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1. Introduction

Mpemba effect

Erasto Mpemba (1950-2023)

Phys. educ. 4, 172

Hot water can freeze faster than warm water, 
when quenched in the same cooler bath
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1. Introduction

Why a paradox?
Cooling: Identical systems prepared at Th and Tw, and coupled to a bath with Tb

Th >Tw >Tb

Newton cooling law

the timescale τ is proportional to the heat capacity

Slow cooling: temperature decreases through all intermediate values

For quench process, there are nonequilirium shortcuts

Zhihu, Shiling Liang

like elevator

what mechanism induce the shortcut?
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1. Introduction

Mpemba effect

Too many explanations for 
Water→Ice

• Evaporation
• Supercooling
• Convection
• Heat exchange
• Frost on bottom
• Hydrogen bond
.......

Observation in other system

• Granular fluids
• Polymers
• Spin glasses
• Cold gassed
• Nanotube resonators
• Magnetic system
......

Is there a universal / general / illuminating explanation?
Philip Ball, Physics World, 2006
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1. Introduction

From the perspective of 
stochastic thermodynamics

distance function with final state

such as Kullback-Leibler divergence

Definition of Mpemba effect 

Z. Lu and O. Raz, PNAS 144, 5803 (2017)

Markov master equation
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1. Introduction

From the perspective of 
stochastic thermodynamics

Z. Lu and O. Raz, PNAS 144, 5803 (2017)

Sufficient Condition for Mpemba effect
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1. Introduction

Quantum Mpemba effect

• Distance function
• Construct nonequilibrium initial state
• Strong Mpemba effect
......
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1. Introduction

From the perspective of 
stochastic thermodynamics

Z. Lu and O. Raz, PNAS 144, 5803 (2017)

The mechanism is the metastable state
(for finite state system)

the warm initial state is trapped by
the metastable state

the hot initial state escape
 the metastable state

heuristic for continuous-state systems
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1. Introduction

Experiment for the double-well potential 

A. Kumar and J. Bechhoefer, Nature 584, 64 (2020). Y. Tian, et al, Phys. Rev. Res. 7, L042020 (2025)

metastable state mimic water-ice transition long-time scale

levitated nanoparticles in vacuumoptical tweezers
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2. Setup

Many other potential

M. R. Walker and M. Vucelja, J. Stat. Mech. 2021, 113105 (2021) A. Biswas and R. Rajesh, Phys. Rev. E 108, 024113 (2023)

A. Biswas and R. Rajesh, J. Chem. Phys. 159, 044120 (2023)

too much parameter: wells, widths, curvatures, wells depth, 
barrier height, slopes.....

mutual comparison is often cumbersome
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2. Setup

Target of this study

The mechanism of metastable state can not explain 
why some cases can show the Mpemba effect

such as the single well potential 

A unified mechanism beyond the metastable state is needed

What is the dominant mechanism for the Mpemba effect in overdamped system?
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2. Setup

Setup
overdamped Langevin equation

corresponding Fokker-Planck equation

general solution of Fokker-Planck equation 

overlap coefficient right eigenvector 

left eigenvector 
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2. Setup

Long-time limit

In long-time limit

We consider the case that the initial state is a equilibrium state

Note that

Gibbs 
distribution

smaller |a2 |
→faster relaxation

Mpemba effect

inverse Mpemba 
effect

temperature quench
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2. Setup

Some remarks

l2 (x) measures how 
microscopestate δ(x) excite 

the slowest mode

smaller |l2 (x)|
→faster relaxation from 

microscope state δ(x)
to final state 

l2 (x) is the eigenvector, but -l2 (x) also is the eigenvector
and note the a2(Tb)=0 due to the biorthogonal

We choose a “gauge” that a2 >0 in cooling process and 
a2<0 in heating process

l2 (x) is a monotonic function according to 
the Sturm-Liouville Theorem

(i)

(ii)

(iii)
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2. Setup

Mpemba effect
For the “gauge” we choosing, the condition for Mpemba effect 

here we define JTi 

describe how population transfers 
as temperature increase at Ti

there are enough region where 
population transfer to small l2 

The  Mpamba effect is essentially that, as initial temperature increase, 
the population transfer from large l2 (x) state to small l2 (x) state.
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3. Result

Different type of potential

asymmetrical double-well potential

symmetrical double-well potential symmetrical single-well potential

asymmetrical single-well potential

with and without boundary
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3. Result

Asymmetrical double-well potential

we first consider low bath temperature

due to the experiment and time scale

-L- L+

In low bath temperature, it is a jump function 
from 1 to 0

x*
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3. Result

Asymmetrical double-well potential

polynomial potential
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3. Result

Asymmetrical double-well potential

-L- L+ →∞
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3. Result

Asymmetrical double-well potential

for L+≤L-

-L- L+

no Mpemba effect

the left boundary is 
necessary for Mpemba 
effect, but not suffient
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3. Result

Asymmetrical double-well potential

for low bath temperature

?
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3. Result

Asymmetrical single-well potential

For any initial temperature, the population transfer to 
soft side (l2 increase) is more than hard side (l2 decrease)

there is no Mpemba

How to make the population transfer to hard side more than soft side?

V(x)
l2(x)
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3. Result

Asymmetrical single-well potential
add a boundary in the soft side

When temperature is high enough, the population meet the 
boundary in the soft side, and transfers to hard side 

if the boundary is in the hard side, 
there is no Mpemba
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3. Result

Symmetric double-well potential

For symmetric potential, a2=0, so we should consider a3.

the symmetric potential is equivalent to considering only one half

automatically introduce a invisible wall in the soft side
there is Mpemba effect
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3. Result

Symmetric double-well potential
connected harmonic potential (C1)
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3. Result

Symmetric single-well potential

Similar, we should consider a3. 

the symetric potential is equivalent to considering only one half

The population always transfer to out side
where l3(2) increase 

there is no Mpemba effect
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4. Summary

Take home message

1. Mpemba effect results from the population transfer from 
large l2 to small l2.

2. A wall (or large steepness) is necessary for Mpemba effect. 

3. The metastable state is not the dominant mechanism even 
for the asymmetric double-well potential.  
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4. Summary

Thanks For Your Attention! 
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