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Phase diagram of QCD

Where on the QCD phase boundary is the Critical Point?
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Theory estimates for the QCD CP location

® CP location: estimates converging around pp ~ 400 — 650 MeV.

Caution: systematic errors poorly known.
Sign problem is still a challenge.
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Latest theory developments on locating CP
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Extrapolations of Lee-Yang edge singularities to
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Bayesian notography + Lattice input at 1t = 0
Higpertet al ¢ rint: 220900579 nuchah

Predict CEP (95% confidence level):
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From Maneesha Pradeep’s talk, CPOD 2024

Different approaches, but broadly similar results: pucp ~ 420 — 650 MeV.
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All critical points are equal, but some a more equal . ..

® While critical equation of state is universal, there are also
important non-universal characteristics.

® Critical point is characterized not only by its location, but also by
the strength and the shape of the singularity.

® BEST collaboration standardized the parameters quantifying
these non-universal properties: w, p, a1, as — lIsing-to-QCD
mapping parameters.

® Equation of state with given critical point parameters
and matching lattice QCD data: Parotio et al 18°, Kahangirwe et al 24’
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Quantifying theory predictions for fluctuations

® Translating fluctuations in hydrodynamics into fluctuations of
particle multiplicites observed in expeiments had been a major
challenge.

® A solution: maximum entropy freezeout
(Pradeep-MS 22’)
® Satisfies all conservation laws (baryon number, energy, etc.)
® Maximizes fluctuation entropy of correlated hadron gas.

® Model-independent, minimally biased prediction.
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Recent applications of the maximum entropy freezeout

® Quantifying effects of non-universal parameters on fluctuations
using maximum entropy approach to freezeout (Karthein et al 25')

® w controls magnitude (width of critical region);
® p— location of signatures in up (shape of the CR)

® Estimates for critical fluctuations with non-universal parameters
constrained to the region indicated by Padé approach

® Padé constrains combination g = pw!~1/89 (Basar et al 26°)

® Extracting baryon susceptibilities from proton fluctuations
G. Pihan'’s talk
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Qualitative features depend on parameters too
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“Hot CP”:

® Signatures could differ depending on non-universal parameters

(Basar et al, 26°)
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Critical point and non-trivial hydro trajectories

Pradeep, Sogabe, MS, Yee 2402.09519, PRC

® s = s/nis non-monotonic along
coexistence (1st order) line

>

phase 1

® non-trivial deformation of S T N
trajectories

Ocr=r.) Lr=0)

” o«

explains “lensing”, “cusp”
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Theory vs BES-II data

(universal EOS) critical x1,: (irreducible correlations) FC,, [Np] ~ xn (Pradeep, MS 2211.09142), w,, = FC,, /FCy
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Bodak et al review 1906.00036  EXPected signatures: bump in w2 and ws, dip then bump in w4
for CP at pup > 420 MeV 2410.02861
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Observations

® Significant deviations from monotonic baseline(s) in all FC.

$ Qualitatively, consistent with expectations from CP.

® To produce such signatures the CP has to be at up > 420 MeV.
® In line with recent theory estimates by different approaches.
But

® Non-critical baseline is important for interpretation of signals.

® Non-equilibrium effects — conservation laws, memory, i.e.,
fluctuation dynamics — are not yet taken into account.
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Connection between theory and experiment

® QCD phase diagram:
® Lattice; Taylor; Padé; YL singularities.
® FRG; ® Models

® Fluctuations are singular in equilibrium.
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Connection between theory and experiment

® QCD phase diagram:
® Lattice; Taylor; Padé; YL singularities.
® FRG; ® Models

® Fluctuations are singular in equilibrium.

Gap

® Experiment:
’ BES at RHIC 005j *".? :4<p,< 0Geve _|

® Future experiments
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Connection between theory and experiment

® QCD phase diagram:
® Lattice; Taylor; Padé; YL singularities.
® FRG; ® Models

® Fluctuations are singular in equilibrium.

® Hydrodynamics

® Freezeout

® Experiment:

0-5% Au+Au Collisions

’ BES at RHIC 005j *".? Ud;n,< 0Geve _|

® Future experiments
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Deterministic approach to non-Gaussian fluctuations

Andreev, Akamatsu et al, Yin et al, Martinez et al, . ..
An et al 1902.09517, 1912.13456, 2009.10742 (PRL), 2212.14029

® Model independent description based on hydrodynamics

® In stochastic hydrodynamics,
equal-time correlators Hy, oy = (00a, - .. 0%ay )¢
of fluctuating hydrodynamic fields ¢, = {¢,np,...}

obey deterministic evolution equations.

