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Introduction
Motivation

How do external driving forces affect critical 
phenomena?

Mixing by blender Rotational Rheometer

(Irasuto-ya) (Wikipedia)

Simple shear

For the simplest example, we here investigate the 
effects of simple shear.

This work



Introduction
Critical phenomena in shear

Gas-liquid transition under shear 
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ギャップレスモードが奇妙な振る舞いをする

せん断流

例2：せん断流下での臨界流体の空間相関

平衡系にはない分数べき

x

y
v = ·γyex

Simple shear

dup = 4 dup = 2.4

In equilibrium In shear

Onuki and Kasaki (1979)

Upper critical dimension Upper critical dimension

Simple shear reduces the upper critical dimension.



Introduction
Critical phenomena in shear

Chemical reaction in shear

A B

ρA(t) ∝ {t−1 d > 4
t−d/4 d < 4

ρA(t) ∝ t−1 d ≥ 2

Simple shear accelerates the chemical reaction 
and reduces the upper critical dimension.

R. Reigada et al (1996)

A+B → C

C

In equilibrium In shear

→ dup = 4 → dup = 2



Introduction
Critical phenomena in shear

O(n) model in shear

∂ϕ(x, t)
∂t

+ ·γy
∂ϕ(x, t)

∂x
= −

δF[ϕ(x, t)]
δϕ(x, t)

+ 2Tξ(x, t)

Advection 
by simple shear

Simple shear makes the system 
more mean-field-like.

dup = 4

In equilibrium In shear

Nakano, Minami, and Sasa (2021)

Upper critical dimension Nakano, Minami, and Sasa 
reported mean-field critical 

exponents even in d=2.



Introduction
Motivation

Why does the shear flow reduce the upper critical 
dimension and make the system more mean-field-like?

Question

Purpose

To answer the above question, we want to construct 
a scaling theory under steady shear flow.



Theory
How to incorporate shear effects?

Settings

ギャップレスモードが奇妙な振る舞いをする

せん断流

例2：せん断流下での臨界流体の空間相関

平衡系にはない分数べき

x

y
v = ·γyex

Shear flow with 
constant velocity 

gradient

∂ϕ(x, t)
∂t

→
∂ϕ(x, t)

∂t
+ ·γy

∂ϕ(x, t)
∂x

Advection term

Under shear, the time derivative of a field is replaced as 



ギャップレスモードが奇妙な振る舞いをする

せん断流

例2：せん断流下での臨界流体の空間相関

平衡系にはない分数べき

x

y

x = bζx′￼, x⊥ = bx′￼⊥, t = bzt′￼, ϕ(x, x⊥, t) = bχϕ′￼(x′￼, x′￼⊥, t′￼)
Anisotropic scaling Ansatz

δx
⊥

δx ∼ δxζ
⊥

Due to shear, critical fluctuations are anisotropic

Parallel to shear : Perpendicular coordinatesx⊥ = {y, z, ⋯}

 anisotropy exponent 
ζ=1 → isotropic 
ζ≠1→ anisotropic

v = ·γyex

Theory
Scaling argument



∂ϕ
∂t

+ ·γy
∂ϕ
∂x

= ⋯ bχ−z ∂ϕ
∂t

+ bχ+1−ζ ·γy
∂ϕ
∂x

= ⋯
Scale transformation

Scaling relation

∫ dx ∼ bd−1+ζ ∼ bdeff

The shared system has the effective dimension d+z, 
which reduces the upper critical dimension by z

Advection 
by simple shear

  →  χ − z = χ + 1 − ζ ζ = 1 + z

Shear is defined for d ≥ 2dup → max[dup − z, 2]

Theory
Scaling argument

ζ > 1 → anisotropic fluctuations

∫ dx ∼ bd

In equilibrium In shear

deff = d + z



Model-A 2 4 2

Model-B 4 4 2

A+B→C 2 4 2

  
in equilibrium

dup z   
in shear

dup

Mean-field behaviors are expected in d=2 for 
various critical phenomena.

Theory
Upper critical dimension



∂ϕ
∂t

+ ·γy
∂ϕ
∂x

= k∂2
xϕ + k∇2

⊥ϕ − εϕ − uϕ3 + 2Tξ

Result for model A
Scaling argument

For concreteness, hereafter we consider model A, 
and provide more detailed arguments for the 

derivation of the scaling exponents.



x = bζx′￼, x⊥ = bx′￼⊥, t = bzt′￼, ϕ(x, x⊥, t) = bχϕ′￼(x′￼, x′￼⊥, t′￼)

