develop appropriate procedure
for fluctuation freezeout, starting from Ref.[9]. One of
the known problems is the proper separation of the triv-
ial (single-particle) contribution from the multi-particle
fluctuations induced by hydrodynamic correlations. This
problem was addressed in [10, 25] for one particular case
of charge diffusion, but a general solution is still lacking,
especially for non-Gaussian fluctuations. Indeed, freeze-
out of non-Gaussian out-of-equilibrium fluctuations have
not yet been adequately addressed, except for a proposal
in Ref. [24], where the procedure introduced earlier for
equilibrium fluctuations was straightforwardly general-
ized in a somewhat ad hoc manner. Even in this case,
the proposal is limited to leading (most singular) critical
contribution to fluctuations. While fluctuating hydro-
dynamics itself obeys conservation laws, implementing
these laws at freezeout is a nontrivial issue [26].

In this Letter we introduce a very general method of
freezing out fluctuations based on the principle of maxi-
mum entropy. In this approach the fluctuations of con-
served quantities are matched exactly (i.e., not only the
leading critical contribution) between the hydrodynamic
and the kinetic (particlized) side of the freezeout transi-
tion as dictated by conservation laws. The distribution of
fluctuations across particle momenta is then determined
by maximizing the entropy of fluctuations – an object we
introduce in this paper, which is mathematically similar

to the n-PI action of the quantum field theory. The en-
tropy of fluctuations has also a lot in common with the
concept of relative entropy, which, in this case, measures
the amount of entropy deficit of a system with known
correlations (relative to the most agnostic state corre-
sponding to complete thermal equilibrium).

Of course, freezeout procedure, being essential for
translating hydrodynamics into particle observables, has
been known for a long time in the form introduced
by Cooper and Frye [27]. This procedure, however,
could only deal with mean hydrodynamic quantities, i.e.,
single-particle observables. It does not address the ques-
tion of how to freeze out the fluctuating hydrodynamics.

In this Letter we apply the general principle of max-
imum entropy to the long-standing problem of the fluc-
tuation freezeout and obtain several novel results, which
non-trivially match some of the existing approaches to
freezeout in the literature, while augmenting or correct-
ing others. Most importantly, the new approach allows
us to tackle the problem of the freezeout of non-Gaussian
fluctuations, in and out of equilibrium. Furthermore we
are now able to determine some of the thus far unknown
parameters crucial for the freezeout of the fluctuations
near the critical point.

Setup and main result — The principle of max-
imum entropy has been applied recently to implement
freezeout of mean hydrodynamic variables into single-
particle observables in Ref. [28]. The procedure repro-
duces the Cooper-Frye procedure when non-equilibrium
effects are ignored, but allows systematic incorporation of
non-equilibrium, dissipative effects. Let us, therefore, be-
gin by briefly reviewing the maximum entropy freezeout
in the simplest case of mean quantities in equilibrium.

The aim is to find the phase space distribution function
fA ≡ fÃ(xA), where by A we denote a composite index
describing discrete quantum numbers of particles such as
spin or baryon number (qA) as well their momenta pA
(collectively Ã) and the coordinate xA. In other words,
A labels a “cell” in the phase space. In position space
this cell matches a hydrodynamic cell, which has a small
but macroscopic size. The function fA is the mean oc-
cupation number of the available single-particle states
in the cell A. It must be such that the conserved hy-

4

GABCD =

(

CQRST +
[
3GY XCY QRCXST

]

QRST

+
{
Habcd − P a

I P
b
JP

c
KP d

L

(
GIMGJNGKOGLPCMNOP

+ 3G→1

XY

[
GY IJGXKL

]

IJKL

)}

× (H→1P )aQ(H
→1P )bR(H

→1P )cS(H
→1P )dT

)

×GQAGRBGSCGTD , (13)

where CAB... ≡ δnS/(δfAδfB . . . ) and we used the no-
tation [. . . ]ABC... for average over the permutations of
indices.
Equations (9), (12) and (13) can be solved for correla-

tors Gn iteratively. However, the structure of these equa-
tions is somewhat easier to appreciate in the linearized
limit, applicable when the correlations relative to hadron
gas, i.e., Gn − Ḡn ≡ :Gn :≡ ∆Gn, are sufficiently small
(a reasonable approximation for heavy-ion collisions). In
this limit the solution can be expressed compactly by
Eq. (5), or, with summation/integration implied, as

∆̂GAB... = ∆̂Hab...(H̄
→1PḠ)aA(H̄

→1PḠ)bB . . . , (14)

in terms of the correlators ∆̂Gn and ∆̂Hn, which could be
termed irreducible relative (connected) correlators (IRC).
These correlators quantify “genuine” (i.e., not reducible
to lower-order correlations) n-point correlations in Gn

relative to the ideal hadron gas Ḡn. This is achieved by
recursively subtracting these lower-order correlations:

∆̂GAB ≡ ∆GAB ;

∆̂GABC ≡
[
∆GABC − 3∆̂GAD(Ḡ→1Ḡ3)DBC

]

ABC

∆̂GABCD ≡
[
∆GABCD − 6∆̂GABF (Ḡ

→1Ḡ3)FCD ;

− 4∆̂GAF (Ḡ
→1Ḡ4)FBCD

− 3∆̂GEF (Ḡ
→1Ḡ3)EAB(Ḡ

→1Ḡ3)FCD

]

ABCD
. (15)

Similar relations define IRCs ∆̂Hn of hydrodynamic vari-
ables, with H instead of G and indices ab . . . instead of
AB . . . .
Note that the factors (Ḡ→1Ḡn)ABC... ≡ Ḡ→1

AXḠXBC...

in Eq. (15), in the case of negligible quantum statistics ef-
fects (or θA = 0 in Eq. (3)), are equal to δABC.... Thus, in
this case, the IRCs ∆̂Gn coincide with correlators Cab...

described in Ref.[29], whose phase space integrals give
factorial cumulants. Such correlators and factorial cumu-
lants play important role in the acceptance dependence
of the fluctuation measures [29, 30].
Comparison with existing methods — We can now

compare the results of the maximum entropy approach
with other freezeout procedures used in the literature to
implement freezeout of fluctuations.

Ref. [9] considered fluctuations of fA caused by fluc-
tuations of hydrodynamic parameters such as temper-
ature and chemical potential, Ja in our notations, i.e.,
δfA = (∂fA/∂Ja)δJa = (PḠ)aAδJa , where, as be-
fore, ḠAB = f ′

AδAB. Using hydrodynamic correlators
〈δJaδJb〉 = H→1

ab one then finds:

GAB = H→1

ab (PḠ)aA(PḠ)bB , (16)

as opposed to our Eq. (9). We see that the problem
with Eq. (16) is in the absence of the separate contribu-
tion of the ideal gas fluctuations, ḠAB = f ′

AδAB, which
matches H̄ in hydrodynamics, but does not describe cor-
relations between two different particles [10, 25]. While
the approach of Ref.[9] could satisfy the constraints (4),
it does so, in part, via spurious two-particle correlations.
This problem was addressed in Ref. [10, 25] for charge
fluctuations, where the ideal gas (Poisson) contribution
to H was subtracted before applying “freezeout (ther-
mal) smearing” to the remainder, H − H̄ in our nota-
tions. Thus, maximum entropy approach reproduces, in
Eq. (14), the procedure in Ref. [10, 25] for two-point
correlators. The subtractions of lower order terms in
Eqs. (15) generalize this procedure to higher-order corre-
lators.
Fluctuations near the QCD critical point in equilib-

rium have been described by considering a fluctuating
critical mode σ coupled to the observed particles via their
σ-dependent masses Refs. [3–7, 39]. This approach was
further generalized in Ref. [24] to non-equilibrium critical
fluctuations by mapping the correlators of σ to correla-
tors of the specific entropy m ≡ s/n – the critical field in
Hydro+ [11]. We can now compare this approach to the
result of the maximum entropy method by considering
only the matrix element Hmm of hydrodynamic correla-
tor H corresponding to the fluctuations of the specific
entropy m.
Furthermore, since this approach only considers the

leading (most singular) critical contribution, for our com-
parison, we can neglect lower-order correlations, which
contribute subleading behavior in terms of the depen-
dence on the correlation length near the critical point [5].
In practice this means ∆̂Gn = ∆Gn up to subleading
(less critical) terms.
Translating the freezeout prescription of Ref. [24] into

our notations we find:

∆GAB =
gAgB
ZT 2

mA

EA

mB

EB
∆Hmmf ′

Af
′

B , (17)

where gA,B and Z are parameters describing the coupling
of σ to particles A,B (see Ref. [24]). The maximum
entropy freezeout gives

∆GAB = ∆Hmm(H̄→1PḠ)mA(H̄
→1PḠ)mB . (18)

Comparing Eqs. (17) and (18) we find that they could
be reconciled if gA had particle energy dependence given

2

the collision history, due to charge conservation [6, 7].
The charge fluctuation magnitude per entropy is a mea-
sure of the charge per particle or degree of freedom. In
the quark-gluon plasma (QGP) the charge per degree of
freedom is smaller. If the charge fluctuation is equilibrat-
ing too slowly, the observed value will be smaller than
the equilibrium magnitude which can be calculated us-
ing the resonance gas [5]. However, the estimates of the
charge diffusion [21] suggest that for the rapidity windows
achievable in present experiments charge diffusion is very
efficient in equilibrating charge fluctuations, thus practi-
cally washing out the “history” effects. Experimentally,
the QGP suppression of the charge fluctuation is not seen
[22, 23], which is consistent with the diffusion estimates
[21]. The effect of the critical fluctuations we are dis-
cussing here is crucially different from the QGP suppres-
sion. While the latter is the “history” effect, the critical
fluctuations are the equilibrium fluctuations pertaining
to the freezeout point, and the diffusion is necessary to
establish them.

The measure of charge fluctuations, the charge number
susceptibility, χQ, can be expressed in terms of χB and
χI using the relation Q = B/2 + I3 and the fact that
isospin symmetry requires 〈δB δI3〉 = 0:

χQ =
1

V T

〈

(δQ)2
〉

=
1

4
χB + χI . (3)

Eq. (2) then implies that the charge susceptibility di-
verges at the critical point, due to the divergence of χB.
We now wish to relate the susceptibilities χB, χI and

χQ to observable particle number fluctuations. For sim-
plicity, we shall limit our discussion by considering only
protons, neutrons and pions. Accounting for other par-
ticles will not alter our conclusions. In the hadron lan-
guage, the susceptibilities may be written as

χB =
1

V T

〈

(δNp−p̄ + δNn−n̄)
2
〉

χI =
1

V T

〈

(

1

2
δNp−p̄ −

1

2
δNn−n̄ + δNπ+−π−

)2
〉

(4)

and

χQ =
1

V T

〈

(δNp−p̄ + δNπ+−π−)2
〉

(5)

where we introduced notation Np−p̄ ≡ Np − Np̄ for the
net proton number fluctuation, with δ denoting event-
by-event deviation from the equilibrium value. Similar
notations are used for neutrons and pions.

Now we concentrate on singular parts of the suscep-
tibilities and ask a question: what does (2) imply for
the individual particle number fluctuations? It is easy to
check that the following set of relations between singular
parts of the particle correlators reproduces the correct
singular behavior given in (2):

〈δNp−p̄ δNp−p̄〉 = 〈δNn−n̄δNn−n̄〉 = 〈δNp−p̄ δNn−n̄〉
〈δNπ+−π−δNπ+−π−〉 = 0

〈δNp−p̄ δNπ+−π−〉 = 〈δNn−n̄δNπ+−π−〉 = 0

(singular parts only). (6)

Some of these equations follow trivially from isospin in-
variance, but some, for instance, the last equation on the
first line and that on the second line, require a stronger
condition. Such relations occur naturally if we attribute
the divergences to the exchange of a sigma meson, which
is an isospin singlet. Using eqs. (6) we obtain

χB =
4

V T
〈δNp−p̄ δNp−p̄〉 ,

χI = 0,

χQ =
1

V T
〈δNp−p̄ δNp−p̄〉 .

(singular parts only) (7)

Remarkably, the singular part of the charge fluctuation
comes from the protons. In other words, had we con-
sidered only contributions from charged pions in χQ, the
singular parts of π+π+, π−π−, π+π− correlators (all are
singular at the critical point [4]) would have canceled each
other. We see also that the proton number fluctuation
completely reflects the singularity of the baryon number
susceptibility, which justifies its use as a sensible probe
of the QCD critical end-point.
To provide a simple estimate of how large the net

proton number fluctuation can become near the critical
point, we begin by calculating the correlator

〈δnpδnk〉, (8)

where np is the net proton number in the momentum bin
labeled by the value p. In addition to the usual statis-
tical fluctuation, the correlator (8) receives a contribu-
tion from the effective interaction with the sigma field
σ, Lσpp = gσP̄P , where g is the dimensionless sigma-
nucleon coupling and P is the Dirac field of a proton. All
fluctuation observables of the protons can be constructed
from (8) [3, 13].
Near the critical point, the singular term in (8) is repre-

sented by a diagram of forward proton-proton scattering.
A straightforward calculation following [13] gives,

V 〈δnpδnk〉 =
g2

m2
σT

4m2

EpEk

[

n+
p (1− n+

p )− n−
p (1− n−

p )
]

×
[

n+
k (1 − n+

k )− n−

k (1 − n−

k )
]

(singular part only) (9)

wherem = 940 MeV is the proton mass, Ep =
√

p2 +m2

and n±
p = [exp {(Ep ∓ µB)/T }+ 1]−1, while mσ = 1/ξ

is the sigma meson (screening) mass.
Let us compare the singularity in (9) to the singularity

in (2). The exponent γ/ν = 2− η in (2) is very close to 2

translate

into MaxEnt

Connecting Hydro & Particle Fluctuations
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We propose a general approach to freezing out fluctuations in heavy-ion collisions using the prin-
ciple of maximum entropy. We find the results naturally expressed as a direct relationship between
the irreducible relative correlators quantifying the deviations of hydrodynamic as well as hadron gas
fluctuations from the ideal hadron gas baseline. The method also allows us to determine heretofore
unknown parameters crucial for the freezeout of fluctuations near the QCD critical point in terms
of the QCD equation of state.

Introduction — Mapping the phase diagram of
QCD is the primary goal of heavy-ion collision experi-
ments [1, 2]. Fluctuations carry important information
about the phase diagram. In particular, non-monotonic
behavior of fluctuation measures is a signature of the
QCD critical point [3–7]. Fluctuations are also impor-
tant for the study of hydrodynamics in small systems
as well as understanding of initial conditions [8]. Non-
equilibrium dynamics of fluctuations is important in gen-
eral, and of particular importance is the dynamics of the
non-Gaussian fluctuations near the critical point. For
many of these reasons evolution of fluctuations in hydro-
dynamics has been intensively studied recently [9–24].

Freezeout (particlization) is the crucial step in trans-
lating hydrodynamic fluctuations into fluctuations and
correlations of particles observed in experiment. There
have been attempts to develop appropriate procedure
for fluctuation freezeout, starting from Ref.[9]. One of
the known problems is the proper separation of the triv-
ial (single-particle) contribution from the multi-particle
fluctuations induced by hydrodynamic correlations. This
problem was addressed in [10, 25] for one particular case
of charge diffusion, but a general solution is still lacking,
especially for non-Gaussian fluctuations. Indeed, freeze-
out of non-Gaussian out-of-equilibrium fluctuations have
not yet been adequately addressed, except for a proposal
in Ref. [24], where the procedure introduced earlier for
equilibrium fluctuations was straightforwardly general-
ized in a somewhat ad hoc manner. Even in this case,
the proposal is limited to leading (most singular) critical
contribution to fluctuations. While fluctuating hydro-
dynamics itself obeys conservation laws, implementing
these laws at freezeout is a nontrivial issue [26].

In this Letter we introduce a very general method of
freezing out fluctuations based on the principle of maxi-
mum entropy. In this approach the fluctuations of con-
served quantities are matched exactly (i.e., not only the
leading critical contribution) between the hydrodynamic
and the kinetic (particlized) side of the freezeout transi-
tion as dictated by conservation laws. The distribution of
fluctuations across particle momenta is then determined
by maximizing the entropy of fluctuations – an object we
introduce in this paper, which is mathematically similar

to the n-PI action of the quantum field theory. The en-
tropy of fluctuations has also a lot in common with the
concept of relative entropy, which, in this case, measures
the amount of entropy deficit of a system with known
correlations (relative to the most agnostic state corre-
sponding to complete thermal equilibrium).

Of course, freezeout procedure, being essential for
translating hydrodynamics into particle observables, has
been known for a long time in the form introduced
by Cooper and Frye [27]. This procedure, however,
could only deal with mean hydrodynamic quantities, i.e.,
single-particle observables. It does not address the ques-
tion of how to freeze out the fluctuating hydrodynamics.

In this Letter we apply the general principle of max-
imum entropy to the long-standing problem of the fluc-
tuation freezeout and obtain several novel results, which
non-trivially match some of the existing approaches to
freezeout in the literature, while augmenting or correct-
ing others. Most importantly, the new approach allows
us to tackle the problem of the freezeout of non-Gaussian
fluctuations, in and out of equilibrium. Furthermore we
are now able to determine some of the thus far unknown
parameters crucial for the freezeout of the fluctuations
near the critical point.

Setup and main result — The principle of max-
imum entropy has been applied recently to implement
freezeout of mean hydrodynamic variables into single-
particle observables in Ref. [28]. The procedure repro-
duces the Cooper-Frye procedure when non-equilibrium
effects are ignored, but allows systematic incorporation of
non-equilibrium, dissipative effects. Let us, therefore, be-
gin by briefly reviewing the maximum entropy freezeout
in the simplest case of mean quantities in equilibrium.