® The equations describe relaxation of the correlators towards
(evolving) equilibrium values.

® In equilibrium, the correlators are given by themrodynamic EOS.
® Relativistic flow presents interesting challenges. Equal time?
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Main ingredients of the relativistic formalism

An et al 2604.14110

® With u(z) — average flow velocity, i.e., Landau frame for (T#"):
® define connection w = VA and u@) M)
confluent derivative: V,u” = 0. o

® supply local basis e, (x),
also confluently constant: V% = 0. ‘
Local SO(3) (gauge) invariance. e (@)
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Main ingredients of the relativistic formalism

An et al 2604.14110

® With u(z) — average flow velocity, i.e., Landau frame for (T#"):
® define connection w = VA and
confluent derivative: V,u” = 0.

u(@) A(z,x")

/\ u(z’)

® supply local basis e, (x),
also confluently constant: V% = 0. ‘
Local SO(3) (gauge) invariance. e (@)

® Define fluctuating densities in this local frame/basis.
Momentum 3-vector 7%, energy &, (baryon) charge .
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® Define N-point correlator Hy which is

° °
Y1

® equal time w.r.t. to midpoint, x: >O/y;

® SO(3) covariant, i.e., transforms as v lyB

a local tensor at the midpoint.
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® Define N-point correlator Hy which is

. o n /
® equal time w.r.t. to midpoint, x: 0
® SO(3) covariant, i.e., transforms as * lyB
®

a local tensor at the midpoint.

® Define a confluent derivative of the correlator, %H( N)-

VH y is also SO(3) covariant.
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® Define N-point correlator Hy which is
Y1
® equal time w.r.t. to midpoint, x: o/

® SO(3) covariant, i.e., transforms as lyB
a local tensor at the midpoint.

® Define a confluent derivative of the correlator, %H( N)-
VH y is also SO(3) covariant.
® Define generalized Wigner transform,
Hy(z1, . oan) — Wi (@3q1, -, gn),
— N-ple Fourier integral with midpoint fixed An et al., 2009.10742
Takes advantage of scale separation:

average gradients vs fluct. wavenumbers: k ~ ¢® < q.
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Evolution equations

® Diagrammatic representation:

(——) =—"De— + —A—

o { 4

@ — correlator; D — evolution; A — noise.

® For all modes (incl. velocity) known for N = 2.
® For N > 3— known for scalar, diffusive mode. Anetal., 2009.10742

® All modes, N = 3, — recent result — An et al, 2604.14110
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Physical meaning of W

$ N = 2: matrix equations have intuitive nontrivial interpretation:

® Wigner function (projected onto sound channel) obeys kinetic
equation with local group velocity cs(z)|g| — phonons.

® In an inhomogeneous, expanding, accelerating, and rotating
fluid — all inertial effects are accurately reproduced.

® Distribution relaxes to equilibrium at the well-known rate of
sound attenuation (times two).

® The equilibrium is given by classical (Rayleigh-deans) limit of
Bose-Einstein distribution.

® For N = 3, the same Liouville operator, and its field derivatives,

appear in evolution equation.
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Summary

® RHIC BES-Il data shows interesting qualitative features
(deviations from baseline) in line with theoretical expectations
for the CP at up > 400 MeV.

But

® Understanding non-equilibrium effects and the baseline
— important for interpretation.

Fluctuation hydrodynamics + maximum entropy freezeout =
model-independent formalism to address these issues.

® To obtain constraints on the QCD EOS from experimental data
more work is needed and is underway.
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More




Freezeout of fluctuations and conservation laws

® Freezeout: translation of correlators of €U NB 1 forotons foions - - -
hydrodynamic fluctuations (¢ = 7, ¢, npg) Lo—
<61b Lb> }]kFJ (3717’ ) HZDJ) i.//’
to particl lat o
o particle correlators l—
(0f ...0f) :G(N)(.’Izl,pl,...,mN,pN). freezeout
® Conservation laws relate p integrals of Gy to Hy,
since ¢ (x f Py, f(z,p), where P, is single particle contribution to 1.