∂ϕ
∂t

+ ·γy
∂ϕ
∂x

= k∂2
xϕ + k∇2

⊥ϕ − εϕ − uϕ3 + 2Tξ

bχ−z ∂ϕ′￼

∂t′￼
+ b1−ζ+χ ·γy′￼

ϕ′￼

x′￼
= bχ−2ζk∂2

x′￼
ϕ′￼+ bχ−2k∂2

x′￼
ϕ′￼− bχεϕ′￼− b3χuϕ′￼

3 + b− ζ + d − 1 + z
2 2Tξ′￼

k′￼∥ = bz−2ζk ε′￼= bzε u′￼= b2χ+zu

T′￼= b
z − 2χ − (d − 1) − ζ

2 T

Anisotropic scaling Ansatz

∂ϕ′￼

∂t′￼

+ ·γ′￼y′￼

∂ϕ′￼

∂x′￼

= k′￼∥∂2
x′￼
ϕ′￼+ k′￼⊥ ∇′￼⊥

2ϕ′￼− ε′￼ϕ′￼− u′￼ϕ′￼
3 + 2T′￼ξ′￼

k′￼⊥ = bz−2k·γ′￼= bz−ζ+1 ·γ

Nonlinear term

Result for model A
Scaling argument



·γy
∂ϕ
∂x

≫ k∥∂2
xϕ

Advection Diffusion

 is irrelevant!k∥

We require the scale invariance of ·γ, k⊥, T

Scaling relations

z − ζ + 1 = 0, z − 2 = 0,
z − 2χ − (d − 1) − ζ

2
= 0

Critical exponents with 
shear

z = 2, χ = −
d
2

, ζ = 3
Self-consistency check

k′￼∥ = bz−2ζk = b−4k b→∞ 0

Result for model A
Gaussian fixed point with shear

·γ′￼ = bz−ζ+1 ·γ, k⊥ = bz−2k, T′￼ = b
z − 2χ − (d − 1) − ζ

2 T

Anisotropic



S(q∥, q⊥, ε) = bzS(bζq∥, bq⊥, bzε)

•  

•  

•

S(0,0,ε) = bzS(0,0,bzε) b=ε−1/z
ε−1S(0,0,1) ∼ ε−1

S(q∥,0,0) = bzS(bζq∥,0,0)
b=q−1/ζ

∥ q−z/ζ
∥ S(1,0,0) ∼ q−2/3

∥

S(0,q⊥,0) = bzS(0,bq⊥,0) b=q−1
⊥ q−z

⊥ S(0,1,0) ∼ q−2
⊥

S(q∥, q⊥, ε) = (c1ε + c2q2/3
∥ + c3q2

⊥ + ⋯)
−1

Anisotropic correlation function  
DeGennes 1976

Fourier transformation

Two point correlation function
C(x∥, x⊥, ε) ≡ ⟨ϕ(x, t)ϕ(0,0)⟩

Result for model A
Static structure factor



∂ϕ(x, t)
∂t

+ ·γy
∂ϕ(x, t)

∂x
= −

δF[ϕ(x, t)]
δϕ(x, t)

+ 2Tξ(x, t)

φ4 model
shear

Mean-field approximation 
(linear analysis)

For , the scaling properties can be 
obtained by the mean-field approximation

d ≥ dup = 2

Critical exponents

z = 2, χ = −
d
2

, ζ = 3
Anisotropic

S(q) ∝ {
q−z

⊥ parallel
q−z/ζ

∥ perpendicular

Static structure factor

Minami, Nakano and Hidaka (2021)

Result for model A
Summary



Order parameter for ·γ = 5.0

ϕ(ε, Lx, Ly) = bχϕ(bzε, b−ζLx, b−1Ly) = Lχ/ζ
x ϕ(Lz/ζ

x ε,1,L−1/ζ
x Ly)

ϕ(ε, Lx, Ly) = L−1/3
x Φ(L2/3

x ε, L−1/3
x Ly)

z = 2, ζ = 3, χ = − 1
Scaling exponents

Scaling function

ϕ L1/
3

x
ϕ

ε L2/3
x (ε − εc)

 Scaling plot for ·γ = 5.0
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Dynamical scaling under shear
Upper critical dimension

Numerical simulation of Φ4 model in d=2
Finite size scaling for order parameter



Numerical simulation of Φ4 model in d=2

Static structure factor at critical point for ·γ = 5.0

x−2/3

 is indeed observed in numerics.S(qx,0) ∼ q−2/3
x
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Upper critical dimensionStatic structure factor

Wave vector along shear



Numerical simulation of Φ4 model in d=2

Scaling behavior for crossover phenomenon

S(qx,0) ∼ q−2+η
x , η = 1/4

Equilibrium Ising model (2D)

S(qx,0) ∼ ·γ−2/3q−2/3
x

S(qx,0) = ·γ−a𝒮( ·γ−bqx) qx ≪ ·γb

·γ → 0

Anisotropic scaling

a =
14
13

, b =
8
13

Scaling exponents

Upper critical dimensionCrossover scaling



Numerical simulation of Φ4 model in d=2

Scaling function
S(qx,0) = ·γ− 14

13 𝒮( ·γ− 8
13 qx)

γ
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The mean-field scaling is always observed for  
→ Even infinitesimal shear rate changes the universality class!

qx ≪ ·γ 8
13

x−2+η

x−2/3
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• The simple shear reduces the upper critical 
dimension as  

• For , the scaling behaviors are investigated 
by the mean-field (linear) theory.  

• Our theory for the phi-4 model agrees well with the 
numerical results  

• Even infinitesimally small shear rate can change the 
universality class

dup → deq
up − z

d ≥ dup

Summary

Thank you very much for your attention!!!