The aim is to find the phase space distribution function
fA ≡ fÃ(xA), where by A we denote a composite index
describing discrete quantum numbers of particles such as
spin or baryon number (qA) as well their momenta pA
(collectively Ã) and the coordinate xA. In other words,
A labels a “cell” in the phase space. In position space
this cell matches a hydrodynamic cell, which has a small
but macroscopic size. The function fA is the mean oc-
cupation number of the available single-particle states
in the cell A. It must be such that the conserved hy-

4

GABCD =

(

CQRST +
[
3GY XCY QRCXST

]

QRST

+
{
Habcd − P a

I P
b
JP

c
KP d

L

(
GIMGJNGKOGLPCMNOP

+ 3G→1

XY

[
GY IJGXKL

]

IJKL

)}

× (H→1P )aQ(H
→1P )bR(H

→1P )cS(H
→1P )dT

)

×GQAGRBGSCGTD , (13)

where CAB... ≡ δnS/(δfAδfB . . . ) and we used the no-
tation [. . . ]ABC... for average over the permutations of
indices.
Equations (9), (12) and (13) can be solved for correla-

tors Gn iteratively. However, the structure of these equa-
tions is somewhat easier to appreciate in the linearized
limit, applicable when the correlations relative to hadron
gas, i.e., Gn − Ḡn ≡ :Gn :≡ ∆Gn, are sufficiently small
(a reasonable approximation for heavy-ion collisions). In
this limit the solution can be expressed compactly by
Eq. (5), or, with summation/integration implied, as

∆̂GAB... = ∆̂Hab...(H̄
→1PḠ)aA(H̄

→1PḠ)bB . . . , (14)

in terms of the correlators ∆̂Gn and ∆̂Hn, which could be
termed irreducible relative (connected) correlators (IRC).
These correlators quantify “genuine” (i.e., not reducible
to lower-order correlations) n-point correlations in Gn

relative to the ideal hadron gas Ḡn. This is achieved by
recursively subtracting these lower-order correlations:

∆̂GAB ≡ ∆GAB ;

∆̂GABC ≡
[
∆GABC − 3∆̂GAD(Ḡ→1Ḡ3)DBC

]

ABC

∆̂GABCD ≡
[
∆GABCD − 6∆̂GABF (Ḡ

→1Ḡ3)FCD ;

− 4∆̂GAF (Ḡ
→1Ḡ4)FBCD

− 3∆̂GEF (Ḡ
→1Ḡ3)EAB(Ḡ

→1Ḡ3)FCD

]

ABCD
. (15)

Similar relations define IRCs ∆̂Hn of hydrodynamic vari-
ables, with H instead of G and indices ab . . . instead of
AB . . . .
Note that the factors (Ḡ→1Ḡn)ABC... ≡ Ḡ→1

AXḠXBC...

in Eq. (15), in the case of negligible quantum statistics ef-
fects (or θA = 0 in Eq. (3)), are equal to δABC.... Thus, in
this case, the IRCs ∆̂Gn coincide with correlators Cab...

described in Ref.[29], whose phase space integrals give
factorial cumulants. Such correlators and factorial cumu-
lants play important role in the acceptance dependence
of the fluctuation measures [29, 30].
Comparison with existing methods — We can now

compare the results of the maximum entropy approach
with other freezeout procedures used in the literature to
implement freezeout of fluctuations.

Ref. [9] considered fluctuations of fA caused by fluc-
tuations of hydrodynamic parameters such as temper-
ature and chemical potential, Ja in our notations, i.e.,
δfA = (∂fA/∂Ja)δJa = (PḠ)aAδJa , where, as be-
fore, ḠAB = f ′

AδAB. Using hydrodynamic correlators
〈δJaδJb〉 = H→1

ab one then finds:

GAB = H→1

ab (PḠ)aA(PḠ)bB , (16)

as opposed to our Eq. (9). We see that the problem
with Eq. (16) is in the absence of the separate contribu-
tion of the ideal gas fluctuations, ḠAB = f ′

AδAB, which
matches H̄ in hydrodynamics, but does not describe cor-
relations between two different particles [10, 25]. While
the approach of Ref.[9] could satisfy the constraints (4),
it does so, in part, via spurious two-particle correlations.
This problem was addressed in Ref. [10, 25] for charge
fluctuations, where the ideal gas (Poisson) contribution
to H was subtracted before applying “freezeout (ther-
mal) smearing” to the remainder, H − H̄ in our nota-
tions. Thus, maximum entropy approach reproduces, in
Eq. (14), the procedure in Ref. [10, 25] for two-point
correlators. The subtractions of lower order terms in
Eqs. (15) generalize this procedure to higher-order corre-
lators.
Fluctuations near the QCD critical point in equilib-

rium have been described by considering a fluctuating
critical mode σ coupled to the observed particles via their
σ-dependent masses Refs. [3–7, 39]. This approach was
further generalized in Ref. [24] to non-equilibrium critical
fluctuations by mapping the correlators of σ to correla-
tors of the specific entropy m ≡ s/n – the critical field in
Hydro+ [11]. We can now compare this approach to the
result of the maximum entropy method by considering
only the matrix element Hmm of hydrodynamic correla-
tor H corresponding to the fluctuations of the specific
entropy m.
Furthermore, since this approach only considers the

leading (most singular) critical contribution, for our com-
parison, we can neglect lower-order correlations, which
contribute subleading behavior in terms of the depen-
dence on the correlation length near the critical point [5].
In practice this means ∆̂Gn = ∆Gn up to subleading
(less critical) terms.
Translating the freezeout prescription of Ref. [24] into

our notations we find:

∆GAB =
gAgB
ZT 2

mA

EA

mB

EB
∆Hmmf ′

Af
′

B , (17)

where gA,B and Z are parameters describing the coupling
of σ to particles A,B (see Ref. [24]). The maximum
entropy freezeout gives

∆GAB = ∆Hmm(H̄→1PḠ)mA(H̄
→1PḠ)mB . (18)

Comparing Eqs. (17) and (18) we find that they could
be reconciled if gA had particle energy dependence given
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the collision history, due to charge conservation [6, 7].
The charge fluctuation magnitude per entropy is a mea-
sure of the charge per particle or degree of freedom. In
the quark-gluon plasma (QGP) the charge per degree of
freedom is smaller. If the charge fluctuation is equilibrat-
ing too slowly, the observed value will be smaller than
the equilibrium magnitude which can be calculated us-
ing the resonance gas [5]. However, the estimates of the
charge diffusion [21] suggest that for the rapidity windows
achievable in present experiments charge diffusion is very
efficient in equilibrating charge fluctuations, thus practi-
cally washing out the “history” effects. Experimentally,
the QGP suppression of the charge fluctuation is not seen
[22, 23], which is consistent with the diffusion estimates
[21]. The effect of the critical fluctuations we are dis-
cussing here is crucially different from the QGP suppres-
sion. While the latter is the “history” effect, the critical
fluctuations are the equilibrium fluctuations pertaining
to the freezeout point, and the diffusion is necessary to
establish them.

The measure of charge fluctuations, the charge number
susceptibility, χQ, can be expressed in terms of χB and
χI using the relation Q = B/2 + I3 and the fact that
isospin symmetry requires 〈δB δI3〉 = 0:

χQ =
1

V T

〈

(δQ)2
〉

=
1

4
χB + χI . (3)

Eq. (2) then implies that the charge susceptibility di-
verges at the critical point, due to the divergence of χB.
We now wish to relate the susceptibilities χB, χI and

χQ to observable particle number fluctuations. For sim-
plicity, we shall limit our discussion by considering only
protons, neutrons and pions. Accounting for other par-
ticles will not alter our conclusions. In the hadron lan-
guage, the susceptibilities may be written as

χB =
1

V T

〈

(δNp−p̄ + δNn−n̄)
2
〉

χI =
1

V T

〈

(

1

2
δNp−p̄ −

1

2
δNn−n̄ + δNπ+−π−

)2
〉

(4)

and

χQ =
1

V T

〈

(δNp−p̄ + δNπ+−π−)2
〉

(5)

where we introduced notation Np−p̄ ≡ Np − Np̄ for the
net proton number fluctuation, with δ denoting event-
by-event deviation from the equilibrium value. Similar
notations are used for neutrons and pions.

Now we concentrate on singular parts of the suscep-
tibilities and ask a question: what does (2) imply for
the individual particle number fluctuations? It is easy to
check that the following set of relations between singular
parts of the particle correlators reproduces the correct
singular behavior given in (2):

〈δNp−p̄ δNp−p̄〉 = 〈δNn−n̄δNn−n̄〉 = 〈δNp−p̄ δNn−n̄〉
〈δNπ+−π−δNπ+−π−〉 = 0

〈δNp−p̄ δNπ+−π−〉 = 〈δNn−n̄δNπ+−π−〉 = 0

(singular parts only). (6)

Some of these equations follow trivially from isospin in-
variance, but some, for instance, the last equation on the
first line and that on the second line, require a stronger
condition. Such relations occur naturally if we attribute
the divergences to the exchange of a sigma meson, which
is an isospin singlet. Using eqs. (6) we obtain

χB =
4

V T
〈δNp−p̄ δNp−p̄〉 ,

χI = 0,

χQ =
1

V T
〈δNp−p̄ δNp−p̄〉 .

(singular parts only) (7)

Remarkably, the singular part of the charge fluctuation
comes from the protons. In other words, had we con-
sidered only contributions from charged pions in χQ, the
singular parts of π+π+, π−π−, π+π− correlators (all are
singular at the critical point [4]) would have canceled each
other. We see also that the proton number fluctuation
completely reflects the singularity of the baryon number
susceptibility, which justifies its use as a sensible probe
of the QCD critical end-point.
To provide a simple estimate of how large the net

proton number fluctuation can become near the critical
point, we begin by calculating the correlator

〈δnpδnk〉, (8)

where np is the net proton number in the momentum bin
labeled by the value p. In addition to the usual statis-
tical fluctuation, the correlator (8) receives a contribu-
tion from the effective interaction with the sigma field
σ, Lσpp = gσP̄P , where g is the dimensionless sigma-
nucleon coupling and P is the Dirac field of a proton. All
fluctuation observables of the protons can be constructed
from (8) [3, 13].
Near the critical point, the singular term in (8) is repre-

sented by a diagram of forward proton-proton scattering.
A straightforward calculation following [13] gives,

V 〈δnpδnk〉 =
g2

m2
σT

4m2

EpEk

[

n+
p (1− n+

p )− n−
p (1− n−

p )
]

×
[

n+
k (1 − n+

k )− n−

k (1 − n−

k )
]

(singular part only) (9)

wherem = 940 MeV is the proton mass, Ep =
√

p2 +m2

and n±
p = [exp {(Ep ∓ µB)/T }+ 1]−1, while mσ = 1/ξ

is the sigma meson (screening) mass.
Let us compare the singularity in (9) to the singularity

in (2). The exponent γ/ν = 2− η in (2) is very close to 2
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by the factor Pm
A = (EA − wqA/n) /(nT )δ3(xm − xA) –

the contribution of particle A to the fluctuation of m =
s/n. The absence of the energy dependence of gA in
Eq. (17) is a consequence of the simplifying assumption
that the field σ couples to mass term. Maximum entropy
method allows us to relax this assumption and determine
the “coupling” gA together with its energy dependence
from the equation of state (EOS) of QCD:

gA =
√
Z
EA

mA

(
H̄→1

)
mm

wc

nc

(
EA

wc
−

qA
nc

)
, (19)

where (H̄→1)mm is the hadron gas contribution to the
fluctuations of specific entropy m, which can be also
found from the non-singular contribution to the EOS [40]
as (H̄→1)mm = n2/c̄p.
Since the QCD EOS is not known (yet), we shall

demonstrate how to estimate gA using the parametric
EOS introduced in Ref. [40]. First, following Ref. [24],
we find Z by matching the leading singularity in the QCD
EOS to that in the Ising model:

Z = lim
T,µ→Tc ,µc

cpT

n2(T ξ)2→η
=

M0T 4
c

h0n2
c(Tcξ0)2→η

×
(
cotα1 −

sc
nc

)2 [ sinα1

w sin(α1 − α2)

]2
, (20)

where w, α1,2 and ξ0 are parameters, defined in Refs. [40,
41], which control the orientation and strength of the
critical point singularity located at T = Tc and µ = µc,
with enthalpy given by wc = ncµc + scTc. The same
expression as in the square brackets determines the width
of the critical region [42]. The values of M0 and h0 are
fixed in Ref. [40].
Defining ĝA so that gA ≡ ĝA sinα1/[w sin(α1 − α2)],

we can use parameters in Refs.[40, 41] (µc = 350MeV,
Tc = 143.2MeV, ξ0 = 1 fm) to estimate the values of
the couplings at zero momentum (pA = 0): ĝp,0 ≈ −3.1,
ĝπ,0 ≈ 0.18, ĝp̄,0 ≈ 5.5.
The approach in Refs. [3–7, 24, 39] leading to Eq. (17)

leaves not only the magnitude, but also the sign of gA
undetermined. While the overall sign can be changed by
redefining the critical field σ, the relative sign of gA for
different particles, or different momenta of the same par-
ticle, i.e., different A, is not arbitrary and can be found
in the maximum entropy approach using Eq. (19).
Thus, we find that the critical mode coupling to (low

momentum) protons is opposite in sign from the coupling
to either pions or antiprotons. This can be traced back
to the fact that fluctuations of the number of protons
contribute to the fluctuations of the ratio s/n with op-
posite sign from that of pions or antiprotons, since pions
contribute to the numerator, while protons (mostly) to
the denominator of the ratio.
Experimental implications of the changing sign of gA ∼

Pm
A could be studied by considering cross-species corre-

lators discussed in Ref.[6] or correlations between par-
ticles with different momenta, i.e., A '= B. In both
cases one would expect anticorrelation when the prod-
uct gAgB ∼ Pm

A Pm
B is negative.

Conclusions — Maximum entropy principle is
widely used in many applications in statistics, infor-
mation theory, economics, biology and bioinformatics,
data science, computation, pattern recognition, etc. Of
course, thermodynamics itself is based on that very prin-
ciple. The thermodynamic state is, by definition, the
state of maximum entropy, i.e., the most likely ensem-
ble of microscopic states, given the known (i.e., mea-
sured) properties of the system, such as total energy. The
application to freezeout could be viewed as answering
the question of what is the most likely ensemble of free-
streaming particles after freezeout given the information
about the hydrodynamic conditions before the freezeout.
The key idea is that this information could include

not only the values of mean quantities but also of the
hydrodynamic fluctuations (i.e., correlators Hn) out of
equilibrium. These can be obtained, for example, from
a Hydro+ calculation [11, 20, 21, 24], or by solving full
hydrodynamic fluctuation equations [18, 19, 22]. Maxi-
mum entropy freezeout then determines the most likely
ensemble of free-streaming final particles which matches
all this available information (equation of state and the
predictions of hydrodynamics with fluctuations).
Remarkably, the results are consistent with the pic-

ture, already considered in the literature, of hadron gas
coupled to fluctuating fields inducing correlations. This
not only corroborates the picture, but provides a non-
trivial insight into the entropic origin of the correlations.
Crucial for practical applications, the maximum entropy
approach provides information about the couplings de-
termining the magnitude of the correlations as well as
the generalization to non-Gaussian fluctuations in or out
of equilibrium.
Obviously, it would be very interesting to implement

this novel approach in heavy-ion collision simulations to
explore the potential implications and to compare the
results with experimental data. In particular, the data
from the Beam Energy Scan at RHIC, whose results are
being analyzed by the STAR collaboration at this time.
Such applications are beyond the scope of this Letter and
we defer these investigations to future work.
We thank K. Rajagopal and Y. Yin for helpful com-

ments. This work is supported by the U.S. Department
of Energy, Office of Science, Office of Nuclear Physics
within the framework of the BEST Topical Collabora-
tion and grant No. DE-FG0201ER41195.

Extract unknown coupling 
in terms of EoS properties:

, Z ∝
sin(α1)

w sin(α1 − α2)
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Maximum entropy freezeout of hydrodynamic fluctuations
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We propose a general approach to freezing out fluctuations in heavy-ion collisions using the prin-
ciple of maximum entropy. We find the results naturally expressed as a direct relationship between
the irreducible relative correlators quantifying the deviations of hydrodynamic as well as hadron gas
fluctuations from the ideal hadron gas baseline. The method also allows us to determine heretofore
unknown parameters crucial for the freezeout of fluctuations near the QCD critical point in terms
of the QCD equation of state.

Introduction — Mapping the phase diagram of
QCD is the primary goal of heavy-ion collision experi-
ments [1, 2]. Fluctuations carry important information
about the phase diagram. In particular, non-monotonic
behavior of fluctuation measures is a signature of the
QCD critical point [3–7]. Fluctuations are also impor-
tant for the study of hydrodynamics in small systems
as well as understanding of initial conditions [8]. Non-
equilibrium dynamics of fluctuations is important in gen-
eral, and of particular importance is the dynamics of the
non-Gaussian fluctuations near the critical point. For
many of these reasons evolution of fluctuations in hydro-
dynamics has been intensively studied recently [9–24].

Freezeout (particlization) is the crucial step in trans-
lating hydrodynamic fluctuations into fluctuations and
correlations of particles observed in experiment. There
have been attempts to develop appropriate procedure
for fluctuation freezeout, starting from Ref.[9]. One of
the known problems is the proper separation of the triv-
ial (single-particle) contribution from the multi-particle
fluctuations induced by hydrodynamic correlations. This
problem was addressed in [10, 25] for one particular case
of charge diffusion, but a general solution is still lacking,
especially for non-Gaussian fluctuations. Indeed, freeze-
out of non-Gaussian out-of-equilibrium fluctuations have
not yet been adequately addressed, except for a proposal
in Ref. [24], where the procedure introduced earlier for
equilibrium fluctuations was straightforwardly general-
ized in a somewhat ad hoc manner. Even in this case,
the proposal is limited to leading (most singular) critical
contribution to fluctuations. While fluctuating hydro-
dynamics itself obeys conservation laws, implementing
these laws at freezeout is a nontrivial issue [26].

In this Letter we introduce a very general method of
freezing out fluctuations based on the principle of maxi-
mum entropy. In this approach the fluctuations of con-
served quantities are matched exactly (i.e., not only the
leading critical contribution) between the hydrodynamic
and the kinetic (particlized) side of the freezeout transi-
tion as dictated by conservation laws. The distribution of
fluctuations across particle momenta is then determined
by maximizing the entropy of fluctuations – an object we
introduce in this paper, which is mathematically similar

to the n-PI action of the quantum field theory. The en-
tropy of fluctuations has also a lot in common with the
concept of relative entropy, which, in this case, measures
the amount of entropy deficit of a system with known
correlations (relative to the most agnostic state corre-
sponding to complete thermal equilibrium).

Of course, freezeout procedure, being essential for
translating hydrodynamics into particle observables, has
been known for a long time in the form introduced
by Cooper and Frye [27]. This procedure, however,
could only deal with mean hydrodynamic quantities, i.e.,
single-particle observables. It does not address the ques-
tion of how to freeze out the fluctuating hydrodynamics.

In this Letter we apply the general principle of max-
imum entropy to the long-standing problem of the fluc-
tuation freezeout and obtain several novel results, which
non-trivially match some of the existing approaches to
freezeout in the literature, while augmenting or correct-
ing others. Most importantly, the new approach allows
us to tackle the problem of the freezeout of non-Gaussian
fluctuations, in and out of equilibrium. Furthermore we
are now able to determine some of the thus far unknown
parameters crucial for the freezeout of the fluctuations
near the critical point.

