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Introduction and Motivation

(Lienard-Wiechert + event-by-event fluctuation)

Strong field 𝑒𝐵 ∼ 1018−20Gauss ∼ 𝑚𝜋
2

Magnetic field survives as small tail

Deng-X.G.Huang (2012)

A.Huang+ (2012)
Electric field acts impulsively
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Taya-Nishimura-Ohnishi (2024)
Siddique+ (2025)

Introduction and Motivation

Strong electric field 𝑒𝐸 ∼ 50MeV 2

Long-lived electric field 𝜏 ∼ 10fm/c

UrQMD+Maxwell (FDTD)

JAM

Cascade



Taya-Jinno-Kitazawa-Nara (2025)

Introduction and Motivation

Strong electric field 𝑒𝐸 ∼ 50MeV 2

Long-lived electric field 𝜏 ∼ 10fm/c

Long-lived, large volume dense matter 𝜌 ∼ 3𝜌0

JAM



・ HIC creates QCD matter together with strong 

electromagnetic field

・ Probes of the QCD phase-diagram may be affected 

by the transient 𝑬 and 𝑩

・ This motivates a real-time study of QCD matter 

in external electromagnetic field.

Dilepton: Rapp+ (2016), Nishimura-Kitazawa-Kunihiro (2023), Taya (2025)

Fluctuation / Correlation: Bzdak+ (2020), Ding+ (2024)

Freeze-out: Fukushima-Hidaka (2016), Vovchenko (2024)

e.g.,
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Physics in Magnetic Field

・ magnetic catalysis of chiral condensate (low 𝑇)

・ inverse magnetic catalysis in lattice QCD (𝑇 ∼ 𝑇𝑐)

Shovkovy (2013)

Bruckmann-Endrodi-Kovacs (2013)

・ Chiral Magnetic Effect

・ Polarized X-ray from Neutron Stars

Fukushima-Kharzeev-Warringa (2008)

Taverna+ (2022)



Physics in Electric Field

Schwinger (1951)

Yamamoto (2013), Endrodi (2022)

・ Schwinger mechanism

・ Kinetic approaches

・ Lattice QCD simulations 

Tuchin (2013)

Stephanov-Yin (2012), Hidaka-Pu-Wang-Yang (2022)

𝐺𝜕𝑡𝑓 + 𝐺 ሶ𝒙 ⋅ 𝛻𝒙𝑓 + 𝐺 ሶ𝒑 ⋅ 𝛻𝑝𝑓 = 𝐶[𝑓],

𝐺 ሶ𝒙 = 𝒗 + ℏ𝑬 × 𝛀 +ℏ 𝒗 ⋅ 𝛀 𝑩

𝐺 = 1 + ℏ𝑩 ⋅ 𝛀



In / Out states

𝐴𝑧 𝑡 = −𝑒𝐸𝑡, 𝐻 = 𝐻(𝐴(𝑡))

e

𝑡

𝐴𝑧 𝑡

・ Time-dependent Hamiltonian (temporal gauge)

in particles

out particles



Unstable vacuum

|⟨0out|0in⟩| ≠ 12

・ Decay rate

・ The notion of the vacuum is time dependent

0in ≠ |0out⟩

𝑃 = 1 − |⟨0out|0in⟩| =
2 𝑒2𝐸2

4𝜋3
෍

𝑛=1

∞
1

𝑛2
exp −𝑛

𝜋𝑚2

𝑒𝐸

(for 𝑩 = 0)



Expectation value: in-in formalism 

Expectation valueTransition amplitude

in-out formalism in-in formalism

⟨0out ෠𝑂(𝑡) 0in⟩ ⟨0in ෠𝑂(𝑡) 0in⟩

See: Fukushima-Gelis-Lappi (2009), Gelis-Tanji (2015) 

Two kinds of observables

How can we treat the Schwinger effect in these formalism?



Schwinger’s approach: in-out formalism

・ Schwinger propagator for homogeneous EM fields

Hattori-Itakura-Ozaki (2023)

= Resummed propagator in external electromagnetic field



Generalization to in-in formalism ?

・ 2 × 2 propagator ・ 2 × 2 vertices 

Resummation is technically involved



Real-time propagators for in-in formalism



Real-time propagators for in-in formalism

in-in propagator = complexified proper-time contours ?
Fradkin-Gitman-Shvartsman (1991)



In-in formalism with resummation

Key observation:

Fukushima-Minato (2026)

Resummation of diagrams 



In-in formalism with resummation

In systems with an unstable vacuum, the reference vacuum 

for the loop expansion is not unique

1. An expansion around |0in⟩ requires the infinite summation 

of diagrams

2. An expansion around |0out⟩ already resums the effects of 

the background electromagnetic field

We are usually interested in the physical quantities near |0out⟩, 
so the loop expansion around |0out⟩ makes things simpler

Our findings:

Intuitive understanding:

Fukushima-Minato (2026)



In-in formalism with resummation

Functional quantization

Boundary 

wavefunctional

Fukushima-Minato (2026)



In-in formalism with resummation

Fukushima-Minato (2026)

with

These wavefunctionals can be written in terms of 𝜓 ∞ , ത𝜓 ∞  

with coefficients depending on 𝐸

yields an 𝑬-depending self-energy at 𝒕 = ∞

Performing some straightforward but tedious calculations…



In-in formalism with resummation

Fukushima-Minato (2026)

Additional integral contour = nonlocal self-energy from 

boundary wavefunctional

from boundary wavefunctionalDirac action w/ interaction terms



In-in formalism with resummation

Fukushima-Minato (2026)

Additional integral contour = nonlocal self-energy from 

boundary wavefunctional



Simple Application

This formalism correctly includes the pair-production effect

Fukushima-Minato (2026)

𝐸 𝑒+

𝑒−

𝒋𝟑(𝒙𝟎)

Copinger-Fukushima-Pu (2018)See also  

= 0

= lim TrS 𝛾3𝑆in−out 𝑥, 𝑦
𝑥 → 𝑦



Simple Application

This formalism correctly includes the pair-production effect

Fukushima-Minato (2026)

𝐸 𝑒+

𝑒−

Pair created current

𝒋𝟑(𝒙𝟎)

Copinger-Fukushima-Pu (2018)See also  



Conclusion

・ A loop expansion depends on the choice of reference vacuum

・ We recast the in-in generating functional as a loop expansion around

the out vacuum, which builds pair-production effects into propagators.

・ In an electric field, the vacuum instability makes the choice of 

reference vacuum important

・ Physical applications are left for future work.
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