#® But these relations are not enough to fix p dependence in G-

There are co many possibilities/solutions (G )
satisfying conservation laws.
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Maximum entropy freezeout

Pradeep, MS, 2211.09142, PRL

® There is a unique solution which maximizes the entropy!
® Relative Entropy with respect to uncorrelated gas,
as a functional of particle correlations G ;.
® Maximized under constraints imposed by conservation laws.
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Maximum entropy freezeout

Pradeep, MS, 2211.09142, PRL

® There is a unique solution which maximizes the entropy!
® Relative Entropy with respect to uncorrelated gas,
as a functional of particle correlations G ;.
® Maximized under constraints imposed by conservation laws.

® not only baryon number is conserved, also energy, etc.
® for N = 1 equivalent to Cooper-Frye
® in agreement with, but more general than earlier approaches

$ model independent, i.e., determined by QCD EOS + hydro
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Particle correlators from hydrodynamic correlators

® The maximum entropy solution is most intuitive in terms of
irreducible correlators AG .

For example, for N = 3,

AG'ABC' = A1T—I(zbc X PXP%P&
irreducible particle hydrodynamic kinematic
correlations (~FC) correlations factors

P¢ are determined by the amount of the conserved quantity « carried
by particle state A and by the corresponding susceptibility.

® AGpc — vanishes for an uncorrelated hadron gas,
or for a gas with only 2-particle correlations.

® [, [ [ AGapc is a factorial cumulant
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Theory vs BES-II data

(universal EOS) critical x1,:

Bzdak et al review 1906.00936
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Theory vs BES-II data

(universal EOS) critical x1, : (irreducible correlations) FC,, [N] ~ xn (Pradeep, MS 2211.09142), w,, = FC,, /FCy

SNN

wo — baseline

SNN

wg — baseline

SNN

wy — baseline

Bzdak et al review 1906.00936
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Theory vs BES-II data

(universal EOS) critical x1,: (irreducible correlations) FC,, [Np] ~ xn (Pradeep, MS 2211.09142), w,, = FC,, /FCy

SNN

aailoesd — cw

SNN

oniloesd — gw

ariloesd — pw

ad

Bdak ot al review 1906.00036  EXPected signatures: bump in w» and ws, dip then bump in w4
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Theory vs BES-II data

(irreducible correlations) FC,, [Np] ~ xn (Pradeep, MS 2211.09142), w,, = FC,, /FCy

(universal EOS) critical x1,:

Bzdak et al review 1906.00936

M. Stephanov
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Theory vs BES-II data

(universal EOS) critical x1,:

Bzdak et al review 1906.00936

M. Stephanov

(irreducible correlations) FC,, [Np] ~ xn (Pradeep, MS 2211.09142), w,, = FC,, /FCy
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Baseline and non-equilibrium effects are important

From Vovchenko, BES seminar October 2024:

From M. Stephanov, SQM2024 & arXiv:2410.02861

Wn = Cv/&l

(universal EOS) critical xn: VN
.
o

v~w

T ibed— ] s

A~

M. Stephanov

Factorial Cumylant Ratios
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A. Pandav, CPOD2024

QCD critical point

baseline (hydro EV):
VV, V. Koch, C. Shen, PRC 105, 014904 (2022)

« describes right side of the peak in 3

« signal relative to baseline:
*  positive C, > 0
* negative C; < 0

Conclusion 2:

Controlling the non-critical baseline
is essential
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Baseline and non-equilibrium effects are important

From Vovchenko, BES seminar October 2024:

From M. Stephanov, SQM2024 & arXiv:2410.02861

Wn = Cv/&l

(universal EOS) critical x

n=2

an

VNN

oniloend — .

RO - CRNT R

Factorial Cumylant Ratios

STAR data:
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A. Pandav, CPOD2024

CP below the freezeout curve?

Dynamics, memory effect?

M. Stephanov

QCD critical point

baseline (hydro EV):
VV, V. Koch, C. Shen, PRC 105, 014904 (2022)

« describes right side of the peak in 3

« signal relative to baseline:
*  positive C, > 0
* negative C; < 0

Conclusion 2:

Controlling the non-critical baseline
is essential
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BES-| data

Cumulants and Correlation Functions
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Generalizing Wigner transform

An et al 2009.10742 PRL

® Definition: S g
/lys
Wa(xz;qi,. .., qn) E/dy:f’.../dyzHn(a:+y1,...,a:+yn) L
5@ (yl t+...t y”) e @yt tan-yn).
n

» W,’s quantify magnitude and non-gaussianity of fluctuation
harmonics with wave-vectors g;.
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Example:

T

expansion

expansion through a critical region

An et al 2009.10742, PRL

® Two main features:
® Lag, "memory”.