Setup and main result — The principle of max-
imum entropy has been applied recently to implement
freezeout of mean hydrodynamic variables into single-
particle observables in Ref. [28]. The procedure repro-
duces the Cooper-Frye procedure when non-equilibrium
effects are ignored, but allows systematic incorporation of
non-equilibrium, dissipative effects. Let us, therefore, be-
gin by briefly reviewing the maximum entropy freezeout
in the simplest case of mean quantities in equilibrium.

The aim is to find the phase space distribution function
fA ≡ fÃ(xA), where by A we denote a composite index
describing discrete quantum numbers of particles such as
spin or baryon number (qA) as well their momenta pA
(collectively Ã) and the coordinate xA. In other words,
A labels a “cell” in the phase space. In position space
this cell matches a hydrodynamic cell, which has a small
but macroscopic size. The function fA is the mean oc-
cupation number of the available single-particle states
in the cell A. It must be such that the conserved hy-

4

GABCD =

(

CQRST +
[
3GY XCY QRCXST

]

QRST

+
{
Habcd − P a

I P
b
JP

c
KP d

L

(
GIMGJNGKOGLPCMNOP

+ 3G→1

XY

[
GY IJGXKL

]

IJKL

)}

× (H→1P )aQ(H
→1P )bR(H

→1P )cS(H
→1P )dT

)

×GQAGRBGSCGTD , (13)

where CAB... ≡ δnS/(δfAδfB . . . ) and we used the no-
tation [. . . ]ABC... for average over the permutations of
indices.
Equations (9), (12) and (13) can be solved for correla-

tors Gn iteratively. However, the structure of these equa-
tions is somewhat easier to appreciate in the linearized
limit, applicable when the correlations relative to hadron
gas, i.e., Gn − Ḡn ≡ :Gn :≡ ∆Gn, are sufficiently small
(a reasonable approximation for heavy-ion collisions). In
this limit the solution can be expressed compactly by
Eq. (5), or, with summation/integration implied, as

∆̂GAB... = ∆̂Hab...(H̄
→1PḠ)aA(H̄

→1PḠ)bB . . . , (14)

in terms of the correlators ∆̂Gn and ∆̂Hn, which could be
termed irreducible relative (connected) correlators (IRC).
These correlators quantify “genuine” (i.e., not reducible
to lower-order correlations) n-point correlations in Gn

relative to the ideal hadron gas Ḡn. This is achieved by
recursively subtracting these lower-order correlations:

∆̂GAB ≡ ∆GAB ;

∆̂GABC ≡
[
∆GABC − 3∆̂GAD(Ḡ→1Ḡ3)DBC

]

ABC

∆̂GABCD ≡
[
∆GABCD − 6∆̂GABF (Ḡ

→1Ḡ3)FCD ;

− 4∆̂GAF (Ḡ
→1Ḡ4)FBCD

− 3∆̂GEF (Ḡ
→1Ḡ3)EAB(Ḡ

→1Ḡ3)FCD

]

ABCD
. (15)

Similar relations define IRCs ∆̂Hn of hydrodynamic vari-
ables, with H instead of G and indices ab . . . instead of
AB . . . .
Note that the factors (Ḡ→1Ḡn)ABC... ≡ Ḡ→1

AXḠXBC...

in Eq. (15), in the case of negligible quantum statistics ef-
fects (or θA = 0 in Eq. (3)), are equal to δABC.... Thus, in
this case, the IRCs ∆̂Gn coincide with correlators Cab...

described in Ref.[29], whose phase space integrals give
factorial cumulants. Such correlators and factorial cumu-
lants play important role in the acceptance dependence
of the fluctuation measures [29, 30].
Comparison with existing methods — We can now

compare the results of the maximum entropy approach
with other freezeout procedures used in the literature to
implement freezeout of fluctuations.

Ref. [9] considered fluctuations of fA caused by fluc-
tuations of hydrodynamic parameters such as temper-
ature and chemical potential, Ja in our notations, i.e.,
δfA = (∂fA/∂Ja)δJa = (PḠ)aAδJa , where, as be-
fore, ḠAB = f ′

AδAB. Using hydrodynamic correlators
〈δJaδJb〉 = H→1

ab one then finds:

GAB = H→1

ab (PḠ)aA(PḠ)bB , (16)

as opposed to our Eq. (9). We see that the problem
with Eq. (16) is in the absence of the separate contribu-
tion of the ideal gas fluctuations, ḠAB = f ′

AδAB, which
matches H̄ in hydrodynamics, but does not describe cor-
relations between two different particles [10, 25]. While
the approach of Ref.[9] could satisfy the constraints (4),
it does so, in part, via spurious two-particle correlations.
This problem was addressed in Ref. [10, 25] for charge
fluctuations, where the ideal gas (Poisson) contribution
to H was subtracted before applying “freezeout (ther-
mal) smearing” to the remainder, H − H̄ in our nota-
tions. Thus, maximum entropy approach reproduces, in
Eq. (14), the procedure in Ref. [10, 25] for two-point
correlators. The subtractions of lower order terms in
Eqs. (15) generalize this procedure to higher-order corre-
lators.
Fluctuations near the QCD critical point in equilib-

rium have been described by considering a fluctuating
critical mode σ coupled to the observed particles via their
σ-dependent masses Refs. [3–7, 39]. This approach was
further generalized in Ref. [24] to non-equilibrium critical
fluctuations by mapping the correlators of σ to correla-
tors of the specific entropy m ≡ s/n – the critical field in
Hydro+ [11]. We can now compare this approach to the
result of the maximum entropy method by considering
only the matrix element Hmm of hydrodynamic correla-
tor H corresponding to the fluctuations of the specific
entropy m.
Furthermore, since this approach only considers the

leading (most singular) critical contribution, for our com-
parison, we can neglect lower-order correlations, which
contribute subleading behavior in terms of the depen-
dence on the correlation length near the critical point [5].
In practice this means ∆̂Gn = ∆Gn up to subleading
(less critical) terms.
Translating the freezeout prescription of Ref. [24] into

our notations we find:

∆GAB =
gAgB
ZT 2

mA

EA

mB

EB
∆Hmmf ′

Af
′

B , (17)

where gA,B and Z are parameters describing the coupling
of σ to particles A,B (see Ref. [24]). The maximum
entropy freezeout gives

∆GAB = ∆Hmm(H̄→1PḠ)mA(H̄
→1PḠ)mB . (18)

Comparing Eqs. (17) and (18) we find that they could
be reconciled if gA had particle energy dependence given
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the collision history, due to charge conservation [6, 7].
The charge fluctuation magnitude per entropy is a mea-
sure of the charge per particle or degree of freedom. In
the quark-gluon plasma (QGP) the charge per degree of
freedom is smaller. If the charge fluctuation is equilibrat-
ing too slowly, the observed value will be smaller than
the equilibrium magnitude which can be calculated us-
ing the resonance gas [5]. However, the estimates of the
charge diffusion [21] suggest that for the rapidity windows
achievable in present experiments charge diffusion is very
efficient in equilibrating charge fluctuations, thus practi-
cally washing out the “history” effects. Experimentally,
the QGP suppression of the charge fluctuation is not seen
[22, 23], which is consistent with the diffusion estimates
[21]. The effect of the critical fluctuations we are dis-
cussing here is crucially different from the QGP suppres-
sion. While the latter is the “history” effect, the critical
fluctuations are the equilibrium fluctuations pertaining
to the freezeout point, and the diffusion is necessary to
establish them.

The measure of charge fluctuations, the charge number
susceptibility, χQ, can be expressed in terms of χB and
χI using the relation Q = B/2 + I3 and the fact that
isospin symmetry requires 〈δB δI3〉 = 0:

χQ =
1

V T

〈

(δQ)2
〉

=
1

4
χB + χI . (3)

Eq. (2) then implies that the charge susceptibility di-
verges at the critical point, due to the divergence of χB.
We now wish to relate the susceptibilities χB, χI and

χQ to observable particle number fluctuations. For sim-
plicity, we shall limit our discussion by considering only
protons, neutrons and pions. Accounting for other par-
ticles will not alter our conclusions. In the hadron lan-
guage, the susceptibilities may be written as

χB =
1

V T

〈

(δNp−p̄ + δNn−n̄)
2
〉

χI =
1

V T

〈

(

1

2
δNp−p̄ −

1

2
δNn−n̄ + δNπ+−π−

)2
〉

(4)

and

χQ =
1

V T

〈

(δNp−p̄ + δNπ+−π−)2
〉

(5)

where we introduced notation Np−p̄ ≡ Np − Np̄ for the
net proton number fluctuation, with δ denoting event-
by-event deviation from the equilibrium value. Similar
notations are used for neutrons and pions.

Now we concentrate on singular parts of the suscep-
tibilities and ask a question: what does (2) imply for
the individual particle number fluctuations? It is easy to
check that the following set of relations between singular
parts of the particle correlators reproduces the correct
singular behavior given in (2):

〈δNp−p̄ δNp−p̄〉 = 〈δNn−n̄δNn−n̄〉 = 〈δNp−p̄ δNn−n̄〉
〈δNπ+−π−δNπ+−π−〉 = 0

〈δNp−p̄ δNπ+−π−〉 = 〈δNn−n̄δNπ+−π−〉 = 0

(singular parts only). (6)

Some of these equations follow trivially from isospin in-
variance, but some, for instance, the last equation on the
first line and that on the second line, require a stronger
condition. Such relations occur naturally if we attribute
the divergences to the exchange of a sigma meson, which
is an isospin singlet. Using eqs. (6) we obtain

χB =
4

V T
〈δNp−p̄ δNp−p̄〉 ,

χI = 0,

χQ =
1

V T
〈δNp−p̄ δNp−p̄〉 .

(singular parts only) (7)

Remarkably, the singular part of the charge fluctuation
comes from the protons. In other words, had we con-
sidered only contributions from charged pions in χQ, the
singular parts of π+π+, π−π−, π+π− correlators (all are
singular at the critical point [4]) would have canceled each
other. We see also that the proton number fluctuation
completely reflects the singularity of the baryon number
susceptibility, which justifies its use as a sensible probe
of the QCD critical end-point.
To provide a simple estimate of how large the net

proton number fluctuation can become near the critical
point, we begin by calculating the correlator

〈δnpδnk〉, (8)

where np is the net proton number in the momentum bin
labeled by the value p. In addition to the usual statis-
tical fluctuation, the correlator (8) receives a contribu-
tion from the effective interaction with the sigma field
σ, Lσpp = gσP̄P , where g is the dimensionless sigma-
nucleon coupling and P is the Dirac field of a proton. All
fluctuation observables of the protons can be constructed
from (8) [3, 13].
Near the critical point, the singular term in (8) is repre-

sented by a diagram of forward proton-proton scattering.
A straightforward calculation following [13] gives,

V 〈δnpδnk〉 =
g2

m2
σT

4m2

EpEk

[

n+
p (1− n+

p )− n−
p (1− n−

p )
]

×
[

n+
k (1 − n+

k )− n−

k (1 − n−

k )
]

(singular part only) (9)

wherem = 940 MeV is the proton mass, Ep =
√

p2 +m2

and n±
p = [exp {(Ep ∓ µB)/T }+ 1]−1, while mσ = 1/ξ

is the sigma meson (screening) mass.
Let us compare the singularity in (9) to the singularity

in (2). The exponent γ/ν = 2− η in (2) is very close to 2

translate

into MaxEnt
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by the factor Pm
A = (EA − wqA/n) /(nT )δ3(xm − xA) –

the contribution of particle A to the fluctuation of m =
s/n. The absence of the energy dependence of gA in
Eq. (17) is a consequence of the simplifying assumption
that the field σ couples to mass term. Maximum entropy
method allows us to relax this assumption and determine
the “coupling” gA together with its energy dependence
from the equation of state (EOS) of QCD:

gA =
√
Z
EA

mA

(
H̄→1

)
mm

wc

nc

(
EA

wc
−

qA
nc

)
, (19)

where (H̄→1)mm is the hadron gas contribution to the
fluctuations of specific entropy m, which can be also
found from the non-singular contribution to the EOS [40]
as (H̄→1)mm = n2/c̄p.
Since the QCD EOS is not known (yet), we shall

demonstrate how to estimate gA using the parametric
EOS introduced in Ref. [40]. First, following Ref. [24],
we find Z by matching the leading singularity in the QCD
EOS to that in the Ising model:

Z = lim
T,µ→Tc ,µc

cpT

n2(T ξ)2→η
=

M0T 4
c

h0n2
c(Tcξ0)2→η

×
(
cotα1 −

sc
nc

)2 [ sinα1

w sin(α1 − α2)

]2
, (20)

where w, α1,2 and ξ0 are parameters, defined in Refs. [40,
41], which control the orientation and strength of the
critical point singularity located at T = Tc and µ = µc,
with enthalpy given by wc = ncµc + scTc. The same
expression as in the square brackets determines the width
of the critical region [42]. The values of M0 and h0 are
fixed in Ref. [40].
Defining ĝA so that gA ≡ ĝA sinα1/[w sin(α1 − α2)],

we can use parameters in Refs.[40, 41] (µc = 350MeV,
Tc = 143.2MeV, ξ0 = 1 fm) to estimate the values of
the couplings at zero momentum (pA = 0): ĝp,0 ≈ −3.1,
ĝπ,0 ≈ 0.18, ĝp̄,0 ≈ 5.5.
The approach in Refs. [3–7, 24, 39] leading to Eq. (17)

leaves not only the magnitude, but also the sign of gA
undetermined. While the overall sign can be changed by
redefining the critical field σ, the relative sign of gA for
different particles, or different momenta of the same par-
ticle, i.e., different A, is not arbitrary and can be found
in the maximum entropy approach using Eq. (19).
Thus, we find that the critical mode coupling to (low

momentum) protons is opposite in sign from the coupling
to either pions or antiprotons. This can be traced back
to the fact that fluctuations of the number of protons
contribute to the fluctuations of the ratio s/n with op-
posite sign from that of pions or antiprotons, since pions
contribute to the numerator, while protons (mostly) to
the denominator of the ratio.
Experimental implications of the changing sign of gA ∼

Pm
A could be studied by considering cross-species corre-

lators discussed in Ref.[6] or correlations between par-
ticles with different momenta, i.e., A '= B. In both
cases one would expect anticorrelation when the prod-
uct gAgB ∼ Pm

A Pm
B is negative.

Conclusions — Maximum entropy principle is
widely used in many applications in statistics, infor-
mation theory, economics, biology and bioinformatics,
data science, computation, pattern recognition, etc. Of
course, thermodynamics itself is based on that very prin-
ciple. The thermodynamic state is, by definition, the
state of maximum entropy, i.e., the most likely ensem-
ble of microscopic states, given the known (i.e., mea-
sured) properties of the system, such as total energy. The
application to freezeout could be viewed as answering
the question of what is the most likely ensemble of free-
streaming particles after freezeout given the information
about the hydrodynamic conditions before the freezeout.
The key idea is that this information could include

not only the values of mean quantities but also of the
hydrodynamic fluctuations (i.e., correlators Hn) out of
equilibrium. These can be obtained, for example, from
a Hydro+ calculation [11, 20, 21, 24], or by solving full
hydrodynamic fluctuation equations [18, 19, 22]. Maxi-
mum entropy freezeout then determines the most likely
ensemble of free-streaming final particles which matches
all this available information (equation of state and the
predictions of hydrodynamics with fluctuations).
Remarkably, the results are consistent with the pic-

ture, already considered in the literature, of hadron gas
coupled to fluctuating fields inducing correlations. This
not only corroborates the picture, but provides a non-
trivial insight into the entropic origin of the correlations.
Crucial for practical applications, the maximum entropy
approach provides information about the couplings de-
termining the magnitude of the correlations as well as
the generalization to non-Gaussian fluctuations in or out
of equilibrium.
Obviously, it would be very interesting to implement

this novel approach in heavy-ion collision simulations to
explore the potential implications and to compare the
results with experimental data. In particular, the data
from the Beam Energy Scan at RHIC, whose results are
being analyzed by the STAR collaboration at this time.
Such applications are beyond the scope of this Letter and
we defer these investigations to future work.
We thank K. Rajagopal and Y. Yin for helpful com-

ments. This work is supported by the U.S. Department
of Energy, Office of Science, Office of Nuclear Physics
within the framework of the BEST Topical Collabora-
tion and grant No. DE-FG0201ER41195.
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FIG. 1: Contours of the critical magnitude of the squared correlation length scaled by w
2, ω2QCD/w

2 in units of fω, for
several values of the equation of state parameters w and ε. We have placed the critical point at µc = 600 MeV with
a temperature Tc = 90 MeV chosen so as to put the critical point on the chiral crossover curve estimated from lattice
QCD calculations [83]. We have chosen the second mapping angle to be given by ϑ2 = 0→. The dotted line shows the
Ising h-axis, while the dashed line shows the Ising r-axis which follows the chiral crossover line by construction.

shape of the contours. We see that by increasing ε the contours become stretched along the transition line given by

h = 0. On the other hand, increasing w shrinks the contours around the transition line as well as reducing the overall

magnitude for these contours, indicating the importance of plotting ω
2
QCD/w

2 rather than just ω
2
QCD. In Sect. IV

we shall compare our results for the second moment of the proton multiplicity distribution to ω
2
QCD/w

2 plotted in

Fig. 1. From Refs. [40, 41], we expect that the k
th moment of the proton multiplicity distribution should scale like

g
k
p(ωQCD)↑3+k(5↑ε)/2; so, plotting ω

9/2
QCD/w

3 and ω
7
QCD/w

4 would serve to shape our expectations for the third and

μc = 600 MeV, α2 = 0o (α1 = 16.6o, Tc = 90 MeV)

14

which becomes

ω
2
QCD

w2
→

1

w2/3

(
ε

µ2
c ↑ µ2

)4/3

(15)

upon setting ϑ = 0 and ϖ = 2/3. This confirms that the contours of constant (ωQCD)2/w2 in Fig. 1 should stretch out

along the chiral crossover curve as ε is increased and should compress along the crossover curve as w is increased, as

is indeed manifest in Fig. 1.

In Section IV we shall utilize the perspectives from this Section on how changing the EoS mapping parameters

changes the contours of the correlation length to help us to interpret the behavior of thermodynamic fluctuations just

before freezeout and (via maximum entropy freezeout) the particle multiplicity fluctuations just after freezeout. To

complete our preparations, in the next Subsection we shall review the universal behavior expected for various di!erent

hydrodynamic fluctuations.

C. Hydrodynamic Correlations in Equilibrium

Fluctuations of the hydrodynamic quantities such as the energy density and the baryon number density are charac-

terized by correlation functions. In equilibrium, these correlators are local on the hydrodynamic scales (longer than ω)

and their magnitudes are completely determined by the equation of state, i.e., pressure as a function of temperature

and chemical potential P (T, µ). Taking derivatives of ϱPV (which is the logarithm of the partition function, where V

is the hydrodynamic cell volume) with respect to ϱ ↓ 1/T and µ̂ ↓ µ/T treated as independent variables, one obtains

↔(ςφ)j(ςn)k→j
↗connected =

(↑1)j

V k→1

↼
k(ϱP )

↼ϱj↼µ̂k→j
. (16)

For example, with j = 0 and k = 4 what we are computing is “connected” in the sense that the RHS is in that case

an expression for ↔(ςn)4↗connected = ↔(ςn)4↗ ↑ 3↔(ςn)2↗2. The factor of (↑1)j on the RHS of Eq. (16) arises because

we are di!erentiating j times with respect to ↑ϱ. The 1/V k in Eq. (16) makes the hydrodynamic correlators that we

compute intensive quantities, as can be seen if we rewrite Eq. (16) as

↔(ςφV )j(ςnV )k→j
↗connected = (↑1)j

↼
k(ϱPV )

↼ϱj↼µ̂k→j
. (17)

Here the LHS is clearly extensive and, since φV and nV are extensive and a cumulant of an extensive quantity is

extensive, so is the RHS. Finally, we note that in all subsequent expressions, we shall drop the subscript “connected”;

we shall always be computing the connected correlations (or, later, combinations thereof).

Similar to the decomposition of regular and singular contributions to P in Eq. (1) , we can separate the regular

parts (that we shall evaluate using the hadron resonance gas equation of state) and the singular parts (that we shall

evaluate via mapping the Ising EoS onto the QCD phase diagram) of the connected hydrodynamic correlations at the

Along r-axis:

13

fourth factorial moments of the proton multiplicity distribution. At a qualitative level, however, doing so does not

add to the intuition that we have gained from Fig. 1 for how w and ω control the shape and size of the critical region.

To further understand the relationship between the correlation length and the mapping parameters that we have

visualized in Fig. 1, we shall start from the parametric expression (7) for the correlation length that determines the

leading scaling behavior of ε, and thus, by (10) εQCD. Let us first consider the scaling behavior along the Ising h-axis,

where r = 0. With ϑ2 = 0 as in Fig. 1, this corresponds to the horizontal dotted line depicted on the QCD phase

diagrams there. We can use the expression for r = 0 obtained from (4) to write the Ising variable h along r = 0 (the

h-axis) as

h = → cosϑ1
!T

→

Tcw sin(ϑ1 → ϑ2)
=

µ
2
c → µ

2

2µcTcw cosϑ2
(11)

from which we learn the scaling behavior of the correlation length εQCD along this ϖ = 1 direction, which yields

(εQCD)2↑ω

w2
=

f
2↑ω
ε gε(1)1↑ω/2

w2R(2↑ω)ϑ
=

f
(2↑ω)
ε gε(1)(1↑ω/2)

w2

(
h0h̃(1)

h

)(2↑ω)ϑ/ϖϱ

=
f
2↑ω
ε gε(1)(1↑ω/2)

w2

(
2µcTcwh0h̃(1) cosϑ2

µ2
c → µ2

)(2↑ω)ϑ/ϖϱ

↑
w

↑2+(2↑ω)ϑ/ϖϱ

(µ2
c → µ2)(2↑ω)ϑ/ϖϱ

=
1

w1+1/ϱ (µ2
c → µ2)1↑1/ϱ

, (12)

where we have used Eq. (A1) from Appendix A and the scaling relations ϱd = ς(φ + 1) and 2→ ↼ = d(φ → 1)/(φ + 1).

If we set ↼ = 0 and ϱ = 2/3, which is a good approximation for the 3-dimensional Ising model, this yields φ = 5 and

ε
2
QCD

w2
↑

1

w6/5(µ2
c → µ2)4/5

, (13)

which is a good description of how the contours in Fig. 1 crossing the dotted r = 0 axis compress toward the critical

point as w is decreased and also confirms that – along the dotted line – ε
2
QCD/w

2 does not depend on ω as can be

seen in Fig. 1.

Next, we turn to the scaling behavior along the Ising r-axis, where h = 0, which corresponds to the crossover curve

on the QCD phase diagram. There, ϖ = 0 and R = r and from Eqs. (7) and (4) we obtain

(εQCD)2↑ω

w2
=

f
2↑ω
ε gε(0)1↑ω/2

w2r(2↑ω)ϑ
=

f
2↑ω
ε gε(0)1↑ω/2

w2

(2µcTc ωw cosϑ1

µ2
c → µ2

)(2↑ω)ϑ

↑
1

w2↑(2↑ω)ϑ

(
ω

µ2
c → µ2

)(2↑ω)ϑ

, (14)

Along h-axis:

⟨δnpδnp⟩ =

plot  to relate 
to p fluctuations:

ξ2/w2

⟨δn2
p⟩ ∝ g2

pξ2−η
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FIG. 3: Contours of the critical contribution to V T
→3
c !H2n = V T

→3
c →ωn

2
↑ plotted for various values of the nonuniversal

equation of state mapping parameters w and ε, with µc = 600MeV, Tc = 90 MeV, and ϑ2 = 0↑. The dotted line
reflects this choice of ϑ2 = 0↑ in that it shows the Ising h-axis r = 0, while the dashed line shows the Ising r-axis
h = 0 which, by the construction described in Sect. II, maps onto the crossover curve on the QCD phase diagram.

we begin by observing that the Ising Gibbs free energy scales as

GIsing(r, h) ↓ h
1+1/ω

g
(0)(x) , where x ↔ rh

→1/εω
, (49)

and where the function g
(0)(x) is a universal function of the scaling variable x in the Ising model that is regular at

x = 0 and that behaves as g
(0)(x) ↓ x

ε(1+ω) for x ↗ ↘. For simplicity, here and throughout the following we shall

26

FIG. 2: Three freezeout curves displaced downward relative to the crossover curve !T
→ = 0 (orange) by !Tf = 4, 6

and 9 MeV (solid blue, red and black curves, respectively). By construction, the Ising-r axis maps onto the crossover
curve. Because we have chosen ω2 = 0, the Ising-h axis maps onto the horizontal orange dotted line. The dashed
blue, red and black curves are curves of constant Ising-h that are coincident with the three freezeout curves where the
freezeout curves each cross the Ising-h axis. We see that the freezeout curves are close to being curves of constant h.

that relied upon making a parametrized ansatz for how the correlation length ε varies with T and µB [39]. We

shall see, though, that our results for the fluctuations of thermodynamic quantities (in particular, the baryon number

density) and, consequently via the maximum entropy freeze-out prescription, for the factorial cumulants of the proton

multiplicity are fully consistent with our results from Section II for how the correlation length depends on T and

µB . In that Section, we presented an update on εQCD(µB , T ) utilizing what is known from universality [73] and the

mapping (4) between the universal Ising variables and the ones for QCD. In Fig. 1 we illustrated the e”ects of the

nonuniversal mapping parameters w and ϑ on the contours of ε2QCD/w
2 obtained via mapping the universal features

of an Ising critical point onto the QCD phase diagram. In the first part of this Section, Sect. IVA, we use the full

3D Ising EoS to study the behavior of contour plots of the critical contribution to ordinary cumulants of the baryon

number density, i.e !Hkn →
〈
ϖn

k
〉
, (where k indicates the order of the correlation function and n stands for baryon

number density) while varying the mapping parameters w and ϑ in the same way that we did in Sect. II B, choosing

w = {1, 5, 20} and ϑ = {0.5, 1, 2}. These choices were motivated by previous studies on the causality and stability of

the critical EoS [62, 64, 66]. We shall compare our results for !H2n = ↑ϖn
2
↓ directly to ε

2
QCD/w

2 plotted in Fig. 1.

We also fix the remaining parameters in the mapping between QCD and the Ising model as in Sect. II B, choosing:

µc = 600 MeV (leading to Tc = 90 MeV and ω1 = 16.6o) and ω2 = 0. The choice ω2 = 0 is somewhat special for

baryon density cumulants, since this reduces derivatives with respect to µ to derivatives with respect to h at constant

r. We do know from the work of Ref. [65], though, that ω2↔ω1 vanishes in the chiral limit and so is reasonably small

in the real world. Since ω1 = 16.6↑ at µc = 600 MeV, this means that ω2 cannot be far from zero.

Net Baryon to positive baryon fluctuations  

Gregoire Pihan 8/15

M.S. Pradeep, M.A. Stephanov Phys. Rev. Lett. 130, 162301 
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that relied upon making a parametrized ansatz for how the correlation length ε varies with T and µB [39]. We

shall see, though, that our results for the fluctuations of thermodynamic quantities (in particular, the baryon number

density) and, consequently via the maximum entropy freeze-out prescription, for the factorial cumulants of the proton

multiplicity are fully consistent with our results from Section II for how the correlation length depends on T and

µB . In that Section, we presented an update on εQCD(µB , T ) utilizing what is known from universality [73] and the

mapping (4) between the universal Ising variables and the ones for QCD. In Fig. 1 we illustrated the e”ects of the

nonuniversal mapping parameters w and ϑ on the contours of ε2QCD/w
2 obtained via mapping the universal features

of an Ising critical point onto the QCD phase diagram. In the first part of this Section, Sect. IVA, we use the full

3D Ising EoS to study the behavior of contour plots of the critical contribution to ordinary cumulants of the baryon

number density, i.e !Hkn →
〈
ϖn

k
〉
, (where k indicates the order of the correlation function and n stands for baryon

number density) while varying the mapping parameters w and ϑ in the same way that we did in Sect. II B, choosing

w = {1, 5, 20} and ϑ = {0.5, 1, 2}. These choices were motivated by previous studies on the causality and stability of

the critical EoS [62, 64, 66]. We shall compare our results for !H2n = ↑ϖn
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↓ directly to ε
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2 plotted in Fig. 1.

We also fix the remaining parameters in the mapping between QCD and the Ising model as in Sect. II B, choosing:

µc = 600 MeV (leading to Tc = 90 MeV and ω1 = 16.6o) and ω2 = 0. The choice ω2 = 0 is somewhat special for

baryon density cumulants, since this reduces derivatives with respect to µ to derivatives with respect to h at constant

r. We do know from the work of Ref. [65], though, that ω2↔ω1 vanishes in the chiral limit and so is reasonably small

in the real world. Since ω1 = 16.6↑ at µc = 600 MeV, this means that ω2 cannot be far from zero.

Net Baryon to positive baryon fluctuations  
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FIG. 1: Contours of the critical magnitude of the squared correlation length scaled by w
2, ω2QCD/w

2 in units of fω, for
several values of the equation of state parameters w and ε. We have placed the critical point at µc = 600 MeV with
a temperature Tc = 90 MeV chosen so as to put the critical point on the chiral crossover curve estimated from lattice
QCD calculations [83]. We have chosen the second mapping angle to be given by ϑ2 = 0→. The dotted line shows the
Ising h-axis, while the dashed line shows the Ising r-axis which follows the chiral crossover line by construction.

shape of the contours. We see that by increasing ε the contours become stretched along the transition line given by

h = 0. On the other hand, increasing w shrinks the contours around the transition line as well as reducing the overall

magnitude for these contours, indicating the importance of plotting ω
2
QCD/w

2 rather than just ω
2
QCD. In Sect. IV

we shall compare our results for the second moment of the proton multiplicity distribution to ω
2
QCD/w

2 plotted in

Fig. 1. From Refs. [40, 41], we expect that the k
th moment of the proton multiplicity distribution should scale like

g
k
p(ωQCD)↑3+k(5↑ε)/2; so, plotting ω

9/2
QCD/w

3 and ω
7
QCD/w

4 would serve to shape our expectations for the third and
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FIG. 4: Contours of the critical contribution to V
2
T

→3
c !H3n = V

2
T

→3
c

〈
ωn

3
〉
plotted for various values of the

nonuniversal mapping parameters w and ε with µc = 600MeV, Tc = 90 MeV and ϑ2 = 0↑. The dotted line reflects
this choice of ϑ2 = 0↑ in that it shows the Ising h-axis, while the dashed line shows the Ising r-axis which is chosen
to lie along the QCD crossover curve.

write expressions for the leading scaling behavior of various quantities in the region h → 0, meaning the region where

x is real. The corresponding expressions for h < 0 can be obtained upon noting that GIsing is an even function of h

and that di”erentiating GIsing an odd (even) number of times with respect to h yields an odd (even) function of h.

In Figs. 3, 4 and 5 we have plotted our results for !Hkn in the regions of the QCD phase diagram on both sides of

the crossover curve, where h takes either sign, but in the next Subsection we will focus on the freezeout curve which

lies below the crossover curve. We shall choose our sign convention for h such that h > 0 corresponds to the region of

26

FIG. 2: Three freezeout curves displaced downward relative to the crossover curve !T
→ = 0 (orange) by !Tf = 4, 6

and 9 MeV (solid blue, red and black curves, respectively). By construction, the Ising-r axis maps onto the crossover
curve. Because we have chosen ω2 = 0, the Ising-h axis maps onto the horizontal orange dotted line. The dashed
blue, red and black curves are curves of constant Ising-h that are coincident with the three freezeout curves where the
freezeout curves each cross the Ising-h axis. We see that the freezeout curves are close to being curves of constant h.

that relied upon making a parametrized ansatz for how the correlation length ε varies with T and µB [39]. We

shall see, though, that our results for the fluctuations of thermodynamic quantities (in particular, the baryon number

density) and, consequently via the maximum entropy freeze-out prescription, for the factorial cumulants of the proton

multiplicity are fully consistent with our results from Section II for how the correlation length depends on T and

µB . In that Section, we presented an update on εQCD(µB , T ) utilizing what is known from universality [73] and the

mapping (4) between the universal Ising variables and the ones for QCD. In Fig. 1 we illustrated the e”ects of the

nonuniversal mapping parameters w and ϑ on the contours of ε2QCD/w
2 obtained via mapping the universal features

of an Ising critical point onto the QCD phase diagram. In the first part of this Section, Sect. IVA, we use the full

3D Ising EoS to study the behavior of contour plots of the critical contribution to ordinary cumulants of the baryon

number density, i.e !Hkn →
〈
ϖn

k
〉
, (where k indicates the order of the correlation function and n stands for baryon

number density) while varying the mapping parameters w and ϑ in the same way that we did in Sect. II B, choosing

w = {1, 5, 20} and ϑ = {0.5, 1, 2}. These choices were motivated by previous studies on the causality and stability of

the critical EoS [62, 64, 66]. We shall compare our results for !H2n = ↑ϖn
2
↓ directly to ε

2
QCD/w

2 plotted in Fig. 1.

We also fix the remaining parameters in the mapping between QCD and the Ising model as in Sect. II B, choosing:

µc = 600 MeV (leading to Tc = 90 MeV and ω1 = 16.6o) and ω2 = 0. The choice ω2 = 0 is somewhat special for

baryon density cumulants, since this reduces derivatives with respect to µ to derivatives with respect to h at constant

r. We do know from the work of Ref. [65], though, that ω2↔ω1 vanishes in the chiral limit and so is reasonably small

in the real world. Since ω1 = 16.6↑ at µc = 600 MeV, this means that ω2 cannot be far from zero.

Net Baryon to positive baryon fluctuations  
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51
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FIG. 5: Contours of the critical contribution to V
3
T

→3
c !H4n = V

3
T

→3
c

〈
ωn

4
〉
plotted for various values of the

nonuniversal mapping parameters w and ε with µc = 600MeV, Tc = 90 MeV and ϑ2 = 0↑. The dotted line reflects
this choice of ϑ2 = 0↑ in that it shows the Ising h-axis, while the dashed line shows the Ising r-axis which is chosen
to lie along the QCD crossover curve.

the QCD phase diagram below the crossover curve. From Eq. (49), we observe that the leading critical contribution

to the hydrodynamic correlators !H behaves as

!Ha1...ak(µ, T ) → ha1 . . . hakh
1+1/ω→k

g
(k)(x(µ, T )) (50)

26

FIG. 2: Three freezeout curves displaced downward relative to the crossover curve !T
→ = 0 (orange) by !Tf = 4, 6

and 9 MeV (solid blue, red and black curves, respectively). By construction, the Ising-r axis maps onto the crossover
curve. Because we have chosen ω2 = 0, the Ising-h axis maps onto the horizontal orange dotted line. The dashed
blue, red and black curves are curves of constant Ising-h that are coincident with the three freezeout curves where the
freezeout curves each cross the Ising-h axis. We see that the freezeout curves are close to being curves of constant h.

that relied upon making a parametrized ansatz for how the correlation length ε varies with T and µB [39]. We

shall see, though, that our results for the fluctuations of thermodynamic quantities (in particular, the baryon number

density) and, consequently via the maximum entropy freeze-out prescription, for the factorial cumulants of the proton

multiplicity are fully consistent with our results from Section II for how the correlation length depends on T and

µB . In that Section, we presented an update on εQCD(µB , T ) utilizing what is known from universality [73] and the

mapping (4) between the universal Ising variables and the ones for QCD. In Fig. 1 we illustrated the e”ects of the

nonuniversal mapping parameters w and ϑ on the contours of ε2QCD/w
2 obtained via mapping the universal features

of an Ising critical point onto the QCD phase diagram. In the first part of this Section, Sect. IVA, we use the full

3D Ising EoS to study the behavior of contour plots of the critical contribution to ordinary cumulants of the baryon

number density, i.e !Hkn →
〈
ϖn

k
〉
, (where k indicates the order of the correlation function and n stands for baryon

number density) while varying the mapping parameters w and ϑ in the same way that we did in Sect. II B, choosing

w = {1, 5, 20} and ϑ = {0.5, 1, 2}. These choices were motivated by previous studies on the causality and stability of

the critical EoS [62, 64, 66]. We shall compare our results for !H2n = ↑ϖn
2
↓ directly to ε

2
QCD/w

2 plotted in Fig. 1.