® Smaller @ — slower
Conservation laws.

M. Stephanov

evolution.
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Critical point and non-trivial hydro trajectories

Pradeep, Sogabe, MS, Yee 2402.09519, PRC

® 5= s/nis non-monotonic along

coexistence (1st order) line

® non-trivial deformation of
trajectories

Tho(r)

@ [ ®

@

Crossover

an
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depending on (9P/9T),, at CP
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QCD critical point

Ocr=r.)
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phase 1

” o«

explains “lensing”, “cusp”
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Fluctuation evolution equations

An et al 2009.10742 PRL
® In hydrodynamics, fluctuations are small and almost Gaussian.

® There is a small expansion parameter ¢, so that 5 ~ VE.
Then H,, = <"~ ! and to leading order in «:
O = =V - (Flux[y] + O(e));

OH = —2T'(H — H[y]) + O(£%);

O H, = —nl'(H, — Hy[t,H, ..., H, 1]) + O(e");
To leading order, the equations are iterative and “linear”.

#® In hydrodynamics the small parameter is (q/A)3, i.e.,
fluctuation wavelength 1/q > size of hydro cell 1/A (UV cutoff).
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Diagrammatic representation

An et al 2009.10742, 2212.14029, An’s talk at CPOD 2024

® |eadingorderine <« tree diagrams.

W * . all combinatorial

( ) = : + R . .

: configurations
drift noise of trees

® | oops describe feedback of fluctuations (renormalization and long-time tails).

( — 9 )' = —D + —[O 1-pt equation including leading loop

conventional hydro equations one loop (renormalization & long-time tails)
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Non-gaussian correlators (n > 3 particles)

Linearied equations are simple and intuitive in terms of AG,,:
Gap =Gap+AGap, Ha = Ha + AHg,

GaBc = [GABC+3AGAD5DBC+ AG apc }7 .
—_— S ABC+ permutation average

irreducible
correlation

A'3(~ A’vwvgg
Habc = |:];_Iabc + 3AHad5dbc + 3~H'abc:|T
Maximum entropy method gives:
AGap = AHu(H ' PG)4(H ' PG)Y
AGapc = AH o (H PG4 (H™ PGy (H™ PG)¢,
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Why Factorial Cumulants

Factorial Cumulants (FC) are better measures of particle correlations ]

Three reasons:

® Maximum Entropy freezeout: Pradeep, MS 2211.09142

FCy are integrals of AG(N) (the irreducible particle correlators),
which are related by ME freezeout to hydrodynamic correlators.
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Why Factorial Cumulants

Factorial Cumulants (FC) are better measures of particle correlations ]

Three reasons:

® Maximum Entropy freezeout: Pradeep, MS 2211.09142

FCy are integrals of AG(N) (the irreducible particle correlators),
which are related by ME freezeout to hydrodynamic correlators.

X Acceptance dependence: Ling, MS 1512.09125, Bzdak, Koch, Strodthoff 1607.07375
FC are monomials of Ay for small Ay; NC are polynomials.
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Why Factorial Cumulants

Factorial Cumulants (FC) are better measures of particle correlations ]

Three reasons:

® Maximum Entropy freezeout: Pradeep, MS 2211.09142

FCy are integrals of AG(N) (the irreducible particle correlators),
which are related by ME freezeout to hydrodynamic correlators.

X Acceptance dependence: Ling, MS 1512.09125, Bzdak, Koch, Strodthoff 1607.07375
FC are monomials of Ay for small Ay; NC are polynomials.

® Normal Cumulants (NC) — quantify non-gaussianity;
FC — quantify non-poissonianity, i.e., irreducible correlations.

NC are for densities (continuous);
FC are for multiplicities (discrete).

M. Stephanov QCD critical point YITP 2026 32/18


http://arxiv.org/abs/2211.09142
http://arxiv.org/abs/1512.09125
http://arxiv.org/abs/1607.07375

Equilibrium estimates for critical contribution to
factorial cumulants of proton multiplicities
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Signatures depend sensitively on AT, w, p, €.9.,
(approximately) the amplitude ~ w=5/5, the width ~ (wp)~".
Thus, these parameters (T, ., w, p) could be constrained by data.
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