We also fix the remaining parameters in the mapping between QCD and the Ising model as in Sect. II B, choosing:

µc = 600 MeV (leading to Tc = 90 MeV and ω1 = 16.6o) and ω2 = 0. The choice ω2 = 0 is somewhat special for

baryon density cumulants, since this reduces derivatives with respect to µ to derivatives with respect to h at constant

r. We do know from the work of Ref. [65], though, that ω2↔ω1 vanishes in the chiral limit and so is reasonably small

in the real world. Since ω1 = 16.6↑ at µc = 600 MeV, this means that ω2 cannot be far from zero.
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Eq. (4). Specifically, we shall use three di!erent freezeout curves specified by

Tf (µB) = Tcrossover(µB)→”Tf (48)

with ”Tf = 4, 6 and 9 MeV, where Tcrossover(µB) is the Ising-r axis where h = 0 and hence ”T
→ = 0. We show these

freezeout curves in Fig. 2, where we also show that they are close to being curves of constant Ising-h.

A. Contours of Cumulants of Baryon Density Fluctuations in the QCD Phase Diagram

We present the dependence of the connected baryon density correlators ”Ha1...ak = ”Hn...n ↑ ”Hkn = ↓ωn
k
↔ on

the non-universal equation of state parameters w and ε that govern the mapping from the Ising phase diagram to

the QCD phase diagram in this section in Figs. 3, 4 and 5. We present our results as V k↑1
T

↑3
c ”Hkn, where V is the

volume and k is the order of the baryon density cumulant, for the choice of µB = 600 MeV and ϑ2 = 0↓ with the

same range of choices of w and ε as in Sect. II B. We have chosen to normalize our results with appropriate factors of

V and Tc so as to ensure that the quantities whose contours we plot in Figs. 3, 4 and 5 are all dimensionless and are

all independent of volume. In each of these figures, the location of the critical point and the choice of angle ϑ2 = 0 is

evident from the dashed and dotted lines that show where the Ising model axes map onto the QCD phase diagram.

The dashed lines show the crossover curve, namely the Ising-r axis h = 0; the dotted lines show the Ising-h axis

r = 0; and, the point where the dashed and dotted lines cross is the critical point at (µ, T )c = (600 MeV, 90 MeV). In

Figs. 3, 4 and 5, blue corresponds to positive values of ↓ωnk
↔ while red corresponds to negative values. In each of the

three Figures, the nine panels depict our results for the choices w = {1, 5, 20} and ε = {0.5, 1, 2} of the nonuniversal

mapping parameters. Across the rows, ε remains fixed as w increases, and down the columns w is fixed as ε increases.

The results presented in Figs. 3, 4 and 5 allow us to see how the non-universal mapping parameters w and ε are

related to the shape and strength of the critical fluctuations. One can already get an initial sense of how our results

for the factorial cumulants of proton multiplicities will vary along the freezeout curves in Fig. 2 by looking at the

results in Figs. 3, 4 and 5 along these curves.

Fig. 3 shows the contours of the second order fluctuations of the baryon number, V T
↑3
c ”H2n, in thermal equilibrium

as a function of position on the QCD phase diagram, for various choices of w and ε. This Figure can be compared

directly to Fig. 1, which shows the contours of ϖ2QCD/w
2 for the same choices of w and ε – and we see that they are

directly comparable, as expected.

To understand the comparison between Figs. 1 and 3 quantitatively, it is helpful to work out how ”H2n scales

along the Ising-r and Ising-h axes, shown as the dashed and dotted curves in Fig. 3. We shall do this with greater

generality, considering ”Ha1...ak , which represents an arbitrary k
th order hydrodynamic cumulant, with ai ↗ {ϱ, n},

meaning that ”H2n is given by this quantity with k = 2 and a1 = a2 = n. To understand the behavior of ”Ha1...ak ,

26

FIG. 2: Three freezeout curves displaced downward relative to the crossover curve !T
→ = 0 (orange) by !Tf = 4, 6

and 9 MeV (solid blue, red and black curves, respectively). By construction, the Ising-r axis maps onto the crossover
curve. Because we have chosen ω2 = 0, the Ising-h axis maps onto the horizontal orange dotted line. The dashed
blue, red and black curves are curves of constant Ising-h that are coincident with the three freezeout curves where the
freezeout curves each cross the Ising-h axis. We see that the freezeout curves are close to being curves of constant h.

that relied upon making a parametrized ansatz for how the correlation length ε varies with T and µB [39]. We

shall see, though, that our results for the fluctuations of thermodynamic quantities (in particular, the baryon number

density) and, consequently via the maximum entropy freeze-out prescription, for the factorial cumulants of the proton

multiplicity are fully consistent with our results from Section II for how the correlation length depends on T and

µB . In that Section, we presented an update on εQCD(µB , T ) utilizing what is known from universality [73] and the

mapping (4) between the universal Ising variables and the ones for QCD. In Fig. 1 we illustrated the e”ects of the

nonuniversal mapping parameters w and ϑ on the contours of ε2QCD/w
2 obtained via mapping the universal features

of an Ising critical point onto the QCD phase diagram. In the first part of this Section, Sect. IVA, we use the full

3D Ising EoS to study the behavior of contour plots of the critical contribution to ordinary cumulants of the baryon

number density, i.e !Hkn →
〈
ϖn

k
〉
, (where k indicates the order of the correlation function and n stands for baryon

number density) while varying the mapping parameters w and ϑ in the same way that we did in Sect. II B, choosing

w = {1, 5, 20} and ϑ = {0.5, 1, 2}. These choices were motivated by previous studies on the causality and stability of

the critical EoS [62, 64, 66]. We shall compare our results for !H2n = ↑ϖn
2
↓ directly to ε

2
QCD/w

2 plotted in Fig. 1.

We also fix the remaining parameters in the mapping between QCD and the Ising model as in Sect. II B, choosing:

µc = 600 MeV (leading to Tc = 90 MeV and ω1 = 16.6o) and ω2 = 0. The choice ω2 = 0 is somewhat special for

baryon density cumulants, since this reduces derivatives with respect to µ to derivatives with respect to h at constant

r. We do know from the work of Ref. [65], though, that ω2↔ω1 vanishes in the chiral limit and so is reasonably small

in the real world. Since ω1 = 16.6↑ at µc = 600 MeV, this means that ω2 cannot be far from zero.

7

diagram) the correlation functions of hydrodynamic densities in thermal equilibrium and the corresponding equilibrium

fluctuations in the hydrodynamic densities are determined, and in all cases they have the universal features expected

in the 3D Ising universality class. The microscopic, nonuniversal, information unique to QCD is encoded in the values

of the mapping parameters. In this Section we shall review the mapping from the Ising model to QCD introduced in

Refs. [70, 72], describe the mapping of contours of constant correlation length to illustrate the size and shape of the

critical region and set up the calculation of hydrodynamic correlations in equilibrium.

In Section III, we shall use the maximum entropy method to translate the correlations of hydrodynamic densities

into momentum correlations between observed particles, and thereby the cumulants. We shall discuss quantitatively

how di!erent features of the QCD EoS (including its universal features and the nonuniversal mapping parameters

that we introduce in this Section) modify the equilibrium estimates for the cumulants of particle multiplicities along

the freeze-out curve. We shall discuss, qualitatively and semi-quantitatively, the dependence of various properties

such as the hierarchy of the magnitude of cumulants, and the scaling dependence of the cumulants on the separation

between the freeze-out point and the cross-over trajectories on the various mapping parameters in the family of EoS.

A. Mapping from the Ising Model to QCD

The critical point characterizing the end-point of the conjectured first-order phase transition curve demarcating the

QGP phase from the hadron resonance gas phase is expected to fall in the 3D Ising universality class. This universality

of critical phenomena follows from renormalization group theory [9]. Thus, the EoS near the critical point can be

mapped to the Gibbs free energy of the 3D Ising Model EoS, as follows. We write the QCD EoS as

P (µ, T ) = P
reg(µ, T ) + P

sing(µ, T ) , (1)

where here and henceforth we shall denote µB just by µ, where P
reg is an analytic (more precisely, less singular than

P
sing) function of µ and T near the critical point (µc, Tc), and where we can equate the most singular part of the

logarithm of QCD partition function to that of 3D Ising model yielding

P
sing(µ, T ) = →T

4
c GIsing(r(µ, T )h(µ, T )) (2)

where GIsing(r, h), the negative of the logarithm of the partition function, is the Gibbs free energy as a function of the

reduced temperature r and the magnetic field h in the three-dimensional Ising model. We have taken the coe”cient

of proportionality between P
sing and →GIsing to be T

4
c , as in Ref.[70]. A di!erent choice of normalization would

correspond to an overall rescaling of both the h and r axes on the T → µ plane, and hence can be compensated by

an overall rescaling of the two mapping parameters ω and w, introduced below. Because the explicit form of GIsing is

rather cumbersome, we present the details of the scaling Equation of State (2) in Appendix A.

The framework for mapping the universal physics of a critical point from the Ising model onto the QCD phase

3D Ising modelHRG
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➤ Critical contribution to fourth order proton factorial cumulants in equilibrium for 
range of EoS parameters and freeze-out scenarios
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Recall that the repeated index b corresponds to integrating over fluid cells on the freezeout hypersurface and summing

over b → {ω, n} and the repeated index B corresponds to integrating over phase space variables according to Eq. (23)

and summing over all hadronic species in the particle description of the system just after freezeout. The
∫
Ã is only

an integration over phase space variables and summation over spin as defined in Eq.(37).) The singular contribution

to the IRCs of the particle multiplicities near the critical point can now be evaluated directly from the EoS using the

expression (43) because !̂H is specified directly by the EoS according to Eqs. (19), (20), (28), (29), and (32). In

order to evaluate the critical contribution, it su”ces to consider the µ- and T -dependence of !H only. Note that the

normalization by mean multiplicity ensures that the !̂εk’s are volume-independent, intensive, quantities.

Without loss of generality, we restrict the analysis in this work to the study of factorial cumulants of proton

multiplicity. The extension to cumulants of other particles such as pions, or even mixed particle cumulants is straight-

forward. We start from Eq. (43) and specialize to the factorial cumulant of proton multiplicity, !̂ε
k
p1...pk

, which we

denote by !̂εkp:

!̂εkp =
!̂Ha1...akP

a1
p . . . P

ak
p

↑Np↓
(45)

where the P
a
p ’s are defined in Eq. (44) with Â = p here, denoting protons.

Note that in any experimental measurement of the factorial cumulants of the proton multiplicity distribution, only

some of the detected protons are produced directly at freezeout, as described via the particlization procedure that

we are treating. Other protons in the final state measured by the detector are the daughters coming from strange

baryons and excited baryons that were produced at freezeout via the particlization procedure that we describe, and

that subsequently decayed. The total contribution from both direct as well as daughter protons to !̂εkp can be

determined using the following freeze-out formula:

!̂εkp =
!̂Ha1...ak

(∑
B1

#B1→pP
a1
B1

)
. . .

(∑
Bk

#B2→pP
ak
Bk

)
∑

B #B→p ↑NB↓
(46)

where the summations go over all hadrons that decay into a proton, including the proton itself, and where #B→p

represents the probability that a baryon B decays into a proton. In the main part of this paper, we restrict ourselves to

computing the contribution of direct protons only, which is to say we compute, !̂εkp using Eq. (45). The calculation of

factorial cumulants of total proton multiplicity including both direct and feed-down protons, using Eq. (46), is reported

in Appendix B. The plots in Appendix B show that including the daughter protons makes only a quantitative change

to our results; the qualitative form of all of our results are unchanged.

IV. RESULTS IN THE QCD PHASE DIAGRAM

With the maximum entropy freeze-out prescription, we are able to determine the critical contribution to the

fluctuations using only the equation of state as an input. This is a significant improvement over earlier approaches
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FIG. 8: Fourth factorial cumulant of the proton multiplicity distribution, !̂ω4p, along the three freezeout curves from

Fig. 2. The di”erent panels show !̂ω4p for various values of the nonuniversal mapping parameters w and ε, with
µc = 600MeV, Tc = 90 MeV and ϑ2 = 0→ in all panels.

contributions that involve fluctuations in the energy density which are discussed in Appendix C.) From Eq. (53), we

expect that as you vary w, going across a row of panels in any of the three Figures, the peak heights should vary like

(1/w)6/5, where we have taken ϖ = 5. This scaling is reasonably well satisfied in all three figures.

Next, let us consider the dependence of the peak heights on !Tf . Varying !Tf from 4 to 6 or from 4 to 9 MeV

corresponds to increasing the h where the freezeout curve crosses the h-axis (and consequently to a good approximation

the h along the freezeout curve) by the same factor of 6/4 or 9/4. (As long as !Tf → Tc as we are assuming, a

freezeout curve displaced downward from the crossover curve by !Tf crosses the Ising-h axis at µ ↑ µc↓!Tf/ tanϑ1,

as can be seen from Fig. 2. Here and throughout we are assuming for simplicity that ϑ2 = 0, when all that we know

is that it must be small. If ϑ2 were nonzero, the freezeout curve displaced downward from the crossover curve by

!Tf would cross the Ising-h axis at µ ↑ µc ↓ !Tf cosϑ1 cosϑ2/ sin(ϑ1 ↓ ϑ2), see Eq. (4).) From Eq. (53) we see

that increasing !Tf by a factor of (say) 6/4 should reduce the heights of the peaks in !̂ωkp by (4/6)k↑6/5, where

we have taken ϖ = 5. This argument would suggest that in Figs. 6, 7, and 8, with k = 2, 3 and 4, respectively,

the peaks in the red curves should be lower than the peaks in the blue curves by factors that are close to (4/6)4/5,

Normalized proton factorial 
cumulants:
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FIG. 2: Three freezeout curves displaced downward relative to the crossover curve !T
→ = 0 (orange) by !Tf = 4, 6

and 9 MeV (solid blue, red and black curves, respectively). By construction, the Ising-r axis maps onto the crossover
curve. Because we have chosen ω2 = 0, the Ising-h axis maps onto the horizontal orange dotted line. The dashed
blue, red and black curves are curves of constant Ising-h that are coincident with the three freezeout curves where the
freezeout curves each cross the Ising-h axis. We see that the freezeout curves are close to being curves of constant h.

that relied upon making a parametrized ansatz for how the correlation length ε varies with T and µB [39]. We

shall see, though, that our results for the fluctuations of thermodynamic quantities (in particular, the baryon number

density) and, consequently via the maximum entropy freeze-out prescription, for the factorial cumulants of the proton

multiplicity are fully consistent with our results from Section II for how the correlation length depends on T and

µB . In that Section, we presented an update on εQCD(µB , T ) utilizing what is known from universality [73] and the

mapping (4) between the universal Ising variables and the ones for QCD. In Fig. 1 we illustrated the e”ects of the

nonuniversal mapping parameters w and ϑ on the contours of ε2QCD/w
2 obtained via mapping the universal features

of an Ising critical point onto the QCD phase diagram. In the first part of this Section, Sect. IVA, we use the full

3D Ising EoS to study the behavior of contour plots of the critical contribution to ordinary cumulants of the baryon

number density, i.e !Hkn →
〈
ϖn

k
〉
, (where k indicates the order of the correlation function and n stands for baryon

number density) while varying the mapping parameters w and ϑ in the same way that we did in Sect. II B, choosing

w = {1, 5, 20} and ϑ = {0.5, 1, 2}. These choices were motivated by previous studies on the causality and stability of

the critical EoS [62, 64, 66]. We shall compare our results for !H2n = ↑ϖn
2
↓ directly to ε

2
QCD/w

2 plotted in Fig. 1.

We also fix the remaining parameters in the mapping between QCD and the Ising model as in Sect. II B, choosing:

µc = 600 MeV (leading to Tc = 90 MeV and ω1 = 16.6o) and ω2 = 0. The choice ω2 = 0 is somewhat special for

baryon density cumulants, since this reduces derivatives with respect to µ to derivatives with respect to h at constant

r. We do know from the work of Ref. [65], though, that ω2↔ω1 vanishes in the chiral limit and so is reasonably small

in the real world. Since ω1 = 16.6↑ at µc = 600 MeV, this means that ω2 cannot be far from zero.

Along freeze-out curves:
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Recall that the repeated index b corresponds to integrating over fluid cells on the freezeout hypersurface and summing

over b → {ω, n} and the repeated index B corresponds to integrating over phase space variables according to Eq. (23)

and summing over all hadronic species in the particle description of the system just after freezeout. The
∫
Ã is only

an integration over phase space variables and summation over spin as defined in Eq.(37).) The singular contribution

to the IRCs of the particle multiplicities near the critical point can now be evaluated directly from the EoS using the

expression (43) because !̂H is specified directly by the EoS according to Eqs. (19), (20), (28), (29), and (32). In

order to evaluate the critical contribution, it su”ces to consider the µ- and T -dependence of !H only. Note that the

normalization by mean multiplicity ensures that the !̂εk’s are volume-independent, intensive, quantities.

Without loss of generality, we restrict the analysis in this work to the study of factorial cumulants of proton

multiplicity. The extension to cumulants of other particles such as pions, or even mixed particle cumulants is straight-

forward. We start from Eq. (43) and specialize to the factorial cumulant of proton multiplicity, !̂ε
k
p1...pk

, which we

denote by !̂εkp:

!̂εkp =
!̂Ha1...akP

a1
p . . . P

ak
p

↑Np↓
(45)

where the P
a
p ’s are defined in Eq. (44) with Â = p here, denoting protons.

Note that in any experimental measurement of the factorial cumulants of the proton multiplicity distribution, only

some of the detected protons are produced directly at freezeout, as described via the particlization procedure that

we are treating. Other protons in the final state measured by the detector are the daughters coming from strange

baryons and excited baryons that were produced at freezeout via the particlization procedure that we describe, and

that subsequently decayed. The total contribution from both direct as well as daughter protons to !̂εkp can be

determined using the following freeze-out formula:

!̂εkp =
!̂Ha1...ak

(∑
B1

#B1→pP
a1
B1

)
. . .

(∑
Bk

#B2→pP
ak
Bk

)
∑

B #B→p ↑NB↓
(46)

where the summations go over all hadrons that decay into a proton, including the proton itself, and where #B→p

represents the probability that a baryon B decays into a proton. In the main part of this paper, we restrict ourselves to

computing the contribution of direct protons only, which is to say we compute, !̂εkp using Eq. (45). The calculation of

factorial cumulants of total proton multiplicity including both direct and feed-down protons, using Eq. (46), is reported

in Appendix B. The plots in Appendix B show that including the daughter protons makes only a quantitative change

to our results; the qualitative form of all of our results are unchanged.

IV. RESULTS IN THE QCD PHASE DIAGRAM

With the maximum entropy freeze-out prescription, we are able to determine the critical contribution to the

fluctuations using only the equation of state as an input. This is a significant improvement over earlier approaches
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FIG. 8: Fourth factorial cumulant of the proton multiplicity distribution, !̂ω4p, along the three freezeout curves from

Fig. 2. The di”erent panels show !̂ω4p for various values of the nonuniversal mapping parameters w and ε, with
µc = 600MeV, Tc = 90 MeV and ϑ2 = 0→ in all panels.

contributions that involve fluctuations in the energy density which are discussed in Appendix C.) From Eq. (53), we

expect that as you vary w, going across a row of panels in any of the three Figures, the peak heights should vary like

(1/w)6/5, where we have taken ϖ = 5. This scaling is reasonably well satisfied in all three figures.

Next, let us consider the dependence of the peak heights on !Tf . Varying !Tf from 4 to 6 or from 4 to 9 MeV

corresponds to increasing the h where the freezeout curve crosses the h-axis (and consequently to a good approximation

the h along the freezeout curve) by the same factor of 6/4 or 9/4. (As long as !Tf → Tc as we are assuming, a

freezeout curve displaced downward from the crossover curve by !Tf crosses the Ising-h axis at µ ↑ µc↓!Tf/ tanϑ1,

as can be seen from Fig. 2. Here and throughout we are assuming for simplicity that ϑ2 = 0, when all that we know

is that it must be small. If ϑ2 were nonzero, the freezeout curve displaced downward from the crossover curve by

!Tf would cross the Ising-h axis at µ ↑ µc ↓ !Tf cosϑ1 cosϑ2/ sin(ϑ1 ↓ ϑ2), see Eq. (4).) From Eq. (53) we see

that increasing !Tf by a factor of (say) 6/4 should reduce the heights of the peaks in !̂ωkp by (4/6)k↑6/5, where

we have taken ϖ = 5. This argument would suggest that in Figs. 6, 7, and 8, with k = 2, 3 and 4, respectively,

the peaks in the red curves should be lower than the peaks in the blue curves by factors that are close to (4/6)4/5,

Normalized proton factorial 
cumulants:

26

FIG. 2: Three freezeout curves displaced downward relative to the crossover curve !T
→ = 0 (orange) by !Tf = 4, 6

and 9 MeV (solid blue, red and black curves, respectively). By construction, the Ising-r axis maps onto the crossover
curve. Because we have chosen ω2 = 0, the Ising-h axis maps onto the horizontal orange dotted line. The dashed
blue, red and black curves are curves of constant Ising-h that are coincident with the three freezeout curves where the
freezeout curves each cross the Ising-h axis. We see that the freezeout curves are close to being curves of constant h.

that relied upon making a parametrized ansatz for how the correlation length ε varies with T and µB [39]. We

shall see, though, that our results for the fluctuations of thermodynamic quantities (in particular, the baryon number

density) and, consequently via the maximum entropy freeze-out prescription, for the factorial cumulants of the proton

multiplicity are fully consistent with our results from Section II for how the correlation length depends on T and

µB . In that Section, we presented an update on εQCD(µB , T ) utilizing what is known from universality [73] and the

mapping (4) between the universal Ising variables and the ones for QCD. In Fig. 1 we illustrated the e”ects of the

nonuniversal mapping parameters w and ϑ on the contours of ε2QCD/w
2 obtained via mapping the universal features

of an Ising critical point onto the QCD phase diagram. In the first part of this Section, Sect. IVA, we use the full

3D Ising EoS to study the behavior of contour plots of the critical contribution to ordinary cumulants of the baryon

number density, i.e !Hkn →
〈
ϖn

k
〉
, (where k indicates the order of the correlation function and n stands for baryon

number density) while varying the mapping parameters w and ϑ in the same way that we did in Sect. II B, choosing

w = {1, 5, 20} and ϑ = {0.5, 1, 2}. These choices were motivated by previous studies on the causality and stability of

the critical EoS [62, 64, 66]. We shall compare our results for !H2n = ↑ϖn
2
↓ directly to ε

2
QCD/w

2 plotted in Fig. 1.

We also fix the remaining parameters in the mapping between QCD and the Ising model as in Sect. II B, choosing:

µc = 600 MeV (leading to Tc = 90 MeV and ω1 = 16.6o) and ω2 = 0. The choice ω2 = 0 is somewhat special for

baryon density cumulants, since this reduces derivatives with respect to µ to derivatives with respect to h at constant

r. We do know from the work of Ref. [65], though, that ω2↔ω1 vanishes in the chiral limit and so is reasonably small

in the real world. Since ω1 = 16.6↑ at µc = 600 MeV, this means that ω2 cannot be far from zero.

Along freeze-out curves:
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FIG. 8: Fourth factorial cumulant of the proton multiplicity distribution, !̂ω4p, along the three freezeout curves from

Fig. 2. The di”erent panels show !̂ω4p for various values of the nonuniversal mapping parameters w and ε, with
µc = 600MeV, Tc = 90 MeV and ϑ2 = 0→ in all panels.

contributions that involve fluctuations in the energy density which are discussed in Appendix C.) From Eq. (53), we

expect that as you vary w, going across a row of panels in any of the three Figures, the peak heights should vary like

(1/w)6/5, where we have taken ϖ = 5. This scaling is reasonably well satisfied in all three figures.

Next, let us consider the dependence of the peak heights on !Tf . Varying !Tf from 4 to 6 or from 4 to 9 MeV

corresponds to increasing the h where the freezeout curve crosses the h-axis (and consequently to a good approximation

the h along the freezeout curve) by the same factor of 6/4 or 9/4. (As long as !Tf → Tc as we are assuming, a

freezeout curve displaced downward from the crossover curve by !Tf crosses the Ising-h axis at µ ↑ µc↓!Tf/ tanϑ1,

as can be seen from Fig. 2. Here and throughout we are assuming for simplicity that ϑ2 = 0, when all that we know

is that it must be small. If ϑ2 were nonzero, the freezeout curve displaced downward from the crossover curve by

!Tf would cross the Ising-h axis at µ ↑ µc ↓ !Tf cosϑ1 cosϑ2/ sin(ϑ1 ↓ ϑ2), see Eq. (4).) From Eq. (53) we see

that increasing !Tf by a factor of (say) 6/4 should reduce the heights of the peaks in !̂ωkp by (4/6)k↑6/5, where

we have taken ϖ = 5. This argument would suggest that in Figs. 6, 7, and 8, with k = 2, 3 and 4, respectively,

the peaks in the red curves should be lower than the peaks in the blue curves by factors that are close to (4/6)4/5,

JMK, K. Rajagopal, M. Pradeep, M. Stephanov, Y. Yin, PRD (2026, Editors' Suggestion)
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FIG. 8: Fourth factorial cumulant of the proton multiplicity distribution, !̂ω4p, along the three freezeout curves from

Fig. 2. The di”erent panels show !̂ω4p for various values of the nonuniversal mapping parameters w and ε, with
µc = 600MeV, Tc = 90 MeV and ϑ2 = 0→ in all panels.

contributions that involve fluctuations in the energy density which are discussed in Appendix C.) From Eq. (53), we

expect that as you vary w, going across a row of panels in any of the three Figures, the peak heights should vary like

(1/w)6/5, where we have taken ϖ = 5. This scaling is reasonably well satisfied in all three figures.

Next, let us consider the dependence of the peak heights on !Tf . Varying !Tf from 4 to 6 or from 4 to 9 MeV

corresponds to increasing the h where the freezeout curve crosses the h-axis (and consequently to a good approximation

the h along the freezeout curve) by the same factor of 6/4 or 9/4. (As long as !Tf → Tc as we are assuming, a

freezeout curve displaced downward from the crossover curve by !Tf crosses the Ising-h axis at µ ↑ µc↓!Tf/ tanϑ1,

as can be seen from Fig. 2. Here and throughout we are assuming for simplicity that ϑ2 = 0, when all that we know

is that it must be small. If ϑ2 were nonzero, the freezeout curve displaced downward from the crossover curve by

!Tf would cross the Ising-h axis at µ ↑ µc ↓ !Tf cosϑ1 cosϑ2/ sin(ϑ1 ↓ ϑ2), see Eq. (4).) From Eq. (53) we see

that increasing !Tf by a factor of (say) 6/4 should reduce the heights of the peaks in !̂ωkp by (4/6)k↑6/5, where

we have taken ϖ = 5. This argument would suggest that in Figs. 6, 7, and 8, with k = 2, 3 and 4, respectively,

the peaks in the red curves should be lower than the peaks in the blue curves by factors that are close to (4/6)4/5,

26

FIG. 2: Three freezeout curves displaced downward relative to the crossover curve !T
→ = 0 (orange) by !Tf = 4, 6

and 9 MeV (solid blue, red and black curves, respectively). By construction, the Ising-r axis maps onto the crossover
curve. Because we have chosen ω2 = 0, the Ising-h axis maps onto the horizontal orange dotted line. The dashed
blue, red and black curves are curves of constant Ising-h that are coincident with the three freezeout curves where the
freezeout curves each cross the Ising-h axis. We see that the freezeout curves are close to being curves of constant h.

that relied upon making a parametrized ansatz for how the correlation length ε varies with T and µB [39]. We

shall see, though, that our results for the fluctuations of thermodynamic quantities (in particular, the baryon number

density) and, consequently via the maximum entropy freeze-out prescription, for the factorial cumulants of the proton

multiplicity are fully consistent with our results from Section II for how the correlation length depends on T and

µB . In that Section, we presented an update on εQCD(µB , T ) utilizing what is known from universality [73] and the

mapping (4) between the universal Ising variables and the ones for QCD. In Fig. 1 we illustrated the e”ects of the

nonuniversal mapping parameters w and ϑ on the contours of ε2QCD/w
2 obtained via mapping the universal features

of an Ising critical point onto the QCD phase diagram. In the first part of this Section, Sect. IVA, we use the full

3D Ising EoS to study the behavior of contour plots of the critical contribution to ordinary cumulants of the baryon

number density, i.e !Hkn →
〈
ϖn

k
〉
, (where k indicates the order of the correlation function and n stands for baryon

number density) while varying the mapping parameters w and ϑ in the same way that we did in Sect. II B, choosing

w = {1, 5, 20} and ϑ = {0.5, 1, 2}. These choices were motivated by previous studies on the causality and stability of

the critical EoS [62, 64, 66]. We shall compare our results for !H2n = ↑ϖn
2
↓ directly to ε

2
QCD/w

2 plotted in Fig. 1.

We also fix the remaining parameters in the mapping between QCD and the Ising model as in Sect. II B, choosing:

µc = 600 MeV (leading to Tc = 90 MeV and ω1 = 16.6o) and ω2 = 0. The choice ω2 = 0 is somewhat special for

baryon density cumulants, since this reduces derivatives with respect to µ to derivatives with respect to h at constant

r. We do know from the work of Ref. [65], though, that ω2↔ω1 vanishes in the chiral limit and so is reasonably small

in the real world. Since ω1 = 16.6↑ at µc = 600 MeV, this means that ω2 cannot be far from zero.

Along freeze-out curves:

Increasing  
increases peak width

ρ

55

25

Recall that the repeated index b corresponds to integrating over fluid cells on the freezeout hypersurface and summing

over b → {ω, n} and the repeated index B corresponds to integrating over phase space variables according to Eq. (23)

and summing over all hadronic species in the particle description of the system just after freezeout. The
∫
Ã is only

an integration over phase space variables and summation over spin as defined in Eq.(37).) The singular contribution

to the IRCs of the particle multiplicities near the critical point can now be evaluated directly from the EoS using the

expression (43) because !̂H is specified directly by the EoS according to Eqs. (19), (20), (28), (29), and (32). In

order to evaluate the critical contribution, it su”ces to consider the µ- and T -dependence of !H only. Note that the

normalization by mean multiplicity ensures that the !̂εk’s are volume-independent, intensive, quantities.

Without loss of generality, we restrict the analysis in this work to the study of factorial cumulants of proton

multiplicity. The extension to cumulants of other particles such as pions, or even mixed particle cumulants is straight-

forward. We start from Eq. (43) and specialize to the factorial cumulant of proton multiplicity, !̂ε
k
p1...pk

, which we

denote by !̂εkp:

!̂εkp =
!̂Ha1...akP

a1
p . . . P

ak
p

↑Np↓
(45)

where the P
a
p ’s are defined in Eq. (44) with Â = p here, denoting protons.

Note that in any experimental measurement of the factorial cumulants of the proton multiplicity distribution, only

some of the detected protons are produced directly at freezeout, as described via the particlization procedure that

we are treating. Other protons in the final state measured by the detector are the daughters coming from strange

baryons and excited baryons that were produced at freezeout via the particlization procedure that we describe, and

that subsequently decayed. The total contribution from both direct as well as daughter protons to !̂εkp can be

determined using the following freeze-out formula:

!̂εkp =
!̂Ha1...ak

(∑
B1

#B1→pP
a1
B1

)
. . .

(∑
Bk

#B2→pP
ak
Bk

)
∑

B #B→p ↑NB↓
(46)

where the summations go over all hadrons that decay into a proton, including the proton itself, and where #B→p

represents the probability that a baryon B decays into a proton. In the main part of this paper, we restrict ourselves to

computing the contribution of direct protons only, which is to say we compute, !̂εkp using Eq. (45). The calculation of

factorial cumulants of total proton multiplicity including both direct and feed-down protons, using Eq. (46), is reported

in Appendix B. The plots in Appendix B show that including the daughter protons makes only a quantitative change

to our results; the qualitative form of all of our results are unchanged.

IV. RESULTS IN THE QCD PHASE DIAGRAM

With the maximum entropy freeze-out prescription, we are able to determine the critical contribution to the

fluctuations using only the equation of state as an input. This is a significant improvement over earlier approaches

Normalized proton factorial 
cumulants:

=
κ4p

κ1p

➤ Critical contribution to fourth order proton factorial cumulants in equilibrium for 
range of EoS parameters and freeze-out scenarios

JMK, K. Rajagopal, M. Pradeep, M. Stephanov, Y. Yin, PRD (2026, Editors' Suggestion)
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FIG. 8: Fourth factorial cumulant of the proton multiplicity distribution, !̂ω4p, along the three freezeout curves from

Fig. 2. The di”erent panels show !̂ω4p for various values of the nonuniversal mapping parameters w and ε, with
µc = 600MeV, Tc = 90 MeV and ϑ2 = 0→ in all panels.

contributions that involve fluctuations in the energy density which are discussed in Appendix C.) From Eq. (53), we

expect that as you vary w, going across a row of panels in any of the three Figures, the peak heights should vary like

(1/w)6/5, where we have taken ϖ = 5. This scaling is reasonably well satisfied in all three figures.

Next, let us consider the dependence of the peak heights on !Tf . Varying !Tf from 4 to 6 or from 4 to 9 MeV

corresponds to increasing the h where the freezeout curve crosses the h-axis (and consequently to a good approximation

the h along the freezeout curve) by the same factor of 6/4 or 9/4. (As long as !Tf → Tc as we are assuming, a

freezeout curve displaced downward from the crossover curve by !Tf crosses the Ising-h axis at µ ↑ µc↓!Tf/ tanϑ1,

as can be seen from Fig. 2. Here and throughout we are assuming for simplicity that ϑ2 = 0, when all that we know

is that it must be small. If ϑ2 were nonzero, the freezeout curve displaced downward from the crossover curve by

!Tf would cross the Ising-h axis at µ ↑ µc ↓ !Tf cosϑ1 cosϑ2/ sin(ϑ1 ↓ ϑ2), see Eq. (4).) From Eq. (53) we see

that increasing !Tf by a factor of (say) 6/4 should reduce the heights of the peaks in !̂ωkp by (4/6)k↑6/5, where

we have taken ϖ = 5. This argument would suggest that in Figs. 6, 7, and 8, with k = 2, 3 and 4, respectively,

the peaks in the red curves should be lower than the peaks in the blue curves by factors that are close to (4/6)4/5,

26

FIG. 2: Three freezeout curves displaced downward relative to the crossover curve !T
→ = 0 (orange) by !Tf = 4, 6

and 9 MeV (solid blue, red and black curves, respectively). By construction, the Ising-r axis maps onto the crossover
curve. Because we have chosen ω2 = 0, the Ising-h axis maps onto the horizontal orange dotted line. The dashed
blue, red and black curves are curves of constant Ising-h that are coincident with the three freezeout curves where the
freezeout curves each cross the Ising-h axis. We see that the freezeout curves are close to being curves of constant h.

that relied upon making a parametrized ansatz for how the correlation length ε varies with T and µB [39]. We

shall see, though, that our results for the fluctuations of thermodynamic quantities (in particular, the baryon number

density) and, consequently via the maximum entropy freeze-out prescription, for the factorial cumulants of the proton

multiplicity are fully consistent with our results from Section II for how the correlation length depends on T and

µB . In that Section, we presented an update on εQCD(µB , T ) utilizing what is known from universality [73] and the

mapping (4) between the universal Ising variables and the ones for QCD. In Fig. 1 we illustrated the e”ects of the

nonuniversal mapping parameters w and ϑ on the contours of ε2QCD/w
2 obtained via mapping the universal features

of an Ising critical point onto the QCD phase diagram. In the first part of this Section, Sect. IVA, we use the full

3D Ising EoS to study the behavior of contour plots of the critical contribution to ordinary cumulants of the baryon

number density, i.e !Hkn →
〈
ϖn

k
〉
, (where k indicates the order of the correlation function and n stands for baryon

number density) while varying the mapping parameters w and ϑ in the same way that we did in Sect. II B, choosing

w = {1, 5, 20} and ϑ = {0.5, 1, 2}. These choices were motivated by previous studies on the causality and stability of

the critical EoS [62, 64, 66]. We shall compare our results for !H2n = ↑ϖn
2
↓ directly to ε

2
QCD/w

2 plotted in Fig. 1.

We also fix the remaining parameters in the mapping between QCD and the Ising model as in Sect. II B, choosing:

µc = 600 MeV (leading to Tc = 90 MeV and ω1 = 16.6o) and ω2 = 0. The choice ω2 = 0 is somewhat special for

baryon density cumulants, since this reduces derivatives with respect to µ to derivatives with respect to h at constant

r. We do know from the work of Ref. [65], though, that ω2↔ω1 vanishes in the chiral limit and so is reasonably small

in the real world. Since ω1 = 16.6↑ at µc = 600 MeV, this means that ω2 cannot be far from zero.

Along freeze-out curves:

Increasing  
reduces peak height

w

56
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Recall that the repeated index b corresponds to integrating over fluid cells on the freezeout hypersurface and summing

over b → {ω, n} and the repeated index B corresponds to integrating over phase space variables according to Eq. (23)

and summing over all hadronic species in the particle description of the system just after freezeout. The
∫
Ã is only

an integration over phase space variables and summation over spin as defined in Eq.(37).) The singular contribution

to the IRCs of the particle multiplicities near the critical point can now be evaluated directly from the EoS using the

expression (43) because !̂H is specified directly by the EoS according to Eqs. (19), (20), (28), (29), and (32). In

order to evaluate the critical contribution, it su”ces to consider the µ- and T -dependence of !H only. Note that the

normalization by mean multiplicity ensures that the !̂εk’s are volume-independent, intensive, quantities.

Without loss of generality, we restrict the analysis in this work to the study of factorial cumulants of proton

multiplicity. The extension to cumulants of other particles such as pions, or even mixed particle cumulants is straight-

forward. We start from Eq. (43) and specialize to the factorial cumulant of proton multiplicity, !̂ε
k
p1...pk

, which we

denote by !̂εkp:

!̂εkp =
!̂Ha1...akP

a1
p . . . P

ak
p

↑Np↓
(45)

where the P
a
p ’s are defined in Eq. (44) with Â = p here, denoting protons.

Note that in any experimental measurement of the factorial cumulants of the proton multiplicity distribution, only

some of the detected protons are produced directly at freezeout, as described via the particlization procedure that

we are treating. Other protons in the final state measured by the detector are the daughters coming from strange

baryons and excited baryons that were produced at freezeout via the particlization procedure that we describe, and

that subsequently decayed. The total contribution from both direct as well as daughter protons to !̂εkp can be

determined using the following freeze-out formula:

!̂εkp =
!̂Ha1...ak

(∑
B1

#B1→pP
a1
B1

)
. . .

(∑
Bk

#B2→pP
ak
Bk

)
∑

B #B→p ↑NB↓
(46)

where the summations go over all hadrons that decay into a proton, including the proton itself, and where #B→p

represents the probability that a baryon B decays into a proton. In the main part of this paper, we restrict ourselves to

computing the contribution of direct protons only, which is to say we compute, !̂εkp using Eq. (45). The calculation of

factorial cumulants of total proton multiplicity including both direct and feed-down protons, using Eq. (46), is reported

in Appendix B. The plots in Appendix B show that including the daughter protons makes only a quantitative change

to our results; the qualitative form of all of our results are unchanged.

IV. RESULTS IN THE QCD PHASE DIAGRAM

With the maximum entropy freeze-out prescription, we are able to determine the critical contribution to the

fluctuations using only the equation of state as an input. This is a significant improvement over earlier approaches

Normalized proton factorial 
cumulants:

=
κ4p

κ1p

➤ Critical contribution to fourth order proton factorial cumulants in equilibrium for 
range of EoS parameters and freeze-out scenarios
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Recall that the repeated index b corresponds to integrating over fluid cells on the freezeout hypersurface and summing

over b → {ω, n} and the repeated index B corresponds to integrating over phase space variables according to Eq. (23)

and summing over all hadronic species in the particle description of the system just after freezeout. The
∫
Ã is only

an integration over phase space variables and summation over spin as defined in Eq.(37).) The singular contribution

to the IRCs of the particle multiplicities near the critical point can now be evaluated directly from the EoS using the

expression (43) because !̂H is specified directly by the EoS according to Eqs. (19), (20), (28), (29), and (32). In

order to evaluate the critical contribution, it su”ces to consider the µ- and T -dependence of !H only. Note that the

normalization by mean multiplicity ensures that the !̂εk’s are volume-independent, intensive, quantities.

Without loss of generality, we restrict the analysis in this work to the study of factorial cumulants of proton

multiplicity. The extension to cumulants of other particles such as pions, or even mixed particle cumulants is straight-

forward. We start from Eq. (43) and specialize to the factorial cumulant of proton multiplicity, !̂ε
k
p1...pk

, which we

denote by !̂εkp:

!̂εkp =
!̂Ha1...akP

a1
p . . . P

ak
p

↑Np↓
(45)

where the P
a
p ’s are defined in Eq. (44) with Â = p here, denoting protons.

Note that in any experimental measurement of the factorial cumulants of the proton multiplicity distribution, only

some of the detected protons are produced directly at freezeout, as described via the particlization procedure that

we are treating. Other protons in the final state measured by the detector are the daughters coming from strange

baryons and excited baryons that were produced at freezeout via the particlization procedure that we describe, and

that subsequently decayed. The total contribution from both direct as well as daughter protons to !̂εkp can be

determined using the following freeze-out formula:

!̂εkp =
!̂Ha1...ak

(∑
B1

#B1→pP
a1
B1

)
. . .

(∑
Bk

#B2→pP
ak
Bk

)
∑

B #B→p ↑NB↓
(46)

where the summations go over all hadrons that decay into a proton, including the proton itself, and where #B→p

represents the probability that a baryon B decays into a proton. In the main part of this paper, we restrict ourselves to

computing the contribution of direct protons only, which is to say we compute, !̂εkp using Eq. (45). The calculation of

factorial cumulants of total proton multiplicity including both direct and feed-down protons, using Eq. (46), is reported

in Appendix B. The plots in Appendix B show that including the daughter protons makes only a quantitative change

to our results; the qualitative form of all of our results are unchanged.

IV. RESULTS IN THE QCD PHASE DIAGRAM

With the maximum entropy freeze-out prescription, we are able to determine the critical contribution to the

fluctuations using only the equation of state as an input. This is a significant improvement over earlier approaches
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FIG. 8: Fourth factorial cumulant of the proton multiplicity distribution, !̂ω4p, along the three freezeout curves from

Fig. 2. The di”erent panels show !̂ω4p for various values of the nonuniversal mapping parameters w and ε, with
µc = 600MeV, Tc = 90 MeV and ϑ2 = 0→ in all panels.

contributions that involve fluctuations in the energy density which are discussed in Appendix C.) From Eq. (53), we

expect that as you vary w, going across a row of panels in any of the three Figures, the peak heights should vary like

(1/w)6/5, where we have taken ϖ = 5. This scaling is reasonably well satisfied in all three figures.

Next, let us consider the dependence of the peak heights on !Tf . Varying !Tf from 4 to 6 or from 4 to 9 MeV

corresponds to increasing the h where the freezeout curve crosses the h-axis (and consequently to a good approximation

the h along the freezeout curve) by the same factor of 6/4 or 9/4. (As long as !Tf → Tc as we are assuming, a

freezeout curve displaced downward from the crossover curve by !Tf crosses the Ising-h axis at µ ↑ µc↓!Tf/ tanϑ1,

as can be seen from Fig. 2. Here and throughout we are assuming for simplicity that ϑ2 = 0, when all that we know

is that it must be small. If ϑ2 were nonzero, the freezeout curve displaced downward from the crossover curve by

!Tf would cross the Ising-h axis at µ ↑ µc ↓ !Tf cosϑ1 cosϑ2/ sin(ϑ1 ↓ ϑ2), see Eq. (4).) From Eq. (53) we see

that increasing !Tf by a factor of (say) 6/4 should reduce the heights of the peaks in !̂ωkp by (4/6)k↑6/5, where

we have taken ϖ = 5. This argument would suggest that in Figs. 6, 7, and 8, with k = 2, 3 and 4, respectively,

the peaks in the red curves should be lower than the peaks in the blue curves by factors that are close to (4/6)4/5,
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FIG. 2: Three freezeout curves displaced downward relative to the crossover curve !T
→ = 0 (orange) by !Tf = 4, 6

and 9 MeV (solid blue, red and black curves, respectively). By construction, the Ising-r axis maps onto the crossover
curve. Because we have chosen ω2 = 0, the Ising-h axis maps onto the horizontal orange dotted line. The dashed
blue, red and black curves are curves of constant Ising-h that are coincident with the three freezeout curves where the
freezeout curves each cross the Ising-h axis. We see that the freezeout curves are close to being curves of constant h.

that relied upon making a parametrized ansatz for how the correlation length ε varies with T and µB [39]. We

shall see, though, that our results for the fluctuations of thermodynamic quantities (in particular, the baryon number

density) and, consequently via the maximum entropy freeze-out prescription, for the factorial cumulants of the proton

multiplicity are fully consistent with our results from Section II for how the correlation length depends on T and

µB . In that Section, we presented an update on εQCD(µB , T ) utilizing what is known from universality [73] and the

mapping (4) between the universal Ising variables and the ones for QCD. In Fig. 1 we illustrated the e”ects of the

nonuniversal mapping parameters w and ϑ on the contours of ε2QCD/w
2 obtained via mapping the universal features

of an Ising critical point onto the QCD phase diagram. In the first part of this Section, Sect. IVA, we use the full

3D Ising EoS to study the behavior of contour plots of the critical contribution to ordinary cumulants of the baryon

number density, i.e !Hkn →
〈
ϖn

k
〉
, (where k indicates the order of the correlation function and n stands for baryon

number density) while varying the mapping parameters w and ϑ in the same way that we did in Sect. II B, choosing

w = {1, 5, 20} and ϑ = {0.5, 1, 2}. These choices were motivated by previous studies on the causality and stability of

the critical EoS [62, 64, 66]. We shall compare our results for !H2n = ↑ϖn
2
↓ directly to ε

2
QCD/w

2 plotted in Fig. 1.

We also fix the remaining parameters in the mapping between QCD and the Ising model as in Sect. II B, choosing:

µc = 600 MeV (leading to Tc = 90 MeV and ω1 = 16.6o) and ω2 = 0. The choice ω2 = 0 is somewhat special for

baryon density cumulants, since this reduces derivatives with respect to µ to derivatives with respect to h at constant

r. We do know from the work of Ref. [65], though, that ω2↔ω1 vanishes in the chiral limit and so is reasonably small

in the real world. Since ω1 = 16.6↑ at µc = 600 MeV, this means that ω2 cannot be far from zero.
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Recall that the repeated index b corresponds to integrating over fluid cells on the freezeout hypersurface and summing

over b → {ω, n} and the repeated index B corresponds to integrating over phase space variables according to Eq. (23)

and summing over all hadronic species in the particle description of the system just after freezeout. The
∫
Ã is only

an integration over phase space variables and summation over spin as defined in Eq.(37).) The singular contribution

to the IRCs of the particle multiplicities near the critical point can now be evaluated directly from the EoS using the

expression (43) because !̂H is specified directly by the EoS according to Eqs. (19), (20), (28), (29), and (32). In

order to evaluate the critical contribution, it su”ces to consider the µ- and T -dependence of !H only. Note that the

normalization by mean multiplicity ensures that the !̂εk’s are volume-independent, intensive, quantities.

Without loss of generality, we restrict the analysis in this work to the study of factorial cumulants of proton

multiplicity. The extension to cumulants of other particles such as pions, or even mixed particle cumulants is straight-

forward. We start from Eq. (43) and specialize to the factorial cumulant of proton multiplicity, !̂ε
k
p1...pk

, which we

denote by !̂εkp:

!̂εkp =
!̂Ha1...akP

a1
p . . . P

ak
p

↑Np↓
(45)

where the P
a
p ’s are defined in Eq. (44) with Â = p here, denoting protons.

Note that in any experimental measurement of the factorial cumulants of the proton multiplicity distribution, only

some of the detected protons are produced directly at freezeout, as described via the particlization procedure that

we are treating. Other protons in the final state measured by the detector are the daughters coming from strange

baryons and excited baryons that were produced at freezeout via the particlization procedure that we describe, and

that subsequently decayed. The total contribution from both direct as well as daughter protons to !̂εkp can be

determined using the following freeze-out formula:

!̂εkp =
!̂Ha1...ak

(∑
B1

#B1→pP
a1
B1

)
. . .

(∑
Bk

#B2→pP
ak
Bk

)
∑

B #B→p ↑NB↓
(46)

where the summations go over all hadrons that decay into a proton, including the proton itself, and where #B→p

represents the probability that a baryon B decays into a proton. In the main part of this paper, we restrict ourselves to

computing the contribution of direct protons only, which is to say we compute, !̂εkp using Eq. (45). The calculation of

factorial cumulants of total proton multiplicity including both direct and feed-down protons, using Eq. (46), is reported

in Appendix B. The plots in Appendix B show that including the daughter protons makes only a quantitative change

to our results; the qualitative form of all of our results are unchanged.

IV. RESULTS IN THE QCD PHASE DIAGRAM

With the maximum entropy freeze-out prescription, we are able to determine the critical contribution to the

fluctuations using only the equation of state as an input. This is a significant improvement over earlier approaches
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FIG. 2: Three freezeout curves displaced downward relative to the crossover curve !T
→ = 0 (orange) by !Tf = 4, 6

and 9 MeV (solid blue, red and black curves, respectively). By construction, the Ising-r axis maps onto the crossover
curve. Because we have chosen ω2 = 0, the Ising-h axis maps onto the horizontal orange dotted line. The dashed
blue, red and black curves are curves of constant Ising-h that are coincident with the three freezeout curves where the
freezeout curves each cross the Ising-h axis. We see that the freezeout curves are close to being curves of constant h.

that relied upon making a parametrized ansatz for how the correlation length ε varies with T and µB [39]. We

shall see, though, that our results for the fluctuations of thermodynamic quantities (in particular, the baryon number

density) and, consequently via the maximum entropy freeze-out prescription, for the factorial cumulants of the proton

multiplicity are fully consistent with our results from Section II for how the correlation length depends on T and

µB . In that Section, we presented an update on εQCD(µB , T ) utilizing what is known from universality [73] and the

mapping (4) between the universal Ising variables and the ones for QCD. In Fig. 1 we illustrated the e”ects of the

nonuniversal mapping parameters w and ϑ on the contours of ε2QCD/w
2 obtained via mapping the universal features

of an Ising critical point onto the QCD phase diagram. In the first part of this Section, Sect. IVA, we use the full

3D Ising EoS to study the behavior of contour plots of the critical contribution to ordinary cumulants of the baryon

number density, i.e !Hkn →
〈
ϖn

k
〉
, (where k indicates the order of the correlation function and n stands for baryon

number density) while varying the mapping parameters w and ϑ in the same way that we did in Sect. II B, choosing

w = {1, 5, 20} and ϑ = {0.5, 1, 2}. These choices were motivated by previous studies on the causality and stability of

the critical EoS [62, 64, 66]. We shall compare our results for !H2n = ↑ϖn
2
↓ directly to ε

2
QCD/w

2 plotted in Fig. 1.

We also fix the remaining parameters in the mapping between QCD and the Ising model as in Sect. II B, choosing:

µc = 600 MeV (leading to Tc = 90 MeV and ω1 = 16.6o) and ω2 = 0. The choice ω2 = 0 is somewhat special for

baryon density cumulants, since this reduces derivatives with respect to µ to derivatives with respect to h at constant

r. We do know from the work of Ref. [65], though, that ω2↔ω1 vanishes in the chiral limit and so is reasonably small

in the real world. Since ω1 = 16.6↑ at µc = 600 MeV, this means that ω2 cannot be far from zero.
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FIG. 6: Second factorial cumulant of the proton multiplicity distribution, !̂ω2p, along the three freezeout curves from

Fig. 2 characterized by Eq. (48) with !Tf = 4, 6 and 9 MeV. The di”erent panels show !̂ω2p for various values of
the nonuniversal mapping parameters w and ε, with µc = 600MeV, Tc = 90 MeV and ϑ2 = 0→ in all panels.

and the corresponding regular contribution to cumulants of thermodynamic densities, denoted by H̄ab..., determined

from the Hadron Resonance Gas (HRG) EoS by Eq. (28). The HRG model we employ includes all the hadron species

included in a recent development of the SMASH hadronic transport framework that incorporates more resonances in

order to agree with the lattice QCD EoS with masses up to 3.2 GeV [95]. That said, we have checked that varying the

hadronic list used as input for HRG calculations does not have a large impact on the results for the proton factorial

cumulants. The proton factorial cumulants that we calculate and plot in this Section do not include the contribution

from daughter protons that result from decay of resonances. In Appendix B, we have incorporated the contribution

of resonances to the observed factorial cumulants of proton multiplicity using Eq. (46). We see in that Appendix that

doing so does not result in any qualitative change to our results.

The factorial cumulants of the proton multiplicity !̂ω2p, !̂ω3p and !̂ω4p along our three possible freezeout curves

are shown in Figs. 6, 7, and 8, respectively. In each Figure, the nine panels show results for the same choices of the

non-universal parameters w and ε as for the correlation length in Fig. 1 and the cumulants of the baryon number
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FIG. 9: Contours of the baryon chemical potential µ
(2)
peak at which the second cumulant of the baryon number

multiplicity distribution !̂ω2p along the freezeout curve with !Tf = 6 MeV, namely the red dashed curves in Fig. 6,

reaches its peak value. The (approximate) linearity of these contours in the w
→1+1/ωε-ε plane confirms that µ

(2)
peak

depends (approximately) on the combination εw
1→1/ωε, a prediction obtained in the text from the leading critical

scaling Eqs. (56) and (54) via Eq. (61).

parameters ε or w, the value of µ along the freezeout curve where x = x
(k)
peak, that we shall denote by µ

(k)
peak, does.

The dependence of µ(k)
peak on the mapping parameters must be such that as w (and ε) vary

x
(k)
peak →

(
µc ↑

!Tf

tanϑ1
↑ µ

(k)
peak

εw

)(
!Tf

w

)→1/ωε

(61)

stays fixed. The first factor on the RHS of Eq. (61) describes scaling along a freezeout curve parallel to the Ising-r

axis, as in Eq. (56), together with Eq. (60). h is of course constant along such a curve, but what the second factor

in Eq. (61) describes is how the value of h on a freezeout curve (shifted downward from the crossover curve by !Tf )

scales when w changes. This scaling, from Eq. (53), is the Ising-h-axis scaling that is responsible for understanding

how the heights of the peaks in !Hkn and !̂ωkp change with w, see Eq. (54). In this way, Eq. (61) combines the

scaling (56) along the Ising-r axis with the scaling (54) along the Ising-h axis. From Eq. (61), we conclude that when

w is increased with ε held fixed the distance between the µ along a freezeout curve where each !̂ωkp has its peak and

the µ = µc↑!Tf/ tanϑ1 at which that freezeout curve crosses the r = 0 Ising-h axis, see Fig. 2, stretches proportional

to w
1→1/ωε

↓ w
2/5. And indeed, this scaling provides a good description of how the positions, and also the widths,

of the peaks in Figs. 6, 7, and 8 all stretch modestly to the left when w is increased. We can further illustrate how

the scaling relation (61) describes the variation of the positions of the peaks µ
(k)
peak with ε and w via Fig. 9, where

we confirm that µ(2)
peak depends on εw

1→1/ωε by plotting contours of µ(2)
peak in a plane with axes ε and w

→1+1/ωε. The

scaling (61) also predicts that the positions and widths of the peaks should stretch to the left as !Tf is increased,
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in Eq. (61) describes is how the value of h on a freezeout curve (shifted downward from the crossover curve by !Tf )
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➤ Padé estimates for CP can also constrain (via imaginary part, c2) the combination of 
non-universal parameters  fix  to determine → Tc , α1 , α2
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G. Basar, M. Pradeep, M. Stephanov, arXiv:2603.23635

Uncertainty on Lattice Padé estimates translates to spread of  
with location of critical signal stable

ρ̄

5

Here xLY is a numerical constant whose value has been computed via various methods [45–48]. We will use the value
xLY → 0.246. Finally, expressing Eq. (7) in terms of the QCD variables via the linear map given in Eq. 3, we arrive
at the following trajectory of singularities as a function of temperature in the critical region [41]

µLY(T ) → µc ↑ c1(T ↑ Tc)± ixLYc2(T ↑ Tc)
ωε
, (8)

where c1 =
hT

hµ
= tanω1 c2 =

rµ
ωε

hµ

(
rT

rµ
↑

hT

hµ

)ωε

. (9)

The form of this trajectory is fixed by the universality. However the coe!cients c1 and c2 are non-universal. In
Refs. [20, 30, 31] the value of µLY for di”erent temperatures has been extrapolated from the lattice data by using
Padé resummation as we shall detail further shortly. From these estimates, it is possible to calculate Tc, µc c1 and c2

which are then used as inputs for calculating the proton number cumulants. The critical temperature is determined
by ImµLY(Tc) = 0. In its vicinity, to leading order, the real part of the trajectory depends linearly on T ↑Tc where the
slope and the intercept are equal to the critical chemical potential, µc, and the crossover slope, ↑ tanω1, respectively.
The imaginary part of the trajectory, likewise, contains information about the mapping parameters. By combining
equations (3) and (8) we can write

c2 =
1

T
ωε→1

c wωε→1εωε

| sinω12|

| sinω1|
ωε+1

. (10)

As a result, by calculating c2 via Padé or some other way, we can use this equation to constrain the mapping
parameters. For instance, we can express ε as a function of the remaining parameters as

ε(w,ω1,ω2) =

(
1

c2T
ωε→1

c wωε→1

| sinω12|

| sinω1|
ωε+1

)1/ωε

. (11)

Furthermore, instead of ε, it is actually better to work with the rescaled parameter

ε̄ ↓ εw
1→1/ωε

. (12)

This combination is rather special. We show in Sec IVB that in the critical region, the shape of the proton number
factorial cumulants depend on ε̄, but not w. The parameter w instead changes the overall scale of the factorial
cumulants preserving the shape. By using Eq. (11) we can express ε̄ as

ε̄ =

(
1

c2T
ωε→1

c

| sinω12|

| sinω1|
ωε+1

)1/ωε

(13)

Therefore we arrive at a remarkable result; up to the orientation of the r = 0 axis controlled by ω2, the imaginary
part of the Lee-Yang trajectory fixes the shape of the factorial cumulants of proton multiplicity in the critical region.

We now turn to the Padé resummation scheme. The basic strategy is to first estimate the location of the nearest
singularity to origin in the complex µ plane. The truncated Taylor series for the equation of state computed on the
lattice,

p(T, µB)↑ p(T, 0)

T 4
→

N∑

n=1

ϑ2n(T )

(2n)!

(
µB

T

)2n
, (14)

does not have any singularities, as it is a polynomial. A standard way of extracting singularities from such a form is
to express it as rational function whose coe!cients are chosen to match the original Taylor coe!cients:

p(T µB) →
q1(µ2

B)

q2(µ2

B)
. (15)

Here q1 and q2 are polynomials of order N/2 whose coe!cients are fixed in terms of ϑ2n(T )s in Eq. (15) upon
expansion. This form is known as the Padé approximant. It is known that the zeroes and poles of the Padé approximant
accumulate around the original singularity of the underlying function, p(T, µB) in our case. The estimation of the
singularity can be improved by performing the Padé resummation after a conformal map,

µ
2

B ↓ ϖ(ϱ) (16)

7
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FIG. 2: The constraint on ω̄(ε2) for the temperatures we use in the critical point scenarios. The band stems from
the uncertainty in c2 given in Table I.

µc, Tc (in MeV) 536, 113 610, 91 610, 103

ω1 13→ 12→ 10→, 13→

ω2 0→,→20→,→89→ 0→,→6→,→89→ 5→,→6→,→89→

w 5 5 5

ε̄ in Fig. 6 in Fig. 7 in Figs. 4,5

TABLE II: The exemplary parameter choices for the critical point scenarios constrained by Padé results.

measurements we need a theoretical framework that relates the hydrodynamic observables that describe the hot QCD
plasma to the observables of the final state hadrons. Empirically, the mid-rapidity yields of various hadrons agree
with a model that assumes that the entropy of the hadron-resonance gas ensemble is maximized at a particular
instant of the hydrodynamic evolution, called chemical freeze-out, where the average particle multiplicities become
frozen[51]. Recently, this maximum-entropy freeze-out framework has been generalized to describe the event-by-event
fluctuations of particle multiplicities [21], and implemented for strongly interacting matter in equilibrium traversing
the vicinity of a 3D Ising-like critical point [52]. The idea in a nutshell is to find the most likely phase space distribution
of the hadrons after freeze-out by maximizing the entropy under the set constraints that the average values of all
conserved quantities as well as their correlators in the hadron gas match the values of the corresponding hydrodynamic
correlators right before freeze-out.

In this work, we employ the following strategy. We first constrain the location of the critical point, the crossover
slope, as well as the scale factor ω̄ using improved Padé estimates. We then use the maximum entropy freeze-out
framework to examine how these constraints a!ect the critical contribution to the factorial cumulants of proton
multiplicities along the freeze-out curve, under the assumption of thermal equilibrium. We note that our framework
is “modular” in the sense that the maximum-entropy freeze-out step can be applied to other methods of extracting
the critical equation of state. In other words, from the perspective of the maximum entropy freeze-out the location
of the critical point and the mapping parameters are free inputs. We used the Padé approach to constrain them in
this work.

We now briefly summarize the key ingredients of the maximum-entropy freeze-out framework for hydrodynamic
fluctuations which we use to convert the hydrodynamic cumulants to factorial cumulants of proton multiplicity [21].
We first set notation and conventions that we use in the remainder of the paper. We denote the distribution function
of hadrons in phase space by fA. Capital letter indices, such as A, label hadronic one-particle states:

A → {x,p,m, q, . . . } , (18)

referring to the position and momenta x, p along with the energy (mass) m, (baryon) charge q, and any other quantum
numbers this state might carry. The deviation from the average distribution is denoted as

ϑfA → fA ↑ ↓fA↔ . (19)

The central objects of interest are the connected correlators of hadrons,

GA1...Ak → ↓ϑfA1 . . . ϑfAk↔connected, (20)

QCD critical EoS from Lee-Yang singularity analysis of Pade 
resummations of Taylor expanded Lattice EoS

Basar, MP,  Stephanov 
 arXiv:2603.23635

Basar, PRC, 24

𝜇̄ = 𝜇w1−1/(𝐵μ) ̂ 𝜇w0.36 Crucial in determining 
the location of  critical 
signatures along the 

freeze-out curve. 

12

19

FIG. 12: Scenario CX: !̂ω2p, !̂ω3p, and !̂ω4p for µc = 536MeV, Tc = 113MeV, ε1 = 13→, and w = 5. Top row:
ε2 = 0→, middle row: ε2 = →20→, bottom row: ε2 = →89→.

the critical regime expected if fluctuations reach equilibrium at freezeout.

Furthermore, by considering the relative position of the critical point and the slope of the crossover/first-order curve
with respect to the freeze-out curve determined by the experiments, we identified four topologically di”erent scenarios.
We named these scenarios as “Hot critical point without crossing (H)”, “Hot critical point with crossing (HX)”, “Cool
critical point without crossing (C)” and “Cool critical point with crossing (CX)”. Crucially, each scenario leads to
experimentally identifiable features in the proton multiplicity cumulants. For example, the non-Gaussian factorial
cumulants show more dramatic changes as a function of collision energy when there is “crossing”, an intersection
between the freeze-out curve and the cross-over curves. Also, the third cumulant is very sensitive to whether the
critical point is hot or cool. For a hot critical point, a peak in !̂ω3p(µ) is the more dominant feature, with the ratio
of the magnitude of the peak to dip increasing with ε12 ↑ ε1 → ε2. In contrast, for a cool critical point, a dip is the
more pronounced feature with a possible appearance of a small peak at higher collision energies for large ε12 when
the freeze-out curve intersects the cross-over curve in the critical region.

The set of exemplary parameters has been chosen to cover a wide range of possibilities. In particular, we chose the
largest and the lowest values of ϑ̄ within 1ϖ variation from the mean values, and range of ε2s between →90→ to 5→.
In addition to the ε2 dependence discussed above, investigating the resulting proton multiplicity cumulants, we also
conclude that the location of the characteristic signatures such as the dips and peaks in !̂ωkp could be significantly
constrained using these bounds for ϑ̄ obtained from the Lee-Yang singularity analysis.

It is important to emphasize that the Padé resummations, rely on the extrapolations of a few lowest order Taylor
coe#cients of the EoS at µ = 0 to non-zero and complex values of chemical potential. As such these estimates are
subject to uncertainties from the truncation e”ects, unavailability of the higher order Taylor coe#cients as well as pf
the lattice data at temperatures lower than ↓ 130MeV. This limitations propagate into our determination of the non-
universal parameters as well the predictions for the location of the critical signatures in the observables as a function
of collision energy. Despite these challenges, we can say that within the uncertainties of the estimates for ϑ̄, µc, Tc
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Future Work: Critical Effects Beyond Equilibrium

➤ Direct protons 

✓ Qualitative results persist with resonance feed-down (Appendix B) 

➤ Current background EoS is HRG 

➡ Extend to more realistic EoS constrained by lattice 

➡ Compare to non-critical baseline  

➤ Assumption of thermal equilibrium  

➡ Full Hydro+ simulations 

➤ Simultaneous particlization and chemical freeze-out   

➡ Couple to hadronic afterburner

60

Critical effects seen to survive in SMASH:  
J. Hammelman, M. Bluhm et al, PRC (2024)

P. Braun-Munzinger, B. Friman et al, NPA (2021) 
V. Vovchenko, V. Koch & C. Shen, PRC (2022)

M. Stephanov and Y. Yin, PRD (2018) 
K. Rajagopal, G. Ridgway et al, PRD (2020) 
M. Pradeep, K. Rajagopal et al, PRD (2022)

JMK, K. Rajagopal, M. Pradeep, M. Stephanov, Y. Yin, PRD (2026, Editors' Suggestion)



06/04/26 J.M. Karthein - Fluctuation Signatures from EoS to p Factorial Cumulants

How to use EoS to connect to experiment?

61

Pressure

Baryon density

Energy density

JMK et al, EPJ+ (2021) 
A. Pandav (STAR collaboration), CPOD 2024

Figure 2. The signatures of the critical point expected in experimentally measured factorial cumulants
of proton multiplicity. Each row in the left column shows a sketch of the QCD phase diagram region
near the critical point (red circle) with the density plot of the baryon density cumulant/susceptibility ωn

for n = 2, 3, 4 [3]. The cumulants are positive/negative in the blue/red regions. The yellow dashed
line is the freezeout trajectory – a set of points where the heavy-ion collision fireball freezes out as a
function of the collision energy

→
s (as

→
s increases in the direction of the arrow). The yellow circle

marks the point where the cumulant reaches maximum value. The middle column shows qualitatively
the corresponding expectation for the collision energy dependence of the corresponding (normalized)
factorial cumulant of the proton multiplicity εn ↑ ϑn/ϑ1 due to the critical fluctuations. For n = 2 also
the noncritical baseline (evident in the experimental data from BES-I and understood as the consequence
of baryon number conservation [11]) is added. The right column shows experimental results from BES-
II at RHIC reported by STAR [9].

(2) The dominant feature of the measured n = 3 factorial cumulant is the peak at around→
s = 11 GeV. This feature is also in apparent qualitative agreement with the equilib-

rium expectations for ε3 shown in the middle column.

(3) The dominant feature of the n = 4 factorial cumulant data is the dip at
→

s ↓ 19 GeV.
This feature also appears to be in qualitative agreement with the equilibrium critical
point predictions (middle column) [3, 14, 15]. However, to establish the peak feature
expected from the critical point at lower

→
s, the data at

→
s < 7.7 GeV would be

necessary. Such data could be provided by the fixed target (FXT) component of BES-
II (see Fig. 1) and/or future dedicated experiments.

Maximum Entropy

… in a model independent way
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Figure 2. The signatures of the critical point expected in experimentally measured factorial cumulants
of proton multiplicity. Each row in the left column shows a sketch of the QCD phase diagram region
near the critical point (red circle) with the density plot of the baryon density cumulant/susceptibility ωn

for n = 2, 3, 4 [3]. The cumulants are positive/negative in the blue/red regions. The yellow dashed
line is the freezeout trajectory – a set of points where the heavy-ion collision fireball freezes out as a
function of the collision energy

→
s (as

→
s increases in the direction of the arrow). The yellow circle

marks the point where the cumulant reaches maximum value. The middle column shows qualitatively
the corresponding expectation for the collision energy dependence of the corresponding (normalized)
factorial cumulant of the proton multiplicity εn ↑ ϑn/ϑ1 due to the critical fluctuations. For n = 2 also
the noncritical baseline (evident in the experimental data from BES-I and understood as the consequence
of baryon number conservation [11]) is added. The right column shows experimental results from BES-
II at RHIC reported by STAR [9].

(2) The dominant feature of the measured n = 3 factorial cumulant is the peak at around→
s = 11 GeV. This feature is also in apparent qualitative agreement with the equilib-

rium expectations for ε3 shown in the middle column.

(3) The dominant feature of the n = 4 factorial cumulant data is the dip at
→

s ↓ 19 GeV.
This feature also appears to be in qualitative agreement with the equilibrium critical
point predictions (middle column) [3, 14, 15]. However, to establish the peak feature
expected from the critical point at lower

→
s, the data at

→
s < 7.7 GeV would be

necessary. Such data could be provided by the fixed target (FXT) component of BES-
II (see Fig. 1) and/or future dedicated experiments.

Maximum Entropy 

with realistic hydro

… in a model independent way
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Figure 2. The signatures of the critical point expected in experimentally measured factorial cumulants
of proton multiplicity. Each row in the left column shows a sketch of the QCD phase diagram region
near the critical point (red circle) with the density plot of the baryon density cumulant/susceptibility ωn

for n = 2, 3, 4 [3]. The cumulants are positive/negative in the blue/red regions. The yellow dashed
line is the freezeout trajectory – a set of points where the heavy-ion collision fireball freezes out as a
function of the collision energy

→
s (as

→
s increases in the direction of the arrow). The yellow circle

marks the point where the cumulant reaches maximum value. The middle column shows qualitatively
the corresponding expectation for the collision energy dependence of the corresponding (normalized)
factorial cumulant of the proton multiplicity εn ↑ ϑn/ϑ1 due to the critical fluctuations. For n = 2 also
the noncritical baseline (evident in the experimental data from BES-I and understood as the consequence
of baryon number conservation [11]) is added. The right column shows experimental results from BES-
II at RHIC reported by STAR [9].

(2) The dominant feature of the measured n = 3 factorial cumulant is the peak at around→
s = 11 GeV. This feature is also in apparent qualitative agreement with the equilib-

rium expectations for ε3 shown in the middle column.

(3) The dominant feature of the n = 4 factorial cumulant data is the dip at
→

s ↓ 19 GeV.
This feature also appears to be in qualitative agreement with the equilibrium critical
point predictions (middle column) [3, 14, 15]. However, to establish the peak feature
expected from the critical point at lower

→
s, the data at

→
s < 7.7 GeV would be

necessary. Such data could be provided by the fixed target (FXT) component of BES-
II (see Fig. 1) and/or future dedicated experiments.

?
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Figure 2. The signatures of the critical point expected in experimentally measured factorial cumulants
of proton multiplicity. Each row in the left column shows a sketch of the QCD phase diagram region
near the critical point (red circle) with the density plot of the baryon density cumulant/susceptibility ωn

for n = 2, 3, 4 [3]. The cumulants are positive/negative in the blue/red regions. The yellow dashed
line is the freezeout trajectory – a set of points where the heavy-ion collision fireball freezes out as a
function of the collision energy

→
s (as

→
s increases in the direction of the arrow). The yellow circle

marks the point where the cumulant reaches maximum value. The middle column shows qualitatively
the corresponding expectation for the collision energy dependence of the corresponding (normalized)
factorial cumulant of the proton multiplicity εn ↑ ϑn/ϑ1 due to the critical fluctuations. For n = 2 also
the noncritical baseline (evident in the experimental data from BES-I and understood as the consequence
of baryon number conservation [11]) is added. The right column shows experimental results from BES-
II at RHIC reported by STAR [9].

(2) The dominant feature of the measured n = 3 factorial cumulant is the peak at around→
s = 11 GeV. This feature is also in apparent qualitative agreement with the equilib-

rium expectations for ε3 shown in the middle column.

(3) The dominant feature of the n = 4 factorial cumulant data is the dip at
→

s ↓ 19 GeV.
This feature also appears to be in qualitative agreement with the equilibrium critical
point predictions (middle column) [3, 14, 15]. However, to establish the peak feature
expected from the critical point at lower

→
s, the data at

→
s < 7.7 GeV would be

necessary. Such data could be provided by the fixed target (FXT) component of BES-
II (see Fig. 1) and/or future dedicated experiments.

?
See next talk by 

Grégoire!
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Conclusions

➤ The search for the critical point/first order transition continues… 
➤ Criticality incorporated within the original BEST EoS 

➤ Updated to strangeness neutrality, higher coverage of phase diagram, first 
order features + ongoing work: 4D EoS 

➤ Max Ent provides a framework that takes the EoS as input and calculates the 
particle multiplicity fluctuations in the least biased way  

➤ Dependence of proton factorial cumulants on EoS parameters derived 

➤ Future work: implement these new updates into Hydro+/freeze-out 

➤ Next talk: inverse problem - use experimental data to obtain EoS inputs
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